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NUMBERS OF REPRESENTATIONS OF INTEGERS IN A 
CERTAIN TRIAD OF TERNARY QUADRATIC FORMS* 


BY 
E. T. BELL 


I. INTRODUCTION AND SUMMARIES 


1. A powerful method concerning numbers of representations of integers 
in positive definite quadratic or bilinear forms is illustrated by a complete 
discussion for the three forms 


ay + ax, xy + + xy + 2y2 + 22x. 


The results for these forms are intrinsically interesting. It is a feature of 
the method that, in general, at least two forms are handled simultaneously. 
Complete results are attainable for all of the forms in a given set or for 
none. We are interested here only in obtaining final results involving noth- 
ing more abstruse than the binary quadratic class number. For the possi- 
bilities sketched in §7 the class number is insufficient. 

2. Without further remark, a, b, c denote constant integers>0, and, 
unless otherwise stated, x, y, z denote integers ranging 20; m is an arbitrary 
(odd or even) constant integer >0; m is an arbitrary odd constant integer 
>0; a is an arbitrary constant integer=0, so that 2*m is an arbitrary con- 
stant integer>0. If restrictions be imposed upon m, as for example m=3 
mod 8, they will be indicated. Similarly for x, y, z. 

The number of matrices (x, y, z) such that n=axy+bys+czx is called, 
as usual, the number of representations of m in the form axy+byz+czx. 
This number will be denoted by No[n=axy+byx+czx]. The number of 
solutions (x, y, 2) for which x>0, y>0, z>0, will be denoted by Niln= 
axy+byz+czx]. Let ¢(x)=0, or the number of divisors of x, according as 
x is not, or is, an integer >0. Then, evidently, 


§(2%m) = (a@ + 1)g(m) ; 
No|n = axy + byz + cx] = Ni[n=axy+byz+czx|]+¢(n/a)+¢(n/b)+¢(n/c). 
In particular 
No[n = xy + yz + 2ex] = Ni[n = xy + ys + 22x] + 2¢(m) + ¢(n/2), 
No[n = xy + 2yz + = = xy + 2yz + 2zx] + 2¢(m/2) + 


* Presented to the Society, November 29, 1929; received by the editors, September 14, 1929. 
1 


t 
SITY 
L ARTS 


E. T. BELL (January 


3. The numbers NV(j=0, 1) have hitherto been determined only in the 
case (a, b,c) =(1, 1,1). As the results for this case will be required we summa- 
rize them.* 

As always henceforth, F(m) is the number of uneven classes of binary 
quadratic forms for the determinant —1, with all the conventions of H. J. S. 
Smith’s Report on the Theory of Numbers.} 


SuMMARY A 


N,(n) = N,|[n = xy + ys + cx] (Gj = 0,1). 
= — 1)F(2m) + (— 1)i(a + 1)g(m)]. 
m=1mod4: N,(2%m) = 3[(2*+1 — 1)F(m) + (— 1)43(2a + 1)¢(m)]. 
m=3mod8: N,(2%m) = 3[2(2* — 3)F(m) + (— 1)*3(2a + 1)f(m)]. 
m=7mod8: = 3[2°+'F(m) + (— 1)43(2a + 1)¢(m)]. 


These come at once from the formulas XIV quoted, or from Gage’s 
form,on using the following easily seen reduction formulas, in which G(m) is the 
whole number of classes of binary quadratic forms for the determinant —n. 


= (2e+1 — 1)F(2m); = 2°F(m) = 2°F(2m). 
m = 1mod4: = — 1)F(m). 

m = 3mod 8 : G(22#m) = 2(2* — 4)F(m). 

m = 7mod 8: G(22#m) = 2°+1F(m). 


As implied, the cases (a, 6, c) =(1, 1, 1), (1, 1, 2), (1, 2, 2) are intimately 
connected by the method which we shall indicate. For the last two we find 
the following. 

SuMMARY B 


Nj(n) = Njln = xy + yz + 222] (j = 0,1). 
N = F(2m) + (— 1)%(m). 
N = — 3)F(2m) + (— 1)*(3a + 4)g(m). 


* See Dickson, History of the Theory of Numbers, vol. 3, p. 224; Gage, American Journal of 
Mathematics, vol. 51 (1929), pp. 345-348. In the last, make the obvious correction on p. 348 of 
3(a+1) for (2+3). Summary A contains the formulas which I suppressed in my paper, Téhoku 
Mathematical Journal, vol. 19 (1921), pp. 105-116, as being (obviously) “rather less simple” than 
the elegant theorem given there for prime values of m. Until after seeing Mordell’s paper, American 
Journal of Mathematics, vol. 45 (1923), pp. 1-4, I did not notice that all cases can be included in a 
single formula, say that given by Gage. The results follow even more simply than in the last from 
the formulas XTV of the paper cited in §6. There is now no need to reproduce this derivation, as it is 
superseded by those of Mordell and Gage. 

+ Mathematical Papers, vol. 1. We have used the elementary reduction formulas on p. 323. 
See also Dickson’s History, vol. 3, chapter 6, where the final notation of Kronecker, used here, is 
explained. 
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m=1mod4: N,(2%*+!m) = (2¢+3 — 3)F(m) + (— 1)43(6a + 5)¢(m). 
m = 3mod8: = 2(2¢+? — 1)F(m) + (— 1)4}(6a + 5)¢(m). 
m= 7mod8: N,(2%+!'m) = + (— 1)43(6a + 5)¢(m). 
SumMMARY C 
= N;[n = xy + 2yz + 224] (j = 0,1). 
N,(m) = }[2F(m) + (— 
N (2m) = 2[F(m) + (— 1)i¢(m)]. 
N ,(2%+4m) = + — 1)]F(2m) + (— 1)4(3a + 5)g(m). 
m = 1mod 4: N,(2%+2m) = [2«+2 + — 1) ]F(m) + (— 1)43(6a + 7)¢(m). 
m = 3mod 8 : = 2{2e+! + — 1]F(m) + (— + 7)¢(m). 
m = 7mod 8 : = 5-2¢+'F(m) + (— 1)43(6a + 7)f(m). 
We do not express the foregoing in terms of G, as F is the simplest of the 
class number functions and is that usually tabulated. 
4. The results in Summaries B, C follow immediately from Summary A 
by means of the theorems next stated. 
THEOREM 1. Ni[2¢m=xy+ys+2zx, y odd] =F(2*+'m) —{(m). 
THEOREM 2. Ni[m=xy+yz+2zx]=F(2m) —{¢(m). 


This is the obvious corollary for a=0 of Theorem 1. 


THEOREM 3. Ni[m=xy+2yz+2zx] =4[2F(m) —¢(m)]. 


These, with many more which, however, are irrelevant for Summaries 
B, C, are given by the algebra in §6 by which these will be instantaneously 
proved. 


II. Proors or SumMARIEs B, C 


5. Assuming for a moment the results stated in Summary A and Theorems 
1-3, all of which, as will be seen in §6, follow from the same simple analysis, 
we shall deduce Summaries B, C. As stated in §2, footnote, it is unnecessary 
to give details for Summary A. 

Consider N;(m) in Summary C. In N,[2*+?m =xy+2yz+2zx], xy must be 
even. Hence we may have x even, y odd, or x odd, y even, or x even, y even. 
Thus the N, in question is equal to 


N,[2¢+2m = 2xy + 2yz + 42x, y odd] + Ni[2*+2m = 2xy + 4yz + 22x, x odd] 
+ N,[2*+?m = 4xy + 4yz + 42x], 


and therefore is equal to 
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= xy + yz + 22x, y odd] + Ni[2°m = xy + yz + 2x]. 
Similarly, 
N,[2m = xy + 2yz + = 2Ni[m = xy + yz + 2zx], 
since on the left either but not both of x, y may be even; also 


N,[2¢+4m = xy + xz + 22x] = Ni[2°m = xy + yz + 2x] 
+ N,[2*+'m = xy + yz + 22x, y odd]. 


The rest follows from the above by obvious substitutions and reductions 
in Summary A and Theorems 1-3. 


III. Proors or THEOREMS 1-3 


6. Let f(x) denote a function which is uniform and finite for all integer 
values 20 of x, and which, for such values of x, satisfies f(x) =f(—z). 
Consider all the solutions (h, 71, de, 5.), in integers >0, where h, 71 are odd, 
is even, and dz, 52 are of opposite parities, of m Then 


(r—1) /2 
2 (m — a*)f(2a) = ¢(m)f(0) + 2 | | 


+ — dA + [fs + de — 11) — +de+71)], 


in which >> on the left refers to a=0, +1, +2, ---, +[m/?], where [x] is 
the greatest integer in x; )> on the right refers to all divisors r>0 of m; the 
first >>’ refers to all divisors d, 5>0 of m such that m=d6, d<6, and the 
second >,’ refers to all sets (52, de, 71). 

In this formula take for f(x) the special case f(0)=1, f(x) =0, x~0. 
A straightforward interpretation of the result gives Theorem 3. In precisely 
the same way Theorem 1 follows from the next. 

Consider all the solutions, for / constant, >0, and even, of /=/,+/s, 
where J, 3; are >O and even, and (all letters denote integers >0), 1 =tr =di 
=d,6,; d, 6 are of like parities, d<5; 7 is odd; d;, 6, are of opposite parities; 
lo = teT2, is odd; 13 = 3653, and ds, 53 are of opposite parities: 


l = + d363. 
Then 


(r—1) /2 
4 — a*)f(2a) = 20 [ x0) +2> | 
r=0 


(6;+d,—1) /2 
+L [ 10) 42 > 
+2505 — +4) +2 + ds — 72) — fis + ds + 72)], 


e 
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the on the left referring to a=0, +1, +2,---, 

The stated f-theorems are numbers XII,, XII, of a former paper on singly 
infinite class number relations.* As already stated, the formulas XIV of that 
paper give immediately (inter alia) Summary A. 

7. The method mentioned in the introduction is now sufficiently obvious. 
It may be of interest to indicate a few equally evident consequences of this 
procedure. First, it is clear that a change of g into —q in an elliptic theta 
identity from which a paraphrase is inferred, can give no new paraphrases; 
the arithmetical information contained in both is necessarily the same. Sec- 
ond, to introduce coefficients divisible by a given integer b into the quadratic 
or bilinear forms relating to a given paraphrase, it is necessary and sufficient 
to apply to the original theta identity the transformation of order kb (k=an 
integer) before paraphrasing or, what is equivalent, to replace f(x) by cos xz 
after paraphrasing, and assign to z successively the values 27/8, where B 
is divisible only by those primes that divide 6. Third, if instead of f(x), 
the paraphrase concerns odd functions g(x) =—g(—x), the resulting in- 
formation, obtained on taking g(x) =1, 0, or —1 according as x>0, x=0 
or x <0, refers to differences of specialized numbers of representations in the 
same forms. 

The sets of forms simultaneously treated are given by the transformation 
of any preassigned order. 

It is clear that other choices of f(x), as for example f(x) =1 (this does not 
apply in the present case, but it does in all paraphrases obtained from 
products of even theta quotients exclusively), or f(x) =x*, or x4, - --, give 
further theorems on numbers of representations. That all are merely aspects 
of single formulas illustrates the power of the method. 

The number of theta expansions in the literature which give simple, 
interesting arithmetical results is not great. This number has recently been 
very considerably extended. The works cited put a large number of interest- 
ing arithmetical forms within range of exact treatment.f 


* Quarterly Journal of Mathematics, vol. 49 (1923), pp. 322-337, especially p. 335. 

t Three theses: D. A. F. Robinson (Chicago), for the 48 of the 64 functions 0.(x+-y) / [@a(x)@y(x) ] 
not already expanded by Jacobi, Hermite, Krause and others; J. D. Elder, and M. A. Basoco (Cali- 
fornia Institute of Technology), who have greatly amplified the work of Biehler, Hermite, Appell, 
Krause and others on doubly periodic functions of the third kind. Abstracts of the last two are given 
in the Proceedings of the National Academy of Sciences, vol. 15 (1929), No. 8, pp. 668-671, 675-677. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIF. 
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CONCERNING NON-DENSE PLANE CONTINUA* 


BY 
J. H. ROBERTS 


It has been shown by Mengerf that a necessary and sufficient condition 
that a plane continuum M contains no domain is that for each point P of 
M and each positive number ¢ there exists a simple closed curve J of diameter 
less than e which encloses P, and such that M-J is totally disconnected. 

In the present paper it is shown that if M is a continuum which contains 
no domain then there exists a set G of simple closed curves filling the whole 
plane and indeed topologically equivalent to the set of all polygons, such 
that the common part of M and any curve of the set G is vacuous or totally 
disconnected. Additional results are obtained for the special case where M 
is a continuous curve. 

I wish to acknowledge my indebtedness to Professor R. L. Moore, and 
to thank him. Credit is due him for the suggestion of most of the theorems 
of this paper, and for many helpful criticisms of the proofs. 


Part I 


In this paper I make frequent use of the notion of a double ruling.t 
If, on the simple closed curve ABCDA, Xi, X2,- ++, Xn, V1, Ym, 
Xl, +++ Vn, Valu, --+,Y¥i are points in the order -- 

---,¥m¥Yn are arcs which, except for their 
end points, lie entirely within ABCDA, and finally, for every i, j(1<i<n, 
1<j<m) X;X! has just one point in common with Y;Y} and no point in 
common with X;X/ (unless i=7), then these two sets of arcs are said to 
constitute a double ruling of the interior of ABCDA (or merely a double 
ruling of ABCDA). The arcs X:X/, X2X/,---, X,X,! are said to be 
parallel to BC and to AD, and the arcs YiV/, Y2Y/,---,¥mYm are said 

* Presented to the Society, in part, December 28, 1927, and December 27, 1928; received by the 
editors March 30, 1929. 

+ Uber die Dimensionalitat von Punktmengen, Monatshefte fiir Mathematik und Physik, vol. 33 
(1923), pp. 148-160. In his paper Sur les multiplicités Cantoriennes, Fundamenta Mathematicae, 
vol. 7 (1925), pp. 30-137, Urysohn obtained the slightly weaker result that for each point P of M 
and each positive number « there exists a totally disconnected closed subset T of M such that M—T 
is the sum of two mutually separated sets M, and M2, such that M, contains P and is of diameter 


less than e. 
t See R. L. Moore, Concerning a set of postulates for plane analysis situs, these Transactions, 


vol. 20 (1919), p. 172. 
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to be parallel to AB and CD. Each of these two sets of arcs is a single ruling 
of ABCDA. Two sets of arcs H and K are said to constitute a complete 
double ruling of ABCDA if (1) every finite subset of the set of arcs H+K is 
a single or double ruling of ABCDA,(2) through each point within ABCDA 
there is an arc of H and an arc of K, and (3) each point of ABCDA (except 
A, B, C and D) is an end point of some arc of H or of some arc of K. If P 
is a point with both coérdinates rational, then P is said to be a rational point. 
By a rational line is meant a line whose equation is x =r or y=r where r is 
some rational number. 

As an obvious corollary of a theorem due to Fréchet* I state the following 


THEOREM I. If M is a point set containing no domain then there exists a 
continuous transformation T of the plane S into itself such that if P is any point 
of M then T(P) is not a rational point. 


Schoenflies has proved the following theorem:+ 


If T, is a continuous one-to-one correspondence between the points of two 
simple closed curves J; and J, such that T;\(J:)=Js, then there exists a con- 
tinuous one-to-one correspondence T. between J, plus its interior and Jz plus 
its interior such that T,(P)=T,(P) for every point P on Jj. 


Therefore for every simple closed curve J there exists a continuous trans- 
formation T which throws J plus its interior into a square plus its interior. 
The truth of the following lemma is apparent in view of this fact and 
Theorem I. 


Lemma I. Suppose M is a point set containing no rational point, and 
A, B,C and D are rational points which are the vertices of a rectangle, and AB 
is a horizontal interval. Suppose a is a double ruling of ABCD with arcs 
hy, he, hn parallel to BA and arcs 2, v2, , Um parallel to BC such that 
(1) for each i [j] (isn, jm) the end points of h;|v;| have the same rational 
y-codrdinate |x-coérdinate|, (2) for every i and j (i <n, the point common 
to h; and 2; is rational, and (3) the rational points are everywhere dense on h; 
and on v; (i<n, 7m). Then there exists a continuous transformation T 
throwing ABCD plus its interior into itself and such that (1) T reduces to the 
identity transformation on the rectangle ABCD, (2) T(P) is not rational for 
any point P of M, and (3) for every i[j] (in, j<m) the arc T(h;) [T(v,)] is 
an interval of some horizontal [vertical] rational line. 

* Mathematische Annalen, vol. 68 (1910), p. 159. See also Urysohn, loc. cit., p. 83. 

| Beitrige zur Theorie der Punktmengen, Mathematische Annalen, vol. 62 (1906), pp. 286-328. 


See also J. R. Kline, A new proof of a theorem due to Schoenflies, Proceedings of the National Academy 
of Sciences, vol. 6 (1920), pp. 529-531. 
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THEOREM II. If M is the sum of a countable number of closed point sets 
containing no domain and lying in a euclidean plane S, then there exists a 
continuous transformation T of S into itself such that if L denotes any straight 
line of S the point set L-T(M) is either totally disconnected or vacuous, and no 
point of T(M) is rational. 


I will assume that M contains no rational point. In view of Theorem I 
this is no essential restriction. Let A, B,C, D and E be points with codrdinates 


Fic. 1 


(0,1), (1,1), (1,0), (0,0) and (1/2, 1/2) respectively, and let R denote the 
interior of the square ABCD. Suppose M=M,+M.+M;-+ - - - , where for 
every n the set M, is closed. There exist five circles with centers A, B, C, D 
and E respectively, such that their interiors Z4, I, Ic, Ip and Jz are mutually 
exclusive, and no one of them contains a point of the closed set Mi. 

There exists a double ruling a; (see Fig. 1) of R consisting of four arcs 
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hy, - - - , 4g parallel to AB and four arcs 1, - - - , % parallel to BC such that 
(1) the end points of the arcs fy, - - - , As, 11, - - - , 4 divide each side of the 
square ABCD into five equal parts, (2) for each i(¢<4) the arc h; contains 
three points, x;, y; and 2%, in the order x,y,z; from AD to BC which be- 
long to the domains Jp, Iz, and I¢ respectively, for i=1, 2, and to the domains 
Iz, and Ig respectively for i=3, 4, (3) the points x1, x2, Xs, X4, 21, 22, a 
are the points he-V2, hy-04, respectively, 
(4) for each i (i<4) v; contains a point of Jz between the arcs /2 and hs, 
and (5) for each 7 the rational points are dense on /; and on 2; and every 
point h;-v; (i<4, 7 <4) is rational. Since M does not contain any rational 


A 


ex 
T(x.) 
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point it is easily seen that the hypotheses of Lemma I are satisfied by 
M and the double ruling a;. Let 7, denote a transformation satisfying 
the conclusion of Lemma I. It is easily seen that every straight line which 
contains two points of the square ABCD contains a point not belonging to 
T:(M;). (See Fig. 2.) 

Let #, be the set of all arcs k such that k=7;(g), where g is an arc of the 
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double ruling a;. Obviously 4; is a double ruling of R, the arcs of which are 
horizontal and vertical rational intervals. There exists a positive number 
€:(€:<1/2) such that if P and Q are points of R and 6(P, Q)f 21/2, then 
5(7,(P), T1(Q)]>e. Let Pi, P2, Ps, - - - denote the rational points on the 
arcs AB and BC. Let #; denote a double ruling of R consisting of a finite 
set of rational horizontal and vertical intervals such that (1) 6; contains an 
interval through the point P;, and containsf 4 and (2) every component§$ 
of R minus the sum of the arcs of the ruling §, is of diameter less than ¢. 

Let F,; denote the collection of all components of R minus the sum 
of the arcs of the ruling 6; and let G denote any element of F;. The domain 
G is the interior of a rectangle AgBcC¢De, where AcBcg is an interval of a 
horizontal rational line, and all of the points Ag, Bc, Ce, and Dg are rational. 
Let Eg denote the center of the rectangle and let J4,, Ig, Icg, Ing, and Ing 
be mutually exclusive circular domains which contain no point of the closed 
set T7;(M:+ M2) and whose centers are the points Ag, Be, Ce, Da, and Eg. 
Clearly there exists a double ruling a, of G having with respect to G, 
T,(M,+M:2), T:(M) and the above mentioned circular domains the same 
properties which the double ruling a; has with respect to R, M;, M and the 
domains J4, Iz, Ic, Ip and Ig. Let N; be the sum of all arcs k where k be- 
longs to some double ruling a, for some domain G of F;. The point set 
N, is the sum of a finite number of arcs which constitute a double ruling 7: 
of R. Let az be the double ruling consisting of all arcs of the rulings 6; and 
1. Since T,(M) contains no rational point the hypotheses of Lemma I are 
satisfied by 7:(M) and the double ruling az. There exists a transformation T; 
satisfying the conclusion of Lemma I and reducing to the identity trans- 
formation on the square ABCD and on the arcs of the ruling 6;. Let 4 denote 
the double ruling consisting of all arcs k such that k = T2(g), where g is an arc 
of the ruling ae. 

Let r denote an interval of length 2, which is a subset of R. Clearly if r 
is a subset of some arc of the ruling §; then it contains a point not belonging 
to 7:T:(M,+M:2). Ifris not a subarc of any arc of §; then there exists a rec- 
tangle which is a subset of the sum of the arcs of 6; and which contains 
exactly two points of r. With the assistance of Fig. 2 it can readily be seen 
that r contains a point not belonging to the set 72.7:(Mi+M:2). Hence if T 
is any continuous transformation of R into itself such that T(P) =P for every 
point P on ABCD or on some arc of the ruling #, then every interval in R 


+ If P and Qare points, 5(P, Q) will denote the distance from P to Q. 
t A double ruling 8 is said to contain a double ruling ¢ if every arc of ¢ is an arc of 8. 
§ By a component of a point set G is meant a maximal connected subset of G. 
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which is of length greater than or equal to 2¢, contains a point not belonging 
to the set T7:7,(Mi+Mz2). There exists a positive number & (€<1/3) 
such that if 6(U, V)=1/3 and U and V belong to R, then 6[727,(U), 
T:T,(V)]|> es. Let 8: denote a double ruling of R consisting of rational hori- 
zontal and vertical intervals such that (1) some interval of 6, contains P, (the 
second rational point on A BCD), (2) 8: contains t, (3) every component of R 
minus the sum of the arcs of the ruling {2 is of diameter less than ¢. 

Let F, denote the collection of all components of R minus the sum of 
the arcs of the ruling 6, and let G denote any element of F,. The domain G is 
the interior of a rectangle composed of subsets of rational lines. There 
exists a double ruling a;, of G having with respect to G, T27:(M:i+M:+Ms) 
and 7:7,(M) the properties which the double ruling a; has with respect to 
R, M, and M. Let N-z be the sum of all arcs k, where & belongs to some 
double ruling a;, for some domain G of F:. The point set N2 is the sum of a 
finite number of arcs which constitute a double ruling y2 of R. Let a; be the 
double ruling consisting of all arcs of the rulings 8, and y2. Since T:T:(M) 
contains no rational point the hypotheses of Lemma I are satisfied by 
T:T,(M) and the double ruling a3. Hence there exists a transformation T; 
satisfying the conclusion of Lemma I and reducing to the identity trans- 
formation on ABCD and on the arcs of the double ruling 62. Let ¢; denote 
the double ruling consisting of all arcs k such that k=T7;(g), where g is an 
arc of the ruling a;. Each component of R minus the sum of the arcs of the 
ruling #2 is of diameter less than €:. Hence it follows that if T is a continuous 
transformation of R into itself which reduces to the identity transformation 
on ABCD and on every arc of the ruling ¢; then every interval which is a 
subset of R and is of diameter greater than or equal to 2¢, contains a point 
not belonging to the set 773727:1(Mi+M:2+Ms3). 

Proceeding in this way one can see that there exists a countable infinity 
of double rulings 4, #, - - - , and a countable infinity of continuous trans- 
formations T;, T2, Ts, - - - of R into itself such that for every positive integer 
n the following properties obtain: (1) t,4: contains ¢,, (2) t, is composed of 
horizontal and vertical rational intervals and every component of R minus 
the sum of the arcs of the ruling ¢,4: is of diameter less than 1/n, (3) if U™ 
denotes the point TT m1 - - - T,(U) and U and V are points of R such that 
6(U, V)21/n, then ‘for every integer m(m>n) the points U™ and V™ are 
separated in R by some arc of the ruling #,, and, for every n, 6(U**+!, U**+*) 
<2/n (k=1, 2,---), (4) the transformation T,,; reduces to the identity 
transformation on ABCD and on all arcs of the ruling ¢,, (5) some arc of 
t, contains P, (the mth rational point on ABCD), (6) no point belonging to 
two arcs of ¢, belongs to the set T,7,_1 - - - Ti(M), and (7) if T is any con- 
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tinuous transformation of R into itself which reduces to the identity trans- 
formation on ABCD and on the arcs of the ruling ¢,,; then every interval 
which is a subset of R and is of length greater than or equal to 2/n contains 
a point not belonging to the set T7n4:T, - Ti(Mit+Met +May:). 

From property (3) it clearly follows that for every point U of R the se- 
quence U, U', U?, - - - has a sequential limit point. Let T be the transfor- 
formation which carries U into this sequential limit point. In particular, if 
for some integer m the point U* belongs to some arc of #, or to ABCD, then 
U*=U*+* (k=1, 2, - - - ) and T(U) is merely U*. I shall now show that T 
is a continuous one-to-one transformation of R into itself which satisfies 
the conclusion of Theorem II with respect to R. 

First, T is a one-to-one transformation of R into itself which reduces to 
the identity transformation on ABCD. Let U and V denote distinct points 
of R. We see at once from property (3) that there exist two mutually 
exclusive intervals g,; and g2 which belong to some double ruling #, and each 
of which separates U™ from V™ in R for every integer m(m>n). Then the 
sequences U2, U%,---and V2, V3, -- - have distinct sequential 
limit points. Hence for each point X of R there is not more than one point 
Ux such that X =T(Ux). That for each X there is at least one point Ux 
‘follows from properties (2) and (3). 

Second, the transformation T is continuous. Let U be a point not be- 
longing to a point set W. If U is not a limit point of W then there exists an 
integer m such that any point of 7,7, - - - T:(W) is separated from T(U) 
by some arc of the ruling /, for every n (n>m). Hence T(U) is not a limit 
point of T(W). If however U is a limit point of the set W then for every e 
there is a point V, of W and an integer m, such that 6(U™, V.) <e for every 
integer m greater than m,. Hence T(U) is a limit point of T(W). 

It follows from properties (2), (5) and (6) that if U is a point such that 
T(U) is rational, then U does not belong to M. 

Let L denote any interval which is a subset of R, and suppose that 
L-T(M) contains a nondegeneratef connected set. Since no continuum is 
the sum of a countable number of totally disconnected closed sets it follows 
that there exists an integer m such that L contains a nondegenerate con- 
nected subset of T7(M,). Let r denote some interval which is a subset of 
L-T(M,) and let € be its length. Let m, be an integer such that 2/m<e 
and m>n. Now the transformation T reduces to the transformation 
Tn,411 n, T10n ABCD and on every arc of t,, (property 4). Hence if 7* 


{¢ A point set containing but a single point is said to be degenerate. 
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denotes the transformation such that T(U) =7*7,,4:T,, - - - Ti1(U) then T* 
reduces to the identity transformation on ABCD and on every arc of ¢y,. 
Hence by property (7) the interval r contains a point not belonging to 
the set Ti(Mit ---+Ma,4:). But this set is exactly 
T(M,+ - - + +Ma,4:). Hence we have a contradiction which means that no 
interval which is a subset of R contains a nondegenerate connected subset 
of T(M). 

I have now shown that T is a continuous one-to-one transformation of R 
into itself such that if L is any straight line then the point set L-T(M) - Ris 
either vacuous or totally disconnected, and no point which beongs to T(M) 
is rational. Hence T satisfies the conclusion of Theorem II with respect to the 
rectangle A BCD plus its interior. The extension to the whole plane is obvious. 


Part II 


In his paperf Grundziige einer Theorie der Kurven, Karl Menger proves 
that if M is a bounded continuum containing no domain then a necessary and 
sufficientt condition that M be a continuous curve [regular curve§] is that, 
for each positive number e, M is the sum of a finite number of continua all of 
diameter less than e, such that the common part of any two of these continua 
is vacuous or totally disconnected [finite]. The necessity of this condition 
follows from Theorem III for the case where M is a continuous curve, and 
from Theorem VI for the case where M is a regular curve. 


TuHeEorEM III. Jf M is any continuous curve which contains no domain 
then there exists a continuous transformation T of the plane S into itself such 
that (1) no straight line contains a nondegenerate connected subset of T(M) and 
no point of T(M) is rational, and (2) if R is the interior of a rectangle composed 
of intervals of lines with equations of the form x =r and y =r, where r is a rational 
number, then the point set R-T(M) is the sum of a finite number of connected 
sets and every point of M on the boundary of R is a limit point of R-T(M). 


To help establish Theorem III I will first prove the following lemma. 


{ Mathematische Annalen, vol. 95 (1925), pp. 277-306. 

t For the case of a continuous curve the sufficiency of the given condition was proved by 
W. Sierpinski, Sur une condition pour qu’un continu soit une courbe jordanienne, Fundamenta Mathe- 
maticae, vol. 1 (1920), pp. 44-60. 

§ Acontinuum M is said to be a regular curve if for each point P of M and each positive number e 
there exists a domain of diameter less than e which contains P and whose boundary contains only a 
finite number of points of M. See K. Menger, loc. cit. 
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Lemma II. If M is a continuous curve containing no domain and J is a 
simple closed curve EKFGLHE such that the arcs EKF and GLH of J contain 
no point of M, then there exists a simple continuous arc KL lying, except for 
K and L, within J, and such that (1) the arc KL contains no nondegenerate con- 
nected subset of M, (2) every point of M on the arc KL is a limit point of M 
from both sidest of KL, and (3) the point sete M—M-KL is the sum of a finite 
number of connected sets. 


Proof of Lemma II. Let J denote the interior of J and let NW be the point 
set M-I+EH+FG. If N is not connected there exists an arc KL which 
contains no point of M. I will therefore suppose that N is connected. Then 
N is a continuous curve. The set of junction{ points of M is countable.f 
With the help of this fact and Theorem I it is easily seen that there exists an 
arc KZL which except for K and L is within J and which contains no junction 
point of M and no nondegenerate connected subset of M. Let Sz and [ 
denote the components of N—N-KZL containing E and F respectively. 
Let Sz* denote the component of NV —S, which contains E. Let S;* denote 
N-S¢. 

Since N is a continuous curve, Sz* and S-* are mutually separated sets. 
The common part of the two sets Sz* and S;* is a subset of N-KL and is 
therefore totally disconnected. Now S¢* is connected, by definition. I will 
show that S;* is also connected. 

Suppose that Q is a point of Sp and P is any point of S/*—S;*-Sr. There 
exists§ in V a simple continuous arc PQ. Let P, be the first point on this arc 
from P to Q which belongs to the set Se*+Sr. The point P, belongs to Sp, 
for otherwise the subarc PP, of PQ belongs to Sz*, which is contrary to the 
supposition that P is in S;*. If P, is not in Sg* then it is in Sp and the arc PP, 
is connected to Q by an arc in S-*. 

Suppose then that P; belongs to both of the sets Sz* and Sp. Then Py is a 


t If M isa point set and P is an interior point of an arc AB then P is said to be a limit point of 
M from both sides of AB if there exists a simple closed curve J containing AB such that, Jy denoting 
the interior of J, P is a limit point of M-Iy and of M-(S—J,). 

¢ Cf. R. L. Moore, Concerning triods in the plane and the junction points of plane continua, 
Proceedings of the National Academy of Sciences, vol. 14 (1928). If P isa point of a continuous curve 
N, and K is a domain containing P such that P is a cut point of the component of N - K which con- 
tains P, and furthermore there exist three arcs PA;, PAz, and PA; which lie in N and have only 
the point P in common, then P is said to be a junction point of N. The continuum PA,;+PA2+PA3 
is called a triod and the point P is its emanation point. 

§ R. L. Moore, A theorem concerning continuous curves, Bulletin of the American Mathematical 
Society, vol. 23 (1917), pp. 233-236. See also Mazurkiewicz, Sur les lignes de Jordan, Fundamenta 
Mathematicae, vol. 1 (1920), pp. 166-209, and H. Tietze, Ueber stetige Kurven, Jordansche Kurven- 
bogen, und geschlossene Jordansche Kurven, Mathematische Zeitschrift, vol. 5 (1919), pp. 284-291. 
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limit point of each of the mutually separated connected sets Sz* and Sr. 
Thereforef there exists an arc R,P; in Sz*+FP,, and an arc in Sr+P,, 
where R; and 7; are on the arcs EH and FG, respectively. (See Fig. 3.) 
Since the point P; is an emanation point of the triod of N composed of the 
three arcs R,P;, PP, and T;P,, and is not a junction point of M, it is not a 


F T, x T; G 


R, y R, 
Fic. 3 


cut point of N. Therefore there exists an arc from P to Q which does not 
contain the point P;. Let P2 denote the first point of this arc in the order 
from P to Q which belongs to the set Se*+Sr. Then as before either P and Q 
can be connected by an arc in S/* or P; belongs to both Sg* and Sr. Suppose 
the latter is true. Then P; does not belong to any of the arcs PP, R,P; or 
T,P;. In Sr+P; there exists an arc P:T:, where T: is either on the arc FG 
or on the arc P,7; and no other point of the arc P,T: belongs to either FG 
or P,T;. In there exists an arc P:R2, where R; is on EH or on 
and no other point of P:R: is on EH or R:P;. Suppose for definiteness that 
T, and R; are on the arcs FG and EH, respectively. Let X and Y be points 


t See R. L. Wilder, Concerning continuous curves, Fundamenta Mathematicae, vol. 7 (1925), 
pp. 340-377. 
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on FG and EH between 7; and 7:2, and R; and R2, respectively. Then the 
simple closed curve kh (h=7T,XT2P2R2Y R:P:T;) encloses the segments PP, 
and PP,. Let R be a domain which contains the arc PP, but does not contain 
the point P,. The component of V-R which contains P; contains subarcs of 
PP,, RiP, and T,P;. Since P; is not a junction point of N it is not a cut 
point of this component. Hence there exists within R-(N—P,) a simple 
continuous arc PW, where W belongs to one of the segments R,P; and T;P. 
Let P; be the first point in the order from P to W which the arc PW has in 
common with the set Se*+Sr. Assume that P; belongs to both Ss* and Sp. 
Clearly P; is within the simple closed curve h. There exists a segment of an 
arc within h with P; and P; as end points which contains no point of Ss*+Sr. 
This segment P;P; divides the interior of # into two connected domains, one 
of which contains P;. Now there exist arcs from P; to T; and from P; to Ri 
which lie in the sets Sp+P; and Sz*+P3;, respectively. Since the simple 
closed curve P:RiY R.P2P; contains no point of Sr+P;, and the simple 
closed curve P:T,XT2P2P, contains no point of Sz*+P; it is clear that we 
have reached a contradiction. Hence every point P of S*—S;*-Sr lies in 
the component of S,-* which contains Sy, which means that S,* is connected. 

We now have N=S;*+S* where Ss* and S* are connected and have no 
point in common, and Sz*-S;* is totally disconnected. Let Xz and Xp be 
the two continua obtained by adding to Sz* and S/*, respectively, all of their 
bounded complementary domains. Now no point is in a bounded comple- 
mentary domain of both Sz* and Sy*. Therefore the point set Xz- Xr is the 
same as the set Sz*-Sp*. Call this set T. Then Xg—T is connected, and 
neither Xz nor Xp separates the plane. As a result of a theorem of R. L. 
Mooref it follows that there exists a simple closed curve k enclosing Xz—T, 
containing 7, and not containing or enclosing any point of Xr—T. Clearly k 
contains an arc whose end points lie on the segments EF and GH, respectively, 
but which otherwise lies within J. This arc can be modified so as to have 
K and L for end points and retain the property of separating Xz—T and 
Xr—T as above.{ I will show that this arc satisfies the conclusion of 
Lemma II. 

(1) Clearly the arc KL contains no nondegenerate connected subset of 
M, for it contains no point of M not belonging to the totally disconnected 
set T. (2) Every point of M on the arc KL is a limit point of each of the 
sets S,* and S,* and is therefore a limit point of M from both sides of KL. 


t Concerning the separation of point sets by curves, Proceedings of the National Academy of 
Sciences, vol. 11 (1925), pp. 469-476. 

} This follows readily from the fact that the segments EKF and GLH do not contain any point 
of N. 
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(3) Every component of M—M-KL contains a point either on the arc EH or 
on the arc FG because of the fact that (M—T)+EH-+FG is the sum of two 
or less connected sets. Since not infinitely many components of M—T have 
a point on Ed or FG and also have a limit point on KL it follows that only a 
finite number of such components can have a limit point on KL. But every 
component of M—T has a limit point on KZ. Hence the number of such 
components is finite. This completes the proof of Lemma II. 

Proof of Theorom III. As in Theorem II there is no loss of generality in 
assuming that no point with both codrdinates rational belongs to M. Clearly 
the plane S can be regarded as the sum of a countable infinity of rectangles 
plus their interiors, the rectangles being subsets of irrational horizontal and 
vertical lines. Let Ri, Re, Rs, - - - denote the mutually exclusive interiors 
of such a set of rectangles. 

If € is any positive number and if we have any finite double ruling a of 
R; (i being any positive integer) such that no arc of a contains a nondegener- 
ate connected subset of M, then we can obtain a finite double ruling 8 which 
contains the arcs of a and is such that every component of R; minus the sum 
of the arcs of 8 is of diameter less than e, and every arc of 8 which does not 
belong to a has properties (1), (2), and (3) of Lemma II, and such that no 
point common to two such arcs belongs to M. Now the arcs of the double 
ruling 6, defined in the proof of Theorem II were taken to be rational lines 
so that no nondegenerate connected subset of 7,7,-1 - - - Ti (M) would be 
a subset of an arc of 8,. In view of Theorem II, however, it can be seen that 
transformations 7;, 72, T3, - - - can now be chosen so that no nondegenerate 
connected subset of 7,7n-1 - - - 7; (M) is a subset of amy straight line. 
Hence some of the arcs of the rulings 8, can be taken as irrational horizontal 
and vertical intervals. By obvious modification of the argument given in 
the proof of Theorem II it can be seen that there exists a countable in- 
finity of double rulings ,, f, ts, - - - of R;, and a countable infinity of con- 
tinuous transformations 7, T2, 73, - - - of R; into itself which, except for 
(6) and a modification of (2) to allow #, to contain intervals of irrational 
horizontal and vertical lines, have properties (1)-(7) as stated in the proof 
of Theorem II, and the additional property that the double ruling #, contains 
a double ruling r, every arc of which has properties (1), (2), and (3) of Lemma 
II and P,, (the mth rational point on the boundary of R;,) is an end point of 
some arc of the ruling r,. Let W; be the transformation corresponding to 
the transformation T as defined in the proof of Theorem II. Let T be the 
transformation of the plane S into itself which for every i reduces to W; 
over R,. 

Clearly then no straight line contains a nondegenerate connected sub- 
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set of T(M), and no point of T(M) is rational. The second conclusion of. 
Theorem III follows readily from the fact that every rational horizontal 
and vertical interval with rational end points has properties (1), (2), and 
(3) of Lemma II with respect to the continuous curve T7(M). Hence Theorem 
III is established. 

The following is an example of a regular curve which contains an uncount- 
able set H of points such that no arc containing a point of H has property 
(3) of Lemma II. It therefore follows that Theorem III would be false if 
the stipulation that the boundary of R is composed of intervals of rational 
horizontal and vertical lines were omitted, or if the word rational were re- 
placed by the word irrational. 

EXAmpPLe 1. (See Fig. 4.) Let H denote a nondense perfect point set 
on the interval 0<x%<1, and let K denote any acyclicf continuous curve 
such that H is the set of end pointsf of K. Let Gi, G2, G;,--- denote a 


Fic.{4 


t A continuous curve is said to be acyclic if it contains no simple closed curve. See H. M. Geh- 
man, Concerning acyclic continuous curves, these Transactions, vol. 29 (1927), pp. 553-568. An end 
point of an acyclic continuous curve is a point which is not an interior point of any arc of that curve. 
See R. L. Wilder, loc. cit., or H. M. Gehman, loc. cit. 
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contracting sequence of mutually exclusive simple closed curves such that 
every point of H is enclosed by infinitely many curves of the’ sequence 
Gi, Go, Gs, - - - , and for every » the curve G, has just one point in. common 
with K, and this point does not belong to H. Let M be the continuous 
curve K+G,+G.+G;+---. Let P denote a point of K—H. Then 
if Q is any point of H there is one and only one arc PQ from P to Q in M. 
Let J denote a simple closed curve containing Q but not containing a non- 
degenerate connected subset of M. Either (1) PO—PQ-J is the sum of 
infinitely many maximal connected subsets, in which case M—M-J is not 
the sum of a finite number of connected sets, or (2) there exists a point 
X on the arc PQ distinct from Q such that the arc XQ has only the point 
Q on J. Suppose for definiteness that X is within J. There exist infinitely 
many simple closed curves of M enclosing Q, having points within J and 
points without J, and having only one point on the arc XQ of PQ. Since 
no maximal connected subset of M—M-J which lies in the exterior of J 
can contain a point of the arc XQ it follows that the number of components 
of M—M.-J is infinite. 

In his papert Concerning irreducible cuttings of continua, G. T. Whyburn 
raises the question as to whether or not every open§ subset of a plane 
continuous curve M contains an irreducible cutting of M. This question is 
answered by the following theorem which is an application of Theorem III. 


THEOREM IV. Every open subset of a plane continuous curve M contains 
an irreducible cutting of M. 


Let G denote an open subset of a continuous curve M. Clearly if G con- 
tains a domain then it contains a circle which is an irreducible cutting of M. 
If G.contains no domain let R denote the interior of a circle such that R 
contains a point of G but R does not contain a point of M—G. Let Mi 
denote any maximal connected subset of M - R which contains more than one 
point. Then|| 4; is a continuous curve which contains no domain. From 
Theorem III it readily follows that there exists a simple closed curve J 
which encloses some point of M, but does not contain or enclose any point 


Tt If Hisa sequence of point sets and for each positive number e only a finite number of point 
sets of the set H are of diameter greater than ¢ then H is said to be a contracting sequence of point sets. 
See R. L. Moore, Concerning upper semi-continuous collections, Monatshefte fiir Mathematik und 
Physik, Vol. 36 (1929), pp. 81-88. 

t Fundamenta Mathematicae, vol. 13, pp. 42-57. 

§ An open subset of a continuum M is a set such that its complement with respect to M is closed. 
An irreducible cutting of a continuum M isa point set K of M such that M—K is not connected, but 
such that if G is any proper subset of K then M—G is connected. See G. T. Whyburn, ibid. 

|| H. M. Gehman, Concerning the subsets of a plane continuous curve, Annals of Mathematics, 
vol. 27, p. 34. 
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of M—WM,, and such that the point set M-J is totally disconnected and 
separates M, into a finite number (greater than 1) of connected sets. Clearly 
then M-J has the same properties with respect to M. Thenf the set M-J 
contains a subset which is an irreducible cutting of M. 


THEOREM V. A necessary and sufficient condition that a continuum M 
(not the whole plane) be a regular curve is that if R is a connected domain con- 
taining two distinct points A and B not belonging to M then in R there exists a 
simple continuous arc from A to B which contains only a finite number of points 
of M. 

The condition is necessary. Suppose M is a regular curve and R is a 
connected domain containing two points A and B not belonging to M. 
Let AB denote any simple continuous arc from A to B which lies in R, 
and let A’ and B’ be points in the order AA’B’B such that no point of M 
is on the arc AA’ or the arc BB’ of AB. Enclosing each point of the arc 
A’B’ there exists a simple closed curve containing only a finite number of 
points of M and not containing or enclosing A or B or any point not in the 
domain R. There exists a finite set of such curves whose interiors cover the 
arc A’B’. Call the curves of such a set Ji, Jo, ---,Jn. If H denotes the 
continuous curve AA’+BB’+J,+J2+ ---+J, then H contains only a 
finite number of points of M. Let AXB denote an arc from A to B which is 
a subset of H. Obviously this arc contains only a finite number of points of M. 

The condition is sufficient. Clearly M cannot contain a domain. Suppose 
P is any point of M and ¢ is any positive number. Let J; and J; denote two 
circles with P as center and radii ¢/2 and ¢/3, respectively. Let P, and P; 
denote the extremities of a diameter of J;. Let D denote the domain bounded 
by J:+Je, and let A and B denote two points not belonging to M and, lying 
in D on different sides of the diameter P, PP:. Let D, and D, be the connected 
domains D—D-PP, and D—D-PP,, respectively. Let AX,B and AX2B 
denote arcs lying in D, and Dz, respectively, and containing only a finite 
number of points of M. The continuous curve AX,B+AX,B contains a 
simple closed curve which encloses P, contains only a finite number of points 
of M, and is of diameter less than e. Hence the point P is a regular point and 
M is a regular curve. 


TueoreM VI. If M is a regular curve (not necessarily bounded) in a 
euclidean plane S, then there exists a continuous transformation T of S into 
itself such that (1) no straight line contains a nondegenerate connected subset 
of T(M) and no point of T(M) is rational, and (2) each rational horizontal 
or vertical line has in common with T(M) a point set which has no limit point. 


t See G. T. Whyburn, loc. cit. 
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The only essential difference between the proof of this theorem and that of 
Theorem III is that here we require that the arcs of the double ruling r, 
shall have only a finite number of points in common with M, instead of re- 
quiring that they have properties (1), (2) and (3) of Lemma II. In case M 
is a bounded regular curve the second conclusion of Theorem VI is equivalent 
to the statement that no rational line contains more than a finite number of 
points of M. 

It follows that if R is the interior of a rectangle whose sides are intervals 
of rational horizontal and vertical lines, then the point set T(M)-(R—R) 
contains only a finite number of points of M. However the following ex- 
ample shows that it does not follow that the set R- 7(M) is the sum of a finite 
number of connected sets. 

EXAamPLe 2. (See Fig. 5.) For each pair of positive integers m and k(k <2") 
let In denote the interval with end points [(k—1)/2*, 0] and [k/2*, 0], and 
let Cx, denote the semicircle above the x-axis with J;, as diameter. Let H 
denote the continuum which is the sum of the interval J(0<x<1) and all 
semicircles [,,(kS2", n=1, 2, 3,---). Let Pi, Pe, Ps,--- denote the 
points of the x-axis which are extremities of diameters of semicircles belonging 
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to H, and for each m let din, den, sn, - - - denote a contracting sequence of 
arcs all of diameter less than 1/n, such that for each m the arc dm, contains the 
point P, but no other point of H and no other point of the arc ain (k ~m). 
Let M be the continuum H+)°72, 0%-1¢in. Then M is a regular curve. 
Now any arc which lies between the lines x = 0 and x = 1 and has a point above 
and a point below the x-axis either contains the point P, for some integer n 
or it contains infinitely many points of M. In the first case it cuts M into 
infinitely many components. 


THeEoreEM VII. If every point of a bounded regular curve M in a euclidean 
plane S is of finite order} then there exists a continuous transformation T of S 
into itself such that (1) no straight line contains a nondegenerate connected subset 

+ If P is a point of a regular curve M and there exists an integer m such that for every positive 
number ¢ there is a domain of diameter less than e which contains P and whose boundary has not 
more than » points in common with M then the point P is said to be of finite order. Cf. K. Menger, 
loc. cit. 


22 J. H. ROBERTS [January 


of T(M) and no point of T(M) is rational, (2) the rational lines contain only a 
finite number of points of T(M), and (3) if R is the interior of a rectangle com- 
posed of intervals of rational lines, then R-T(M) is the sum of a finite number of 
connected sets. 


Let T be a transformation satisfying the conclusion of Theorem VI. 
Since each point of M on a rational line L is of finite order it is not a limit 
point of infinitely many components of T(M)—L. In view of this, and the 
additional fact that the set of points of M on any rational line is finite, it is 
clear that the transformation T satisfies the conclusion of Theorem VII. 


THeEorEM VIII. If M is a bounded regular curve which contains only a finite 
number of simple closed curves then there exists a transformation T satisfying the 
conclusion of Theorem VII. 


To help prove Theorem VIII I will establish the following lemma. 


Lemma III. If M is a bounded regular curve which contains only a finite 
number of simple closed curves, and R is a connected domain containing two 
points A and B not belonging to M, then there exists a simple continuous arc 
AB which lies within R, contains only a finite number of points of M, and is such 
that M—M-AB is the sum of a finite number of connected sets. 


Proof of Lemma III. Let H denote the set of junction points of M. 
Let J be a simple closed curve enclosing A and B and lying in R, and let g 
denote a simple continuous arc from A to B which lies within J, contains 
no non-degenerate connected subset of M, and no point of H. But the outer 
boundary of every bounded complementary domain of a continuous curve isf 
a simple closed curve and{ no two bounded complementary domains of a 
continuous curve have the same outer boundary. Hence since M contains 
only a finite number of simple closed curves it follows that only a finite 
number of complementary domains of M+J have boundary points on the 
arc g. If one of these domains contains both A and B the lemma is obviously 
established. If not let P; be the last point of g in the order from A to B 
which is on the boundary of that complementary domain of M+J which con- 
tains A. Then§ there exists an arc AP, which lies wholly in this domain ex- 
cept for the point P;. Since P, is a limit point of the points of S—M on the 


¢ R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 
(1922), Theorem 4 and p. 259. 

¢ R. L. Moore, Concerning paths that do not separate a given continuous curve, Proceedings of the 
National Academy of Sciences, vol. 12 (1926), Theorem 1. 

§ Schoenflies, Die Entwickelung der Lehre von den Punktmannigfaltigkeiten, zweiter Teil, Jahres- 
bericht der Deutschen Mathematiker-Vereinigung, Erganzungsbinde, vol. 2 (1908). 


i 
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arc P,B of g it follows that P; is a boundary point of some complementary 
domain of M+J which contains points on the arc P,;B. Let Pz be the last 
point on the arc PB belonging to the boundary of a complementary domain 
of M+J which also has P; on its boundary. If P; is the same as P, then the 
arc P,B contains no point of M+J. In either case there exists a simple con- 
tinuous arc with P, and P2 as end points which contains no point of M+J 
except P; and P;. Continuing this process a finite number of times one ob- 
tains a simple continuous arc AB which contains only a finite number of 
points of M and no junction point of M. Clearly this arc satisfies the con- 
clusion of the lemma. 

A proof of Theorem VIII can now be given which is closely analogous 
to the proof of Theorem III. The essential difference is that the arcs of the 
double ruling 7, are here to be chosen so as to have the properties stated in 
Lemma III rather than those stated in Lemma II. 


THEOREM IX. Jf A and B are distinct points of a continuous curve M then 
M contains a simple continuous arc from A to B every subarc of which contains 
a subarc which either lies on the boundary of some complementary domain of M 
or lies in some domain which belongs to M. 


(1) Suppose M contains no domain. Let AXB denote a simple continuous 
arc from A to B such that the common part of AXB and M is totally dis- 


connected. Let T denote the set M-AXB. Let D,, De, --- denote the 
complementary domains of M which contain limit points on the arc AXB 
and for each 7 let J; denote the boundary of D;. Let K be the point set 
T+JitJet+Js+---. Since Ji, Je, Js,- is a contracting sequence of 
continuous curves all containing points on the arc AXB it is readily seen 
that the set K is closed. If P is an interior point of the arc AXB which does 
not belong to K then there exists a connected subset of K containing the 
last point of T which precedes P on the arc AXB and the first point of T 
which follows P on this arc. Therefore K is connected. With the use of the 
fact that the boundary of every complementary domain of a continuous 
curve is itself a continuous curvef it readily follows that K is connected im 
kleinen. Hence K is a continuous curve. Let AB denote any arc which lies 
in Kf and let EF denote any subarc of AB. Since T is totally disconnected 
the arc EF contains a subarc E’F’ which contains no point of T. The arc 
E’F’ is asubset of Ji +Jo+J3+ - and hence is equal to J;- E’F’+J,-E'F’ 
+J;:E’F’+.---. But the sum of a countable number of totally dis- 

+ R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 


(1922), p. 259. 
t See third footnote on p. 14. 
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connected closed point sets is not connected. Hence there exists at least one 
integer 7 such that the set J;- E’F’ contains an arc. Thus every subarc of AB 
contains an arc belonging to the boundary of some complementary domain 
of M. 

(2) If A and B are distinct points of a continuous curve M which contains 
a domain let M, be a continuous curve containing A and B which is obtained 
by taking from M the interiors J;, J2, J;,- - - of a.contracting sequence of 
circles such that (1) for every domain D which is a subset of M there is an 
integer » such that J, contains at least one point of D, (2) for every n, I, 
is a subset of some doi. in belonging to M and (3) I,J,=O0(k#n). Let AB 
denote an arc satisfying the conclusion of the theorem with respect to M,. 
Since the boundary of a complementary domain of M, which is not a com- 
plementary domain of M belongs in a domain lying in M it is obvious that 
AB satisfies the conclusion of the theorem with respect to M. 


THEOREM X. If M is a bounded continuous curve which contains no domain 
then there exists a continuous transformation T of the plane S into itself such 
that (1) if AB is an arc such that T(AB) is a subset of a rational line then 
AB-M - + where for each i (i <n) c; is an arc or a point and if 
c; is an arc then every subarc of c; contains a subarc lying on the boundary of 
some complementary domain of M and (2) if AB is an arc such that T(AB) is a 
subset of an irrational horizontal or vertical line then AB-M is vacuous or totally 
disconnected. 


To help establish Theorem X, I will prove several lemmas. To avoid 
repetition I will say that an arcAB has property c. with respect to M,or merely 
that it has property c, if the common part of M and AB is the sum of a finite 
number of connected sets such that each of these sets which is an arc is of 
diameter less than ¢ and has the property that every subarc of it contains 
a subarc lying on the boundary of some complementary domain of M. 


Lemma IV. If I is the interior of a simple closed curve and M is a bounded 
continuous curve containing no domain and A and B are distinct points lying 
in I and ¢ is any positive number, then there exists a simple continuous arc from 
A to B which is a subset of I and which has property c,. 


With the help of Theorem II it can readily be seen that there exists a 
simple closed curve J; lying in J, enclosing A and B, and such that (1) 
J,-M is totally disconnected, and (2) if J, denotes the interior of J, then no 
component of M - J; is of diameter greater than or equal to e. Let AXB denote 
any simple continuous arc from A to B which lies in J, and let si, 52, - - - , Sn 
denote the components of M-J, which have points on AXB. For each i 
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(t<n) s; ist a continuous curve. In view of this fact and Theorem IX it fol- 
lows that there exists an arc AB in J, such that M-AB is a subset of 51+5: 
+ --- +5, and is the sum of or less connected sets such that each of these 
sets which is an arc has the properties of the arc of Theorem IX with respect 
to that one of the continuous curves 51, Se, - - - , S, to which it belongs. Let 
EF denote an arc belonging to M-AB. Since EF contains a subarc lying 
wholly within J it can easily be shown that EF has the properties stated in 
Theorem IX with respect to M. Since in addition EF is of diameter less than 
¢ the lemma is proved. 


Lemma V. If J is a simple closed curve and KL is a simple continuous 
arc which lies within J except that K and L are on J and KL is on the bound- 
ary of a complementary domain D of M, then there exists a simple continuous 
arc AB which lies within J such that (1) the common part of AB and KL is a 
single point, (2) KL separates A from B within J, and (3) AB-M is either an 
arc or a point, and if it is an arc it has property c.. 


Let C denote the interior of a circle which lies within J and encloses a 
point of KL. There exists a point A in C-D and a subarc E’F’ of EF such 
that for every point P of E’F’ there exists an arc AP which lies in C-D 
except for the point P. Let Odenote some interior point of E’F’ and let C; 
denote the interior of a circle J; which lies in C such that C, contains O but 
contains no point of KL—E’F’. Let A’ and B’ denote points in C, lying 
respectively on the A side and the non A side of KL and let B’A’ denote 
an arc having property c, and lying in C;. Let Q denote the first point of 
B’A’ on KL in the order from B’ to A’. Let AQ denote an arc lying in C-D 
except for the point Q. Let QB denote a subarc of QB’ such that QB-M is 
connected. The sum of the arcs AQ and QB gives an arc AB which satisfies 
the conclusion of the lemma. 


Lemma VI. If M is a continuous curve containing no domain and lying 
within a simple closed curve J whose interior is R, € and € are any positive 
numbers and a is a double ruling of R such that every arc of a has property 
Ce, then there exists a double ruling B of R such that every arc of a is also an 
arc of B, every arc of B which is not an arc of « has property c., and every com- 
ponent of R minus the sum of the arcs of the ruling B is of diameter less than «.: 


With the help of a theorem of Schoenfliesf it is easily seen that there 
exists a continuous transformation 7; of the plane into itself which throws J 
into a square ABCD and the arcs of @ into horizontal and vertical inter- 


t See H. M. Gehman, loc. cit. 
t Loc. cit. 
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vals. Let a be the double ruling of T(R) which is composed of all arcs T(g) 
where g is an arc of a. Since 7; is continuous it obviously follows that there 
exist two finite sets of rectangles he, - - +, 01, +, %,Such that (1) 
for each i (i<m), h;[{v;] has no point in common with any arc of a which is 
parallel to AB [BC] and no point in common with h;[v;| (jm, 77) but 
contains at least one point of AD and one point of BC [AB and CD], and 
(2) if a2 is any double ruling of R which contains all of the arcs of a; and in 
addition contains arcs a; and b; such that 7(a,) lies in h; plus its interior 
and 7(0,) lies in 2; plus its interior (¢=1, 2, - - - , then every component 
of R minus the sum of the arcs of a2 is of diameter less than €. It is easily 
shown with the help of Lemmas IV and V that a particular such ruling 8 
can be obtained such that the arcs of 8 which do not belong to a have prop- 
erty ¢,. 

Lemma VII. Suppose M is a continuous curve which contains no domain 
and lies in the interior R of a square ABCD. Let a be any double ruling of 
R and let P be a point of R not belonging to any arc of a. Then there exists 
an integer k such that if n>k and B is any double ruling of R such that (1) B 
contains a, (2) no arc of B contains P, (3) every component of R minus the 
arcs of B is of diameter less than 1/n, and (4) every arc of B which does not be- 
long to a has property Ci)n, then if E denotes the component, containing P, of 
R minus the arcs of B which are parallel to AB [BC], there exists in E an arc 
dg with property Crjn41) which together with the arcs of B forms a double ruling 
of R and such that no component of M-(E—ag) contains points in more than 
two components of R minus the arcs of a. (See Fig. 6.) 


Let €, be a positive number such that if a; and 5, denote any arcs of a 
which have no point in common then the distance from any point of a, to 
any point of b, is greater than €;. Let €, be a positive number such that a 
circle with P as center and ¢€, as radius neither contains nor encloses any 
point of any arc of a or of ABCD. Let k be any integer greater than both 
1/e, and 1/€s. Suppose 8 is a double ruling of R with properties (1), (2), (3), 
and (4) as given above. Let E denote the component, containing P, of R 
minus the arcs of 8 which are parallel to AB (for example). In view of 
property (3) and the additional fact that 1/n <e, it is obvious that a; and dz, 
the arcs of 8 on the boundary of E, do not belong to a. From (4) it follows 
that both a; and az have property ¢1/n. Since 1/n<e, it follows that between 
each two distinct arcs of 8 parallel to BC the arc a,;(i=1, 2) contains a point 
not belonging to /. Hence if m+1 denotes the number of arcs of 6 which 
are parallel to BC it is easily seen that there exist 2m circles lying in R with in- 
teriors Cu, Cie, oa Com Cu, Coo, a Cou such that (1) Cu(t= 1, a: k <m) 
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contains no point of M and no point of any arc of a, and (2) for each two 
adjacent arcs b; and b2 of a which are parallel to BC there exist integers 7 and 
j such that C;; and C2; contain points of a; and dz, respectively, which lie 
between 5; and 62. With the help of Lemmas IV and V it is seen that there 
exists in £ an arc ag with property ¢1/(n41) Which together with the arcs of 8 
forms a double ruling of R, and in addition contains a point in Cy,.(i=1, 2; 
k=1, 2,---,m). Obviously no component of M-(E—az) contains points 
in more than two components of R minus the arcs of a. 
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Proof of Theorem X. Suppose M lies in the interior R of a square ABCD. 
With the help of Lemmas IV, V, and VI one can readily see that there exists 
a double ruling 6; of ABCD such that (1) every component of R minus the 
arcs of B; is of diameter less than 1, (2) every arc of 8; has property c:, and 
(3) between each two adjacent arcs of @; parallel to BC there exists on each 
arc of 8; parallel to AB a point not belonging to M. Let a; and a2 denote any 
two adjacent arcs of 6; parallel to AB (or a; or a, may be AB or CD) and let 
E denote the set of all points of R which lie between a; and az. If m+1 
denotes the number of arcs of 8; which are parallel to BC it is clear that 


| 
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there exist 2m circles lying in R with interiors Ci, Ciz,---,Cim, Cai, 
Coo, - - - , Com Such that (1) Cy.(i=1, 2; Rm) contains no point of M and 
no point of any arc of 8; which is parallel to BC, and (2) for each two adjacent 
arcs b; and bz of @; parallel to BC there exist integers j and k such that Ci; and 
C2, contain points of a; and de, respectively, which lie between 0}, and dz. 
With the help of Lemmas IV and V it is seen that there exists in EZ an arc ag 
which together with the arcs of 6; forms a double ruling of R and such that 
(1) ag contains points in the set C;,(i=1, 2; k=1, 2, - - - , m), and (2) ag has 
property ¢1;2. Obviously no component of M-(E—az) contains points in 
more than two components of R minus the arcs of the ruling B;. Let a: be 
the double ruling obtained by adding to 8; the arc ag for every component E 
of R minus the arcs of 8, which are parallel to AB. Let 8: be a double ruling 
which contains a; and is such that (1) every component of R minus the arcs 
of B: is of diameter less than 1/2 and (2) the arcs of 82 which do not belong 
to B; have property ¢1/2. 

Now let E denote the set of all points of R which lie between two adjacent 
arcs of B, which are parallel to BC. If there exists in E an arc a* which 
together with the arcs of 8: forms a double ruling of R and such that (1) no 
component of M-(E—a*) has points in more than two components of R 
minus the arcs of 82, and (2) the arc a* has property ¢1)3, then let ag be such 
an arc a*. If no such arc exists, but there does exist an arc a** having the 
above properties except that in (1) the symbol 6; replaces the symbol f2, 
then let ag denote such an arc a**. If neither a* nor a** exists let az be any 
arc in E which together with the arcs of 8. forms a double ruling of R and 
which has property ¢1/3. Let a2 be the double ruling obtained by adding to 
82 the arc ag for every component E of R minus the arcs of 8: which are 
parallel to BC. Let 8; be a double ruling which contains a, and is such that 
(1) every component of R minus the arcs of 8; is of diameter less than 1/3, 
and (2) the arcs of 8; which do not belong to 6 have property ¢1/s. 

Proceeding in this way one can show that there exists an infinite sequence 
of double rulings 8, B2, 83,---, of R such that for every m the following 
properties obtain: (1) 8,4: contains 8,, (2) every component of R minus the 
arcs of 8, is of diameter less than 1/n, (3) every arc of 8,4; which does not 
belong to 8, has property ¢1/in41), and (4) if din and dep are adjacent arcs of 
8, which are parallel to AB for m odd and parallel to BC for m even, and E 
is the set of all points of R which lie between a, and d2,, then if there exists 
a positive integer j(j7 <m—1) and an arc a3z which lies in E such that (a) the 
arc d3z together with the arcs of 8, forms a double ruling of R, and (b) no 
component of M -(E—a;z) contains points in more than two components of 
R minus the arcs of §;, then, kz denoting the largest such integer j, Bn+1 
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contains an arc having the properties stated above for the arc a3g with 7 


replaced by ke. 
Let P denote a point of R not belonging to any arc of any of the double 
rulings 81, Bz, Bs,---. For each positive integer m let E,,p denote the com- 


ponent, containing P, or R minus the arcs of 8, which are parallel to AB 
(for example). In view of properties (1), (2), and (3), and Lemma VII, it 
can be seen that the integer can be taken large enough so that the integer j 
as qualified in property (4) does exist for Z,,p, and furthermore kg, p in- 
creases indefinitely as m increases indefinitely. Hence it follows that for every 
connected subset L of M there exists an integer mz such that some arc of 
Baz parallel to AB[BC] has a point in common with L. In view of properties 
(1) and (2) it follows by methods employed in proving previous theorems 
that there exists a continuous transformation 7; of R into itself such that (1) 
for every n, T, throws the arcs of 8, into intervals of rational lines, and (2) 
if L is any rational line then there exists an integer m and an arc g of 8, such 
that 7:(g) is a subset of L. Obviously there exists a continuous transfor- 
mation T of the plane S into itself which reduces to T; for points of R. Such 
a transformation satisfies the conclusion of the theorem. 

Now as shown in the proof of Theorem IX a continuous curve M which 
contains a domain contains a continuous curve M;, such that M, contains no 
domain but does contain every boundary point of M, and such that if Disa 
complementary domain of M, which is not a complementary domain of M 
then D lies in a domain of M. In view of this fact and the previous theorem 
the following corollaries may be easily established. 


Coro.iary 1. If M is a bounded continuous curve then there exists a con- 
tinuous transformation T of the plane into itself such that if AB is an arc and 
T(AB) is an interval of some rational line then (1) AB-M is the sum of a finite 
number of connected sets, and (2) every arc which is a subset of AB-M contains a 
subarc which either lies on the boundary of a complementary domain of M or lies 
in a domain which belongs to M. 


Corotiary 2. If M is a bounded continuous curve and P is a point of M 
which is not in a domain belonging to M then there exists a continuous trans- 
formation T of S into itself such that if APB is any arc such that T(APB) is a 
subset of a horizontal line, then the component of M-APB which contains P 
is P, and if AB is an arc such that T(AB) is a subset of a rational horizontal 
line then the number of components of AB-M is finite. 


Let A be any point and for each let C, be a circle of radius 1/m and 
center A. Let AB be a unit interval and let M be the continuous curve 


| 
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AB+C,+C:+ ---. This example shows that it is not true that if M is any 
continuous curve then there exists a continuous transformation T of the 
plane S into itself such that if AB is an arc and T(AB) is a horizontal interval 
then AB-M is the sum of a finite number of connected sets. 


TueoreM XI. I[f P is a point of a bounded continuous curve M then there 
exists an upper semi-continuous collectiont G of subcontinua of M which fills 
up M such that P is an element of G and G is a regular curve with respect to its 
elements. 


Suppose first that P is a point which does not belong to a domain which 
belongs to M and let T denote a transformation satisfying the conclusion of 
Corollary 2. For each point x of M let g, be the greatest continuum contain- 
ing x such that T(g.) is a subset of some horizontal line, and let G denote the 
collection of continua g, for all points x of M. Clearly gp=P, and the collec- 
tion G is upper semi-continuous. Now if M, is any continuum such that the 
common part of any rational horizontal line and M, is a finite point set, 
and the common part of any horizontal line and M, is totally disconnected, 
then M, is a regular curve. Hence G is a regular curve with respect to its 
elements. 

Suppose P is a point lying in a domain D of M. There exists a set K of 
mutually exclusive simple closed curves lying in D, all enclosing P, no two 
having a point in common, and such that every point of D—P belongs to 
some curve of the set K. Let G be the upper semi-continuous collection of 
continua consisting of the curves of the collection K and the continua M —D 
and P. The collection G is an arc with respect to its elements and one of its 


elements is P. 


t See R. L. Moore, Concerning upper semi-continuous collections of continua, these Transactions, 
vol. 27 (1925), pp. 416-428. A collection G of continua is said to be an upper semi-continuous collec- 
tion if for each element g of the collection G and each positive number e there exists a positive number 
d such that if x is any element of G at a lower distance from g less than d then the upper distance 
of x from g is less than e. If M is a point set and P is a point, then by (PM) is meant the lower 
bound of the distances from P to all the different points of M. If M and N are two point sets, then 
by /(MN) is meant the lower bound of the values [/(PN) ] for all points P of M, while by u(MN) is 
meant the upper bound of these values for all points P of M. The point set M is said to be at the 
upper distance u(MN) from the point set N and is said to be at the lower distance /(MN) from N. 
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1. INTRODUCTION 


The place which the configuration composed of a pair of rectilinear con- 
gruences with generators in one-to-one correspondence occupies in differential 
geometry is of some prominence. When corresponding generators do not 
intersect, a general theory for the projective study of the configuration may 
be constructed from a system of linear partial homogeneous differential 
equations of the first order in four dependent and two independent variables. 

The theory seems to be well adapted for the study of certain correspon- 
dences of Fubini, and a complete basis is furnished for their further investi- 
gation. The relation of Fubini’s work to the earlier work of Darboux is 
also fully established. In connection with these correspondences a generaliza- 
tion to surfaces is secured for the concept of intersector curve which Lane 
introduced in his study of pairs of ruled surfaces. 

The consideration of corresponding nets of curves on the intersector 
surfaces suggests itself, and when the nets of curves are conjugate nets on 
the surfaces, two distinct possibilities occur. The first of these has been 
studied by Fubini, and the properties which he discovered are readily 
obtained by the methods of the present theory. In addition, one or two new 
theorems are discovered. The second case arises when a family of inter- 
sector surfaces exists in association with each of the two congruences in 
correspondence. 


2. THE DIFFERENTIAL EQUATIONS 
Let 


yi = yi (u,2) (k = 1,2,3,4) 


be the equations of fourt surfaces S;(?=1,---, 4). When w=, 
four points P; are obtained, one for each surface. Let /, be the line joining 
P,, P2, and I, the join of P;, P,;. As u and v take on all admissible values, 


* Presented to the Society, June 20, 1929; received by the editors in April, 1929. 
+ The subscript or superscript letters h, 7, 7, & will be taken to mean (1, 2, 3, 4) throughout the 
discussion. 
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l, generates a rectilinear congruence I’, as long as S; and S; do not degenerate 
into fixed points, into curves whose parameters are dependent, or finally 
into a fixed point and a curve respectively. Likewise the lines /, ordinarily 
determine a congruence [’,, whose generators are in one-to-one correspondence 
with the generators of I. 


It will be assumed in what follows that /,; and /, are skew lines, so that 
A =| 0. 
A system of linear differential equations of the first order may therefore be 
constructed of the form 
(2.1) ys = ys = 
where each y‘ stands for y,, and where the summation convention used in 
tensor analysis has been introduced. 

Suppose now that we are presented with a system of equations in four 
dependent variables y‘ and two independent variables u and v of the form 
(2.1). The system will be completely integrable when and only when the 
conditions 
2.2) + = + bikghi 


are satisfied. In particular we find 


4 4 
(2.3) Dat = Doi. 
t=1 t=1 


Hence f(u, v) exists such that 
4 7 
f= 
and further 
A=cef, c=const. 

The most general system of solutions of (2.1) is a linear transform, 
with constant coefficients, of any particular fundamental system of solutions 
yi. The equations (2.1) and (2.2) thus define four surfaces S;, which taken 
in pairs determine six congruences; these in turn can be grouped in twos, 
and in any pair corresponding generators do not intersect. The congruences 
I’, and I, form such a pair and the study of the correspondence existing be- 
tween them by means of (2.1) and (2.2) will necessarily be a projective 
study. 

The geometry of the correspondence between I; and I, is equivalent to 
the theory of the invariants and covariants of (2.1) under the most general 
transformation 
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(2.4) y™ = amy! + = any® + (m= 1,2; "= 3,4), 
= — a281 0, Asa = — O, 

and 
(2.5) i= ¢(u,v), T= yY(u,v), #0, 
which leaves the two congruences unaitered.* The system (2.1) under (2.4) 
goes over into a system of the same form whose coefficients are readily com- 
puted. It is only necessary to display eight of these, namely 

Aya"! = + — Bi(— + 

= B2(— Biv + a'"Bm) — Bi(— Bou + a?"Bm), 

= — a2(— ain + a'"am) + + 

Aid” = — + a?"Bm) + Bou + a?"Bm), 

Ai2d"® = — = — + 1107" 

= B.a'*B, — Ayed** = — + 


Another eight coefficients are secured from the substitution (ab) (uv) and 
the remaining sixteen are obtained by applying the substitution 


(2.7) (13)(24) (mn) 
to those already determined. 


3. A CANONICAL FORM FOR THE DIFFERENTIAL EQUATIONS 


New reference surfaces for the congruences may be introduced by 
applying (2.4) to (2.1). Let a, 8: be arbitrary pairs of solutions of the 
equations 


— ay + a'"am = 0, — Bw + b'"B, = 0, 
so chosen that Ai.+~0. A glance at (2.6) gives the relations 
(3.11) = = = =0, 
and the reference surfaces of ', may be chosen similarly to give the relations 


(3.12) a3 = = = = 0. 


The equations of the correspondence now take the form (2.1) where the con- 
ditions (3.1) are satisfied. The most general transformation (2.4) and (2.5) 
which preserves (3.1) and leaves the reference surfaces unaltered is of the 
form 


* The meaning here given to the letters m and n will be preserved throughout the discussion. 
The letters / and p will be used in the sense of m and n respectively. 
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y' = = = as(v)5*, yt = Balu) 54, 
ai#=¢(u), 


4. PAIRS OF CONGRUENCES WITH AN INTERSECTOR PROPERTY 


In his study of pairs of ruled surfaces, Lane* has shown that a family 
of curves, which he has called a family of intersector curves, exists on each 
ruled surface, the curves being defined as follows. A curve on a ruled surface 
R, is an intersector curve with respect to a second ruled surface R, in case 
the tangent at each point of the curve intersects the line /, which corresponds 
to the generator /, that passes through the point. We now proceed to describe 
a somewhat analogous situation for a pair of congruences. Let I, be given 
together with a one-parameter family of surfaces so that /, cuts each of the 
surfaces in just one point. Further let us suppose that the tangent planes 
to the surfaces at the points of /, form a pencil; then the axes of the pencils 
so obtained determine I’, which, by construction, has its generators in one- 
to-one correspondence with the generators} of [;. The surfaces of the family 
will be called intersector surfaces of T; with respect to 2, and we shall say that 
TI’; possesses property I with respect to I>. 

The conditions under which the reference surfaces of ', can be chosen to 
have the intersector property with respect to I, are readily determined. 


Then \, and d, appear as distinct solutions of the equations 
Nu = + (a'! a?) om 

(4.1) 


which can have analytic solutions only when the equation 
(4.2) D=q— 4pr, 
is satisfied, where 
p = a2! 6,2! + 
(4.3) q= a}! (a,2? b,2?) 4+ aimpm! — pbimgm — b?"a™?) , 
r= a? qimhm2 bimgm, 
*E. P. Lane, Ruled surfaces with generators in one-to-one correspondence, these Transactions, 
vol. 25 (1923), pp. 287-290. 
t Correspondences of this type have been discussed by G. Fubini, Su alcune classi di congruenze 


di reite e sulle transformazione delle superficie R, Annali di Matematica, (4), vol. 1 (1923-24), pp. 
241-257. 
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The expressions for p, g, ry may be written as 
(4.4) q = — (a'*b"! — + — 


by virtue of the conditions (2.2). 
In case p=q=r=0, the pair of equations (4.1) will be spoken of as a 
Riccati system of differential equations, with the integrability conditions 


= 
(4.5) — g?nhn2 = — , 
= 


The conditions (4.5) are necessary and sufficient for the existence of a 
one-parameter set of solutions \ of the Riccati system (4.1), hence the 
theorem. The conditions (4.5) on the coefficients of (2.1) provide a necessary 
and sufficient condition that T, possess property I with respect toT,. Further- 
more, the intersector surfaces of 1, with respect to T, are determined by solving 
a Riccati system. 

The intersector surfaces are in fact defined by 


(4.6) x= y' + dry’, 


where \ =X(u, v) is an arbitrary solution of (4.1). 

Necessary and sufficient conditions that I’; possess property J with respect 
to ; are obtained by applying (2.7) to (4.5). These conditions are not a con- 
sequence of (4.5), so that the two sets of conditions taken together provide 
a necessary and sufficient condition that T; and I, possess property J with 
respect to each other. 

There remain for discussion the solutions of (4.1) when not all of p, g, r 
vanish identically. In this case the analytic solutions of (4.1) are not more 
than two in number; for, if X=X(u, v) is an analytic solution of (4.1) 
it is thereby a solution of (4.2). Suppose conversely that \ is a solution of 
(4.2); the conditions under which ) is a solution of (4.1) are the following: 


— pug = 2p(ap + + g(— + — a®)p), 
bru — pur = + + 2r(— + — a*)p), 
— poy = 2p(b?p + + g(— bq + — b”)p), 
pry — por = g(b*p + + 2r(— + — p). 


In case D0 the conditions (4.7) are necessary and sufficient for the existence 


(4.7) 
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of two and only two surfaces associated with T, having the intersector property 
with respect to 

The two surfaces are given by (4.6) where X satisfies (4.2). They may be 
chosen as reference surfaces for I’; in which case we have the relations 


(4.8) a? = = = =O, 
When D=0 the conditions (4.7) reduce to the form 


— Po, Plo — pour 
In case D=0, and p, q, r are not all identically zero, (4.9) provides a necessary 
and sufficient condition for the existence of one and only one surface associated 
with T', having the intersector property with respect toT,. As before, the surface 
in question is given by (4.6) and (4.2). The surface may be chosen as the 
reference surface S; for I’; in which case a!?=b!?=0. 


5. THE THEORY OF A RICCATI SYSTEM OF DIFFERENTIAL EQUATIONS 
Let there be given a Riccati system 
Au = aA? + aed + as, 


(5.1) 
Ay = + + Jz, 


where a,, b, (r =1, 2, 3) are analytic functions of u and v, with the integrability 
conditions 


— + (ayb2 = 0, 
(5.2) — bey + 2(ai1bs — ashi) = 0, 
— + (debs — = 0. 


Theorems analogous to those for an ordinary Riccati equation* may 
be obtained for a Riccati system (5.1). Thus, for instance, the cross ratio 
of any four analytic solutions of a Riccati system is constant. 

Let us now return to the geometrical considerations from which arose 
the discussion of the Riccati system of equations. In the first place the 
meaning of the term intersector surface becomes apparent from the following 
theorem. When T; possesses property I with respect to T2, the intersector curves 
on all the ruled surfaces R, of T; with respect to the corresponding ruled surfaces 
R, of T: form themselves into the intersector surfaces of 1; with respect to T 2. 
This theorem can be phrased more directly by saying that any ruled surface 


* For a discussion of this equation see L. P. Eisenhart, Differential Geometry, Boston, Ginn, 
1909, pp. 25-26. 
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R, of T: meets the one-parameter family of intersector surfaces along its inter- 
sector curves with respect to the corresponding ruled surface Rz of T:. In this 
form the theorem is geometrically evident and we can in fact exhibit the 
Riccati equation defining the intersector curves of R:. The parameters u 
and » can always be chosen so that any R; of I; is given by »=v(u) which 
also defines R,. We have from (2.1) the relations 

dy’ 
(5.3) — = + 

du 
which, on comparison with Lane, loc. cit., p. 282, (1), are the equations for 
the correspondence between R; and R:2, and on the other hand, 


= (a2! + + { (a! — + — 2) — (a'? + 
which, from (5.3) and Lane, loc. cit., p. 288, (13), is the required Riccati 
equation. 

The cross ratio of any four solutions of a Riccati system having been shown 
to be constant, we have proved that when T, possesses property I with re- 
spect to T2, any four intersector surfaces cut each generator l, of T; in a set 
of four points which have the same cross ratio on all generators of T;. This 
theorem is a generalization of the theorem proved by Lane, loc. cit., p. 289, 
for intersector curves. 

Since the theory of a Riccati equation is equivalent to the theory of the 
intersector curves on a given ruled surface, with respect to some associated 
ruled surface,* it is natural to inquire if there is any sense in which it can be 
said that the theory of a Riccati system is equivalent to the theory of the 
intersector surfaces of a given congruence which possesses property J with 
respect to some associated congruence. The answer is in the negative, for 
let us assume that we are given a Riccati system (5.1) and a congruence I; 
then it is not possible to determine a second congruence I, with respect to 
which I’; possesses property J, and at the same time have the intersector 
surfaces defined by (5.1). We omit the proof of this statement. 

If the parametric ruled surfaces of the congruence I, for the correspond- 
ence (2.1) are chosen as the developables of I’, the relations 


(5.4) — = Q, — 14523 = 0 


are obtained, evidently necessary and sufficient conditions that the de- 
velopables of I’, be the parametric surfaces for that congruence in the corre- 


* Lane, loc. cit., p. 289. 
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pondence defined by (2.1). The application of the substitution (13) (24) to 
(5.4) yields the relations 


(5.5) a*'q42 = 0, = 0 


which are necessary and sufficient that the developables of I’, be the para- 
metric surfaces for T2. 


6. THE INTERSECTOR SURFACES 


When I; possesses property J with respect to l’, the equations of the corre- 
spondence and of the intersector surfaces reduce to simpler forms. The 
intersector surfaces form a family, and the points of any pair of the surfaces 
are in correspondence, where corresponding points lie on a generator /, of 
T;. The consideration of corresponding nets of curves on these surfaces 
suggests itself. When the nets of curves are conjugate nets two distinct 
possibilities occur. The first of these, in which case the developables of T; 
trace out conjugate nets on all the intersector surfaces, has been studied by 
Fubini* who at the same time recognizedf its relation to certain theorems 
of Darboux.{ This relation may be fully established by means of the present 
theory. The second case occurs when each of the congruences I, and I, 
possesses property J with respect to the other. 

When I; possesses property J with respect to I, the conditions (4.5) 
are satisfied, and by choosing an arbitrary pair of intersector surfaces as 
reference surfaces for T';, the coefficients of (2.1) can be made to satisfy the 
additional relations 
(6.1) = a? = = = 0, = 5%, 

The intersector surfaces are then given by (4.6), where A\=const. By 
means of (4.6) the coefficients D, D’, D’’ may be computed for an arbitrary 
intersector surface S,; they are 

D= (a'"a"? + an 
where 
4- a\4 +t. 


(6.3) F= 
* Fubini, loc. cit., pp. 246-250. 
t Ibid., p. 242. 
t G. Darboux, Lecgons sur la Théorie Générale des Surfaces, 1915, 2e édition, livre IV, chap. X, 
pp. 241-252. 
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When F =0, (4.6) defines the focal surfaces of T;. Evidently a focal surface 
cannot have the intersector property; the focal surfaces must also be distinct, 
otherwise the intersector surfaces degenerate into intersector curves, a 
situation which will be excluded. 

The equations (6.2) show that the parametric surfaces of I’; will trace out 
a conjugate net of curves on every intersector surface when the following 
conditions are satisfied: 


(6.4) = 0, = = 0 
from (4.5) the further relations 
(6.5) = 0, = = 0 


are obtained. The conditions (6.41), (6.43) and (6.5;), (6.53) result in the 


equations 
42 


p13g31 

A comparison of these two relations with (6.42) and (6.52) leads to three 
possible consequences of (6.4) and (6.5), namely: 
(6.6) = 0, binant = 0, 
(6.7) = 0, b74q42 = 0, 
and 
(6.8) = Q, — = 0), 
or the alternatives 
(6.9) = 0, — = 0, 
which are not essentially different from (6.8). 


We turn attention to the situation corresponding to (6.4), (6.5), (6.6). 
These conditions taken together may be written in the form 


(6.10) =, bingnm = 0, 


As a consequence we note first of all that (5.4) and (5.5) are evidently 
satisfied. Geometrically, (6.10) then implies that the developables of T; 
are parametric, and the corresponding parametric surfaces for T, are the 
developables of that congruence. The developables of the pair of congruences 
thus correspond, and those of I’; trace out a conjugate net of curves on every 
intersector surface. Secondly, we see on comparing (2.2) and (6.1) with 
(6.10) that 


(6.11) = 0. 


40 A. J. COOK [January 


In case’; possesses property J with respect to I’, with the further property 
that the developables of I; trace out a conjugate net of curves on every 
intersector surface, we shall say for brevity that T; possesses property I, 
with respect to I'..* 

The following two theorems concerning necessary and sufficient con- 
ditions for property J, are stated without proof. 


Let T; possess property I with respect to T, and write the equations of the 
correspondence in the form (2.1), (6.1). The equation (6.11) is a necessary 
and sufficient condition that T, possess property I, with respect to T2. 


When the equations of the correspondence between T; and TY: are in general 
form (2.1), the conditions 


(6.12) = 


are necessary and sufficient that T; possess property I, with respect toT:. In 
case the developables of T; are the parametric surfaces of the congruence these 
conditions take the form (6.10). 


As a consequence of these results two theorems due to Fubinif may be 
proved without difficulty: 


When IT, possesses property I with respect to T. the developables of T, cannot 
trace out a conjugate net on any of the intersector surfaces unless T, possess 
property I, with respect to T2. 


When TY, possesses property I, with respect to T2, the developables of the 
congruences correspond. 


We are now in a position to connect up the fundamental theorem of 
Darboux{ with the present theory. Let two surfaces S; and S, be given in 
one-to-one point correspondence. The lines joining corresponding points 
generate a congruence I), while the lines of intersection of the tangent planes 
to the surfaces at corresponding points generate a second congruence I;. 
Corresponding generators do not intersect unless S; and S: are the focal 
surfaces of I’;, in which case /; and /, coincide. This case is excluded from the 
discussion. 

When the developables of I; trace out conjugate nets on each of the 
surfaces S, and S, the surfaces are said by some writers to be in the relation 
of a transformation F, or briefly in relation F.§ 

* This correspondence was first studied by Fubini, loc. cit., pp. 246-250. 

t Ibid., pp. 244 and 246. 


t Darbourx, loc. cit., p. 244. 
§ L. P. Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34. 
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We can now prove the following theorem: 


S; and Sz are in relation F if and only if T, possesses property I, with 
respect to T>. 


To show this we note to begin with that (4.7) is necessarily satisfied. 
As a consequence, the additional relations 


(6.13) = gi? = = = = = 


can be made to hold. Further, the developables of I, may be chosen as the 
parametric surfaces of the congruence, so that the conditions (5.4) are satis- 
fied. S, and S, are now the reference surfaces for I',, and the developables 
of I; will trace out a conjugate net of curves on each side of these surfaces 


only when 
qinpn2 = 0, = 0, 


S; and S; being non-degenerate. The conditions (2.2) give the further 


relations 
= 0, 62g"! = 


The equations (5.4) may now be brought into play and (6.10) follows thus 
showing that I’; possesses property J, with respect to Tr. 

Conversely, if I’; possesses property J, with respect to T:, S; and S: are 
evidently intersector surfaces and the developables of I’; trace out a conjugate 
net of curves on each of the surfaces. 

Let us turn next to the consideration of (6.4), (6.5) and (6.7). The con- 
ditions found from (4.5) by use of (2.7) can be shown to be satisfied so that 
I, necessarily possesses property I with respect tol, and the parametric surfaces 
of T2 trace out a conjugate net of curves on every intersector surface of T, with 
respect to 

Suppose now, conversely, we assume that each of I,, I; possesses prop- 
erty J with respect to the other. The equations of the correspondence can 
be written in the form (2.1), with (6.1) and with the additional conditions 


(6. 14) = 0, a3 = a*4 = = 0. 
We note also from (2.3) that the equation 
(6.15) a3? = 


is satisfied. The coefficients of this reduced system of equations satisfy 
(4.5), and the conditions found from (4.5) and |(2.7) by the nature of the 
correspondence which they represent. 

Suppose further that the coefficients of (2.1) satisfy (6.7). The con- 
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ditions (6.7) are equivalent to a particular choice of the parametric ruled 
surfaces for the correspondence. Then it may be shown that (6.4), (6.5) 
hold provided the condition 


(6.16) a*4q42 — 0 


be maintained. 
We have thus proved the following theorem. 


When each of T:, V2 possesses property I with respect to the other there exists 
ordinarily one and just one net of ruled surfaces for each congruence which 
traces out a conjugate net of curves on every intersector surface associated with 
that congruence. 


The third possibility for consideration is expressed by (6.4), (6.5), 
(6.8). We note that (6.8) is made up of (6.6;) and (6.72). We might expect 
interaction between (6.6;) and (6.72), creating conditions not already found 
in the discussion of the previous cases; the nature of (6.6,) and (6.72), how- 
ever, shows that this is not possible. Hence we need not expect a third type 
of relation between I’, and I for which conjugate nets of curves on the inter- 
sector surfaces of I’, with respect to I, are in correspondence. 
is If the parametric surfaces of I; are to trace out an asymptotic net of 
curves on every intersector surface of I’; with respect to I’,, three possibilities 
are secured as in the discussion for conjugate nets of curves. 
t~ The conditions secured in the first case cannot hold, for they imply that 
the developables are the parametric surfaces for T';, and Fubini* has shown 
that the developables of [',; cannot trace out the asymptotic nets on all the 
intersector surfaces. 

In the second case the relations 


a*™q™4 = a"™qg™P = 0, 


6.17 
( ) bimpms — m3 = (n p) 


may be obtained in a manner entirely analogous to the discussion of the 
equations (6.4), (6.5), (6.7). We are unable to say anything further about 
this case, other than that it does not appear likely to yield conditions suffi- 
cient for the desired correspondence of the asymptotic nets on the inter- 
sector surfaces. 


7. THE TRANSFORMATION OF LAPLACE 


When I; possesses property J; with respect to T2, the system (2.1) may 
be simplified so that the relations 


* Fubini, loc. cit., p. 246. 
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(7.1) = bim = 0 


are satisfied. 

Let the developables of I; be chosen as the parametric surfaces for the 
congruence. The equations (5.4) and (5.5) are satisfied since the developables 
of the congruences correspond, and (6.12) becomes (6.10). From (5.4) and 
(7.1) we have the equations 


(7.2) = , ye = toy? 


where 
ty = = q'4/a*4, te = 513/573 = ti te. 
A generator /, of T; is cut by an arbitrary intersector surface in the 
point P, whose codrdinates are given by (4.6) with A=const. From (4.6) 
and (7.2) we find 


(te +A)y¥?, 


and certain theorems concerning the nature of the correspondence, proved 
by Fubini* and Darboux,f now follow without difficulty. 

Since the developables of T'; meet any intersector surface in a conjugate 
net of curves, these curves form the parametric net for the surface, where 
it is assumed that (5.4) and (5.5) are in force, and the Laplace equation. 
for the surface may be determined as 


te +r ti +h 
bx, 
to +d 


(7.3) = CXy, 
where 
tin tou 


In case b=0 or c=0, one or the other of the focal surfaces of I, degenerates 
into a curve, so that we may assume bc £0. 
The following theorem may now be stated without proof. 


The locus of the ray-points P, of the u-curves of the intersector surfaces 
at the points of a generator |, of T; is the v-tangent to the focal surface for the 
u-developables at the focal point of 1. 

The focal point of 1, is a singular point for the locus. 


A corresponding theorem may be stated by interchanging u and v, and 
replacing o by p. 


* Fubini, loc. cit., pp. 246 and 247. 
t Darboux, loc. cit., p. 245. The theorem of Darboux appears as a special case of the theorem 
of Fubini, loc. cit., p. 247, by virtue of the theorem which has been proved in § 6. 
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Suppose now we fix upon a particular intersector surface x=y'+)oy?, 
where \ =X, is some constant. For this surface we find 


xX, = No) i= t,(u,v). 


The equation 4,(u, v)+Ao=0 defines a certain curve on the surface and 
x,=0 all along this curve. Every point of this curve is a point P.,, its co- 
ordinates having the form r! = y!—t,y?, hence the curve also lies on the focal 
surface of the u-developable of [,. At the same time we find 


@ (te + do) = to(u,v), 


so that x,=0 all along the curve defined by #(u, v) +A.=0, which is the 
intersection of the given surface and the focal surface for the v-developables 
of T;. The following theorem has thus been proved. 


When YT, possesses property I, with respect to T: every intersector surface 
of T; with respect to T, contains two singular curves which are the intersections 
of the surface with the focal surfaces of T;. 


The ray-points for the reference surface S; at P, may be written as 
Pa», Pa, and likewise the ray-points of S; at Py as P», Pa respectively. The 
line /,:,2 is the locus of the ray-point P, and /,:,2 is the locus of the ray-point 
P,. Two lines have thus been determined which correspond to 4, thus 
generating the pair of congruences I,, I,. 


The Laplace transforms of I; are defined by means of the focal surfaces 
of T',, whose equations are 


ri = yl —ty?, = y! — tey?, 


respectively. The congruence I’,:,: is the congruence T;, but I'z,: which, 
by definition, is called the first Laplace transform of T',, has been shown to 
be I,. The congruence ['n,! is again T,, but 'n,1 which, by definition, is 
the minus first Laplace transform of 1, is T,. 

The points P,!, P,: are the focal points for ,, and Ty:,:, is I. while 
is the first Laplace transform of T',:,1, is again while is the 
minus first Laplace transform of T2. 

The equations (2.1) may be set up for the correspondence between the 
first Laplace transforms of I’; and I, and the theorem follows: 


When T; possesses property I, with respect to T2, the first Laplace transform 
of T; possesses property I, with respect to the first Laplace transform of T.* 
The intersector surfaces for the derived correspondence are the first Laplace 
transforms of the intersector surfaces for the given correspondence. 


* Fubini, loc. cit., p. 249. 
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The corresponding statement can be made for the minus first Laplace 
transforms. 


8. RECIPROCAL CONGRUENCES 


The Green reciprocal relation for a pair of congruences represents a 
particular type of the correspondence defined by (2.1). As a conclusion to 
the present discussion the equations of the correspondence between an 
arbitrary pair of reciprocal congruences may be exhibited. 

Let the four homogeneous coérdinates x; of an arbitrary point P, on 
a surface S, be given as analytic functions of two independent variables 
and v. Suppose further that S, is non-degenerate and non-developable, 
and is referred to its asymptotic net. Then the functions x; are a funda- 
mental set of solutions of a completely integrable system of partial differ- 
ential equations which may be reduced to the Fubini form 


(8.1) Xun = Px + OuXu + Bx,, = Qu + + 


where 0=log By, and where certain integrability conditions are satisfied. 
The points P,, P, defined by 


(8.2) c=x+ a2, 


where a and 6 are functions of u and 2, are evidently points which lie in the 
tangent plane of S, at P,. The reciprocal of /,, in the osculating quadric of 


S, at P, is the line /,, which joins P, and P,, the latter being defined by 
(8.3) = ax, + bx, + Sus. 


Two congruences I',,, I’,, have thus been determined in one-to-one corre- 
spondence, so that corresponding generators do not intersect. The coeffi- 
cients a‘/ of the system (2.1) for the correspondence are as follows: 

ai= — a2= 0, a3 = 1, 
qa?! a®=A, 
a® = 0, = + 5, 


a*=a,+ ab, a® =1, a*® = (0, 


(8.4) 


where we have placed 
A = Ou» + du — ab + By, 
F = p — — Ba + b, — 
F’ = F + 2a8 + 8,, 
P = a(p — F’) — Ab+ p. + Bg. 


(8.5) 
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The coefficients b‘/ of (2.1) may be found from (8.4) and (8.5) by means of 
the substitution 


(8.6) 


Bu3AF F' 
byv4 BG GOS 
The coefficients of (5.3) taken in conjunction with (8.4) and (8.6) are 


in substance those given by Lane* for his theory of pairs of reciprocal ruled 
surfaces. 


* Lane, loc. cit., p. 287. Lane here uses the Wilczynski form of the equations for Sz. 
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ON THE SOLUTION OF THE EQUATIONS OF ELASTIC 
EQUILIBRIUM SUITABLE FOR ELLIPTIC 
BOUNDARIES* 


BY 
SUDDHODAN GHOSH 


1. The solution of the problem of the equilibrium of an isotropic elastic 
body with a given boundary depends, in the absence of body forces, on the 
solution of the partial differential equations 


0A 
(A + w)— + = 0, 
Ox 


0A 
(A + w)— + = 0, 
dy 


where 
(2) 
subject to given conditions at the boundary. But the determination of the 
three functions u, v, w satisfying equations (1) and (2) and the conditions 
at the bounding surface is a matter of great difficulty and hitherto such 
functions have been discovered only in the case of a few boundaries. It 
frequently happens, as with the kindred problems in hydrodynamics and 
electrostatics, that a problem which cannot be solved in three dimensions 
readily admits of a two-dimensional solution. Though these two-dimensional 
analogues can only be imperfectly produced in nature, they are of great 
importance on account of the light they throw on the more general problems 
which cannot be solved completely. From this point of view, the solutions of 
equations (1) and (2) in two dimensions are interesting and instructive and 
have actually received the attention of a large number of investigators. 

It was shown by Airy that in the case of plane strain, the stresses can 
be expressed in terms of a stress function x by the formulas 


(3 
Oxdy 


* Presented to the Society, February 25, 1928; received by the editors in January, 1928. 
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+ + = 0, 
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which in the absence of body forces further satisfies the partial differential 
equation of the fourth order 
(4) Viix =0 


where 


2 2 
Vii =V?-V2 and Vi 
Ox? ay? 


Consequently, equation (4) has received a considerable amount of attention 
from various mathematicians. The solutions in cartesian codérdinates and 
their application to the problem of flexure of rectangular and cylindrical 
beams are well known. Those in polar codrdinates have been given by Michell* 
and have been applied to plane bodies with concentric circular boundaries. 
Lately, a solution in bipolar coérdinates has also been given { thus opening 
the way of the consideration of areas bounded by two non-concentric 
circles. In the present paper a solution in elliptic codrdinates has been 
found and applied to two problems of plane strain. A single-valued solution 
is found suitable for the case of an elliptic cylindrical cavity in an infinite 
solid while another many-valued solution applicable to the state of strain 
in an elliptic cylindrical shell which has suffered dislocation due to a triangu- 
lar axial fissure has also been found. Lovet has given an outline of a method 
of solving problems in plane strain in elliptic codrdinates, but his method is 
only applicable to cases where the surface displacements are given. The 
method developed in this paper lends itself easily to the construction of the 
solution of the particular problem dealt with by Love, as will be shown in §5. 
Some other applications of elliptic codrdinates are given by Kolosoff,§ 
Péschl,|| and Inglis.§ 
2. Let us use the transformation given by 


(5) + iy = cosh (a + if), 
so that 


(6) x=ccoshacos8, y=csinhasin§, 

* Proceedings of the London Mathematical Society, vol. 31 (1900), p. 100. 

{ Jeffery, Philosophical Transactions, Royal Society, (A), vol. 221, pp. 265-293. 

t Theory of Elasticity (3d edition), p. 275. 

§ Zeitschrift fiir Mathematik und Physik, vol. 62 (1914), p. 384. 

|| Mathematische Zeitschrift, vol. 11 (1921), p. 89. 

Transactions of the Institute of Naval Architects, vol. 55, part 1, p. 219. My attention was 
drawn to Inglis’s paper by one of the referees with the remark that it would be interesting to compare 
the expressions obtained in §4 of this paper with those obtained by Inglis; but unfortunately as the 
paper was not available here no such comparison could be made. 


THE EQUATIONS OF ELASTIC EQUILIBRIUM 


i /dy\? 
(=) + (2) (cosh 20 — cos 28). 


The curves a=constant and 8 = constant are confocal ellipses and hyper- 
bolas respectively. The curve a=0 is the portion of the x-axis between 
the foci, while on the right-hand side of the x-axis between the focus and 
infinity, 6 =0, and on the left-hand side between the other focus and infinity, 
B=. On the positive side of the y-axis 8=7/2 and on the negative side 
B=3n/2. 

We have therefore a set of codrdinates suitable for the treatment of two- 
dimensional problems in which the region concerned is bounded by confocal 
ellipses and hyperbolas. 

The stress components are given by equation (3). Transforming into 
curvilinear coérdinates (a, 8), the stress system can be written as 

aa =i (i) 
0p \ op da da 
da\ da 0p op 
da\ op 0B da 
In the present case we have 


8B? 2 da\h?J/aa 2 aB\h?/aB 


c ox 0x 
= —| (cosh 2a — cos 28)—— + sinh 2a— — sin 28 — | ; 
2 op? da 0g 


h? da® 2 0B 
a a 
da? da ag 


h? dad8 da\h?/ dB 2 dB\h?2/ da 


2 


= <|- (cosh 2a — cos 28) 


= (cost 2a — cos 28) 


Ox Ox 

+ sinh 2a— + sin 28— }. 
op da 
The displacements are given by* 


* Jeffery, loc. cit. 
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(9) 


where P satisfies the equations 
(10) 
and 
0/1 0/1 A+ /d? 


The stress function noted above satisfies equation (4). 
3. Let us now proceed with the solution of equation (4). Writing it 


in the form 
Oa? 0p? Ja? 0B? 


0? 
(— 
da? dp? 


is a plane harmonic function. 
We now take the following form for the harmonic: 


we notice that 


n=0 


d*x 2 
) = — E + Aa + BB + 2 >> (A,coshna + B, sinh na) cos nB 


dp? 


n=1 


(12) + 2 }°(C, cosh na + D, sinh na) sin ns |. 


n=1 


Hence 


a? 3? 

= + a = (da + BB)(cosh 2a — cos 28) + (4g — As) cosh 2a — Be sinh 2 
2 

+ {— 2B, sinha + (A; — A3) cosh 3a + (B; — B;) sinh 3a} cos 8 

(13) +{2C, cosh a + (C; — C3) cosh 3a + (D; — D3) sinh 3a} sin 6 

+ {— (Ao — Az) + (Az — As) cosh 4a + (Be — By) sinh 4a} cos28 


+{C2+ (C2 — Cs) cosh 4a + (Dz — Dy) sinh 4a} sin 28 


+ — Az) cosh — 2) a — (Bus — Ba) sinh — 
n=3 
+ (An — Any2)cosh (n + 2)a + (By, — Bny2) sinh (n|+ 2) a] cos 


+ (Cr-2 — Cn) cosh (n — 2) a — (Da_2 — Dn) sinh (n — 2)a 


n=3 


+ (Cx — Cny2)cosh(n + 2)a + (Dn — Dayz) sinh(n + 2)a] sin nB. 


— 
= u ox, 1 oP v oP 
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We try to satisfy this equation by assuming the following form for x: 


A B 
x= qe (cosh 2a + cos 28) — sinh 2a] + 7 [Blcosh 2a + cos 28) — sin 26] 


n=0 n=0 


(14) +¢o+ “> dn cos mB + sin mB + x’, 


n=1 n=1 


where ¢’s and w’s are functions of a only and x’ is a plane harmonic such as 


A’a + B’B+ i (A, cosh na + B,! sinh na) cos nB 


n=1 


+ cosh na + sinh na) sin nf. 


n=1 


Substituting in equation (13) and comparing coefficients we get the values 
of ¢’s and y’s: 


(Ao — Az) cosh 2a — Bs sinh 2a, 
[(A, — A3) cosh 3a + (B; — Bs) sinh 3a] — Ba cosh a, 
— As) + (As — A,) cosh 4a + (Bz — By) sinh 4a], 
on = — A,) cosh (n — 2)a + (Bn_2 — Bz) sinh (n — 2)a] 


+ +) [(An — Anse) cosh + 2) + (Bn — Bayz) sinh (m + 2)a] ; 


1 
V1 = qle: _ C3) cosh 3a + (D, — Ds) sinh 3a] + Cia sinh a, 


1 1 
— — Ca) cosh + (Ds — Di) sinh 


vn = — Cx) cosh — 2)a + — Dz) sinh (n — 2)a} 
4(n — 1) 


— Cn42) cosh (nm + 2)a + (Dn — Days) sinh (n + 2)a]. 
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It is evident that the terms cosh a cos # and sinh @ sin B in x’ represent a dis- 
placement that is possible in a rigid body. 

Hence omitting the rigid body displacement terms and also the terms 
which ultimately make the stresses many-valued, we can write 


(15) x = Aa(cosh 2a + cos 28) + BB + do 


n=2 


+ ¢n cos mB + sin nB, 


n=1 n=1 


ao cosh 2a + b sinh 2a + ca, 
a’a cosh a + a; cosh 3a + 5; sinh 3a + bf sinh a, 
do + a2 cosh 4a + be sinh 4a + az cosh 2a + b¢ sinh 2a, 
= cosh (m — 2)a + sinh — 2)a + a, cosh (nm + 2) a 


+ b, sinh (n + 2)a + a,! cosh na + 6,! sinh na, 


c’a sinh a + c; cosh 3a + d; sinh 3a + c/ cosha, 
Co + C2 4a + de sinh 4a + cd cosh 2a + d? sinh 2a, 

= cosh — 2)a + dy_2 sinh (nm — 2)a + cosh + 2)a 
+ d, sinh (n + 2)a +c, cosh na + d,) sinh na. 


4. Even when x is known the displacements u and v can only be obtained 
by first determining P which satisfies equations (10) and (11). Now, instead 
of finding P directly, it will be convenient to calculate 


subject to the conditions (10) and (11). 
It will subsequently be shown that the terms 


a(cosh 2a + cos 28), acoshacosf8 and asinhasing 


give rise to many-valued displacements, so that omitting them from x and 
taking into account the fact that P is a harmonic function we can write 


where 
$1 
(16) 
dn 
and 
(17) 
1 oP 1 oP 
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1 aP 
= Aosinh 2a + Do cosh 2a + (B’ cosh a + A; sinh 3a 
a 
+ B, cosh 3a) sin 8 + (C sinh a + C; sinh 3a + D, cosh 3a) cos 8B 
+ (Bo + Azsinh 4a + Be cosh 4a) sin 28 + (— Do + C2 sinh 4a 


+ Dz cosh 4a) cos 28 + [{— Ans sinh (nm — 2)a 


n=3 
— B,-2cosh(n — 2)a+A,sinh(m+ 2)a + B,cosh(n+ 2)a} sinnB 
+ { —C,~-2sinh (n — 2)a — Dn_gcosh(n — 2) a+C, sinh ("+ 2)a 
+ D, cosh (n + 2)e} cos np], 


— Bosinh 2a + Cy cosh 2a + (— B’ sinh a + A; cosh 3a 


+ B, sinh 3a) cos B + (C cosh a — C; cosh 3a — D, sinh 3a) sin 8 
+ (- Co + Ao cosh 4a + Bz sinh 4a) cos 28 + (Ao om Ce cosh 4a 
— Dezsinh 4a) sin 28 + >> [{ — Ans cosh (m — 2)a 


n=3 
— Bn-2 sinh (n — 2)a + A, cosh (n + 2)a 
+ B, sinh + 2)a} cos mB + cosh (m — 2)a 
“+ D,-2sinh(n — 2)a—C,cosh(n+ 2)a—D,sinh(n+ 2)e} sinn6 |. 
Here the general plane harmonic function P has been differentiated 
with respect to a and 8 and multiplied by 1/4’. 


Now substituting in (11) and equating coefficients as usual, we find 
the values of the coefficients A,, Bn, Dn, , as follows: 


Bo = — 2kao, Co = 2kb, Do = — 2keo, 


Ax = 2kbn, Br ™ 2kan, Cc. = = 2kdn, D, 
where 
A+ 2u 


In this way all the constants A,, B,, Cn, D, can be determined except 


Ao, B’ and C. The terms containing Ao, B’ and C give rise to a displacement 
which has the following components parallel to axes of x and y respectively: 


1 
2uc? 


1 
(— Ble — 2Aoy) and ——-(Cc + 2Aox), 


and 
1 OP 
h? op 
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thus showing that the displacement is one possible in a rigid body. So we 
can omit Ao, B’ and C. There still remain terms in x, e.g. those involving 
a’, c’ and A which are not represented in the differential coefficients 
(1/h?)(@P/da) and (1/h*)(@P/dB). It is necessary to consider them sepa- 
raigly. For the term a cosh a cos f in x, let us assume 


1 aP 
— = A’(8 sinh acos 8 — acoshasin 8), 


da 


1 oP 
= A’(8@osh a sin 8 + a@sinh cos B). 


(20) 


It can easily be shown that these satisfy 


vVrP=0 


0/1 OP 0/1 OP 
da\h? ap OB \h* da 


and that 


A’ can thus be determined. 
Similarly for the other term a@ sinh @ sin 8, we can take 


1 OP. 
— — = B’(asinh a cos + cosh asin 


h? da 
= rr = B’(acoshasin B — B sinh a cos B). 


(21) 


For the term a(cosh 2a+cos 28), we take 


oP 
— =c'(8sinh 2a — asin 28), 
da 
oP 


(22) 
c’(8 sin 28 + sinh 2a). 


They satisfy equation (10) and give 
a/1 @P\ a/1 aP 
=(— —) “(= =~) = 2c’ sinh 2a + 2c’a(cosh 2a — cos 28). 
da\h? dp OB \h? da 
From (11) it is easily seen that 
+ 2 


— 
1 
ie 
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The stresses can be easily calculated from (8) as below: 


2 
= = = (363 + $¢ sinh 2a) + (— ¢ cosh 2a + $f sinh 2a + 63) cos B 

(23) + (— ¥, cosh 2a+ y/ sinh 2a + 6y3) sin 8B— B sin 28 


1 
+ > — cosh 2a + sinh 2a + + 2)(n + 3)dnie 


n=2 


1 

+ — 2)(n — cos + { np, cosh 2a + sinh 2a 
1 1 

+ + + + — — sin ns | : 


1 
= go” cosh 2a — ¢¢ sinh 2a — ried — oe 


4 


1 3 
+{ cosh 2a — ¢/ sinh 2a — cos B 


1 1 
+ >" — 2)bn-2 + cosh 2a — ¢, sinh 2a 
1 1 1 
— —on42 — + cos mB + { 


1 1 
+ y,” cosh 2a — sinh 2a — + sin ns | 
and 
2 af 
— ae = Bsinh 2a + (¢{ cosh 2a — ¢; sinh 2a — 2¢3 ) sinB + (— Wj cosh 2a 


c 


+ ¥ sinh 2a + 2~J ) cos B + (03 + 263 cosh 2a — 2¢2 sinh 2a 


5 5 
= +) sin 28 + (- 2vz cosh 2a + sinh 2a + “) cos 28 


1 
+> — 3)¢/_2 + cosh 2a — nd, sinh 2a 


n=3 


1 1 
sin + — — my. cosh 2a 


1 
+ ny, sinh 2a + + cos ns 


55 
2 BB 
ht 
1 3 
+ (vs cosh 2a — sinh 2a sin 8 + B sin 28 
(24) 
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Here we have omitted the first term in x given in (15) while calculating 
the stresses. 

5. We shall now consider some applications of the above solutions. 

(a). Let an infinite solid with an elliptic cylindrical hollow be subjected 
to a pressure P, on the inner elliptic boundary.* 

Assume in this case 


(26) x = A(e~** + cos 28) + Ba. 


Then we have 


(cosh 2a — cos 28)*aa = {A(3 — 2e~** sinh 2a) + B sinh 2a} 


— 4A cosh 2a cos 28 + A cos 48, 


c? > 
7 (cosh 2a — cos 28)*a8 = (B — 2A cosh 2a) sin 28. 


The conditions on the boundary give 


aa = — P, and ap = 0 when a@ =a, 
also 


and ap = 0 when a=, 
These give 


Pic? 
(27) A=- and B= cosh 2a). 


In this case P can be easily shown to be equal to 
( e~*“ sin 28 ) 
1 — e~* cos 28 ‘ 


Equations (9) now give the following displacements: 


A+ 2p 


Pyc? 
= — Pc? cos 28 + cosh 2a, 
4(A + + 4u 


v Pc? 
h 4A +2) 


(b). For the second case we are going to consider let us assume 


(28) 
sin 26. 


* This case differs from the cases studied by Kolosoff and Péschl in boundary conditions only. 
In Péschl’s case x =const. and x/da=0 on the inner boundary a=a; and x—>(1/16) pce**[1+-cos 
2(8—8’)] 


and 
| 
h 
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(29) x = (A + A’a)(cosh 2a + cos 28) + B sinh 2a 
+ ca + (D cosh 2a + E sinh 2a) cos 28. 


If the boundaries a=a, and a=a, be subjected to pressures P; and P2 re- 
spectively, we easily find by calculating the stresses and taking into account 
the boundary conditions the values 


1 1 1 


1 
A’ = rT P2)c?, 


1 
B= ——(P; — P2)c?, 
1 2)¢ 
(30) 


cosh (a2 + a) 
Ca — 
4 (Pi 2)¢ 


cosh (a2 — a) 
sinh (az + a) 
cosh (a2 — a1) 
cosh (a2 + a) 


cosh (a2 — a) 


1 
om 2) 


1 


where 
M = (a2 — a) — tanh (ae — a). 


Moreover, we have in this case 


1 2A+2 
= 20+ 2) sinh 2a — asin 28) — A sin 28], 
da A+u 


sin 28 + a sinh 2a) + A sinh 2a 
A+u 
+ B (cosh 2a — cos 28)]. 
Also the displacements are given by 
A+ 


u 1 P 
(31) —= sinh 2a + (2 a’) cosh 2a + A’B sin 28 
h 


Cc 
+ A’atinh -( YB + *4') cos 28| 
2u 2u 


1 
— —(D sinh 2a + E cosh 2a) cos 28, 


and 
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A+ 2p 


A’B sinh 2a — A’asin 28 — A sin 28 | 


1 
+ —(D cosh 2a + E sinh 2a) sin 28. 


These displacements are not single-valued. Considering only the many- 
valued terms, we write 
A+ 2 
sin 28, 
+ 
v’ A+ 2p 


h + p) 


If we restrict 8 by a convention such as 0<8<2z, these displacements 
become single-valued and discontinuous. When 8=0, we have u’=0 and 
v’ =0; when 6 =2z7, we have 


(33) 
A’B sinh 2a. 


+ A’ 
= — cosha. 


¢ 
Therefore there is no discontinuity in the value of u, but the value of » 
decreases suddenly by the amount % given by 
+ A’ 
(34) 
¢ 
as 8 increases from 27—0 to 2r+0. This is the jump in the value of v on 


the positive «—axis. 
Now when 6=0, 


u’=0 and 


osh 


x = = ccosha. 
Therefore 


v + A’ 
(35) — = constant. 


Xo 
This result we can interpret as a dislocation* due to an axial wedge- 
shaped fissure bounded by the planes 
+ 2) A’ 


wA+ yw) 


where A’ is given by (30). 


* For the theory of dislocation, see Volterra’s paper Sur I’ élquilibre des corps élastiques multi- 
plement connexes, Annales de |’Ecole Normale Supérieure, (3), vol. 24 (1907), pp. 401-517. See also 
Love’s Theory of Elasticity (3d edition), p. 219. 
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Hence the assumption made in (29) solves the problem of dislocation 
for a wedge-shaped fissure in a body bounded by two confocal elliptic 
cylinders. 

(c). As a third application let us consider the problem dealt with by 
Love.* 

Let an infinite solid be bounded internally by an elliptic boundary of 
semiaxes a and b and let the inner boundary be turned through an angle ¢. 

Let a=a; be the inner boundary. Then the displacement at any point on 
the boundary is r¢, perpendicular ‘o the radius vector drawn from the 
center of the elliptic section to the poiat, where r =distance of the point from 
the center. This displacement has a component —c¢ sinh a sin 8 parallel to 
Ox and c¢ cosh a cos 8 parallel to Oy. If u, v be the displacements along 
and perpendicular to the normal to a=constant we have when a=a; 


1 


c* sin 26, 
(37) 
sinh 2a;. 


2 
1 
2 


Assume 
(38) x = AB + Bsin 28 + Ce-* sin 28. 
Then 


P + 2 
= Ao sinh 2a — cosh 2a — cos 28), 
(39) 


= Apgsin 28, 
B 


= 2Ce~™ sin 28 + Aogsin 28, 


2(A 2 
2u 
aa B cos 28 — 2Ce-** cos 28. 
A+u 


From the boundary conditions (37) and from the condition that u and v 
vanish at infinity we find 


* Theory of Elasticity (3d edition), p. 275. 


u 

and 

u 

2u 
v 
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A+ 2 


A+ 


+ 
Ag = ————¢ 


A+ 3u 


A+2 
+ sin 28, 


= a 2a, — 2a 


But a=c cosh a; and b=c sinh a, and consequently 
A+ 


a+b 


2 A+ 3u 


—b A+22a—b 


sin 26, 


(a+ + 
(43) 


h A+ 3n a+b 


cos 
+ 3p 


This is the same result as found by Love. 
In conclusion I wish to express my thanks to Dr. N. R. Sen for guidance 


and help in course of the work. 
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B 
2 A+ 
(41) 
1 
C = — ——cge™, 
Then 
(42) 
h 
—— 
= 
v 
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ON THE UNILATERAL EQUATION IN MATRICES* 


BY 
WILLIAM E. ROTH 
The equation 


Pp 
(1) = 0, 

i=0 
in which the coefficients A;,i=0,1,2,---, p, are mXn matrices having m 
rows and m columns of scalar elements, and where X is an Xn matrix, is 
said to be unilateralf in that the known matrices A;, 7=0, 1, 2,---, p, 
occur as factors on the left (or on the right) of each term of its left member. 
In case m=n the equation was studied by Sylvester in several papers of a 
series that appeared largely in the Johns Hopkins University Circulars of 
1883 and 1884, the Philosophical Magazine, and the Comptes Rendus de 
l’Académie de Sciences.{ The solution of particular types of equations in 
matrices that may be regarded as special cases under the above was further 
studied by Buchheim, Frobenius, Taber, Kreis, Cecioni, Wedderburn and 
others.§ The restrictions adopted heretofore were such that the given 


* Presented to the Society, August 29, 1929; received by the editors in August, 1929. 

t Sylvester, Equations in matrices, Johns Hopkins University Circulars, vol. 3 (1884), p. 122, 
or Mathematical Papers, vol. IV, pp. 152-153. 

¢ See particularly On the three laws of motion in the world of universal algebra, Johns Hopkins 
University Circulars, vol. 3 (1884), pp. 33, 34, 57, or Mathematical Papers, vol. IV, pp. 146-151; 
Sur V équation quadratique de Hamilton en quaternions ou en matrices du second ordre, Comptes Rendus, 
vol. 99 (1884), pp. 555-558, pp. 621-631, or Mathematical Papers, vol. IV, pp. 190-198. This paper 
will be referred to as E.Q. 

§ Buchheim, An extension of a theorem of Professor Sylvester's relating to matrices, Philosophical 
Magazine, vol. 22 (1886), p. 173. 

Frobenius, Uber lineare Substitutionen und bilineare Formen, Crelle’s Journal, vol. 84 (1878), 
pp. 1-63; we shall refer to this paper as L.S. Also, Uber die cogredienten Transformation der bilinearen 
Formen, Sitzungsbericht der kéniglichen Preussischen Akademie der Wissenschaften, 1896. This 
paper gives solutions of X?=A expressible as polynomials in A. 

Taber, On the automorphic linear transformation of an alternate bilinear form, Mathematische 
Annalen, vol. 46 (1895), pp. 561-583. 

Kreis, Contribution a la Théorie des Systemes Linéaires, Zurich Thesis, 1906, and Auflésung der 
Gleichung X™=A, Vierteljahrschrift der Naturforschenden Gesellschaft in Zurich, vol. 53 (1908), 
pp. 366-376. 

Cecioni, Sopra alcune operazioni algebriche sulle matrici, Annali della Reale Scuola Normale 
Superiore di Pisa, vol. 11 (1909), pp. 1-140. 

Wedderburn, The automorphic transformation of a bilinear form, Annals of Mathematics, (2), 
vol. 23 (1923), pp. 122-134. 

Roth, A solution of the matric equation P(X) =A, these Transactions, vol. 30 (1928), pp. 579-596. 

Franklin, Algebraic matric equations. This paper has not appeared in print. An abstract appears 
in the Bulletin of the American Mathematical Society, vol. 35'(1929), p. 7. 
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equation might have at best matric coefficients every two of which are 
commutative. The only cases in which equation (1) has received attention 
as far as the writer is aware is in the algebra of quaternions and that given 
it by Sylvester.* 

In the following pages we shall seek necessary conditions for the existence 
of a solution of (1) and at the same time we shall indicate how a solution, 
when it exists, may be computed. The literature gives very essential aids 
in the attack of this problem when solutions whose elements belong to a 
restricted field of rationality are sought, and we have the work of Cecionif 
as an example of such an attack upon a related problem; we shall neverthe- 
less consider only solutions, X, of the given equation whose elements belong 
to the complex number field of rationality. The results we derive will come 
from equation (1) which has the known matrices on the left of its terms, but 
with an entirely parallel procedure the proofs and theorems can be carried 
out for an m Xm matrix as a solution of the equation where all A’s occur on 
the right of the unknown. 

The notation that will be adopted is essentially that employed in the 
literature.t We shall use large italic letters to designate matrices having 
several columns, but when the matrices have a single column of elements 
we shall indicate the fact by using script capitals. The elements of the 
m Xn matrix A are the scalars a;;, i=1,2,---,m,j=1,2,---,m, and 
with the convention just stated we may write 


A= (A1,A2, » An), 


where ¢4;, j7=1, 2, - - - , m, is the matrix formed by the m elements in the 
jth column of A. The scalar elements of a matrix will always be indicated 
by lower case letters. 


SECTION I 


Suppose that the equation (1) has a solution X, which of necessity is an 
n Xn matrix since we are interested particularly in the case where the degree, 
p, of (1) exceeds unity. Let the elementary divisors of |X —XJ | be 


(x; — (¢=1,2,---, 8); 


where > 3-1 n;=m and where x;,i=1, 2, - - - , s, are not necessarily distinct. 
Then let 


* E.Q., pp. 621-631. 

t Cecioni, loc. cit. 

t Bécher, Introduction to Higher Algebra, 1907. Muth, Theorie und Anwendung der Elemen- 
tartheiler. 
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ses 


X, 


where X; is an m; Xm; matrix.* The determinant |X —J | will then have the 
same elementary divisors that |X —)J| has and there consequently exists a 
non-singular Xm matrix, Q, such that 


(2) X = f 
Hence equation (1) becomes 
Pp 
DA; = 0, 


or, multiplying through by Q on the right, we have 


(3) >A; = 0. 
7=0 
Let 
v= m+ (i=1,2,---,>5), 


where v;=0, and let Q; be the mX1 matrix formed by the jth column of Q. 
With this we find that the matric equation giving the m; columns following 
the first v; of the members of (3) is 


Pp 
j=0 
Now let 
Pp 
= = (an(d)), 
j=0 
where is a scalar variable; the element aj.(A), A=1, 2,--- , m, R=1, 2, 
- ,”, is a polynomial in \ whose degree does not exceed p. Also let 


* Zero matrices of whatever dimensions will be given by 0; their horizontal and vertical orders 
will be clear from the expressions in which they occur. 
Tt Bécher, op. cit., p. 283. 
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A(X) = (ane (d)), 


where a¥) (A) is the rth derivative of a,,(A) with respect to \. Since 


= + — + (A — 


we are then permitted to write 


A(x) 
(5) = A(x) + — 2) + 


A(x; 


p! 


where ¢ is a positive integer and (;) is the (j+1)st binomial coefficient. For 
X we may write the unit m; Xm; matrix. Because the elements x; are scalars 
they are commutative with Q;, 7=1, 2, - --, m, and we can then readily 
verify the fact that the first, second, - - - , m;th columns of the members of 
(4) satisfy the equations 


A(x;) 0, 
A’(x;) Q + A(x;) 0, 


A(ni-2)(,) 


1 + 


1)! (n; 2)! 


+Al(x) Qian; = 0. 


Now by hypothesis Q is a non-singular matrix, hence none of its columns 
can be a zero matrix. The first equation above is a system of m linear and 
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+l 
p: 
Now 
1 n;—1 
xX; = 0. , x 
n; — 2 
0, xi! 
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homogeneous equations* in the m elements of Q,,,:+0; we can therefore 
conclude that the rank, ra, of A(x,) is less than ».| When m<n this condi- 
tion is always satisfied by an arbitrary x;. We shall henceforth speak of x;, 
i=1, 2,--.-, 5, as the characteristic values of X¥. We therefore have the 
following theorem.{ 

THEOREM I. The characteristic values, x;,i=1,2,--- ,s, of X, a solution 
of (1), must be such that the rank of A(x;) is less than n. 

When m<n this theorem gives us no information regarding the char- 
acteristic values of X. 

CoroLtary. The number of distinct characteristic values of X cannot 


exceed the number of distinct values of \ for which the rank of A(A) is less 
than n. 


The rank of A(x,) being ri, then the number of linearly independent 
matrices, Q,,4:, that satisfy the first equation of (6), is m—ra. 


THEOREM II. Jf X is a solution of (1) whose characteristic determinant 
|X —XI | has the elementary divisors 


(x; — (¢=1,2,---, 5), 


the number of elementary divisors that are powers of the same linear factor 
x;—X cannot exceed n—1, where r;, is the rank of A(x;). 


We shall now establish two theorems basing our reasoning on all ; 
equations of (6). 
SEcTION II 


A(A) is an m Xn d-matrix for which we shall form an equivalent A-matrix, 
B(A), by means of the following transformations: 

1. The interchange of any two columns. 

2. The multiplication of each element of a column of A(A) by the same 
constant not zero. 

3. The addition to the elements of one column of the products of corre- 


* The rows of the matrix yp djA ; May be regarded as linearly independent for all values of 
dj, 7=0, 1, 2,---, p, for if this matrix has less than m linearly independent rows then the same 
linearly dependent rows may be dropped from all the matrices A;,7=0,1,--- , p, without affecting 
the solution of (1) on the right in any way. 

Bocher, op. cit., p. 47. 

t This theorem for the case m=n was first announced by Sylvester, E.Q., p. 621. He gives an 
interesting account of the growth of the ideas that led him to its discovery in Nature (Nov. 13, 1884, 
pp. 35-36). His proof is an intuitive one. A rigorous proof of a theorem slightly more general than 
Sylvester’s was given by H. B. Phillips, Functions of matrices, Theorem I, American Journal of 
Mathematics, vol. 41 (1919), p. 287. 
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sponding elements of another column by one and the same polynomial in 
\.* The matrix A(A)Q is equivalent to A(A), since Q is a non-singular matrix 
and the multiplication of A(A) by it on the right employs only the three 
transformations above. Let 


R,(d) 


Then |R(A)|=1 and A(A)QR() is again equivalent to A(A). If A(A) be 
replaced by its identically equal given by (5) and if the operations indicated 
by A(A)QR(A) be performed, we see by (6) that 


where 
(A Xi) bi »,42(A) bi 


and the elements R=1,2,---, m, h=1,2,--- , m;, are polyno- 
mials whose degree in \ does not exceed p. 


THEOREM III. If X is a solution of (1) and if |X —XI | has the elementary 
divisors (x;—d)",i=1, 2, - - - , s, then the d-matrix, A(A), can be transformed 
by means of elementary transformations of its columns to an equivalent matrix 
the elements of whose (m+m2+ - column, i=1, 2,---, 5, 
have the common factor (\—x,)". 


Corottary 1. If m=n, |A(A)| is divisible by the characteristic determi- 
nant ¢(\) = |X —XI|, of a solution of (1), or may be identically zero. 


* Bocher, op. cit., p. 262. 


QO --- 0 \ 
| 0 RrA)--- O 
0 0 ---R,(A) 
where 
1 0 0---0 
(A — 1 
Rd) = (AX — 0 1---0 (¢=1,2,---, 5). 
2)" 0 
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CoROLLARY 2. If m>n the determinant of an nXn matrix formed from 
A(A), by deleting any m—n of its rows, is divisible by the characteristic de- 
terminant, ¢(d) = |X —XI |, of a solution of (1), or is identically zero. 


If m<n no such a simple corollary may be deduced from the theorem; 
this case will be taken up in Section ITT. 

We shall now seek restrictions upon the degree and upon the number 
of elementary divisors of |X —AJ | corresponding to the base (x;—)). 

Regard only the first 7—1, 7 <m;, equations of (6). These may be looked 
upon as m(j—1) linear and homogeneous equations in the m(j — 1) elements of 
Q,,4%, R=1, 2, ---,7—1, and may be written in the form 


( A(x;) 0 ---0 \ ( Qi41 \ 

A'(x;) A(x;) 

A )(x;) 
2! 


\ G—2! \ | 
Let the rank of the matrix of the coefficients of this system be 7;,;-1. Since 
Q is non-singular and j<;, no Q,,4x, k=1, 2,---,j—1, is zero, so that 
r;,;-1 must be less than the number of elements in Q,,,.,=1,2,---,j—-1; 
that is, 


A(x) 0 


nj 1) > 0. 


Suppose we have an entirely general set of matrices Q,,,., R=1, 2,---, 
j—1, satisfying (7), which we shall designate by 


Ge . 


Let the number of arbitrary parameters among the elements of Qe that 
are independent of those appearing in the elements of 2°, 1<h<k, be 
given by e{-”. Then the total number of independent parameters that 


may enter the matrices satisfying (7) is 


7-1 
k=1 


Now regard the system given by the first 7 equations of (6) in the same way. 
The most general set of matrices satisfying this system is 


Qe (k= 1,2,---, J). 


(7) = 0. 
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Let e{? be the number of independent parameters that can occur in 2%, 
that are moreover independent of those in any matrix 2%... 1<h<k. 
Then, as above, 


(9) = nj — rij. 
We shall show that a 
ig — 7 SM, 
where we let 7) =0. 
Evidently if k=1, 2,---, satisfy the first 7-1 equations 


of (6) and if k=1, 2,--- , 7,satisfy the corresponding system of 7 
equations, then 
(i) (i) (i) Gi-1) 

is again a set satisfying the first 7 equations of (6) with absolutely no re- 
strictions upon the arbitrary parameters that are in either set; hence we 
may conclude that 

@ G-) 


(10) Cik (k=1,2,---, 4), 


where we let e-” =0. From this fact and from (8) and (9) we can con- 
clude that 


nj — = n(j — 1) — 455-1. 
The equality sign here cannot hold, for if it did then 


(i) (j-1) 
Cik = Cik-1 


and e;? would be zero. That is, na has no arbitrary parameters, and since 
A(x) Qi, =0 is a system of linear homogeneous equations in the elements 
of Qe, and if no arbitrary parameter occur among them, all must be zero. 
This is not possible for 7 £n;, since Q is a non-singular matrix. Hence 


nj — > MG — 1) — 5-1, 


< nN, j < 


THEOREM IV. The degree n; of the elementary divisor (x;—)"* of the char- 
acteristic determinant, |X —XI |, of a solution of (1) cannot equal nor exceed the 
least positive integer, 7, for which 
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We can get still more general results. From (8), (9), and (10) we see that 


Now the number of matrices, 2°. k;=j, that are linearly independent can- 


not exceed ¢,!, where this is the number of arbitrary parameters in which 
the elements of 2%. are expressed. Corresponding to each elementary 
divisor (x;—d)*‘, having a given base (x;—X), we have a matrix ae 
and since Qis non-singular the number of exponents k; that exceed 7 can- 
not exceed 

(i) 

ein S — (953 — 


This fact gives us the following important theorem: 


THEOREM V. The number of elementary divisors (x;—d)"* of the character- 
istic determinant of X, a solution of (1), that are powers of the same linear factor, 
x;—d, and whose degree equals or exceeds j cannot exceed 

m — (rij — 75-1), 
where we let rio =0. 

In case 7 =1, we get Theorem II, likewise the preceding theorem may be 
derived as a special case of the above. 


SEcTION ITI 


We shall now take up the study of solutions of (1) when m<n or when 
the determinants of the m Xn matrices formed from A(A) are all icentically 
zero. The rank, r, of A(A), regarded as a \-matrix, is then less than n. 
That is, the determinants of all matrices formed by the common elements of 
more than 7 rows and columns of A(A) are identically zero, regarding \ 
as a variable, whereas at least one r Xr matrix so formed has as its determi- 
nant a polynomial in \ not identically zero.* In the present section, we con- 
sequently consider the case where r<m; hence a solution of (1) may have 
arbitrary characteristic values, as is evident from considerations leading to 
Theorem 1. 

Suppose that the characteristic determinant of a solution of (1) has the 
elementary divisors 

(ox — (¢=1,2,---, 9), 


where p;, i=1, 2,---, 0, are arbitrary save for certain values that will 
appear later, and the elementary divisors 


(x; — A)" =1,2,---, 5s), 


* Bécher, op. cit., p. 262. 
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where x;, 7=1, 2,---,s, are constants. In particular, the latter may be 
certain ones of the exceptional values mentioned above, or those values, if 
any, of \ for which the rank of A(a) is less than r. Hence the normal form of 


this solution is given by 
R, 
0 


is of order m;, and where 


\ 


is of order m, and mitd =N. 

In this case again a non-singular Xm matrix, Q, must exist such that 

X= QXxQ- ’ 
but the elements R=1, 2,---, of Q are now rational functions 
of the parameters p;, i=1, 2, - - - , o; we shall assume, without restricting 
our problem in any way, that these elements are polynomials in the para- 
meters, p;, and that Q-! alone has rational functions as elements not all of 
which may be polynomials. Let 
=m + + mei (@=1,2,---,@), 

and 


Vi = be + Me + Mm + Me (fj =1,2,---, 5), 


@ 
0 ---0 
X=| 0 0.::-R 0 ---0 
0 0---0 X,---0 
where 
61 - 0 
0 p 1---0 O 
1 
0 O 
x; 1 0---0 
0 «x; 1---0 0 
X;= (j =1,2,---,9s) 
0 0 O---a; 1 
he 0 0---0 
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where 4:=0, v:=m,+y,; then by a procedure entirely parallel to that in 
Section I, we obtain the equations corresponding to (6) for the m; columns 
following the first uy; or for the 7; following the first v; of an equation corre- 
sponding to (3). Since the sequence in which elements R; and X; are written 
in X is immaterial, we shall write the system corresponding to (6) for i=1 
with the subscript of p suppressed. We have then 


A(p) Qi() = 0, 
A'(p) Qi(p) + A(p) Qo(p) = 0, 


(m,—-1) ( m,—2) 

+ ---+A(p)Qn,(o) = 0, 

(m, — 1)! (m, — 2)! 
where we are justified in writing Q,(p), k=1, 2, - - - , m, as matrices of a 
single column having elements that are polynomials in p alone. The other 
parameters ps, , Pe must drop out identically from these equations 
because the coefficients, A“(p), k=0,1,---, m;—1, are independent of 
them. Evidently for the constant characteristic values the study reduces to 
that taken up in the preceding sections. 

We can readily show that the first identity of (11), 


(12) A(p) Qilp) = 0, 
is satisfied by only n—r matrices: 
(j= 1,2,---,#—7), 


where ¢ is the rank of A(A), and where Q,,(p) are such that the rank of the 
matrix 


is m—r. Every other matrix 9,(p) satisfying (12) is expressible linearly in 
terms of these »—r in the following form: 


(13) de) Qilo) = Quite), 
j=l 
where d(p) and d,(p), i=1, 2, - - - , a—r, are polynomials in p. 
If 7 of the parameters pu, pz, - - - , ps are identical, then 7 columns of Q 
must satisfy (12), hence the matrix formed by those j columns will be of 
rank j only if j7<"—r. 
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THEOREM VI. The number of elementary divisors (p;—d)™‘, i=1, 2, - - -, 
a, of the characteristic determinant of a solution of (1) having the same base 
(o:—X) or in which the bases (p;—d), i=1, 2,---, 0, may simultaneously 
be equals, cannot exceed n—r. 


Suppose that Q,(A) =(qi(A) ) satisfies the identity A(A)Q,(A) =0; then 


(14) = 0 1,2, 


i=l 
and differentiating with respect to A, we have 
+ =0 (i= 


j=l 
or in matrices* 


Qild) + AA) Qi (A) = 0, 


where A’(\) and Q: (A) are the matrices whose elements are the first deriva- 
tives with respect to \ of the corresponding elements of A(A) and Q,(A) 
respectively. Continuing in this way to higher derivatives, and replacing 
by p in the first m equations, including (12), so obtained, we see that 


2! (m, — 1)! 


is a set of matrices satisfying (11), where Q,(p) is a matrix satisfying the 
first equation of the system. 


Let 
Qirlo), » Qim,(e) 


be any m, matrices satisfying (12), and let 


Q1(p), Qe(o), 


be matrices satisfying (11), and suppose 


Q1(p) = Q11(p) 


(i-1) 


Qe) = + Gj = 2,3, , 


where § ;(p) will have a column of polynomial elements. By substitution 
in (11) we see that 


S ;(e) Gj = 2,3, 


* Frobenius, L.S., p.16. Schlesinger, Vorlesungen iiber lineare Differentialgleichungen, 1908, p. 22. 
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must satisfy a system like (11) with the last equation omitted, and that 
S2(p) must satisfy the first equation. Hence we may let 


S2(e) = Qu(o), 
and suppose 


2 

2 

Si(o) = Gio) + G-D! Gj = 3,4,---, m); 

then G;(p) must again satisfy (12). Continuing in this way we find that 
(2) 

Qu (0) 


+ Qi0(p) + Qis(o), 


(m,—1) (m,—2) 


11 (p) (p) 
— D! + + + Qim,(o) 
is the general set of matrices satisfying (11), where Q:,(p), 7=1, 2, -- -, ma, 
are general matrices satisfying only the first. The matrix of which these are 
the first, second, third, - - - and mst column we shall designate by Qm,(p:); 
similarly for the remaining elementary divisors of |X —)J| we have 


Qm,(p:) (i 2,3, 
where Q,,;(p;) is a matrix of m rows and m,; columns. 


THeorEM VII. 
x = 0x0" 
is a solution of (1) and X is its normal form, if (p;—d)™, i=1, 2,---, a, 
are the elementary divisors of the characteristic determinant of X, and if Q,;(d), 
j=1,2, are matrices satisfying the identity 


(12) A(A) Q(a) = 0, 
then the m; columns following the first m+m2+ -- - +m. of Q are given by 


= (Quod, +e, 


(m,;—1) (m,—2) 


11 (p) 12 (pi) 
in which the matrices 7 =1, 2, - - - , mi, are taken arbitrarily from those 
satisfying (12), and the values of p;,i=1,2,- - - , 0, that must be excepted are 
the values of these parameters for which the rank of 


Q = (Qm,(p1) 1Om,(p2) Qme(Po)) 


is less than n. 
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A sufficient condition that (1) have a solution is that Q, |Q| not identi- 
cally zero, may be constructed from the solutions of (12) in the manner given 
above. To do this may be impossible for solutions whose characteristic 
determinants have all elementary divisors of the kind (p;—A)™*, i=1, 2, - - - , 
a, but (1) may have a solution in whose characteristic determinant the ele- 
mentary divisors (x;—\)"i, 7=1, 2, - - - , s, where x; are constants, are per- 
mitted. This possibly arises when the determinants of all rXr matrices 
formed from A(A) have the greatest common factor p(A), not a constant. 
Let the zeros of p(A) be x;, 7=1, 2, - - - , s; for these values the rank, rj, 
of A(x;) is less than r, the rank of A(A). The columns that Q must have 
permitting the characteristic values x;, 7=1, 2,---, s, must satisfy the 
equations (6) of the preceding sections. If the columns so determined for 
x;,j7=1,2,---,s, and the columns satisfying (11) permit us to build up a 
non-singular matrix, Q, then a solution of (1) whose characteristic determi- 
nant has the corresponding elementary divisors 


(os (6 =1,2,---,0), (fF =1,2,---,5), 


exists. This is clarified by an example that will be given later. We can get 
a rather simple sufficient condition for the existence of solutions of (1) all 
of whose characteristic values are variables. 

Suppose that Q(A) such that 


Qa) = 0 


and whose elements g,(A), i=1, 2, - - - , m, are polynomials of degree g in 
A, exists. Then 
Q(p) 


+ - - +—— 


QA) = Ae) + + 
2! q! 


where Q“(d), k=0, 1, - - - , g, is the matrix whose elements are the kth 
derivatives of corresponding elements of Q(A), is an identity in d and p. 
This identity may be written matricly as 


(@) 


1 
A—p 
(AX — p)? 
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If here we replace \ by p;, i=1, 2,---, m, respectively, and regard the 
matrix, Q, having Q(p,), i=1, 2, - - - , m, as its columns, we have 


Q= (Q(x), Q(pn)) 1 1 1 


(15) pi—p p2— p Pn — Pp 


7 ) — p)? (o2 — (on — p)? J, 


— p)* (p2—p)*--- (pn — 


in which the first factor of the right member is an m X(qg+1) matrix and the 
second is a (g+1) Xm matrix. The rank of Q cannot exceed the rank of either 
factor; and if g<m—1, the rank of Q, whatever the parameters p;,i=1, 2, - - -, 
n, may be is less than m. On the other hand, if g equals or exceeds n—1, 
the first factor will certainly be of rank m if the elements of Q(p) are linearly 
independent, because the determinant of the matrix formed by its first n 
columns is the Wronskian of those elements multiplied by a constant not 
zero. The second factor will be of rank m if and only if p;¥p;, i147, and 
gz2n-—1, for the determinant of the matrix formed by its first ” rows is the 
determinant of Vandermonde. 

Now if the elements of Q(A) are linearly independent and if p;<p,;, 
i~j, then Q is of rank, for regarding the first factor of the right member 
of (15) as a \-matrix with p as the variable parameter and the second factor 
as elementary transformations, as defined earlier in the present section, upon 
the columns of the first, we see that this must be the case.* 

With an appropriate change in the argument above, we can show that 


the matrix 
Q (Q1,Q2, ; 
where 


Q'(pi), — 1)}) 


and p;~p; for ij, is of rank m if the elements of Q(d) are linearly independ- 
ent. 


* The degree, g, of the elements of Q(A) must equal or exceed n—1, if they are linearly inde- 
pendent. 

t See Eriksson, Sur une extension du déterminant de Vandermonde, Arkiv fér Matematik, 
Astronomi, och Fysik, vol. 16 (1922), No. 13. 
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THEOREM VIII. A sufficient condition that equation (1) have a solution 
X whose characteristic determinant has the elementary divisors 


(ps — (i=1,2,---,o), 


where pi, t=1, 2,---, 0, are all distinct but otherwise arbitrary parameters 
and where m;=n, is that the equation 


Q(A) = 0 


be satisfied by a matrix Q(X), whose elements q;(\), j=1, 2,---, n, are 
linearly independent. This condition is both necessary and sufficient for the 
existence of a solution of (1) whose characteristic determinant has the single 
elementary divisor (p—)", where p is an arbitrary parameter. 


This theorem may be extended in case the identity A(A)Q(A)=0 is 
satisfied by k matrices, Q.(X), k<nu—r, such that 


k 

5) Qi) = 0 

j=1 
cannot be satisfied by polynomials 0,(A), not all identically zero, and such 
that the elements g;;(A), i=1, 2, - - - , m, of Q;(A) are linearly independent, 
to permit & of the elementary divisors (9;—A)™* to have the same base 
(p;—X) or to take equal values. 

Since the equation 


(16) A(x) Q(r) = 0 


plays such an important part in case the rank of A(A) is less than n, we shall 
take up briefly a method of determining Q(A) whose elements g;(A), i= 
1,2,--.+,m, are polynomials in \ of degree not exceeding 7. Such a matrix 
will always exist if 7 is taken sufficiently large, and is given by 


= Qot+ QA+ Qai, 


where Q,, k=0, 1, - - - , j, are matrices having a single column of m con- 
stants, giz, and where 


= (6=1,2,---, m); 
not all gio, i=1, 2, - - - , m, are zeros. Now 
A(A) = Ac’? + + 


and because (16) must be satisfied for all values of \, we have at once the 


equations* 


* Compare Kronecker, Vorlestngen tiber die Theorie der Determinanten, vol. 1, 1903, p. 363. 


THE UNILATERAL EQUATION IN MATRICES 


ApQo = 0, 
Ap1Qo+ = 0, 


Ap Qo+ A,Q, A;Q; = 0, 
= 0, 


This is a system of (p+j+1)m linear and homogeneous equations in the 
(j+1)n coefficients of the elements of Q(A). The degree j must be taken suffi- 
ciently large so that the rank of the matrix of the coefficients is less than 
(j+1)n. This is always possible since the rank, 7, of A(A) is less than n. 
In fact, 7 can be so chosen that the rank of the system does not exceed nj +r, 
then the general solution of (17) gives us a fundamental set of polynomials 
7=1, 2, - - - , m—r, in terms of which all others satisfying (12) may 
be expressed linearly with polynomial coefficients. Moreover, from (17) 
it is evident that if either A» or A, is of rank m then Q(A) satisfying (16) 
must be identically zero, hence equation (1) may have solutions having variable 
characteristic values only when the rank of Ao and of A, is less than n. 
We shall illustrate the above theory with two examples: 


EXAMPLE 1. 


(1,0,1)x? + (— 3,2,- 2)X + (0,2,— 3) = (0. 
Here 


A(A) = (A? — 3d,24 + 2,d2 — 2A — 3), 


and according to equations (17) a solution of the first degree in \ of (12) is 


A+1 0 
Qa) - 0 


where go and q; are arbitrary constants. The general solution of (12) is then 


A+ 1 0 


where bo(A) and b,(A) are polynomials in \. If we let bo(A) =A and 6,(A) =1 


we have 


an ( 3), 
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a matrix satisfying (12) whose elements are linearly independent. Hence 
by Theorem VIII the given equation has the following solutions: 


p 1 p> +p, 2p+1, 1 
x= 0 1 Jor. 0 ( p — 3, 1 ’ 0 ) 


pr +i, 201+ 1, + peo 
-( pi — 3, n-3), 
pi p2; 
0 0 pr + pi, p? + pe, ps + ps 
m0 ( a —3, p2 — 3, 
(p1 — p2)(p2 — ps)(ps — pr) 


however, according to Theorem VI elementary divisors having the same 
base may occur, at most, twice in the characteristic determinants of solutions, 
since the rank of A(A) is unity. Such solutions are 


P1 1 0 
x= 0 pi O Joc 
0 O pe 


where 


i 1 0 0 
( 0 0 or (n= 
—1 —2 —2 


p2 in the first cannot equal 3, in the second —1; 


pi O 0 
0 po Jor 
0 0 
pi t+ i 0 ps + 1 
-( 0 0 ) pi ps, 
—2 — ps 3, 


~ ps, 


p2 —1; 


0 
0 
Pi 
0 
0 
1 0 
0 — 
or 
0 pe +1 0 
a= 0 — 
-2 -p -2 
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the last two solutions, X, and X;, are less restrictive than are X; and X3. 


EXAMPLE 2. 


This equation has no solutions all of whose characteristic values are 
variables, since the equation A(A)Q(A) =0 is satisfied only by 


A+ 2 


0 


whose elements are not linearly independent. Theorem VIII is not satisfied; 
however the rank of A(A) is unity when A = 1, and for this value of \ we have 
the following equations corresponding to (5): 


(° 
( —1 ') 
1—i —-1 
q3 
The first of these is satisfied by 


the first two by 


all three by 


4re + 35 
) 


(=) 
0 
q1 
q3 
a-( 0), 
0 
3 
0 $3 
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where the constants are arbitrary. The given equation then has solutions: 
p 1 0 p+2 1 
001 0 0 q3 
qs(p? + 4p — 8) #0; 


0 pit 2 p2+2 qi 
1 0 1) q3 
q2(p1 — p2)(pip2 + 2p1 + 2p2 — 8) #0; 
0 p+2 3re 
0 
1 0 0 
rar3(p? — 3p + 2) #0; 


p+2 
0 qs 73 


(girs gst1)(p? — 3p +2) 


3re 4re + 352 Si 
0 $3 


where pi, pz, 91, Ys, 71, 72, 73, $1, Se, S3 are entirely arbitrary save that the de- 
terminant of Q in each case shall be different from zero. The given equa- 
tion has no solutions whose characteristic determinants have as elementary 
divisors 


1283 0; 


(— 2 + 2-342»), (1-2), 
(2—2), (1-2), 
1 


because for each of these groups equations (6) lead to a singular Q, nor as 


elementary divisors 
because of Theorem II. 
UNIVERSITY EXTENSION 


UNIVERSITY OF WISCONSIN, 
MILWAUKEE, WIs. 


pi O 
0 p2 
0 0 
p O 
0 1 
0 0 
p 0 O 
0 0 1 
1 10 
0 0 1 


ON THE ZEROS OF LINEAR PARTIAL FRACTIONS* 


BY 
MORRIS MARDENTt 


I. INTRODUCTION 


1. Problem and method.{ The present paper owes its origin to a sug- 
gestion from Professor Walsh§ that I try to carry to a correct completion 
Professor Coble’s analytical proof|| of the following theorem due to the 
former 


* Presented to the Society, December 27, 1928; received by the editors in January, 1929. 

t National Research Fellow. 

t Bibliography. The following articles are cited at least twice. Each will hereafter be referred 
to by the letter B and a roman numeral. 

: M. Boécher, Proceedings of the American Academy of Arts and Sciences, vol. 40 (1904), 

pp. 469-484. 

J. L. Walsh, Comptes Rendus du Congrés International des Mathématiciens, Strasbourg, 

1920, pp. 1-4. 

J. L. Walsh, these Transactions, vol. 19 (1918), pp. 291-298. 

J. L. Walsh, these Transactions, vol. 22 (1921), pp. 101-116. 

J. L. Walsh, these Transactions, vol. 24 (1922), pp. 31-69. 

J. L. Walsh, Proceedings of the National Academy of Sciences, vol. 8 (1922), pp. 139-141. 
BVII: J. L. Walsh, Rendiconti del Circolo Matematico di Palermo, vol. 46 (1922), pp. 1-13. 
BVIII: A. B. Coble, Bulletin of the American Mathematical Society, vol. 27 (1921), pp. 434-437. 
BIX: M. Marden, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 363-370. 

§ I wish to express my deep gratitude to Professor Walsh for his many suggestions and criticisms, 
and, above all, his constant encouragement in the course of this work. 

|| This theorem was proved geometrically by Walsh (see BIV). Subsequently an analytical 
treatment of the same problem was published by Coble (see BVIII). Although suggestive as to the 
manipulation of the difficult algebra of the problem, the latter article is open to the following ob- 
jections. (1) It quotes Walsh’s theorem incorrectly by substituting “the interior of a circle” for “the 
circular region.” (2) It considers in the proof only the case of the regions C; being the interiors of 
circles. (3) It implicitly assumes that the locus is finite whenever the regions C; are finite. This need 
not be the case, as is shown in chapter IV §2 of the present paper. (4) It implicitly assumes without 
proof that the locus is a simply-connected region. Walsh’s theorem, as stated by Coble, was later 
challenged by T. Nakahara (Téhoku Mathematical Journal, vol. 23 (1924), p. 97) as if it were 
Walsh’s own statement. Nakahara’s contribution to the subject consists of a set of simple conditions 
for the locus of the theorem to be finite. The conditions given are, however, only sufficient, not both 
necessary and sufficient, as announced by Nakahara. They may be deduced more easily by the 
methods of chapter IV §2 of the present paper. 

{| See BIV, pp. 101-112. In Walsh’s statement of the theorem, the point z is defined by means 
of the real constant cross ratio (z 2; 2223) =. Our definition is, however, equivalent to his, provided 

By a circular region is meant in the theorem the interior and circumference of a circle, the 
exterior and circumference of a circle, a half-plane including its boundary line, or an entire plane. 
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If the points 2, 2, 23 vary independently and have circular regions as their 
respective loci, then the locus of the point z defined by the equation 


my, me 


(1) 


on Bs Z— 22 


where m, M2, ms; are real constants whose sum is zero, is also a circular region. 


In the course of my attempts in this direction, I found that the methods 
needed in the study of this problem were sufficiently powerful for an investiga- 
tion of the zeros of the more general partial fraction 

mM; 

F= > 

j=1 — 2; 
where the m, are real constants whose sum is or is not zero. This investiga- 
tion leads to a wide generalization, after the manner of Walsh, of theorems 
due to Gauss, Lucas, Bécher and Walsh,* concerning the location of the 
zeros of the derivative of a rational function and of the zeros of the jacobian 
of two binary forms. For instance, its results enable one to locate approxi- 
mately the positions of the zeros of the derivative of the polynomial 

when all the zeros of each factor polynomial f;(z) are known to lie in or on a 
circle C;. The approximation given is furthermore the best possible, in the 
sense that the geometrical limits involved are actually attained. 

In place of merely proving the above theorem, I therefore set out to solve 
the following problem: To find the locus R of the zeros of the partial fraction F 
when the points 2; vary independently and have circular regions C; as their 
respective loci.t 

The answer to this general problem turns out to be a reasonable generali- 
zation of the above theorem. In place of a circular region as the locus of the 
zeros of F comes what we shall call a p-circular domain.{ By a p-circular 
domain we shall mean either the entire plane or a set of simply-connected 


* See chapters III and V for statements of these theorems. 
t Two interpretations of the problem are the following: 

(a). Suppose a particle of mass m; is placed at each point 2;,—a particle which repels every 
other particle according to the inverse distance law. In the field of force so created, the zeros of F 
are the points of equilibrium. Our problem is to find the whereabouts of these points of equilibrium, 
when it is known that each point z; may occupy any pcsition within its circular region C;. (Cf. 
BI, p. 475.) 

(b). Given the function z=f(2;, 22, , Z¢41) defined by the equation F =0 in a certain chunk 
of (g+1)-dimensional complex space. Our problem is to find the image of this chunk upon the 
2-plane. 

t Cf. BV, footnote p. 39, where Walsh guesses the result for the locus R, and BV, p. 38-43, 
where he derives some necessary properties of the locus R. 
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closed regions which contain all the ovals of a given p-circular 2p-ic curve 
and which are bounded only by ovals of this 2p-ic curve.* For example, if p 
were equal to two and the bicircular quartic consisted of one oval enclosed in 
a second, then as a bicircular domain we might have the entire plane, the 
interior and boundary of the outer oval, or the exterior and boundary of the 
inner oval, but not the ring-shaped region between the two ovals. 
More specifically, we shall find the locus R to be a p-circular domain, 
where 
n 
n AY j=1 
This domain, if not the entire plane, is bounded by part or all of the p- 
circular 2p-ic curve with the equationt 


q+1 n A; 


j=1 C; j=l.k=j+1 OF OF 


where C;=0 is the equation of the circle bounding the circular region C;, 
and where A;; is, according to a definite rule, the square of either the external 
or internal common tangent of the circles C; and C,. 

As our way to this result is rather long, it is perhaps worthwhile here to 
outline our method of attack and to point out its principal difficulties. 

We shall obtain the above information about the locus R by successively 
determining certain two-dimensional envelopes.{ If R; denotes the locus of 
the zeros of F when 2, 2, 23, + ~:~, 2% vary over their respective circular 
regions but the points 2:41, Ze42, * , Zg41 are fixed, then may also be 
regarded as the envelope of the loci R;,_; when 2, describes as locus the cir- 
cular region C;. Thus, by computing successively the envelopes Ro, Ri, - - - , 
Ry, we finally arrive at the locus R. 

This method of successive envelopes entails as principal steps (1) the 
algebraic computation of the equations of the possible boundary curves of 
each locus R;; (2) from these possible boundary curves the choice of the 
actual boundary curve of each locus R;; and (3) the proof that each locus R; 
is composed only of simply-connected regions. 


* We mean by a p-circular 2)-ic curve one which is represented by an equation of the form 
a(x? + 9")? + f(x,y) = 0 

where f(x, y) is a polynomial of degree less than 2p. If a0, the curve intersects the line at infinity 
(in the projective plane) p times in each circular point at infinity and therefore cannot meet this 
line in any additional points. In other words, if a0, the curve consists entirely of closed oat 

t The entire left-hand side of the equation given above lacks, of course, the factor } | we 
This factor will be omitted quite often in this paper, for the purpose of simplifying the mt 

t This method is suggested in the footnote of BIV, p. 102. 
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As a gradual approach to the difficulties involved, we shall consider at 
first two special cases: in chapter II, a case (case I) where all the m; are 
positive real numbers and the regions C; are finite, and in chapter IV, case 
II, where the m; are real numbers whose sum is zero, but where the regions 
C; are arbitrary. The advantage of this approach is that the work once done 
for case I in connection with steps (1) and (3) holds almost equally for case II 
and that therefore in case II we are left free to overcome the difficulties of 
step (2) caused by the arbitrariness of the numbers m; and the regions C;,. 
Furthermore, from the results of case II, we shall readily be able to infer the 
results in the most general case. 

Having thus found the locus R, we shall try to verify our results as in- 
cluding those of Walsh and, finally in a closing chapter, we shall present two 
generalizations, the one for the zeros of the expression F+) where d is a con- 
stant, real or complex, and the other for the zeros of F when the m; are com- 
plex constants. 

2. Notation. We now proceed to introduce a system of abridged notation 
which will enable us expeditiously to perform the first of the above-described 
steps in the determination of the loci R;. This system is essentially the same 
as that used by Coble in BVIII. Like him, we employ the symbol [C,C.] 
for the invariant 


(1.21) 2(AiA2 + — byaz — boa; = a102(Ry? + Re? — diz) , 

which frequently appears in the computations. In the identity (1.21) R; 
is the radius of the circle C;, dy is the distance between the centers of the 
circles C; and C; and the other letters are the coefficients in the equation 

C; = a;(x? + y*) — 2A;x — + = 0, 
a;, A;, B;, b; all being real numbers. If C; is written in the form 
C; = — Bz — Bi +b; = 0, 
where z=x+7y and 6;=A;+7B;, then 
[C:C2] = + — aibe — 


As may be easily verified, the quantity [C, C.] obeys the following laws of 


combination: 
1 = [CiC2], 


2 [Cy kC2] = k[CiC2], 
3 C2 + k] = [CC2] — ka, 

4 IC; C2 +C;] = [C:C2] + [C:Cs], 

5 [Cr + Cr + = + 2k[CiC2] + 
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where & is an ordinary constant. 
When C; degenerates into the null circle 
P; = (x — xj)? + (y — 
additional laws are 
6 [C;Px] = — Cr, 
7 [P.P;] = — Pie = — Pui, 
where Cj, =C;(z,) and P;, =P;(z,). These latter quantities have the properties 
that, if the point P; is on the circle C;, then C;,=0; if Px=P;, then Pj, =0; 
and always 
Pin t+ Py — Pia = (2; — 24)(8; — 1) + (2; — — 2). 


In terms of the above notation, the radius of the circle C; is R?= 
[C,C;|/(2a?) and the cosine of the angle between the two circles C; and C;, is 
cos (Cj, Cx) =[CiCx]/{ [CiC;] As necessary and sufficient con- 
ditions we therefore have 
(1) for C; to bea null circle: [C; C;] =0; 

(2) for C; and C; to be orthogonal: [C; C;,]=0; and 
(3) for C; and C; to be mutually tangent: 


(1.22) — = 0. 
The factors of the left hand side of (1.22), the invariants 


= dix — (Rj — Ri)’, 


rie = + = din — (Ry + 
k 


are plainly, if positive, the squares of the external and internal common 
tangents respectively of the circles C; and C;,, and therefore must reduce to 


when C;=P; and to 


TH = Pix 


when both C;=P; and C,=P,. 
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II. Specrat CASEI: POSITIVE NUMBERS m;. FINITE CIRCULAR REGIONS C; 


1. The locus Ro. The locus Rp (cf. definition in I § 1) consists merely 
of the g zero-points of the partial fraction F. Since +0 and the points 
z; are finite, the points comprising R, are also finite. 

The locus Ry may be regarded as the null g-circular 2q-ic curve 


q+1 


To write the latter expression entirely in terms of the notation of chapter 
I § 2, we observe that, when g=1, 


my, me my, me 
Z—2, 2-—2Z2 Py; 


nm, nme 


This suggests what can be proved by mathematical induction; namely, that 


1 P; 
k=j+1 
2. The locus R:. The locus R;, evidently a bounded point set, may be 


considered as the map of the region C; (the locus of the point z:) by means 
of the transformation z=y(z,) defined by the equation F=0. As the deriva- 


my, qt+l m; 
40,0, 
(2 (2 — 3;)? 
the transformation is conformal and consequently R;, is a set of one or more 
bounded two-dimensional continua. 

If B, denotes the boundary curve of R; and z is any point of B,, there 
must correspond to z as a point of R; at least (actually only) one point 2; 
in the region C;. This point z; must lie on the circle C;. For, were 2; inside 
the circle C;, a small neighborhood of z; could be mapped by the function 
¥(z:) upon a neighborhood of z consisting only of points of R;. The point z 
could under those circumstances not be a point of B,, contrary to the hypoth- 
esis. Consequently, when 2; traces the circle Ci, at least part of the resulting 
locus of the point z is By. 

The last fact enables us to obtain the equation of B, if we observe that, 
though representing in the variable z a g-circular 2q-ic, the equation E, =0 
represents in the variable z, a null circle Go. The null circle Gp is, in fact, 


tive 


m2 
P» 
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the point z; corresponding to a given point z. If zis a point of B,, by what has 
been proved above, Gp lies on the circle C, and therefore* 


(2.21) = 0. 


Computed according to the rules given in I § 2, the left hand side of 
(2.21) is 


qt+l q+1 P 
2 P; j=2 F iP. 2 P; 
k= j+1 

Every point z of B, must therefore be a point of the curve £; = 

As is clear from the leading term of its equation, the curve _ 0 is 
always a q-circular 2q-ic and as such consists exclusively of closed ovals. 
Among these ovals we may discern two types: the first, ovals O; which neither 
contain nor are contained in any other oval of E,=0; the second, ovals O, 
not belonging to the first type. 

The facts that O; forms part of Ri, that XK; is a set of finite two-dimen- 
sional regions, and that B, is part of the curve E,=0 certify to the entire 
interior of O,’s belonging to R;. Whether or not the part of R; associated 
with an O, is simply-connected, needs however further investigation. For 
the present, we shall assume it also to be a simply-connected region (cf. 
II § 6). 

The locus R; is therefore the interior and boundary of all the ovals of 
the g-circular 2q-ic curve E,=0. 

3. The locus R;. Regarded as the envelope of the loci Ri, the locus R, 
consists also of a set of finite two-dimensional regions. 

If z is a point of B,, the boundary curve of R:, to z corresponds (via 
the equation F=0) at least one pair of points (2:, 2.) in the regions Ci, C2 
respectively. This pair must actually lie on the circles C;, C,. For, were, 
for example, z; inside the circle C;, the point z. could be considered fixed and 
the arguments of II § 2 used to contradict the hypothesis that the point 
zison By. 

In other words, if the points z,; and 2 trace their respective circles 
simultaneously, the resulting locus of the point z will include the curve By. 
That is to say, Bz is part of the envelope of the curves B, or E,;=0 when 
the point 2, describes as locus the circle C2. 

From this fact comes the equation of B, if we notice that, in the variable 
2, the equation EZ, =0 represents a circle G;. The circle G; corresponding to a 
point z on B, must consist of at least one point on the circle C, and of no points 


* The subscript z; means that in this operation 2, is considered as the independent variable. 
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inside the circle C2; in other words, it must be tangent to C.. A necessary 
condition on z as a point of B; is therefore 


(2.31) = 0. 


Computed by the rules of I § 2, the terms of the left hand side of this 
expression become 


TT nm; CiC 
3 i 3 


1 P; CiC2 


~ 


j=2,k=qt1 mmC jx qt+l 


q+1 


Equation (2.31) accordingly factors into the two equations 


qt+l 
= — [E,C.] — my: = 0, 
3 


q+1 
= — [E,C2] + = 0, 
3 


at least one of which every point of B, must satisfy. 
Both equations, having as leading term n?(x?+-y*)4, represent q-circular 
2q-ic curves. If (&, 7) is a point of the second, i.e. Ey (é, 7) =0, then 


(2.32) Ex(t,) = — [] P(E, n) 0. 
3 


The significance of the inequality (2.32) becomes clear if we observe that the 
continuous function E,(x, y) grows positively infinite as the point (x, y) 
recedes indefinitely in any direction. The inequality (2.32) therefore expresses 
a sufficient condition for (, 7) to lie inside or on an oval of E,=0, i.e., 
for every oval of E/ =0 to be nested in an oval of E, =0. 

If now we assume (cf. II § 6) that R: is also composed only of simply- 
connected parts, we obtain R; as the interior and boundary of all the ovals 


of the g-circular 2q-ic 
2 nm; nm; MyMe2012 
3 1 C; 3 P; 


~ 
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4. The locus Ry. We may now venture to suppose that Ry consists 
of the interior and boundary of all the ovals of 


1 1 C; P; Cie 
=0 
On the principle of mathematical induction, let us test the correctness of this 


assumption by determining Ry41. 
Considerations similar to those of II § 3 lead to the equation 


(2.41) — [EvEn = 0 


as a necessary condition that a point z lie on By4:, the boundary curve of 
Ry+:. Deciphered under the rules of I § 2, the terms in (2.41) may be written 
as 


nm; atl ym N m m;|C 


1 N42 1 C; P; 1 Cy4iC; 


j=N+1,k=q+1 m mC jx m 5x N 


N+1 qt+l { N+1 


m;|CC; 


1 N+2 C; 


= { llc; 


Every point of By; must therefore lie on at least one of the two curves 


N+1 N+1 y q+1 N+1 M 4.0 jk 
1 C; j=l, k=j+2 Ck 


CPx 


(2.42) 
— [EvCw41] + = 


N+1 qt+l N+1 N+1 


N+2 1 C; N+2 7 j=1,k=j+1 


j=N+1,k=q+1 m jx qt+l ix 


where Aj, =7;x if i or 7=N+1, but Aj, =o;, otherwise. 
Let us now bring into play the fact that By, must be independent of the 


CL; 
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order in which the z;,7=1,2, - - -, N+1, have begun to vary. If, for instance, 
the orders of z, and zy4; are interchanged, the condition upon z as a point 
of By; must be revised so as to read that z satisfies at least one of the two 
equations Ee. =0 and Bet. =(0. These new equations may be derived from 
the old (2.42) by permuting the z, and zy4:. As the form Ey4: is symmetric 
in the subscripts 7=1, 2,---, N+1, EY, but 


(k) N+1 qt+1 N+1 nm; nm; N+1 m jx 


1 N+2 1 i N+2 P; j=1,k=j+1 OF OF 


7=N+1,k=qt+1 m jx 


j=1,k=N+2 


where A;;=7;; if i or j=, but A;;=o;; otherwise. 

Let us assume that not all of curves Ex?.,=0 have an arc in common. 
If ¢ is a point on the curve ae. =0 and v a sufficiently small arc of Be. =0 
containing ¢, there will exist at least one curve a. =0 which does not con- 
tain v. Let us further suppose that ¢ is not on the curve Ey,,=0. If ¢ lies 


on By4:, it must satisfy at least one of the two equations in each of the sets 


(1) Evy: =0, Ever =0; and (2) =0, = 0. 
Yet ¢ fails to satisfy either equation of set (2). It follows therefore from (1) 
that every point of By,,; is a point of the curve Ey4,=0. 

Up to this point we have supposed not all the curves E\",,, =0 to have an 
arc in common. That such is the general state of affairs is evident from the 
distinctness in the forms a In case, however, the E{*,,,=0 all have an 
arc in common, we shall use the following reasoning. We shall consider the 
manifold M consisting of all possible instances of special case I and its sub- 
manifold M’ composed of all instances for which all the curves E oe =0 have 
an arc in common. The manifold M is of dimensions 3(N +1), the variables 
being the centers and radii of the N+1 circles C;. If the dimensions of M’ 
were less than 3(N +1), it would be possible to draw in M a continuous 
arc which terminates in any chosen point of M’ but does not pass through 
any other points of M’. It would accordingly be possible to pass to the case 
where the curves Pe =0 have a common arc, continuously through cases 
where this is not so. As the equation Ey4; has coefficients depending con- 
tinuously upon those of the equations C;=0, the curve By4: would consist, 
even in the case of the curves Re. =0 having a common arc, only of ovals 
of the curve Ey,,=0. 

We have then but to prove that the dimensions of M’ are less than 
3(N+1). As the curves Ey’, =0 all have a common arc, any point of this 


4 
q 
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arc has coérdinates satisfying equations 


(s,t) (s) (t) 
r — Enyi 


N+1 qt+l 1/2 CL. 1/2 
Ci C. 


1 N+2 
1 C; Cs Ce 


where s#t¢ and s,t=1, 2,---,N+1. The common arc is thus an arc of a 
circle Q with various distinct equations of the form ))A,;C;=0. Equating the 
several expressions for the center and radius of Q, we obtain the equations 
N+1 N+1 
Drie; Dowie; 
1 1 


N+1 N+1 


1 1 
N+1 N+1 N+1 N+1 
1 1 1 1 


As we assumed M’ to exist, these equations are compatible and define M’ 


as a manifold of dimensions lower than 3(V +1). 

In every case, therefore, By; is made up only of ovals of the curve 
Ew4i:=0. If we assume the locus Ry4; to consist of simply-connected parts, 
it follows that Ry4, is the interior and boundary of all the ovals of the curve 
Ey4:=0, a result which certifies to the correctness of the assumption con- 
cerning the locus Ry. 

5. The locus R=R,4:. Its properties. By setting NV =q+1 we finally 
conclude that the locus R is the interior and the boundary of all the ovals of the 
q-circular 2q-ic curve* 

* The following theorem also results by a limiting process from the work of the preceding sections: 

If a;'(j=1, 2,+++ , p) are the zeros of the partial fraction 

m; 
and §m and {vy respectively the smallest and largest zeros of the partial fraction 


where B;=R(a;), then 
fm SR(a;") Siu (j=1, 2, p). 
This is Linfield’s theorem for the case k=1. See reference BV, p. 54, and B. Z. Linfield, these 
Transactions, vol. 25 (1923), p. 257. 
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at! ym; att 
(2.51) 
1 Cj Ce 
As equation (2.51) represents a circular curve, it is of interest to locate 
the singular foci of this curve. Proceeding in the usual way, we find the circu- 
lar line through the point (, v), 


(2.52) y= ix+v— im, 


to intersect curve (2.51) in points with abscissas which satisfy the equation 


1 

- a) + terms of lower degree = 0, 
1 1 W— 

where u+iv=w and a;+ib;=a;. Line (2.52) will then be asymptotic to curve 

(2.51), and the point (mw, v) a singular focus of curve (2.51) if and only if 


(u,v) is such that 
q+1 1 


= 0. 
1 W- a; 
The singular foci are hence the zeros of F for the 2;=a;; or, what amounts to 
the same, the points of equilibrium in a field of force created by a particle of 
mass m; at each a; repelling according to the inverse distance law. (See I § 1, 
footnotes.)* 

For further geometric characterization of the singular foci when the m; 
are integers, we may appeal to the theorem recently proved by Linfield 
that “the roots of the derivative of the rational function f(z) =I (z—2,)# 
are the multiple roots of f(z) to one lower order and the foci of a curve of class 
n—1 which touches each segment 2;2, (j#k=1,2,---, m) at the points 
dividing it in the ratio uw; to wx.” Our singular foci are therefore the ordinary 
foci of Linfield’s curve.t 

From the form of the equation (2.51) we can deduce two more facts 
about the locus R. 

First, as is obvious, any point through which pass at least three of the circles 
C; is a point of curve (2.51) and therefore a point of the locus R. 

Secondly, the common points of any two of the regions C; belong to the locus R. 

For suppose a point P were to lie in just two of the regions C;, for definite- 
ness, C,; and C;. Entirely within the regions C, and C, let us draw respectively 

* The singular foci are therefore points of the locus R. The bicircular quartic 

(x? + y? + 37)? = 64(x? + 25) 
which has its singular foci at the points (+4,0), points outside of its solitary oval, is an example of a 
p-circular 2p-ic which, on account of the theorem, cannot serve as the boundary curve of a locus R. 


t B. Z. Linfield, Bulletin of the American Mathematical Society, vol. 27 (1920), p. 17, and these 
Transactions, vol. 25 (1923), pp. 239-258. 
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new circles C/ and C; which pass through the point P. The point P is now 


such that 
Ci(P) =Ci(P) =0 


and C;(P) >0 for all 7#1 or 2. The expression 


1 Cj 3 Ci; 


i=? M 5k etl 


qt+l 2 nm; qt+l nm; 
i 120 12 
E'=cici IIc, { 
3 


formed at P has then the value 


As neither one of the circles C/ and C/ is contained in the other, o:7 >0 
and therefore E’(P) <0. This means (cf. II § 3) that P lies within the ovals 
of the g-circular 2g-ic curve E’=0 and accordingly is a point of the locus 
R’, the locus R in which the circles C/ and C/ respectively replace the circles 
C; and C;. But, as R’ is included in the R corresponding to all the original 
circles C;, the point P is contained in R. 

If P were assumed to be a common point of just three of the regions C;, 
for example, Ci, C2, C3, we could draw inside each of these three regions new 
circles Cy, C/ , Ci which pass through the point P. The point P would then 
be a point of R’’, the locus R in which the new circles C’ replace the old, and 
therefore a point of the locus R corresponding to all of the original circles 
C;. Similar arguments hold for common points of four or more of the re- 
gions C;. 

6. Simple-connectivity. There remains for the completion of our study 
of special case I only to establish the fact that each locus R; is composed 
of simply-connected regions. This we shall do for k=2, a typical case. We 
draw in R, an arbitrary simple closed curve K and show that, without ever 
intersecting B,, the curve K can be shrunk continuously to a point in Re. 

Considered as the envelope of the R:, the locus R; consists of two over- 
lapping parts: a part S. composed of the interior points of the R, corre- 
sponding to z,=a2, and a part 7; composed of the closed areas swept out by 
the moving curve By, i.e., composed exclusively of points through which passes 
at least one curve By. 

The curve K is thus composed (1) entirely of points in Sz, (2) entirely of 
points in 72, or (3) partly of points in 7; and partly of points not in 7». 
If we assume the R; to be of simply-connected parts, there is nothing further 
to prove for curves K of type (1). On the same assumption, it is possible 
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so to deform a curve of type (3) continuously that it becomes a curve of 
type (2). The proof of the simple-connectivity therefore rests upon the be- 
havior of curves K of the second type. 

Let K then be a curve of the second type and w an arbitrary point on 
it. Through w as a point of T, passes at least one curve Bi, i.e., the equation 


(2.61) E,(w,z2) = 0 


has at least one solution z in the region C; and therefore the circle G, given 
by (2.61) has at least one point in the region C;. We shall select one of these 
points and label it we. 

Let us mark the point w=W on K, to which will correspond the circle 
G, =A, and the point w,.=W, on A;. Beginning atw=W, as w traces K con- 
tinuously clockwise, the circle G, alters continuously its center and radius 
beginning with those of Ai. With G, we so shift w, as to cause it to trace a 
continuous curve I, which begins at wz=We:. When w finally returns to W, 
G, becomes again A; but w. ends at a point w.=Wy on A,, not necessarily 
the same as W2. To make I, a closed curve, we add to it an arc \,»=W2W? 
of circle Ai, an arc lying in the region C,. 

In the same way it is possible to associate with K a curve I, in the region 
C;. We consider again any point w on K and the curve B, through it. As 
B, is the envelope of the curves Ey =0 when 2; traces the circle C;, there passes 
through w at least one curve Ey, =0; i.e., the equation 


(2.62) Eo(w,we,21) = 0 


has at least one solution z; on the circle C; and therefore the null circle Gp 
given by (2.62) lies on the circle Ci. We shall denote this Gp by w; in particu- 
lar, we shall label the points corresponding to w= W and w.=W2, and w=W 
and w,.=W? by wi=W; and wi=Wy respectively. 

As the point w and the corresponding point w, trace K and T, from W 
and W, to W and Wy, the point w, describes on the circle C; a curve I; 
from W, to W/. If the point w is now held fast at W and the point w, traces 
Az from Wy to We, the point w; traces an arc d, of the circle Ci, which arc 
closes T;. 

So far we have been concerned with selecting, from the infinitude of 
pairs (2, 22) leading to a point w on K, just those which together form closed 
curves [’; and I, in the regions C; and C;. The correspondence thus set up 
between points w of K and w; and w, of I’; and I; is one-to-one except that 
to the point W corresponds all the points on the arcs \; and Az. The corre- 
spondence between points w, of T; and w, of T; is one-to-one without ex- 
ception. 


ie 
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From now on we shall consider K as generated by the point z=w when 
Ww, and its corresponding w; trace out I, and T'; simultaneously. By suitably 
deforming I, and I), we shall try to shrink K to a point in R:. 

Continuous deformations of T; and I subject to the following conditions 
will preserve the essential features of the above-formed correspondences 
between w, w; and w,: (1) the points W: and W; are to remain stationary; 
(2) points w, on dz are to go into points wy also on dz, and the corresponding 
point w; into the null circle E,(W, w/ , wi) =0; and, finally, (3) the curves 
I, and I are always to be closed curves lying in the regions C; and C,. 

Subject to these restrictions, let us modify the shapes of IT, and I; 
slightly, causing w; and w, to go into such points w/ and w/ of TY and 
Ty that 


| we — ws | <6, | wi— wi | <6. 


A continuous function of w; and w., w is carried into w’ where 
(2.63) | w— w’| <e, 
and ¢ is a positive number arbitrarily small for sufficiently small 6. 

Of what points the curve K’, the transform of K, consists may be seen 
if the point w/ and the corresponding point w; are allowed to trace con- 
tinuously complete circuits on Ty and Ty, beginning at the points w/ = W, 
and wi =W,. The curve K’ will be a continuous curve with W and W’ as 
terminal points, W’ being another root of the equation F =0 where 21= W, 
and z= W2. 

If W#W’, the equation F=0 then has r2=2 distinct roots: Z,=W, 
Z.=W’', Z;,---,2Z,. For these a number g(W:, W:2) always exists so that 
|2:-Z;|2¢>0, 

in particular, 


(2.64) 


On the other hand, W’ may be thought of as the point w’ into which W 
has gone as result of the above-described deformations. From inequality 
(2.63) it then follows that 
(2.65) |W —W’|<e. 
For 6 sufficiently small, we may take e=g/2 causing inequalities (2.64) 
and (2.65) to contradict one another. Consequently, W=W’: the new K’ 
is a closed curve. 

As total effect of our deformations on I’; and I, the curve K has there- 
fore changed into another continuous closed curve K’ in R, which passes 
through the point W. If now we contract I; and I, continuously to the 


& 
| 
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points W, and W2, the curve K will, without ever cutting B,, shrink con- 
tinuously to the point W, a point in R.. 

In a similar way we may prove that all the other loci R; are -omposed 
of simply-connected parts. The curve I’; is chosen as a closed curv. entirely 
in the region C;, but the other auxiliary curves 'y_, as closed curves traced on 
the circles C,_, by the points of tangency of certain circles Gx_p-1. 


III. AppLicATIONS 


1. The derivative of a polynomial. The results of the previous chapter 
will now be applied to the location of the zeros of the derivative of the 
polynomial: 


n q+l 


f(z) = = Is), 


1 


where f; is a polynomial of degree m;. As 


(3.1) r= —}, 

the zeros of f’(z) are the zeros of the partial fraction bracketed in the equation 
(3.1) and the multiple zeros of f(z) to one lower order.* 

Thus the locus of the zeros of f’(z) when all the zeros of each f; vary 
within and on a circle C; will be composed of two parts: a part S due to the 
zeros of the partial fraction in (3.1) and a part T due to the multiple zeros 
of f(z). The former part S has already been determined. The latter part T 
consists of every point of any region C; for which m;#1 and the common 
points of any two of the regions C;, for, at such a point, two or more points 
z; can be made to coincide. But, since the common points of any two regions 
C; are already included in the part S (cf. II § 5), we need not mention them 
again. 

In short, then, if f;(z) and f(z) =II{+' f; are polynomials of degrees m; and n 
respectively, and if all the zeros of each f; have as common locus the interior and 
circumference of a circle C;, the locus of the zeros of f'(z) will consist of (a) the 
whole of every region C; for which m;#1 and (b), when q=1, the locus R of 
II § 5. 

Reasoning based on the continuity of the zeros. similar to that used by 
Bécher and Walsh, BI, p. 478 and BIV, p. 113, may now be employed to 
prove at once that there will exist exactly m;—1 zeros of f’(z) in the region 

* This is essentially Gauss’ theorem, Werke, vol. 3, 1816, p. 112, that the zeros of f’(z) are at 


the multiple zeros of f(z) and at the points of equilibrium in the field of force created by unit particles 
at each 2; repelling one another according to the inverse-distance law. 


1930] ZEROS OF LINEAR PARTIAL FRACTIONS 97 


C; and g in (b) if no two of the regions C; overlap and if (b) does not have 
any points in common with any region C;; and precisely one in each part of 
(b) if, furthermore, (b) breaks up into g distinct parts. 

2. Special cases. As a generalization, the theorem of the preceding 
section should reduce for special values of g and special choices of the re- 
gions C; to existing theorems on the subject. Let us see whether this is so. 

When g=0, the locus R, according to the theorem, is merely the region 
C,; that is, the zeros of f’(z) lie in or on any circle enclosing the zeros of 
f(z). This is but another way of expressing the Lucas theorem* that the zeros 
of f’(z) lie within any convex polygon enclosing the zeros of f(z). 

When g=1, our theorem accords with one proved originally by Walsh 
(BII, p. 1): the locus consists of the circular regions C; (if m1) and C; 
(if m21), and of the interior and circumference of the circle 


+ — = 0, 


with radius = (mer;+myr2) /(m,+mz) and center a = (m20+ /(m:+ mz). 

When g=2, our theorem again agrees with one proved by Walsh 
(BVI): the locus consists of the whole of every region C; for which m;#1 
and the interior and boundary of all the ovals of the bicircular quartic (2.51). 

3. Special cases continued. If qg is taken as arbitrary, but all the circles 
C; are given a common external center of similitude, straightforward com- 
putationt proves the curve (2.51) to break up into the circles C/ which have 


the same external center of similitude and the same common tangents as 
the circles C;. The singular foci, according to their definition, are in this case 
the centers of the circles C;. All this agrees with a theorem due to Walsh 
(BV, p. 52). 

Finally let us study the special case in which all the m; and all the circles 
C; are equal, and in which the centers of the circles C; lie at the vertices V; 
of a regular polygon of g+1 sides. Clearly the locus must be symmetric in 
the lines joining the center O of the polygon with the points V;. 

If curve (2.51) does not degenerate into a set of circles with center at 
O, we may choose on curve (2.51) a point P which is neither on any of the 
lines OV; nor on their angular bisectors. Because of the symmetry, the circle 
with center at O and radius OP would intersect the curve (2.51) in 2(q¢+1) 
distinct points, i.e., twice more often than permissible. 

* F. Lucas, Comptes Rendus, 1868, p. 469, and 1888, p. 121. 

} I have carried out the details of this computation only for the case that the external center of 
similitude is at the point at infinity. For g=2, I have also been able to show our bicircular quartic 
coincident with Walsh’s two circles by assuming the contrary and finding that it would then intersect 


these two circles in a total of more than sixteen points. I hope through further study of the properties 
of p-circular 2p-ic curves to be able to extend this geometrical method to the general case. 
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Hence the locus is composed of the circular regions C; if m;#1 and of 
the interior and circumference of the circle with center at O and with a radius 
equal to the largest real root of the equation 


, 2 


> : 0, 


j=0 ,k=j+1 tite 


(3.31) 


where 
t; = + — — 2hrcos 
and where a is the radius of the circle C; and # that of the circumscribing 
circle of the polygon. 
When g=2, equation (3.31) becomes 


(r2 — a2)(r? + hk? — a?) = 
which has as largest root r=(a?+/a)"/?, a number also given by Walsh 


(BVI, p. 140). 
When g =3, equation (3.31) reduces to 


(r? — — 2h?a?(r? — — = 
which, if h=2'/?, has as largest root a number 7, 
(3.32) (a? + 2a)? < T S (a? + sa)'/?, 
where s >2 and is such that 


4 


3.33 
) si — 45 


Equality occurs in (3.32) when and only when it takes place in (3.33). 


IV. SpecrAL CASE II: NUMBERS m; SUMMING TO ZERO. ARBITRARY 
CIRCULAR REGIONS C; 


1. Preliminary remarks. We now turn to the special case of real arbi- 
trary m,’s summing to zero. 

The zeros of F have in this case the striking property of being invariant 
under linear transformation of the plane or stereographic projection upon 
the sphere. If a linear transformation takes the z; into the points z/ the zeros 
of F pass into the zeros of F(z/). If a stereographic projection throws the 
z; into the points w; on the sphere, the g—1 zeros of F go into the g—1 
positions of equilibrium on the sphere in the field of force due to particles 


98 
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of mass m; at the w; repelling according to the inverse-distance law. (Cf. 
BI, p. 469 ff.) If, then, we project the regions comprising the locus R upon 
the sphere, the arguments of II § 6 will serve to show that the images of these 
regions upon the sphere are simply-connected. 

From the formal work of the second chapter, we infer at once that, when 
not the entire plane, the locus R in case II is bounded by ovals of the curve 
qt+l m jm 


(4.1) 


A new choice of A;, between o;, and 7;, has however to be made in special 
case II for several reasons. No longer are the previous choices generally 
valid, because the m; and the leading coefficient of the left-hand side of 
equation (4.1) may now be either positive or negative, and because the regions 
C; and the locus R may be finite or not finite. 

To pass gently from chapter two, let us first make the new choice for 
the subcase in which both all the regions C; and the locus R are finite. From 
this subcase we shall then proceed to the general situation by causing the 
regions C; of the subcase to expand continuously until they approach the C; 
of the general case. 

But, before we may discuss this subcase, we need to obtain criteria for 
determining whether or not a given instance of finite regions C; will yield a 
finite locus R. 

2. Criteria for a finite R. That finiteness in the regions C; does not 
ensure a finite locus R is evident from the example 

1 1 2 
which has z= as its only zero, the regions C; being the points z=0 and 
z= +1. (Contrast with BVIII.) 

To obtain a condition for a finite R, let us express the equation F =0 
in the form 


mf dom sib + terms of lower degree =0. 
1 


It is thus necessary and sufficient for z= to be in R that there exist in 


each region C; a point 2; making 
qt+1 


(4.22) = 0. 
1 


In order to give this condition a more practical expression, let us determine 
the locus Ly of the point 2,4: defined by (4.22) when 2; and z, vary respectively 


| 
| 

i 

4 

fl 

4 

1 
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over the regions C, and C,. Applying the method of I § 2, we find here Roy 
to be the null circle 


q+1 q+1 
( Sm ( Sm = = 0, 
1 1 


j=1 k= j+1 


and R, or Ly: finally to be the interior and circumference of the circle 


j=2 q+1 


Diz = + m mC jx + mm,.P i, = 0 


j=1,k=3 j=3 j+1 


with center at 
1 2 q 
M 1 3 
As the radius of Dy, is 


Mir, + More 
if = O12; 


and 
Mir, — 
if Ai = Ti2; 
M 
the quantity Aj, must be chosen equal to oi if mym,>0, and to Ty if 
mm, <0. 

When and only when this locus Z;, overlaps the circular region C44; will 
condition (4.22) be fulfilled and the point z= belong to the locus R. 
In other words, for the locus R to be finite, it is necessary and sufficient that 
every point 2,4: of the region C,,,; satisfy the inequality D12(z,41) <0. 

3. The finite subcase. Let us now determine the quantity Aj, in 
equation (4.1) for the subcase of finite regions C; and a finite locus R. 

From the work of the second chapter, it is plain that to determine for 
instance Aj, it is only necessary to specialize in (4.1) all the C; except C; 
and C, to be null circles, and to choose between the two equations 


M 1M 20 12 i=? k=qtl m jx atl ix 
= [] P; ; = 0, 
3 


v2 j=l j=3 j+1 


Ey =C.C2]]P; 
3 


The leading coefficient of the first is precisely Dy. with Aw =o. and that of 
the second, Dy with Ais=712 (cf. IV § 2). 
If mym,>0 and ¢ is any point on EY =0, i.e., Ey (¢) =0, then 


(4.31) E.(¢) = Py) 0. 
3 
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Since Di.<0, inequality (4.31) signifies that all the ovals of the curve 
Ej; = 0 are contained in those of the curve E,= 0. Similarly, if mm,<0, 
all the ovals of the curve E,=0 are enclosed in ovals of the curve E/ =0. 

The choice for Ay is typical. The locus R consists of the interior and 
boundary of all the ovals of the (¢—1)-circular 2(qg—1)-ic curve 
(4.32) 

itt 
where Aj,=0;, if mym,>0, and Aj, if mym, <0. 

4. The general case. For convenience in our treatment of the unre- 
stricted instance of special case II, let us introduce the notion of the “radius 
of a circular region C.” Considering that direction positive along radii 
vectores which points into the region C, we define as the radius of the region 
C (# where r is the radius of circle C) the algebraic distance from the circum- 
ference to the center of C. Thus if the region C were the exterior of the circle 
C, we should find 7 <0. 

On each circle C; let us now choose a point 2;* such that 


q+1 


(4.41) m32;* 0, 
1 


and construct within the region C; a circle y;, of radius w;, tangent to the 
circle C; at z*. Because of condition (4.22) the locus of the zeros of F when 
the z; vary over the regions 7; (the interior and circumference of the circle 
7;) will be finite when the radii w; are sufficiently small. It will be in fact 
bounded by curve (4.32) where the C; are replaced by the ¥;. 

If we allow the w; gradually to increase, the coefficients of (4.32) will 
change continuously. If 7,<0, the stereographic projection of the circle 
Yp upon the sphere must experience two stages in order to coincide with the 
circle C,: first the circle y, must expand until it passes through the north 
pole of the sphere, i.e., ®, must grow positively infinite; then it must continue 
to expand, thereafter the region 7, enclosing the north pole. That is to say, 
the quantity ®, must increase from — © to #,. 

In equation (4.32), accordingly, the forms only of 


2 

= dix — (7; — rx)” 
2 

tik = — (7; + 1x)? 


are affected by the continuous expansions of the regions y;. If 77,.<0, 
oj, and 7;, are interchanged; otherwise, they too retain their original forms. 
In other words, provided, as we have implicitly assumed, the locus R 


and 


| 
i 
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is not the entire plane, it consists of a set of simply-connected regions bounded 
by ovals of the (g—1)-circular 2(g—1)-ic curve 
(4.42) 

jmtkmitt Ce 
where Aj, if >0 and Aj,=7;, if (m,*;)(m,F,) <0. In short, 
the locus R is always a (q—1)-circular domain. 

To be noticed also is the type of curve which bounds the locus R. Since 
the quantities A;, are invariants and the C;(x, y) covariants of the forms 
C,(x;, y;), the curve (4.42) is also a covariant of these forms. This is to be 
expected from the remarks of IV § 1. 

The locus R, just determined, may or may not include the point at in- 
finity. Conditions that it should contain this point have already been found 
(IV § 2) in the case that all the 7; are positive. It is now desirable that we seek 
similar conditions for the case of unrestricted #;. 

Suppose, first, that — 0 <7,<0 but 0<?#%,<«. By condition (4.22), 
when 2:= ©, Z,4:= © and therefore the point z= © will be part of the locus 
Ly. (Cf. IV § 2.) As & increases from— ©, the quantities oi. and 71 are 
interchanged. In any case, for large values of — 4, the radius of circle Diz 


will be 
(1/ |mo1|) (| ms | + | 


If, then, &; continues to increase to the value — |m2/m|é2, Di. becomes a 
null circle and Ly the entire plane. Briefly, if n< |m2/my |ro, the locus 
Ly is the entire plane; if 71> |m2/m;|ro, the locus Ly is the exterior of the 
circle Dy» where Aw if and Ai if <0. 

If both #,<0 and # <0, the locus Zi: is always the entire plane. For, 
in allowing 7; and 72 to expand, we can choose @; as negative and @: as posi- 
tive and so large that 


o,2- | m2/m, | de. 
In other words, if #;<0 for any two j, the locus R always contains the point 
at infinity.* 


* The point z9,; defined by the equation (4.22) is the center of gravity G of the other points 
z;. When the first g 2; vary over their regions C;, the locus of G will be, according to our methods, 
(a) the entire plane, if, for at least two k, 74<0, or if, for at least one j and one k, 7;<O and 
1%; | S| mi/m;| | Fel; 
(b) the interior and circumference of the circle 
q 
= + ma D mC; = 0 
if rz >0 all k; or, 
(c) the exterior and circumference of the circle H if 7,<0 for just one k. 
The quantity A;; is the same in Z as it is for the curve (4.42). For another derivation of (b), 
see BV, p. 60. 
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When g=2, an alternative method for deciding whether z= © is part of 
the locus R may be obtained directly. Equation (4.42) represents a circle 
which, formed for the ¥,, is 


(4.421) T = + mymsAis72 + = 0, 


with radius and center respectively 
(4.43) 


where 
= mym2Ai2 + mymsAi3 + 


mymAjoas + mym3Aj3a2 + 
v = + + 


Since, when the w;=0, all 7, Aj, >0, and 
3 3 
= (Lamar) <0, 
1 1 


we always have @ = —v/d. Consequently, the locus R is finite or not according 
as ®@>0 or @<0. 

5. The entire plane as locus. To complete the study of the general case, 
we need yet to inquire into the circumstances under which R is the entire 
plane. 

As the regions ; expand, one or more of the ovals of (4.32) may con- 
ceivably expand and sweep out the entire plane; or, after R has acquired the 
point z=, the oval bounding the part of R containing z= may shrink 
to a point and its exterior thus become the entire plane. When g=2, 
these descriptive conditions are easily expressible in terms of w and a of 
(4.43). 

The locus R may also become the entire plane discontinuously. If all 
the regions C; have a point in common, the instant the regions +; are suffi- 
ciently large all to include this common point does the equation F =0 become 


the identity 
1 qt+l 
( ) Lom; = 0, 


Z— 21 1 


and therefore locus R the entire plane. An example of this sort has been called 
to my attention by Professor Walsh. (See also B VII, p. 12.) If g=2, 
m, =m,=1, the regions C; and C; are the interior of the circle C:=C2, and 
the region C; is merely the point at infinity, then R is the locus of the zeros of 


and a=—» 
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1 1 


Z— 2 Ze 


F= 


or the locus of the point z= 3(z: +22). Obviously R is the interior of the circle 
C=C. If the region C; is suitably allowed to expand, the region C remains 
coincident with it, until the region C; becomes a half-plane when, because 
all three regions C; have a common point, the region C suddenly becomes the 
entire plane. 
V. APPLICATIONS 

1. A cross-ratio theorem. We now return to the theorem which was the 
starting point of this paper (cf. I §1), the theorem that “if the points 21, 22, 2s 
vary independently and have circular regions as their respective loci, then 
the locus of the point z defined by the equation 


my me 


(5.1) 

where m1, M2, m3 are real constants whose sum is zero, is also a circular 

region.” 

By specializing throughout the preceding chapter the number g to be two, 
we obtain at once (1) an analytical proof of this theorem; (2) conditions that 
the locus contain the point at infinity; (3) conditions that the locus be the 
entire plane; and (4) the equation of the circle bounding the locus when the 
locus is not the entire plane. The latter equation is (cf. equation (4.42)) 


mym2AywC3 + + mymsA2;C, = 0, 


where Aj, if >0 and Aj =7 if (mF ;)(miF,) <0. 

As we remarked in the fifth footnote to chapter I, the above theorem 
may also be expressed in terms of a real constant cross ratio, instead of in 
terms of the partial fraction (5.1). 

2. The jacobian of two binary forms. A second immediate application 
of the results of the preceding chapter is to the location of the zeros of the 
jacobian of the two binary forms 


—vu;) and fe= [J (uv; — vm,). 


By Euler’s law for homogeneous functions, this jacobian J;, may be written as 


Pi 


The zeros of Ji: are thus either multiple zeros of one lower order of the pro- 


pytl UV; — VU; 
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duct fif2, or zeros of the bracket in (5.21). (Cf. BI, p. 476.) On introduction 
of the non-homogeneous coérdinates z = u/v, this bracket becomes the partial 
fraction 
PitP: (—>)) 
+> 
prtl 2 — 3; 


As in III §1, we now obtain the following theorem: 


If fii, fas, and fo; are binary forms of degrees n;;, 1/p1, —1/ pe 
respectively, and if all the zeros of each f;; have as common locus a circular 
region C;, the locus of the zeros of J:2 will consist of (a) the whole of every region 
C; for which n;;#1, and (b), when qg2=2, the (q—1)-circular domain specified 
in IV §4 and §5, where m;=pin,;. 


Reasoning similar to that referred to in III §1 will also establish the facts 
that there will exist in each region C; exactly n;;—1 zeros of Ji: and g—1 in 
(b) if no two of the regions C; have any point in common and if, in addition, 
(b) does not overlap any region C;; and precisely one zero in each part of (b) 
if furthermore (b) falls into g—1 distinct parts. 

When q=1, the theorems of this section become identical with those of 
Bécher (BI, p. 477) that, if all the zeros of f; and fz lie respectively in the cir- 
cular regions C; and C2, there are no zeros of J:z outside of these two regions, 
and that, if the regions C,; and C, do not overlap, there are exactly p:—1 
zeros of Ji: in the first and p,.—1 zeros of Ji, in the second region. 

When g=2, the theorems of this section reduce to those due to Walsh 
(BIV, p. 112) that, if the circular regions C,, C2, C; are the respective loci 
of m, roots of f;, the remaining m, roots of f;, and all the mz; roots of fe, then 
the locus of zeros of Ji. will consist of the whole of each circular region C; 
for which m;#1 and the locus described in V §1. 

Similar theorems hold true for the covariant 


of the forms 
Pj 


fi = Il (uv; — vuj) 


Pj-;+1 


where P,=0, and the degree of f;, and For, we 
may write 
vv; 


UD; — VU; 


(See BI, p. 467.) 
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VI. THE MOST GENERAL CASE 


1. The locus R. Having obtained the locus R in the special case II 
(the case of real numbers m; summing to zero but of arbitrary circular regions 
C;) we are now in a position to study the locus R in the case of unrestricted 
numbers m, and of unrestricted circular regions C;. For, as we shall presently 
see, the results in the most general case can be deduced from those of special 
case IT. 

Let us consider the partial fraction 


(6.11) 


where n+m,4,=0 and n=).%*'m;. This fraction is of the type considered 
in the special case II, but, if the point 2,42 is required to recede to infinity, 
the term in the subscript g+2 disappears from expression (6.11) and the 
fraction becomes one in which the sum of the m,’s is not necessarily zero. 
In the particular instance of case II in which g+2 circular regions C; 
appear and the region C,,2 consists merely of the point 2,42, the locus R is 
bounded by the curve (cf. equation (4.42) ) 
ym A jx Mor 2M {Cj 942 


(6.12) =@. 
j=1 C; Ck 1 P C; 


Let us now cause the point 2,2 to move off to infinity. The above-considered 
locus R will then become the locus R of the unrestricted case. Since 


lim =*) = 1, 


the locus R of the general case will therefore be bounded by the curve 


j=1,k=j+1 1 C; 
where Aj, if (mj;)(miF,) >0 and Ajx=7 if (miFe)(miFe) <0. 

Thus we obtain a curve which clearly includes as special cases the curves 
(2.51) and (4.42) and which has, if #0, the same singular foci as curve 
(2.51). 

In the same manner, we can carry over from the special case II all of 


106 
Mm; m 
i q+2 
1 2— 2; &— 
and 
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the other important properties of the locus R. We see thereby that in every 
case the locus Ris a p-circular domain, where 


lim 


2. Application to the derivative of a rational function. As a final appli- 
cation let us consider the location of the zeros of the derivative of the 
rational function 


IIe — 
f(z) = , 


utv 


— 8;) 


where the numerator 2; are distinct from the denominator ones. Since 


(6.21) - \, 
— 8; 41 8; 
the zeros of f’(z) are the multiple zeros of f(z) to one lower order, the point 
at infinity if v—-«>0 and the zeros of the partial fraction in the brace. 
We may accordingly state the following theorem, which, when g=1 or 2, re- 
duces to those proved by Walsh in BIV, pp. 114-115: 


Tf fi(z), folz), fr=Wifr;, and fe: are polynomials of degrees mj, 
—m;, u and v respectively; if f; and fz have no zeros in common, and if all the 
zeros of each polynomial f., have as common locus a circular region Cy, then 
the locus of the zeros of the derivative of the rational function f(z) =f,/ ue will be 

(a) the whole of each region C; for which m;#1 and j=1, 2, 3,---, 5; 

(b) the point at infinity if vx—u>0, and 

(c) if g21, the p-circular domain specified in the preceding alien VI § 1. 


VII. GENERALIZATIONS 


1. Complex m;. The methods of the preceding chapters permit us also 
to study the locus R of the zeros of the partial fraction F when the numbers 
m; are complex.* We give here only the results in two special cases: case 
(a), where g=1, m,+m, 0, and the circular regions C; are finite; and case 
(b), where g=2, m,+m2+m;=0, and both the regions C; and the locus R 
are finite. 

* Cf. BVII for a geometrical discussion of cases of complex m;, and BIX for a study of simple 


zero-free regions of the fraction F in the case of complex m;; also Walsh, these Transactions, vol. 24 
(1922), pp. 163-180; p. 169. 
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We shall in the statement of these results use the following additional 
notation: 


Mik = + vie = — ; 


Lix = i{(@ — &;)(2 — ax) — (2 — — &)}. 
In subcase (a), the locus R is the interior and circumference of the circle 
(| my |? + + (| me |? + 
{ 12012 + 2( | | — — viele} = 0, 
with center at the point 
1 


| + me |? 


and with a radius equal to 


{(| mi |? + + (| mz |? + 


| mi | r2 +| me| 


| + 


In subcase (b), the subcase of V § 1 for complex 4, the locus R will be 
finite provided that the region C; does not overlap the interior or circumfer- 
ence of the circle 


E = + wisCis + + 2( | mi| | m2| + 
— vea(laa, + laa, + = 9, 
i.e., provided that, for all points z; in the region C;, 
E(z3) < 0. 


The locus R then will consist of the interior and circumference of the circle 


H = + 2(| mil | + + vielie}Cs 
+ { + 2( | ms | | m, | + wsi)rari + vals 
+ { + 2( | ms | | ms | + Mes) + vesLe3}C3 = 0. 


In this equation the linear expressions L;, do not prevent H =0 from repre- 
senting a circle. 

As is easily seen, the results for both subcases agree with our previous 
ones if the m; are made real numbers. 

2. Zeros of F—\. Likewise our methods permit us to secure the locus 
of the zeros of F—X, where ) is an arbitrary constant, real or complex. As 
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a sample of such results, we state the following theorem for the case of real 
positive m; and of finite regions Cj. 
The locus of the zeros of F —) is the interior and the boundary of all the ovals 
of the (q+1)-circular 2(qg+1)-ic curve 
(7.21) =. m;L; nm; etl ix 
1 Cj 1 Cy itn 
where and 
L; = Mz — &) + Az — 


The singular foci of (6.21) are the zeros of F — for z;=a;. 

As immediate applications of these results, we mention the location of 
the zeros of linear combinations of either a rational function and its deriva- 
tive or the product of two binary forms and the jacobian of these forms.* 
For instance, the expression f’(z) —Af(z), where f(z) is a rational function and 
an arbitrary constant, has its zeros at the multiple roots of f(z) and at the 
zeros of F—, where F is the partial fraction f’/f. 

In subsequent papers we hope to study further the properties of the locus 
R and to give additional specializations and generalizations. 


* Cf. Walsh, Bulletin of the American Mathematical Society, vol. 30 (1924), pp. 51-62, for a 
study of the zeros of linear combinations of a polynomial and & of its derivatives. 
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ON DIFFERENTIAL EQUATIONS ADMITTING 
POLYGENIC INTEGRALS* 


BY 
GEORGES CALUGAREANO 


We have shown, in a previous paper,} that some differential equations 
admit more general integrals than those given by the theorem of Cauchy; 
indeed, this theorem which uses majorant functions gives analytic integrals 
for each differential equation and we have seen that there are equations 
which admit polygenic integrals. But in the paper mentioned above we did 
not succeed in defining completely the class to which those equations belong 
and which we shall denote by class (a). We shall show that this class may be 
completely defined by a property of its general monogenic integral. 

1. Let us consider the second-order equation. 


(1) y” = F(z,y,y’) 
which belongs to the class (a), admitting the polygenic integral 
(2) $(2z,2), 


where ¢ is a monogenic function in respect to each of the variables z and 2. 
If we have 


(3) y’ = + ud: = + + 
and eliminating u we get 


(4) y= +6.[? | 
gd: 


Substituting in (4) the value of 2 deduced from (2) we obtain an equation 
of the following form: 


(5) y” = A(z,y)-y’? + Bz, y)-y’ + C(z,y), 


hence 
(S’) F(z,y,y’) = A(z,y)-y'? + Biz, y)- + C(z,y), 
which holds good for any value of @, hence for any value of y’ on the corre- 


* Presented to the Society, December 27, 1929; received by the editors in September, 1929. 
t See these Transactions, vol. 31, p. 372. 
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sponding Kasner* circle. The expression (5’) is therefore an identity in 
y’, and hence any equation of the second order belonging to class (a) is of 
form (5). We get then easily the supplementary conditions for the determina- 
tion of A, B,C. 

It is to be remarked that the elimination made above holds without any 
modification if we start from 


(6) y = + 112 + 2), 


where Yo, and are arbitrary constants. 
Indeed, if k =yoz+712 +72 we have 


(n) 


and the elimination of y:+pyo and k between (6) and (7) is equivalent to 
the elimination of » and Z between (2) and (3). But (6) shows that y has a 
special property. We know that the monogenic integral of (1) is obtained 
from (6) by replacing by z—C. The same result is obtained if we make 
vo=0, and this shows that the monogenic integral of (1) is of the form 


(8) Y = $(2,712 + 2). 
This integral depends in a special manner on the arbitrary constants 


yi and ¥2. This property furnishes the characterization of the whole class (a). 
2. Let 
(9) 7 = (2 ,2,73, 74, Yn) 
be a polygenic function depending on m—2 arbitrary constants, 3, Ys, - - - 
Yn. We can write 
(nm) 
10 —+ (n) 
(10) 02 


and the elimination of the parameters y, Z, ys, - - - , Yn between the equations 
(9) and (10) will give the most general equation of order belonging to the 
class (a). But the preceding elimination can be performed without any 
modification if we start from 
(12) F ; + 

where k +712 and +Y 


* See E. Kasner, Science, vol. 66 (1927), pp. 581-582; Proceedings of the National Academy 
of Sciences, vol. 13 (1928), pp. 75-82; E. R. Hedrick, ibid., vol. 14. 
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Let us denote by £, all the above eliminations. If yo is replaced by zero 
in (11), and if we form the differential equation whose general integral is 
the monogenic function thus obtained, we get 


(13) Y = $(2,712 + °** » Yn); 
a¢ 


0 (n) 
where ky 

It is obvious that the elimination of 1, k1, Ys, Ys, - - - » Yn between (13) 
and (14), which elimination we will call E:, will give the same result as &. 
Therefore any equation of the mth order belonging to the class (a) has a 
monogenic integral of the form 


(15) V(z) = + °° * » Yn)- 


The converse is also true; if a differential equation has this property, it 
belongs to the class (a). Indeed, if (15) is its monogenic integral, let us form 
(11) by adding yo2 to 7:2+72. The eliminations E, and E, giving always the 
same result, it follows that (11) is the polygenic integral of the same equation. 

Hence, the property which determines the class (a) is that its monogenic 
integral contains in a special way two arbitrary constants. 

It is obvious that (11) gives the most general polygenic integral of the 
equation of the mth order belonging to (a). Because, if y(z) contains more 
than n+1 distinct arbitrary constants, their elimination could not give 
an equation of the mth order. Therefore, (11) is the form of the general poly- 
genic integral of the equation of the mth order of (a). It contains n+1 
arbitrary constants; the solution of Cauchy is a particular case obtained for 
vo=0. Inversely, if an equation of the class (a) is given, and if its monogenic 
general integral is known, the polygenic integral is obtained by adding the 
term to yiz+72. 

3. In the preceding theory we have used rectilinear derivations; that 
is, we made dz tend to zero in the expression for the higher derivatives 


4 
the affix of dz, lying on the straight line which passes through z and makes the 


dz 0z 
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angle 0 with Ox. But we can generalize this conception by considering, as 
did Kasner,* the “curvilinear” derivatives where the path of approach is 
any curve. It may be interesting to see which are the classes of differential 
equations which admit polygenic integrals, when we take the derivatives of 
y in the general conception of Kasner, taking into account the curvature 
x, and even other differential elements of a higher order, of the path curve 
on which z+dz, tends to z, this path curve being considered as entirely 
arbitrary. 
It is obvious that the types thus obtained all belong to class (a). 


* See his paper The second derivative of |a polygenic function, these Transactions, vol. 30 (1928), 
pp. 803-818. 
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DIVERGENT SERIES AND SINGULAR POINTS OF 
ORDINARY DIFFERENTIAL EQUATIONS* 


BY 
GEORGE D. BIRKHOFF AND FREDERIC R. BAMFORTH{ 


INTRODUCTION 
The analytic form of the solutions of the system of differential equations 


dx, dx» 
(1) = 


in a neighborhood of the point «1= - - - =x,=0, in which all the functions 
X; are supposed to be analytic, X,(0, - - - , 0) being zero ford=1, 2,---, 
n, has been the subject of much study. This is justified by the applications 
which can be made of this form to various theories in analysis and in 
dynamics. Dulact has simplified the problem in many cases by reducing 
the equations (1) to simple reduced forms of which the integration can be 
made without difficulty. The integration of these reduced equations then 
furnishes the solution of the system (1) either in terms of a parameter or 
in the form of a system of integrals. 
Let m; be the roots of the so-called characteristic equation which, when 
written in determinant form, is 
OX; 
Ox; 


where 6,;;=0 if i+j and 1 if i=j, and let L; represent the linear terms of X,, 
i=1, 2,---, m, when these functions are expanded according to powers 
of x:,---,%n. Three conditions which have played an important rdle in 
the study of the system (1) may now be written as follows: (i) if the num- 
bers m; are represented on a complex plane, there exists a straight line pass- 
ing through the origin which is such that all the points m; are on the same 
side of it; (ii) there exists a linear change of variables x;=;(y1, - - - , Yn) 
such that the system of differential equations 
dx; 


dr 


* Presented to the Society, March 29, 1929; received by the editors May 15, 1929. 

t National Research Fellow. 

} Two papers to which reference will be made in the text are the following: I: H. Dulac, 
Bulletin de la Société Mathématique de France, vol. 40 (1912), p. 324 et seq.; II: G. D. Birkhoff, 
Berlin Sitzungsberichte, 1929, pp. 171-183. 
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is equivalent to the system 


(iii) there exists among the numbers m; no relationship of the form 
(2) m, = +--+ + 


p; being positive integers whose sum is greater than 1. We shall refer to these 
conditions frequently. 
On introducing a parameter ¢ it is seen that the system (1) can be re- 
duced to the system 
dx; 


(3) = dm, Xn) 


The following lemma can be readily proved* by the aid of a theorem of 
Poincaré’s and is already in the literature: 


Lemma A. When the conditions (i), (ii) and (iii) are fulfilled, the system of 
differential equations (3) is equivalent in a neighborhood of x= --- =x,=0 
to the system 

dz; 


4 —— #=1,2,---,), 
(4) ( ) 


by means of a one-to-one analytic transformation of the form 
which leaves the point x1=x2= --- =x, =0 invariant. 


That this transformation is analytic is due to the fact that the formal 
power series solutions of the partial differential equations 
i 09; 
(6) Xn = Midi 


Xn 


converge for |x;|<r,7>0. But when the m; satisfy the conditions (ii) and 
(iii) and not the condition (i) in the case of real variables, the power series 
solutions of the equations (6) may diverge. Nevertheless, as has been con- 
jectured,t even though these series diverge there may exist transformations 
playing the same rdle in which the functions ¢; are of class C® in a neighbor- 
hood of the origin and are analytic at every point of this neighborhood except 


* I, p. 328. 
t See II. 
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possibly those which lie on certain manifolds of dimensions less than n. 
The existence of such a transformation has been proved* for the outstanding 
case n=2 in which m, is greater than zero, and mz is less than zero. In the 
present paper an analogous transformation is obtained for the case m=3 in 
which the m; are real and not all of one sign. It seems likely that the 
remaining important case »=3 not yet treated, in which mz and mz are con- 
jugate imaginaries with real part of opposite sign to m, will offer essentially 
no new difficulties. 

The case n=3 here treated differs essentially from the case m=2 in that 
for the former it is necessary to define two so-called invariant surfaces. The 
cases for >3 seem to offer further difficulties. These will be discussed more 
fully in another paper. 

Since in Section I we shall make use of another lemma which is already 
in the literature,t we shall quote it here in a restricted form as 


Lemma B. When the right hand sides of the differential equations (3) 
have the form mx;+Xo, t=1, 2,--+-, mn, where X2; have no terms of degree 
less than two, m,,- M, are greater than zero, - , are less than 
zero, and the condition (iii) is satisfied, there exists a transformation of the 
form 

G=pti,---,#), 


in which the functions f; are analytic in their variables in a neighborhood 
Of Xpui= --- =x,=0, which reduces the differential equations (3) to ones of 
the same type in yx with the additional property that the function on the right 
hand side of any ith equation vanishes when y,= --- =y,=0. 


I. PRELIMINARY ANALYTIC NORMALIZATION 
Consider the system of differential equations 


1,2,3 
(7) “dt = X i(%1, 2, %3) (i am #94) 


in which the X; are real power series in the x;, have no constant terms, and 
converge for |x;|<r; where r,>0. The coefficients in the X; are constants 
and not functions of the parameter ¢. Let mm, mz and m; be the roots of the 


determinant equation 
Ox; 
ms ;; = 0. 
Ox; 
* Loc. cit. II. 
T I, p. 359 et seq. 


1930] DIVERGENT SERIES AND SINGULAR POINTS 117 


It will be assumed that m, and m, are greater than zero, ms is less than zero, 
and that the conditions (ii) and (iii) mentioned in the Introduction are 
satisfied. 

The object of this paper is to show that the system of differential equa- 
tions (7) is equivalent to the system 


(8) ~ = mez} (i = 1,2,3), 


by means of a one-to-one transformation of the type 
(9) = $4(%1, %2, 


where the functions on the right involve the displayed arguments only, are 
zero at the origin, x,=*%,=x;=0, are continuous together with all their 
partial derivatives within a certain neighborhood of the origin, are analytic 
at any point of this neighborhood which does not lie on any one of a certain 
set of three surfaces which pass through the origin, and have certain further 
analyticity properties. If m; were positive instead of negative and the con- 
ditions (ii) and (iii) were still satisfied, then the transformation (9) might be 
chosen analytic in a neighborhood of the origin as Lemma A shows. However, 
when m; is negative, a transformation of the type just mentioned is the closest 
approach to an analytic transformation which we have discovered that will 
reduce the equations (7) to the equations (8). The equivalence of these two 
systems will only be shown to exist for a certain small neighborhood of the 
origin. 

By an “invariant surface” will be meant a surface in the space of the de- 
pendent variables which is made up of integral curves of the differential 
equations (7) and contains the origin as an interior point; by an “invariant 
curve” will be meant an integral curve of (7) which passes through the 
origin. Now the classical theory of the system of differential equations (7) 
tells us that there exists an analytic invariant surface which contains two 
analytic invariant curves, and that there exists a third analytic invariant 
curve which does not lie in this surface. The first sequence of transformations 
which will be used will reduce the equations (7) to a special form in which 
these three analytic invariant curves are the three axes in the space of the 
dependent variables and the analytic invariant surface is one of the co- 
ordinate planes. 

On account of the assumption that the condition (ii) is satisfied, we may 
assume that the right hand members of the differential equations (7) have 
the forms 


(10) X; = + Xoi( 41, X2, Xs) (i 1,2,3), 
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in which the X2; have no terms of less than the second degree in their argu- 
ments when they are expanded as power series about the origin. 

Now let us examine the differential equations (7) whose right hand mem- 
bers have the forms given in (10) in the light of Lemmas A and B of the 
Introduction. Since we may perform the two analytic transformations which 
Lemma B assures us exist, the first being obtained when we consider m, mz 
as the m, -- - ,m, of the lemma, and the second when we change ¢ to —# 
and consider m; as the m, - - - , m, of the lemma, we may assume that the 
X»,; of (10) have the property that 


(11) Xo:(0,0, x3) = X22(0,0, x3) = Xo3(x1, 42,0) = 0. 


The performing of these transformations moves the third analytic invariant 
curve and the analytic invariant surface, which have been mentioned before, 
into the x; =2:=0 axis and the x;=0 plane, respectively. 

We wish now to move the two analytic invariant curves in the x,=0 
plane into the coérdinate axes of that plane as well as make further simpli- 
fications. Since we wish to work in the x;=0 plane, let us set x;=0 which 
is seen to satisfy the third differential equation of (7) on account of the 
equations (11). The other two equations of (7) then take the form 


dx, dxe 
= mM xX, + x2,0), ry = + X22(x1,%2,0). 


dt 


In as much as these equations satisfy the hypotheses of Lemma A, and we 
may perform the transformation which that lemma says exists, we may 
assume that 


X2,0) = X 22( 21, X2,0) = 0 


which implies that the analytic invariant curves in the x;=0 plane are the 
coérdinate axes. 

Since, on account of the equations (11), which are still true after the 
transformation just mentioned has been performed, x,=0, x,=0 satisfies 
the first two equations of (7), we may assume that X;;(0, 0, x3) =0, because 
if it were not so we could make use of an analytic transformation of the 
form 


= Yo = X2, V3 = X3 + f(x), 


whose existence is assured by Lemma A, to make FY,; (0, 0, ys) =0. 
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As a result of this discussion we may state that without loss of generality, 
the differential equations (7) may be assumed to have the form 
dx; 


= = + + 


= X2(me + x3P2) + 41%302, 


dx3 
= x3(ms3 + P3 + 


where the P; and Q; are analytic functions of their arguments x; in a neighbor- 
hood of the origin, for |\x;|<r, r>0, i=1, 2, 3, Q, is a function of x2 and xs 
only, and Q2 is a function of x; and x; only. 


II. CONVERGENCE PROPERTIES OF FORMAL SERIES 


Let us recall that the aim of the present paper is to find three functions 
$;:(%1, %2, X3) such that, when the x; are replaced by an arbitrary solution 
x,(t) of the differential equations (12), z*=¢,[x:(é), x2(t), xs(#)] satisfy the 
differential equations (8). Since all three of these functions can be found 
in exactly the same way we shall confine our attention for the present to 
¢:. Evidently ¢; must be a solution of the partial differential equation 
+ x3P:) + + + x3P2) + 

2 


Ox 
(13) 


091 
+ [x3(ms + P3 + = 
Ox3 


Equation (13) has a formal power series solution whose only linear term 
is ax, where a is an arbitrary constant. This power series solution is unique 
if the coefficient of x; is chosen as 1. Let us assume that this has been done. 
Furthermore, every other term has a factor x:x3 or x2%; as is readily seen by 
alternately setting x, =«x,=0 and x;=0 in (13) and solving for ¢. Let this 
formal series be 


Omnp 
m!'n'\p! 


which obviously can be written in either of the forms 


or 
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We shall now prove 


Lemma 1. The series a, of (15) and the series a&mn of (16) all converge 
for |x2|<r and for |xs|<r respectively. 


Substitute the series (15) into the equation (13) and equate the coefficients 
of like powers of x;. Evidently a) =2;, and a satisfies the equation 


0a; 
(17) + —xym2 + — m, + 30 + x2P yo) = 
Ox, Ox2 


where Pp =P (x1, x2, 0) and is linear in a» with coefficients which are an- 
alytic in x1, x2 for |x:|, and are zero for 
Set 


(18) a, = + 


where the 6; are formal power series in x2. Then 8 formally satisfies an equa- 
tion of the form 


—xym2 + Bo(ms — m, + x2P 400) = Pio, 
dxe 


where Poo and ®,, are analytic in 2 for |-xo | <r. On account of the condition 
(iii) of the Introduction being satisfied, it readily follows that 8» is analytict 
in x2 for |x.|<r. In a similar manner it can be shown that all the 8; are 
analytic in x, for |2:|<r, and if a be arranged according to ascending 
powers of x2 it can be shown in the same manner that the coefficients are 
analytic in x; for |x;| Sr. 
Now define 
B, = Bo + Biti + + 

and y1=a,—B,. Evidently y; has a factor x;*, and hence, writing y: =x; &, 
we see that £; will satisfy an equation of the form 

—xym, + + — + sm, + + = P11, 

Ox OXe 
where ®,; is analytic in x, x2 for lai|, |ae|<r. Let s be large enough so that 
m;+m,(s—1) is positive and define m, as equal to this quantity. Let m be 
a number that is greater than zero and less than the smallest of m,, m. 
and m,. Then 


| pm, + qm2 + ms| > m(p + 1) 
+ CE. II, pp. 177-178. 


[January 
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for any pair of positive integers p, g. Choose M>0O and such that x:Ps 
and x2P49 are dominated by 


(19) 


and ,, is dominated by the first term of (19) only. Then the power series 
£, is dominated by the power series solution of 


n(n + n—) 


Ox, Ox2 


On account of the symmetry in (20) with respect to x, and x, the power 
series solution of (20) converges for |x|, |x2|<R, where R is the radius of 
convergence of the power series solution of the differential equation 

dF 


= F 


dx, 


From this it follows that R=r. Hence a is analytic in x1, x2 for |x: |, <r. 

The proof of the lemma for the other a; follows readily by induction 
since every a; satisfies an equation of the form (17) where a is replaced 
by a;, ms by ims, and ®, by ®;, where ®; is a polynomial in ap, - - - , @&-1, 
with coefficients which are analytic in x1, x2 for |xi|, |a2| <r. 

The am», can be proved to be analytic in the same way that the 8; of 
(18) are proved analytic. This completes the proof of Lemma 1. 

Similarly, we may prove that when the series corresponding to ¢2 and 
$3 are arranged as power series in x; the coefficients are analytic in %, 22 
for |x:|, |22|<r, and when arranged as power series in x, x2 the coefficients 
are analytic in x for |x |<r. The only linear term in ¢» is the one involving 
%2, and every other term contains as a factor 2:%3; Or %2%3. The coefficient of 
the linear term is arbitrary and when it is chosen as 1 the series for ¢: is 
unique. Let us suppose that this choice has been made. The series for 
¢; has properties similar to those of ¢: and ¢2 with the additional one that 
x3 is a factor of every term in the series. We shall choose the coefficient of 


| 
| 
M 
| 
v1 Xe 
r r 
M | 
r r 
(20) u | 
+ 
r r | 
r r 
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the linear term as 1 and this choice uniquely determines all the others. 
If the formal series for ¢;, i=1, 2, or 3, should converge for |x;|<ro, 
ro>0, i=1, 2, 3, it can evidently be used to reduce the ith differential equa- 
tion of (12) immediately to the normal form dz*/dt=m<z*. 
Even though the series for the ¢; should diverge, it will be found that 
they can be “fitted” by functions of class C* in a manner described in 


Lemma 2. Let the formal series 
S(x1,%2,%3) = 2) 
mn p=om'n!p! 
in which all the Gmnp are real, have the property that when it is arranged as a 
power series in Xz, i.€., 


(21) S = ao(x1,%2) + + + /p!+---, 


the a, are analytic in the complex variables x, x2 for \x:|, |x.|<r, r>0, and 
when it is arranged as a power series in x}, X2, 1.€., 


(22) = aoo(%s) + + + xs) /(m'n!) +---, 


the &mn are analytic in the complex variable x3 for |x | <r. Then there exists 
a real function F(x;, %2, x3) of the real variables x1, x2, x3 which is continuous to- 
gether with all its partial derivatives for |\x:|, |x|, |xs|<r, is analytic for 
x30, satisfies the equations 

(23) Omn(%3) 


1 2 z\=z,=0 3° 


and has the property that it and all its partial derivatives are analytic in x; 
and x; for \x;|, |x;| <r, x;+0, x.=0, ixk, 7 Xk, and are analytic 
in x; for \x;| <r, x;=x,=0, i, j, k=1, 2, 3. 


Consider the seriest 


(24) F(21,%2,%3) = ———-xf"xf xg? (1 — 
m.n,p=om!n!p! 
where i=1 if men, i=2 if m<n, bmnp=1+ lamnp|; Banp = Xx? At 
first we shall consider this series only in the six-dimensional complex 
region defined by 


(25) Sr, |argx;| 50, 0<0<2/8 (j = 1,2,3). 


In this region larg x?x?| does not exceed 7/2, so that the exponential 


t Cf. II, p. 173. 
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terms ¢~!/3==7 in the series have exponents —1/Bmnn, with negative real 
parts, and so are less than one in absolute value. 
Moreover, we find for |Bmnap|=1, 


1 1 
Rup 
| -(e 1)/| | 2/[| x3 |?| xs |?]. 
But if, on the contrary, |Bnnp| <1, then, by the definition of Baap, |@mnp|< 
1/[|xs|* |x;|?]. Since the quantity in the parentheses in the preceding 
inequality is obviously less than two in absolute value, we conclude that the 


inequality holds in this case too and so without restriction on Bun». Thus 
the given series is dominated by the series 
2 


| Gmnp(1 e~1/Bmnp) | = | Omnp 


where 
=m — 2 if m= n and m if m <n, 
(27) =m if m nd m ifm<n 


my =n—2 if m<n and n if m2 n. 


But it follows from the hypotheses concerning the a, that that part of the 
series (24) for which <3 converges uniformly in the region (25); and it 
follows from the hypotheses concerning the a», that that part of the series 
(24) which gives rise to a negative m; or to a negative m; converges uniformly 
in the same region. Hence the series (24) converges uniformly in the region 
(25), and an examination of this series will readily show that it is analytic 
except for x, =0, x, =0, or for x;=0, and that 


F (21, 2,0) = a, F(0,0, xs) = Qoo- 


In a similar manner, all the series obtained from F by partial differentia- 
tion can be shown to have the same properties of analyticity and con- 
tinuity as has F in the region defined by (25). This is on account of the 
fact that the a, of (21) and the am» of (22) are analytic for |x|, |x2|, |xs| Sr 
and that for a finite number of differentiations of (24) only a finite number 
of negative powers of x, and of x2 are introduced into the dominating series 
which correspond to these derivative series in the same way that the series 
(26) does to F. We shall consider only dF /0x;, 


im 2¢e71/Bmnp 


m,n, p=0 m'n'\p! 


Bunp%s 


| 

| 

| 

| 

| 
| 

| 
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The first of these series is evidently dominated by 


m,n, p—1=0 1)! 


and the second by 


mn, p=0 m'\n'\p! 


From the remarks made above concerning a, and dmn, etc., it readily follows 
that 0F/dx; has the same properties of continuity and analyticity as has F 


itself. Furthermore, 
OF 


= 
z,y=0 
F (21, %2, x3) is thus a real function in the octant 2,20, 7.20, x20, 
continuous together with all its partial derivatives in this octant, analytic 
for x: >0, x,>0, x3;>0, and satisfies the equations (23). Similarly F is seen 
to have the same properties in each of the other octants and the eight 
functions thus defined evidently unite to form a function F(x, x2, x3) defined 
by the series (24) and having the properties stated in the lemma down to 
and including those relative to the equations (23). To prove the last state- 
ments made in the lemma concerning the function F and its partial deriva- 
atives we need merely use dominating series in a manner wholly analogous 
to that in which they were used above. 


III. FINAL ANALYTIC NORMALIZATION 


The problem in hand is more readily discussed if the functions Q; and 
Q2 appearing in the differential equations (12) have the factors x73 and x:%s, 
respectively. We shall now show that the assumption that such is the case 
can be made without the introduction of any further hypotheses than have 
already been made. To this end let us consider the transformation 


(28) = Si(%1, X2, Xs) (i 1,2,3), 


where the series s;(x1, %2, x3) consist of all the terms of the formal series for 
¢:, 2, 3, respectively, involving x;"x.", m+n=0, 1, - - - , A+1, all the 
terms involving x;?, p=0, 1, - - - , A+1, and no others. For the present \ 
will be considered as any integer greater than 1 but will be determined in a 
later section as depending on the m;. The properties of convergence of the 
coefficients of the formal series for the ¢; when these series are arranged ac- 
cording to powers of x; or according to powers of x; and 2, imply that the 
series s; converge for |x;| <r. 


January 
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From the definition of the s; it follows that 


OS; Os; 
+ + + —[axo(me + x3P2) + 
Ox2 


Os; 
+ — + 3 + mis; 
Ox3 


define functions R;(*:, x2, x3) which have no terms of degree less than 
+2 in xs and less than \+2 in x; and x together. Since the only linear term 
in s; is x;, =1, 2, 3, respectively, when we solve (28) for x;=¢;(y1, ye, ys) 
the only linear term in ¢; is ;, i=1, 2, 3, respectively. Hence the R; when 
expressed as functions of y; have no terms of degree less than A+2 in ys 
and less than \+2 in y; and y2 together. Thus, when x; are replaced by an 
arbitrary solution x,(#) of (12), the corresponding y; satisfy the system of 
differential equations 
dy; 
(29) = myi + (i 1,2,3), 
dt 

where the arguments of the R; are the y;. But every term in the formal 
series for ¢:, except the linear term, contains x:%3 or x.%; as a factor, and 
corresponding statements are true concerning the formal series for the ¢2 
and ¢;. This implies that when x;=0, then y,;=0, x, =, and x2= yz, and when 
%,=%,=0, then y:=y2=0 and x;=ys. Thus the transformation (28) will 
preserve the form of the differential equations (12) and hence the form of 
the system (29) is the same as that of the system (12) when the x are replaced 
by the y;,7=1, 2, 3. Furthermore, on account of the properties of the R; we 
see that the new Q, will have y.y} as a factor and the new Q, will have +;y;* 
as a factor. Hence we are not losing in generality when we assume that the 
differential equations under discussion have the form 


dx, 
= = + x3P1) + x2? 


dxe 
xo(me + x3P2) + xP 


x3(ms + + x2P4), 
where the P; and Q; are analytic in x; for |x; | Sr, r>0,7=1, 2,3, Q isa 
function of x2 and x; only, and Q, is a function of x, and x; only. Further- 
more, every P; has x;+1 as a factor, and when expanded as a power series in 


125 | 
| 
| 

| 
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x, and 2, contains no term of degree less than A+1 in x; and x2 together; 
Q; contains x,\x;* as a factor, and Q, contains x;\x;' as a factor. These facts 
will be used in the next section. The partial differential equation (13) and 
the corresponding ones in ¢2 and ¢; will now be replaced by the system 


09; 
55, + x3P:) + x2 + + x3P2) + xP 
1 2 


(31) 


0g; 
+ 55, + x2P.s)| = mdi (i = 1,2,3). 
3 


IV. CONSTRUCTION OF AUXILIARY INVARIANT SURFACES 


It happens that if Q,=Q.=0 we can fairly readily obtain solutions of 
this system (31) of class C® in a neighborhood of the origin, and thus solve 
our problem. Hence we shall try to find a transformation of the form 


(32) V2, Ya) (i= 1,2,3), 


which will reduce this system of partial differential equations to an equivalent 
system in which the coefficient of 0¢;/dy; has y; as a factor, i, 7=1, 2, 3. 
Evidently we may choose x;=,; as the last equation in this transformation. 
Now if the system of partial differential equations when expressed in terms 
of the y; have this additional property, the transformation (32) will take the 
integral curves of the system of differential equations (30) into the integral 
curves of a system of differential equations of the form 

dy; 

— = + Ti) (¢ = 1,2,3). 

dt 
Hence our search for such a transformation (32) is connected with the 
search for two invariant surfaces of the system of differential equations (30) 
other than the known one x;=0. In this connection we shall prove 


THEOREM 1. There exists a function fi(%2, x3) which is of class C” in a 
neighborhood of x2=x;=0, is analytic in x2, x3 for x20, x30, is, together with 
all its partial derivatives, analytic in either variable when the other variable is 
zero, and is such that 

xy = x3 fi (x2, 


is an invariant surface. There also exists another function g,(x:, x3) with 
properties analogous to those of f:(x2, x3) such that 


= x? gi( , %3) 


is another invariant surface. 
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Since the method to be used for the determination of one of these in- 
variant surfaces can be used for the determination of the other, we shall 
confine our attention to that surface which will be transformed into the 
yi=0 plane. To this end consider the transformation 


(33) = — xP xP fi(xe,%3), Yeo = X2, Ya = Xs, 


where the function f; is to be so determined that when the x; are replaced 
by an arbitrary solution x;,(#) of (30) the y:(¢) so defined will satisfy a differ- 
ential equation of the form 

dy, 


(34) = = yi(m, + Ti), 


in which 7; is a function of the y; of class C* and 7,(0,0,0)=0. On differ- 
entiating the first equation of (33) with respect to ¢, replacing the derivatives 
dx,/dt by their values given in the equations (30) and x; by its value given 
in (33), and noting that y:=0 is to be a solution of the resulting differential 
equation on account of the required form (34), we obtain the result that 
fi(xe, x3) is a solution of the partial differential equation 


film, — 2x%2Re + x3R3) + Qi 
in which 
ms = m, — 2m, — 2m3, Ri = Po + x8 x3°f?Q2, 


Re = fiPs + Pa, R; = P, — 2R,, 


where the P; and the Q, are the same functions of x? x?/f1, x2, x3 as they were 
of x1, %2, x3 in (30). From the fact that every P; has x;+' as a factor and when 
expanded as a power series in x, and 2 contains no term of degree less than 
\+1 in x and x together, and from the form of the R; it follows that every 
R; has x,+'x)+1 as a factor. If fi(xe, x3) is any solution of the equation (35) 
which is of class C® in a neighborhood of the origin, the function y; so defined 
by the first equation in (33) will satisfy an equation of the form (34) when 
the x; are replaced by an arbitrary solution x;,(#) of the differential equations 
(30). This fact is an immediate consequence of the manner in which the 
partial differential equation (35) has been derived. 
We shall now prove 


| 

{ 
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Lemma 3. There exists a solution f;(x2, x3) of the partial differential equa- 
tion (35) which is of class C® in a neighborhood of the origin x,=x;=0 and 
is analytic at any interior point of this neighborhood for which x.40, x30. 
Furthermore, this solution and all its partial derivatives are analytic in either 
variable in a neighborhood of x;=0, i=2 or 3 as the case may be, when the 
other variable is zero. 


From what has gone before, Theorem 1 will be obvious when Lemma 3 
has been proved. 

The first thing to be observed is that there exists a unique formal power 
series solution of the partial differential equation (35) which may be written 
in any one of the three forms 


mn 


(36) X2) +---+ Om(X2) x3" + eee 
= Bo(xs) + +---. 


Since every R; and Q has x,)x;* as a factor, this formal series for f,; also has 
%_*x3\ as a factor. If this series does not diverge for every pair of values 
X20, x3~0, our lemma is obviously proved, so that we shall confine our 
attention in the following discussion to the contrary case. By making use 
of the methods employed in the proof of Lemma 1 it can be shown that all 
the a@m(x2) are analytic in x2 for |x.|<r and that all the 8,(x3) are analytic 
in x3 for |x3|<r. This follows from the fact that wherever f; appears in P; 
or in Q, it is multiplied by x?x?. Now define a function g(x2, x3) which 
corresponds to the formal series for f; in the same way that the function 
F corresponds to the series S in Lemma 2, it being supposed for this applica- 
tion of this lemma that no x; appears in the series S and that that part of the 
function F which is independent of 2, is replaced by the corresponding 
analytic series which is a part of S. On making the transformation f:=f+g 
we see that /; satisfies the differential equation (35) if and only if f is a solu- 
tion of the partial differential equation 


of of 
(37) ——x2(mz + x3S1) + —x3(ms + x2S2) = + Ss) + 
Ox2 Oxs 


in which the S; are well defined functions of f, x2, x3, S;(0, 0, 0) being zero and 
S, being independent of f. These functions are given explicitly by the follow- 
ing equations (38) and have the properties that they are of class C® in a 
neighborhood of f=x.=x;=0, are analytic in f in a neighborhood of f=0 
for x: and x; in a neighborhood of x,=2x;=0, and are analytic in 2, x3 in a 
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neighborhood of x.=x;=0 for x,+0, x30 and f in a neighborhood of f=0. 
All these properties are immediately implied by the equations 


Silf, x2, xs) Rif + g,%2,%3), So(f, x2, xs) + £,%X2,%s), 

S3(f,%2,%3) = — 2x%eRe + — Rs — Ryo) 
f Ox2 


0 
(38) + — Reo) — g[— 2x2(Re — Reo) 


+ x3(Rs — 
0 
x2, %3) = + — + — x3R10) 
2 


og 
— + x2R20), 

Ox3 
where the arguments of the R; are f+g, x2, x; and Ri=R,(0+g¢, x2, xs). 
Evidently every S; has xx; as a factor. This fact will be made use of later 
on. From the definition of g(x, x3) it follows that every partial derivative 
of S, is zero when either x2 or x; is zero. Hence for every pair of positive 
integers p, g a function S,, can be defined which has the same properties 
of continuity and analyticity that S, itself has and satisfies the equation 


(39) = X2?X3%S po. 


In other words, S, admits of the factor x,?x;* for arbitrary p and g. This 

fact can readily be established by taking the factors x, and x; out of 

S, one at a time, e.g., for x.~0 the function S,/2x, has all the properties of 

continuity and of analyticity that S, itself has. The limits as x,—0 of 

S,/x2 and all its partial derivatives exist and are zero. Hence S,/x2 defines Sio. 
Now let us consider the system of ordinary differential equations 


af 
= Ss) + Sa, 


Xo(me + %351), 


— = + x2S2). 


di 
dx. 
dt 

dt 


If we can determine a surface f =f(x2, x3) in the f, x2, x3; space which is made 
up of integral curves of the system of ordinary differential equations (40), 
such that f(x2, x3) is of class C® in a neighborhood of x, =x; =0, and is analytic 
at any interior point of this neighborhood for which 2,0, x;~0, the func- 


| 

|. | 
| 
| 

| 

(40) 
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tion f(%2, x3) so defined will be a solution of the partial differential equation 
(37) and will define by means of the equation fi=f+g a function fi(%2, xs) 
which will be a solution of the partial differential equation (35). Thus if we 
can find such an f(x, x3) our lemma will be proved. 

Suppose for the sake of definiteness that m, is greater than zero. We 
shall limit ourselves to a closed region R about f=2,.=%x;=0 in which 
i=2, 3, and m2+2,S; are greater than zero, and ms3+22S; 
is less than zero. We shall suppose that R is further limited so that for 
(f, #2, x3) any point in this region the functions S; are analytic in f, of class 
in 3, and are analytic in x2, x3 if x;~0. That this is possible 
follows from the properties of the S; stated above. The following notation 
will be adopted for this region R: 


M, = max (m, + S3), Me = max (mz + %353), M; = max (ms + x2S2), 
N,; = min (m, + S3), Nz = min (mz + = min (mz + x2S2). 


Now consider the surface defined by the integral curves of the differential 
equations (40) which pass through the line 


(42) 


and suppose that ¢=0 on this line. The equations of this surface may be 
written as 


(43) = folt,r), %2 = xo(t,r), = x3(t,7), 


where the functions appearing on the right hand sides of these equations, 
on account of the analytic properties of the S;, are analytic in their argu- 
ments so long as r~0. Until further notice, it will be understood that the 
discussion from now on is relative to that quadrant of R for which x, and 
%3 are positive. We wish first of all to show that there is an open region Ro 
of the x2, x; space which is bounded by the axes x, =0, x;=0 and by the arc 
of a circle, having its center at the origin and its radius different from zero, 
and is of such a nature that, when (x2, x3) is any point in it, the last two 
equations of (43) can be solved for ¢ and 7 as single-valued functions of 22 
and x3. For such a region these functions ¢=#(x2, x3) and r=7(x2, x3) will 
evidently be analytic, and when they are substituted in the first equation 
of (43) we shall have f=f(xe, x3) where f(x2, x3) is an analytic function of 
its arguments for (x2, x3) in Ro. 

To this end let us find how the ¢ of any point of the surface (43) depends 
on the corresponding r. From the second equation of (40) we evidently have 


t 
log xz, — logr = f (m2 + x3S;)dt. 
0 


(41) 
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Since x,<1 on account of the hypotheses concerning the region R, for 
t=0 we may write —log r= Not where Nz is defined in (41). A corresponding 
inequality exists for ¢<0, i.e., —logr = M3t, so that we know that 


(44) |¢| < n|logr|, 


where is the greater of 1/N, and —1/Ms3. 
Now for 70, and (f, x2, xs) in R, the partial derivatives df/d7, dx2/dr, 
and 0x;/07 satisfy the equations of variation 


of 
Or 


Ox3 
+ wT 31) + + —wT3, 
Or Or 


of Ox2 Ox: 
= 2, + + wT 22) + —oT33, 
Or Or Or 


’ 


where w=<,—!x;'—! and the 7;;, since every S; has xx; as a factor, are de- 
fined by the equations 


wT = S3+ faSs/df, wT 12 = fOS3/Ax2 + wT is =fOS3/dx3 + 

wT = wT 22 = + wT 23 = 

wT31 = %2%30S2/0f, wT 32 = wT 33 = + 
Now for t=0, =0, =8%,/8r =1. With this in mind let us set 


(46) exp] + exp] + |, 
0 0 
u=Of/dr, = 0x/dr, = dx3/dr. 


Hence, when t=0, y=v=w=0. Now make use of the transformation (46) 
in the equations (45) and obtain 


= + + (0 + + (w+ 


Ov 


= 21 + v(me + wT 22) + (w + n)wT 23, 


= + (v + 22 + w(ms + wT 33). 


| 
| 

ot Or 

( ot ar 
| 
i 
Hence 
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“= exp| (m+ f - comet oTy)dt| 


t + + (w + is] dt, 
(48) v= ef + (w + 23] dt, 
0 


w= of + (v + 32] dt. 
0 


We shall limit the discussion for the time being to that part of the first 
quadrant of the xx; plane which corresponds to ¢=0 since an argument 
similar to that about to be given can be made when <0. Define U =max |u| 
for 7 fixed and ¢ variable, and make corresponding definitions for V and W. 
Also define the constants M;; so that 0 >M,;>n max |x)-'T;;| in R, where 
n is that in (44). Since x; decreases when ¢ increases, we have for this region 
that x; is less than its corresponding r. From the first equation of (48) we 
obtain 

U Mie + + + Miz}? | log 
(49) + WMis + + log r| 
logs | [VMs + + + Mis). 
In a similar manner from the other two equations of (48) we obtain 
V logr| [ + + Mas], 


50 
( Ws | ‘log 7 | [UMa + 3M 30]. 


For ¢=0, if \ were to satisfy the inequality 
(51) A>3+ + M2 — N3) 


we could show that U, V and W approach zero as r-0 and hence that the 
partial derivatives 0x,/d7 and 0x;/dr are greater than zero for 7 less than a 
certain number which is greater than zero. 

The inequality which corresponds to (51) for ¢<0 is the same as (51). 
Thus it follows from the definition of m and from (51) that it would be 
sufficient if \ were to satisfy the inequal*+y 


(52) A>3+(M, + M2 — N3)(1/N2 — 1/M3). 


But M;, Mz and N; depend to some extent on the choice of \. Let us choose 
d so large that 
A> 3+ + m2 — ms)(1/n2 — 1/ms)* 


* \ will also have to satisfy another inequality which arises from the determination of the other 
invariant surface. 
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where L is any positive number greater than 1, and then choose R so that 
(52) holds, which evidently can be done. 

But, since r <1, the max |logr |r for the region R is when r =e. Thus for 
7 <e~! we may write the inequalities (49) and (50) as 


U r(VMi2 + WMis) + + Mis), 
(53) V + WM23) + 
W + VM 22) + 


These inequalities may be written in the form 


U — — S + Mis), 
— + V — S 
7™M3,U + W Ss 


Since the determinant of the coefficients of U, V, W in the left hand members 
of these inequalities is definitely positive for t small enough and since each 
of the right hand members contains 7 as a factor and the M;,; are constants 
independent of 7, we see that for 7 small enough U, V and W are as small as 
we desire. 

This argument, with exception of that part of it relative to the choice of 
X, has been made for#=0. A similar argument can be made for ¢ <0 and hence 
as is seen from the equations (46), for 7 small enough 0x./d7 and 0x;/dr are 
greater than zero for (f, x2, xs) in R and, as is still assumed, x,>0 and x;>0. 

Now examine the jacobian for the last two equations of (43). In R and 
for x2>0 and x3>0 we have always 0x,/d¢ greater than zero and 02;/d¢ less 
than zero. From these facts and those proved in the preceding paragraphs 
we see that we can find an open region Ry defined by x,>0, x3>0, x? +2? 
<2r¢ where 7» is a constant greater than zero but so small that the jacobian 


Ox2/dr Ox3/dr 
Ox2/dt Ox3/dt 


is always less than zero. Hence for this region Ry we can always solve the 
last two equations of (43) for ¢ and 7 as analytic functions of x, and x; and 
thus obtain f =f(x2, x3) as has already been described. 

We wish now to show that the limits of f(x2, x3) and all its derivatives as 
%2—0 or as x;—0 are zero. To do this let us note that proving any function 
G(x2, xs) satisfies the relationship 


(54) G(x2,%3) = O( x2? x3) 
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for an arbitrary pair of positive integers p, g is equivalent to proving that 
it satisfies the relationship 


(55) G(x2, x3) = O(7") 
for an arbitrary positive integer r. It is understood that x2 and x; are posi- 
tive and that 7 is the value of the parameter which corresponds to the point 
(22, x3) by means of the last two equations of (43). 

First of all let us observe that the last two equations of (40) imply that 


Now consider that part of the quadrant in the 2.x; plane which corresponds 
to +20. For this region x;<7, and the equation (54) implies the existence 
of a positive constant M, such that |G(x2, x3) | <s*M ,, where q is any posi- 
tive integer. Hence |G(x2, x3)|<7*M,. In the same way we can show that 
for that part of the quadrant which corresponds to ¢<0 there exists a posi- 
tive constant M, corresponding to any arbitrary positive integer p such that 
|G(22, x3)|<7?M,. If we define M,, as the greater of M, and M, we see 
that for ¢ positive or negative 


(57) | G(x2,«s)| 
for an arbitrary positive integer r, the M,, being a positive constant depend- 
ing on the r. Hence the relationship (54) implies the relationship (55). 

Now consider the converse situation. The equation (55) implies the exis- 
tence of a positive constant M,, and a relationship of the form (57) for an 
arbitrary positive integer 7. On using the inequalities (56) we obtain the 
inequalities 

|G| TP 
If we choose r so large that r—p—q—pnM.2+qnN3>0, the quantity after 
the last inequality sign is finite and hence we have the result that the rela- 
tionship (55) implies the relationship (54). 

We are now in a position to discuss the behavior of f(x2, x3) and of its 
partial derivatives as x.—0 or as x;—0. From the first equation of (40) and 
from (39) and (42) we have that 


whence 


for r an arbitrary positive integer. Hence f(%2, x3) =O(x.x;%) for arbitrary 
positive integers ,g. 


a 
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In order to discuss the behavior of 0f/dx2 as x.—0 or as x;—0 we shall 

make use of the fact that 
Of oat Of ar 
( ) ot Oxe Or OxXe 
Since f(x2, x3) =O(a2x3%) for arbitrary p, g as has just been proved, the first 
equation of (40) shows that df/d¢ has the same property. Now consider the 
equations (45) once again. From them we have proved that 0%,/dr behaves 
like £ of (46) for 7 small enough and hence for x, or x3 small enough. Hence 
0x2/AT, as %.—0 or as x;—0, is at most infinite like 7-"”*. Similarly we have 
0x3/87r =O(7""). Now we are in a position to examine the behavior of 07/dx2 
and of dt/dx2. To do this let us consider the identities 
Or 


Oxe Or 


“Ot Oxy 


. (59) 


and 
Ox 2 ot 


Ox, at 
Ot Axe ot 


(60) 


Since the determinant 
OxX2/ Or X3/ Or 


Ox2/dt 0x3/dt 


is zero only when x,=2x;=0 and then vanishes like 7, we see that 0t/dx. and 
07r/dx_ are at most infinite like a finite power of 7 as x.—0 or as x30. Let 
this power be m so that we have that 0¢/dx. and 07/dx2. are O(r-”) where 
m is some finite positive number. 

Now return to the first differential equation of (45) and note that in 
addition to the facts used in the discussion there made Ti, and Tis; are 
O(x2?x3") for arbitrary positive integers p, g. On integrating this equation 
and using the inequalities just established we obtain the result that 


exo] J (m+ oT | J “exp| J 


T 


T 


for an arbitrary positive integer r. 


1 
Oar, 
Or 0x3 
—) { 
Ox2 ot 
= 
ot 
| 
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Out of this discussion and the equation (58) follows immediately the fact 
that df/dx,=O(r") =O(x.x3*) where r, p and gq are arbitrary positive inte- 
gers. It is evident by induction, using the equations (40), (59) and (60), 
that corresponding statements are true for all the partial derivatives of 
f(%2, x3) with respect to x, and x; and hence that all these partial derivatives 
are zero for x, =0 or for x;=0. 

Although the function f(x2, x3) which we have just been discussing has 
been defined only for the quadrant of R for which x2 and x; are positive, it 
is readily seen that it can be defined in the other quadrants in a similar man- 
ner and will have the same properties with respect to these quadrants as 
it has with respect to the first one. When these four functions are joined along 
the axes they unite to form a function which is of class C” in a neighborhood 
of the origin, is analytic for x,70, x;~0, and is zero together with all its 
partial derivatives when x,=0or when x;=0. This completes the proof of 
Lemma 3. 


V. First NON-ANALYTIC NORMALIZATION 


Thus we have found two invariant surfaces other than x;=0. For pur- 
poses of notation let the equations of these invariant surfaces be 


= xP xP fi(x2,x%3) = F(x2, xs), 


Xe = xP xP gi(x1,%3) = 


(61) 


Reviewing the properties of F and G, we know that the function F(x2, xs) 
is of classC” in a neighborhood |, |xs | r7>0 of x2 =x; =0 and is analytic 
at any point (x2, x;) of this neighborhood for which x, 0, x30; the function 
G(x1, xs) is of class C* in a certain neighborhood, |x|, |xs|<r,, r,>0, of 
2%, =23;=0 and is analytic at a point (x, x3) of this neighborhood for which 
x, ~0, x30. Let ro be the smaller of r; and 7,. 

The aim of this section is to use these invariant surfaces in a transfor- 
mation which will transform the differential equations (30) into ones of the 
same form in which the Q:=Q.=0. Now the invariant surfaces (61) fail to 
be analytic along the axes and we wish to set up the equations of a transforma- 
tion which will carry these surfaces into codrdinate planes, and will be ana- 
lytic except possibly for those points which lie on these surfaces. To this 
end let us examine the transformation 


“1 = + Fl xe G(y1, 4s), ys], 
(62) x2 = yo — F(y2, ys), ys), 
= 


and confine our attention in the x; space to a region R, about the origin for 
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which |x;|<ro, and in the y,; space to a region R, about the origin for which 
ly;|<zo. Furthermore, let R, and Ry, be so chosen that the transformation 
(62) establishes a one-to-one correspondence between the points of R, and 
those of R,, which clearly can be done so that the origin (x1, x2, x3) = (0, 0, 0) 
is interior to R, and the origin (y:, ye, ys) =(0, 0, 0), which happens to 
correspond to the origin in the x; space, is interior to Ry. From the proper- 
ties of F(x2, x3) and of G(x, x3) it follows that when yi =0, x: =F (x, x3), and 
when y2=0, %2=G(x1, x3). Moreover, this transformation (62) is of class C® 
and can fail to be analytic only when yi =0, y.=0, or y; =0. 
On solving the equations (62) for x; we obtain 


(63) x1 = filyi,¥2, 93), = = Ya, 


where the functions f; are of class C” in R, and are analytic at any point 
of R, for which y,~0, y2#0, y;~0. Furthermore, in any one of the surfaces 
yi=0, y2=0, or y;=0, the functions f; are of class C” in the variables of the 
surface, analytic at any point which does not lie on either of the axes in the 
surface, and are analytic along either axis in the variable of the axis in a 
neighborhood of the origin. This statement is obvious for y;=0. For y,=0, 
x1=F (ye, ys) and x,=2. On account of the properties of the F(x2, x3) the 
statement is seen to be true when y,=0. In a similar manner it can be shown 
to be true when y.=0. 


Since the f; are of class C® in the R, we may formally expand these 
functions as power series in y; or as power series in y; and 2 together. Let 
these expansions be written as 


(64) 
= aioo(ys) + aino(ys)¥1 + aior(ys)y2 + 


i=1,2. We shall now prove 


Lemma 4. The ai;(y1, y2) of (64) are analytic in y:, y2 for |y2|<ro, 
and the c:;x(ys) are analytic in ys for \ys\<ro. 


Since F(x2, x3) and G(x, x3) each contains x? as a factor, it is seen that 
aio=%¥;, i=1, 2. We shall denote the partial derivative of F with respect 
to its first argument by Fi, and with respect to its second by F;. Further- 
more, when the arguments of F are ye, ys we shall write it merely as F, 
but when the arguments are x,—G(y1, ys), ys we shall write it as F*. Corre- 
sponding notations will be adopted for G and its partial derivatives. 

Now differentiate the first two equations of (62) partially with respect 
to y;. Hence 


= 
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Ox 
—(1 — F/G*) = F# + — — 
V3 


Ox2 

OYs 
Now for y;=0, F,G, and the right hand sides of the equations (65) are zero 
since F and G both contain x? as a factor. Hence 0x,/dy; and 0x2/dy3 are 
both zero for y;=0. 

Now recall the fact that F, as well as all its partial derivatives, is analytic 
in x2 for |x2|<ro, x:=0, and that G and its partial derivatives have corre- 
sponding properties. Hence any partial derivative of any order of F* or G* 
with respect to the arguments x.—G, y;, and x%,—F, ys, respectively, is 
analytic in y, and y:, respectively, for |y;|<ro, ys=0, since yi1=21 and 
for ys=0. The mth order partial derivatives of F;* and G;* with respect to 
ys are polynomials in the partial derivatives of x, and 2, with respect to ys 
up to and including those of the mth order. The coefficients in these poly- 
nomials are polynomials in F;*, G;*, and their partial derivatives with respect 
to their respective arguments. Hence, from the equations (65) we may 
determine seriatim all the partial derivatives of x, and x, with respect to 
ys at ys=0 as functions of y;, y2 which are analytic for |y:|, |ys|<ro. 6 

Now differentiate the first two equations of (62) partially with respect 
to y, and yz. We obtain on simplification 


(1 F#Gs) = G+ GitF# GiF 7G, 


Ox Oxe 
— 
Ox Ox Ox 


(66) 


Now when y:=72=0, %:=%,=0. Hence, by using an argument similar 
to that used in connection with the partial derivatives with respect to ys, 
it is seen that from (66) we may determine seriatim all the partial derivatives 
of x; and of x, with respect to y; and 2 at y1=y2=0 as functions of ys which 
are analytic for |ys|<ro. This completes the proof of the lemma. 

From the equations (65) and (66) we can now prove that all the partial 
derivatives of x, and x2, when 4, ye, or 3 is zero, are of class C® in the re- 
maining variables and are analytic in these variables provided neither is 
zero. We shall prove this only for the dx,/dy; for y: =0 because an induction 
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Ox Ox Ox Ox 
whence 
65 
| | 
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proof can be made for all the other derivatives except those of the first order 
and a proof can be given for them along the lines of that to follow. As we 
have already seen, if y,=0, then and ys). Hence the 
coefficient of 0x:/dy3 in the first equation of (65) is 1 for y,=0, and it is 
readily verified that the right hand member of this equation is of class C® 
in ye and ys, and is analytic in these variables for 20, 30. 

Now let us perform the transformation of variables defined by the equa- 
tions (62) or the equations (63). The differential equations (30) will be 
transformed into differential equations of the same form in y; since under the 
transformation (62) the x:=x,=0 axis and the x;=0 plane are invariant. 
From the definition of y,=0 it follows that when an integral curve has at 
any point y, =0, it has y, =0 for all its points in the neighborhood of the origin 
under consideration. A similar statement is true concerning 2. Hence the 
right hand members of the first two equations in our new system have 
and yz, respectively, as factors. Thus the new equations have the form 

= = yi(m + y3U1), 
dye 


= yo(me + y3U2), 


dys 
= y3(ms + yiUs + yoU 4), 
in which the U; are functions of the y; which are of class C® in a neighbor- 
hood of the origin and are analytic at any point of this neighborhood for 
which y;~0, 7 =1, 2, 3. Furthermore, the U; and all their partial derivatives 
have the property that in any one of the codrdinate planes y;=0, j =1, 2, 3, 
they are of class C® in a neighborhood of the origin, analytic at any point 
of this neighborhood which does not lie on the codrdinate axes of this plane, 
and analytic along any one of these coérdinate axes in the variable of the 
axis in a neighborhood of the origin. All these statements follow at once from 
the properties of the transformation (63), because on differentiating the 
equations of (63) we obtain 
_ ah dn, ai hi ay 
dt dy, dt dys dt 
_ Of2 dy: Of2 dys 


Ofs dy:  Ofs  Ofs dys 
—-— + — = + + 
dt dy, dt dt dys dt 


= + xsP1) + x2 x#Qi, 


| 
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Now replace the x; in these equations by the functions of y; as given in (63). 
Since all the functions of y; which now appear in these equations (68) as 
well as all their partial derivatives have the same properties of continuity 
and of analyticity that the f; themselves have, we see at once that our state- 
ment concerning the U; and their partial derivatives is true. 


VI. SECOND NON-ANALYTIC NORMALIZATION 


The aim of this section is to reduce the system of differential equations 
(67) to an equivalent system of the same form for which the formal series 
for the ¢; will consist in the linear terms only. To this end we shall first 
prove 


Lemma 5. Consider the formal series 
Omnp 
m'\n!p! 
(69) = + 41, %2)%3 + ap(%1,%2) +--- 
in which the only linear term is x, every other term contains %1X3 or X2%3 as @ 
factor, a, are analytic in x, x2 for |r |, |e | <r, r>0, and amn are analytic 
in x3 for |-xs | <r. Into the series (69) substitute the formal series 
+ Bimn(%s) +--: i= 1,2, 
in which the only linear term in the ith series is y;, every other term contains 
OF as a factor, the Bip are analytic in y2 for \y2|<r and 
Bimn are analytic in xs for |\xs|<r, and arrange the resulting series as 
= Yoo(%s) + + Y¥mn(%s) 


Then ; are analytic in y:, y2 for \y:|, |y2|<r and Ymn are analytic in xs 
for |xs| <r. 


The truth of this lemma is almost obvious. From the properties of the 
series (69) and (70) it follows at once that yo=¥y; and that yoo=0. It readily 
follows that 71=Bu(y1, y2)-+eu(y1, which is obviously analytic for |y,|, 
lve |<r. Seriatim, we may prove that all the 7, are analytic for ly |, lye | <r, 
and in a similar manner we may prove that all the y,, are analytic for 
| <r. 

Now consider the effect of the transformation (62) on the formal series 
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¢;. From Lemmas 4 and 5 it follows that the series ¢; when expanded in 
powers of y; have the property that when they are arranged as power series 
in ys; the coefficients are analytic in y, and ys for |y:|, |y2|<ro, and when 
arranged as power series in y, and y the coefficients are analytic in ys; for 
lys|<ro. But these series in y; obtained by substituting the series of (64) 
for the x; in the series for the ¢; are the same as the formal series solutions 
of the partial differential equations 


09; 
—yilm, + ysU1) + —vyo(me + ysU2) 


(72) 


09: 
+ + + y2Us) = midi 


since the equations (72) are the transforms of the equations (31) under the 
transformation (62). From the form of the equations (72) it follows that the 
formal series for ¢; has y; as a factor for i=1, 2, 3, respectively. Hence 
we may write 

m'\n'\p! 

in which the series within the brackets have the same properties relative to 
the convergence of sets of terms as the series for the ¢; themselves have. 
Furthermore, the series for gi and ¢2 reduce to y; and 2, respectively, when 
y3=0, and the series for ¢; reduces to ys; when yi:=y2=0. This follows im- 
mediately from the form of the partial differential equations (72). 

Now “fit” the series within the parentheses appearing in the equations 
(73) by means of three functions F;(y:, yz, ys) in the manner described in 
Lemma 2, leaving the constant terms as they are. Hence we have the trans- 
formation 
(74) yi(l + Fi(y1, ¥s)) (i = 1,2,3), 
defined in which the F; have the properties relative to the ¢; which are pecul- 
iar to their mode of definition. 

We wish now to determine the type of the system of differential equations 
which the 2; satisfy when the y; in the equations (74) are replaced by an arbi- 
trary solution y,(#) of the differential equations (67). On account of the pro- 
perties of the power series ¢; which were mentioned in a preceding para- 
graph, we see that the transformation (74) has the property that if y: =y2=0, 
then 2:;=2.=0 and and if y;=0, then z3=0, 2:=y: and Hence 
the form of the differential equations which the 2z; satisfy is the same as the 
form ‘of the differential equations which the y; satisfy, since also y;=0 
implies that z;=0 for 7=1, 2, 3. 
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On remembering that 


dz; 02; 02; 02; 
yilm, + + — yo(me + y3U2) + —y3(ms + yiUs3 + Ye U,), 
Oye 


dt 
and on recalling the definition of the z; we see that 


R (é = 1,2,3) 
MZ; = Ki += 1,2, 
dt 


where the R; are functions of the y; which have the same properties as have 
the F; in a neighborhood of the origin and are zero together with all their 
partial derivatives for y:=y.=0 or for ys=0. From these properties of the 
R, and those of the transformation (74) it follows that the functions R; and 
all their partial derivatives with respect to the z; are zero when 2: =2,=0 or 
when 2;=0. 

From this argument follows 


Lemma 6. Under the transformation (74) the system of differential equations 
(67) is equivalent to a system of the type 


dz; 
— = 2;(m, + 2371), 
dt 


dz 
= Z2(m2 + 2372), 


dzz3 
= + 2173 + 2274), 


where T; are functions of z;, are of Class C® in a neighborhood of 2, =2.=2;=0, 
are analytic for 2:~0, 22.40, 2340, are analytic together with all their partial 
derivatives in 2;, 2; for 2,.=0, iA], ixk, 7k, and are zero together with all their 
partial derivatives when =2,=0 or when z,=0. 


It may be noted here and will be found of use in a later section that the 
properties of the 7; imply that each is O[(z? +22)?2z;*] for any positive 
integers q. 


VII. FINAL REDUCTION 


In this section we shall make the final reduction, i.e., we shall find a trans- 
formation which will reduce the equations (75) to the form (8). The finding 
of such a transformation will be effected when a certain set of three functions 
is determined. Since all three of these functions can be determined in exactly 
the same way, we shall limit ourselves to the determination of the first. 
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In fact we shall prove the following lemma by showing only how to obtain 
the first of the functions g;: 


Lemma 7. There exists a transformation of the type 
= 22,23) (i = 1,2,3), 


where the functions g;(z:, %, 23) are of class C® in a neighborhood of the origin 
and are analytic for 2:40, 20, 230, under which the differential equations 
(75) are equivalent to the differential equations 
(i = 1,2,3) 
— = m2; = 
Furthermore, under this transformation the plane z;=0 corresponds to the plane 
z;*=0 for i=1, 2, 3. 


The discussion will be relative to a closed region S of the z; space which 
contains the origin as an interior point and in which 2? +2? <1,2? <1,m,+237T1 
and m2+2372 are greater than zero and m3;+273+27, is less than zero. It 
will be further assumed that S is composed only of points which lie on integral 
curves of the differential equations of the system (75) which intersect the cone 


(76) + 2? — 2% = 0. 


It is readily seen that this hypothesis concerning S is compatible with the 
others, since, according to the others, the slopes dz;/dz; and dz./dz; of any 
integral curve in S are zero or infinite only for those integral curves lying 
in the z;=0 plane or in the z:=z.=0 axis. This implies that the integral 
curves of the differential equations (75) passing through an arbitrary point 
in a sufficiently small neighborhood of the origin will intersect the cone (76) 
in S. On account of the signs of the left hand members of the equations 
(75) in S, it is seen that every integral curve in S with the exception of those 
lying in the z;=0 plane or in the z; =z, =0 axis intersects the cone in only one 
point. It will be found convenient to define So as S with the plane z;=0 and 
the axis 2; = 2, =0 removed. 
If we write the equations of the cone (76) in the parametric form 


(77) Zi=71, 2 =T2, 23 = + + 
and choose these equations as the equations giving the initial values of the 
z; when ¢=0, we see that the points in So are placed in a one-to-one corre- 


spondence with the points in the corresponding 7, tz, ¢ space by means of 
the equations of the integral curves of the differential equations (75), 


(78) a= 2:(71,72,¢) (i 1,2,3), 
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where the functions z; are of class C® in their arguments for (2:, 22, 23) in So, 
and are analytic if 
Let us introduce the following notation relative to the region S: 


M; = max (m, 2371), = max (m2 2372), M; = max (ms + ails + Z27's), 
(79) 
N, = min (m, + 237:), No = min (mz + 2372), Ns = min (ms + 21:73 + 2274). 


Let M, be the larger of M; and Mz, and let No be the smaller of N,; and Nz. 
For this region we wish to find how the ¢ of any point of So varies with 
the r? +7? of this point. From the first two equations of (75) it follows that 
+22) (mi + 2371) + 229° (me + 
+ 27 ae + 


Hence 


t 2 2 T 2 T 
log (22 + 23) — log (r? + 72) = f ae (my + 2371) + 229? (ms + 2372) ” 
0 ay + 2% 


Since z? +2, is less than 1 in S, log(z:* +2,7) is negative. Consider that portion 
of So which corresponds to 20. For this portion 2+2/ is greater than 
+72. Hence t< —[log(r?-+72)] [1/(2No)] since No is less than the in- 
tegrand of the integral in the above equation. 

By means of a similar argument with respect to the third equation of 
(75) for we can show that — [log(r2+7)] [1/(2Ns)]. If we let V 
be the smaller of 2N, and |2N;| we see that 


(80) |¢| — [log + 7#)][1/N], 


where (71, 72, ¢) corresponds to the point (21, 22, 23) in So. 
Now the first equation of (75) is transformed into one of the same form 
by any transformation of the type 


(81) = 21£1(21,22,23) , = 22, = 23, 


where g;(0, 0, 0) is 1. This follows from the fact that this transformation 
leaves the z;=0 plane invariant. Thus we wish to determine the func- 
tion g:i(z1, 2, 23) so that the corresponding 2;* will satisfy the equation 


(82) dz*/dt = 


when the z; in the equations (81) are replaced by an arbitrary solution 2,(é) 
of (75). 

On differentiating the first equation of (81) with respect to ¢ and using 
the fact that we wish z** to satisfy the equation (82), we obtain 
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dz if dz 1 dg 1 


= — = 2 
whence 
d log gi 
= — 237). 
dt 341 


If we set fi:=log gi, it is evident that, if we can find a function fi: =f;(21, 22, 2s) 
of class C” such that 


(83) 


along every integral curve of (75) and such that f,(0, 0, 0) is zero, we have 
solved our problem because in the same way in which we found f, we can find 
functions f. and fs corresponding to 2, and 23, respectively, in the same way 
that f; corresponds to 2}. 

Now determine the solution 


fi = 72,1) 


of the differential equation (83) which corresponds to the solution (78) of 
(75) and which has the initial value f,=0 for =0. On account of the fact 
that the right hand members of the differential equations (75) and (83) are 
of class C® in their arguments and are analytic if 2;~0, i=1, 2, 3, the func- 
tion , of (84) is evidently of class C® in its arguments for 7? +7? +0 and 
analytic for 7,0, 72~0. Since by means of the equations (78) we can 
express 71, Tz and ¢ as single-valued functions of 2; of class C® for (21, 22, 23) 
in So which will be analytic if 2;~0,i=1, 2, 3, we see that we may write the 
equation (84) as f:=f1(z1, 22, 23) where the function f;(2:, 22, z3) will be defined 
only for (21, 22, 23) in So, and will be of class C® in its arguments for this region, 
analytic if z;~0,i=1, 2,3. We need now only to investigate how this func- 
tion behaves as 230 or as (21, 22)—>(0, 0). We shall prove that it and all its 
partial derivatives have limits zero as z;—0 or as (z:, 2.)—>(0, 0) and hence can 
be so defined that they are of class C® for (21, 22, 23) in a certain neighborhood 
of (0, 0, 0). 

Let us first observe that, on account of the similarity of the situation here 
to that in Section IV, it can be readily shown that proving a function 
23) to be O[(2? +27 is equivalent to proving it O[(r?+7#)*] 
where #, g and 7 are arbitrary positive integers. 

Now we are in a position to discuss the behavior of f;(z:, 22, 23). It follows 
from the equation (83) and from the inequality (80) that 


(84) 
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fil = O[(a? + 22) Jdt| < | + - | log +722) | -1/N 


for an arbitrary positive integer 7, since T,=O[(z2 +2)?232¢] for arbitrary 
positive integers p, g. Hence fi(z, 2, 23) =O[(z? +27)?2,2¢] for arbitrary 
positive integers p, q. 

By the method used in Section IV for the function f(x, x3) it can be 
shown that every partial derivative of fi(z:, 2, 25) is also O[(z? +22)?234] 
for arbitrary positive integers p, g, since all the partial derivatives 02;/7,, 
etc., are at most infinite like a finite power of (7? -+7?)-. 
Hence the function fi(z:, 22, 23) is of class C* in a neighborhood of the origin 
and therefore, on account of its definition, the function g,(2:, 22, 23) of (81) has 
the same property. Since the analytic properties of the f; also imply that the 
gi has corresponding analytic properties, and since the other functions g, 
and g; can be determined in the same way in which the g; has been determined 
and will have corresponding properties of continuity and of analyticity, we 
see that the proof of Lemma 7 is complete. 

We may summarize the discussion of this and the preceding sections in 
the concluding 

THEOREM 2. There exists a transformation of the type 
(85) = xi(2i", 22", 23") (4 = 1,2,3), 


where the functions x;(zi*, 2x, 23°) are of class C* in |some neighborhood 
(2*, =(0,0,0) and are analytic for zi* <0, #0, zi ~0, under which the 
differential equations (7) are equivalent to the differential equations 


(i 1,2,3), 


in a certain neighborhood of the origin, which point remains invariant under the 
transformation. Furthermore, when the equations (85) are solved for the z* as 
functions of the x; and are expanded as formal power series in the x;, if the 
equations (7) have the form (12) the formal power series for z* will formally 
satisfy the partial differential equation (13), and the formal power series for 
zi and z* will formally satisfy the analogues of (13) in $2 and $3. 
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— = mat 
dt 


CUT POINTS OF CONNECTED SETS AND OF 
CONTINUA* 


BY 
G. T. WHYBURN 


1. Introduction. In this paper it will be shown, among other things, 
that the set G of all the cut points of any continuum M in a locally compact, 
metric, and separable space is a Gy., i.e., the sum of a countable number of 
G; sets.t From this result, with the aid of a well known theorem of W. H. 
Young’s, it follows that if the set G is uncountable it must contain a perfect 
set.{ Thus the set of all cut points of any continuum is either vacuous, 
finite, countable, or of the power of the continuum. 

The customary notation and terminology of point set theory will be 
employed. For example, ¥ = X+ X’, where X’ is the set of all limit points ( 
of the set X; K cH means that K is a subset of H or that H contains K; ; 
K-H denotes the set of points common to K and H; p(X, Y) denotes 
the distance from X to Y when X and F are points, and denotes the mini- i 
mum distance between X and Y when X and Y or either contains more than 
one point, ie. the greatest lower bound of the aggregate of numbers 
[p(x,y) ], where x and y are points of X and F respectively; and 6(M) denotes 
the diameter of the set M, i.e., the least upper bound of the aggregate 
[o(x,y) ], where x and y are two points of M. In addition, if X is a cutting of 
a connected set M, unless otherwise stated, the equation M—X =M,(X)+ 
M,(X) is to be interpreted as meaning that M—X is the sum of the two 
mutually separated sets M,(X) and M,(X) containing the sets A and B 
respectively. When this equation is true, X is said to separate A and B 
in M. 

All point sets considered are assumed to lie in a locally compact, metric, 
and separable space. 

2. Cut points and regular points. We prove the following theorem: f 


* Presented to the Society, December 27, 1928. Received by the editor of the Bulletin in De- 
cember, 1928, accepted for publication in the Bulletin, and subsequently transferred to the Trans- 
actions. 

t It has been shown by C. Zarankiewicz that the set of all cut points of any continuous curve 
is an F, but that this is not true of continua in general; see Sur les points de division dans les ensembles 
connexes, Fundamenta Mathematicae, vol. 9 (1927), pp. 124-171; see pp. 163, 164. 

t According to results due to F. Bernstein (Leipziger Berichte, vol. 60 (1908), p. 325), there 
exist uncountable sets, even uncountable linear sets, which contain no perfect set. The theorems in 
this paper show, however, that such a set cannot be the set of cut points of any continuum. 
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THEOREM 1. If A and B are any two mutually exclusive closed subsets of 
a connected set M and K is the set of all those points of M which separate A 
and B in M, then K+A+B contains every point P of K which is a regular 
point* of M+P. 


Let P be any limit point of K which is not in A+B and which is a regular 
point of M+ P. As shown in my paper Concerning connected and regular 
point setst either there exists a sequence X1,X2,X3, - - - of points of K having 
P as its sequential limit point and such that, for every positive integer 7, 


M — X;= M (Xi) + c M.(Xi), and =x, c M (Xi), 


n=l nmi+1 


or such a sequence exists such that, for each 2, 


i-1 eo 

> xX, ¢ and X, 

n=l n=i+1 
The two cases are alike so we shall consider only the former. Let E= 
>M.(X,), and lett F=M—E. Then F=II M,(X,), ie. F is identically 
the set of points common to all the sets [M,(X,)]. Thus no point of Eis a 
limit point of F, because each point of E belongs to a set M.(X;), and 
FcM,(X;) for every k. I shall now show that no point of F except pos- 
sibly P (in case P belongs to M) is a limit point of E. Suppose, on the con- 
trary, that such a limit point Q of E does exist. Let ¢ be a positive number 
which is<p(P, Q+A+B). Since P is a regular point of M+P, there exists 
a finite subset U of M which e-separates P in M+P, ie., (M+P)—U= 
M,+Mo, where M, and M, are separated, M,>P, and 6(M,)<e. Nowt 
M,+U is the sum of a finite number of mutually separated connected point 


* The point P of a connected point set M is called a Menger regular point of M, or simply a 
regular point of M, if for each e>0, P can be e-separated in M by some finite subset U of M, i.e., a 
finite subset U of M exists such that M—U=M,(U)+M(U), where M,(U) and M(U) are mutually 
separated, M,(U)> P, and 6[M,(U)]<e. If the eseparating set U can, for every «>0, be chosen of 
power <n but cannot, for every e, be chosen of power <n, then P is a point of order m of M. See 
K. Menger, Grundziige einer Theorie der Kurven, Mathematische Annalen, vol. 95 (1925), pp. 277- 
306, and P. Urysohn, Sur la ramification des lignes Cantoriennes, Comptes Rendus, vol. 175 (1922), 
p. 481. 

¢ Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 685-689, see proof of 
Theorem 1. The proof here given is somewhat similar to the one just referred to. R. L. Wilder has 
recently published some interesting extensions of Theorem 1 in my paper here cited; see R. L. Wilder, 
On connected and regular point sets, Bulletin of the American Mathematical Society, vol. 34 (1928), 
pp. 649-655. 

¢ See Knaster and Kuratowski, Remark on a theorem of R. L. Moore, Proceedings of the National 
Academy of Sciences, vol. 13 (1927), pp. 647-649; see also an abstract of mine in the Bulletin of the 
American Mathematical Society, vol. 33 (1927), p. 388. 
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sets E,, Ex, E;,---, En. One of these, say E;, contains Q, and Q is not a 
limit point of M—E,. But there exists an integer m such that for every in- 
teger j>m, X;c¢M,. And since M,(X;), E.>Q, and E,-X;=0, then 
E,¢ M,(X;) for every Hence Q is not a limit point of 
because this set of points is a subset of M—E,. But clearly Q is not a limit 
point of M.(X;), because Q¢ Fe M,(X;) for every 7. Therefore Q 
is not a limit point of Z, contrary to supposition. Thus no point of F 
except possibly P can be a limit point of EZ. 

Now P must belong to F, for if not, then Z and F are mutually separated; 
and since E+F=M, this contradicts the fact that M is connected. Hence 
P cF; and since E and F—P are mutually separated and contain A and B 
respectively, and E+(F—P)=M-—P, therefore P separates A and B in 
M and hence belongs to K. 


Coroxiary 1a. If M is a continuum, then every point of K which is not 
in K+A+B is a non-regular point of M. 


Theorem 1 does not hold true, even in case M is a continuum, when we 
substitute the words “point of connectivity im kleinen” for the words “regu- 
lar point.” For let J be the interval (0,2) of the X-axis; let A and B be the 
end points of J; let L be the straight line interval from (1,0) to (1,1); let P 
be the point (1,0); for each positive or negative integer , let L, be the straight 
line interval from (1+1/(2m),0) to (1+1/(2m),1); and let M be the con- 
tinuum J+L+)°L,. Then the set K of points of M which separate A and 
B in M is identical with the set ]—(A+B+P); and P is a limit point of K 
and is a point of connectivity im kleinen of M; but P does not belong to K. 


THEOREM 2. Let N be any closed subset of a connected point set M, and let 
K be the set of all points of M which separate* N in M. Then K+-N contains 
every point P of K which is a regular point of M+P. 


Let P be any point of K which is not in N and which is a regular point 
of M+P, let € be a positive number which is<p(P,N), and let U be a finite 
subset of M which e-separates P in M+P. Then M—U=M,+M.,, where 
M, and M, are separated and contain P and N respectively. Now M, con- 
tains an infinite sequence X;, X2, X3, - - - of points of K having P for its 
sequential limit point. For each i, M—X,;=M,(X,)+M2(X;), where 
M,(X;,) and M,(X;) are separated andN -M,(X;)#0#N -M,(X;). Nowsincet 
M,+U is the sum of a finite number of connected point sets, it follows 
that there exist two point sets K, and K, and an infinite subsequence 

* The point P of a connected set M is said to separate a given subset WV of M in M if M—P is 
separated between some two points of N, i.e., M—P is the sum of two mutually separated sets M, and 


Mz, where N -M,+~0N - Mz; see R. L. Wilder, loc. cit. 
Tt See the reference to Knaster and Kuratowski above. 
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Xn, Xn, °° Of the sequence [X,] such that K.+K,=M,+U and such 
that, for every i, K,cM,(X,;) and K,cM2(X,,). Hence if A=N- K, 
and B=N - K,, then A and B are mutually exclusive, closed, and non- 
vacuous subsets of M, and every point of }}X,, separates A and B in M. 
Then since P is a limit point of }-X,, and is a regular point of M+P, it fol- 
lows by Theorem 1 that P belongs to M and separates A and B in M. 
Therefore P separates N in M and hence belongs to K. This completes the 
proof. 


THEOREM 3. Let A and B be any two mutually exclusive closed subsets 
of a continuum M, and let K be the set of all those points of M which separate 
A and Bin M. Then K+A+B contains every point P of K having the prop- 
erty that every subcontinuum of M containing P contains at least two points 
at which M is connected im kleinen. 


Let P be a point of K not in A+B which has the property mentioned 
in this theorem. Let the points and point sets Xi, X2, X3,---, £, and F 
be selected and defined exactly as in the proof of Theorem 1. Then, just as 
in that proof, no point of £ is a limit point of F. Likewise no point of F—P 
can be limit point of Z. For suppose some point Q of F—P is a limit point 
of EZ. Let R be a compact neighborhood of P such that R does not contain 
Q. Then since for no i can Q be a limit point of M,(X,), it readily follows 
that if, for each i, J(X;,X;,1) denotes the set of points M,(X,) - Ma(Xins)+ 
X;+Xi4:, then both Q and P belong to the sequential limiting set L of the 
sequence of continua* [J(X;,Xi,:)]._ Now with the aid of a theorem of 
Janiszewski’st and a theorem of Lubben’s,t it follows that L-R contains a 
continuum H containing P and at least one point of the boundary of R. 
Since for each i, L-M,(X;) =0, clearly He F. Now by hypothesis, H con- 
tains a point C, distinct from P, at which M is connected im kleinen. Since 
C belongs to L, it follows that there exists an integer k and a point D of 
I(X%,Xi41) which can be joined to C by a subcontinuum J of M which 
does not contain P. There exists an integer 7 > such that X; does not be- 
long to J. But then C belongs to M,(X;) (for Ce F¢ M,(X,), for every i), 
D belongs to M,(X,), and J is a connected subset of M.(X;)+M,(X;) con- 
taining both C and D. Clearly this is impossible, because M .(X ;) and M,(X;) 

* See my paper Concerning the cut points of continua, these Transactions, vol. 30 (1928), pp. 597- 
609, Theorem 1. 

t Z. Janiszewski, Sur les continus irréductibles entre deux points, Journal de l’Ecole Polytechnique, 
(2), vol. 16 (1912), p. 109. 


t R. G. Lubben, Concerning limiting sets in abstract spaces, these Transactions, vol. 30 (1928), 
pp. 668-685; see Theorems 11 and 12. 
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are mutually separated. Thus the supposition that F-—P contains a limit 
point of E leads to a contradiction. Hence E and F—P are mutually sep- 
parated; and since E> A, F—P > B, and E+(F—P)=M -P, it follows that 
P separates A and B in M and hence belongs to K. 

3. Cardinal number and Borel classification of the set of cut points. 
We shall prove the following theorem: 


THEOREM 4. Let A and B be any two points, or, indeed, any two closed 
mutually exclusive subsets, of a continuum M, and let K be the set of all points 
of M which separate A and Bin M. Then K is the sum of a G; set* and a count- 
ble set. 


Let E be the set of all those points of M which can, for each e>0, be 
e-separated in M by some two points of K,i.e., the set of all points of M of 
order < 2 relative to K. It follows readily with the aid of a theorem of 
Menger’s{ that if E exists it is a G; set. And since A+B is closed, H=E— 
E-(A+B) is a G; set. Now since every point of £ is a limit point of K and 
is a regular point of M, then by Theorem 1, K+A+B>£. Hence HcK. 
And by a theorem of the author’s,t K—H is countable. This completes the 
proof. 


Corotiary§ 4a. If K is uncountable, it contains a perfect set. 


THEOREM 5. The set G of all the cut points of any continuum M is a Giz, 
1.e., the sum of a countable number of G; sets. 


Since our space is metric and separable, M itself is|| separable and hence 
contains a countable set D such that M=D. Let H be the collection of all 
possible pairs of points of D, and for each pair (A,B) of points in H, let Kas 
be the set of all points of M which separate A and Bin M. By Theorem 4, 
K.»=a G; set + a countable set, for every pair (A,B) in H. Then since H 
is countable, it follows that }°” Kas is a Gs. Now if X is any point of 
G, M—X=M,+M2, where M; and M; are mutually separated. And if P; 
and P; are points of M; and Mz, respectively, then since P,-M/ =O0=P;-My, 


* AG; set is a point set which is the common part of some family of open sets. 

Tt See K. Menger, loc. cit., Theorem 3. 

t See Concerning the cut points of continua, loc. cit., Theorem 7; see also my paper Concernine 
collections of cuttings of connected point sets, Bulletin of the American Mathematical Society, vol. < » 
(1929), pp. 87-104, Theorem 12. 

§ This corollary follows from Theorem 4 and Young’s theorem that every Gs set containing a 
subset which is dense in itself contains a perfect set; see W. H. Young, Leipziger Berichte, vol. 55 
(1903), p. 287. 

|| See W. Gross, Zur Theorie der Mengen, in denen ein Distanzbegriff definiert ist, Wiener Sitzungs- 
berichte, vol. 123 (1924), pp. 801-819. 
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and P,+P, ¢ D, then Dis a subset of neither M,+X nor Mz+X. Hence there 
exist points A and B of D in M, and M2 respectively. Therefore X separates 
A and B in M and hence belongs to Kas and to ))Kas. Thus G=)>Kas, 
and hence G is a Gig. 


Coro.iary* 5a. If G is uncountable, it contains a perfect set. 


We note here the following fact which, in a certain sense, is a converse 
proposition to Theorem 4: 


If K is any set which lies within the linear interval I(A, B) and is the 
sum of a G, set and a countable set, then there exists a continuum M such that 
K is identically the set of all those points of M separating A and B in M. 


We note also the fact that the set of all the cut points of a continuum 
is not necessarily the sum of a G; set and a countable set. Indeed, the set 
of all cut points of the universal acyclic continuous curve of Wazewski is not 
the sum of a Gy, set and a countable set. 


4. Concluding remarks. Theorem 5 and Corollary 5a are propositions 
concerning the set G of all the cut points of a continuum M. We may obtain 
the same conclusions for the set H of all the local separating points} of a con- 
tinuum M. We state the following propositions concerning the local separa- 
ting points of continua. 


(i) Every continuum M contains a countable collection [M;] (¢=1,2,3, 

- + +) of compact subcontinua such that if H is the set of all local separating 

points of M and, for each i, G; is the set of all cut points of M;, then (1) 

> G,¢ A, (2) H—SG; is countable, and (3) for each i, M;-(M—M,) con- 
tains exactly two points. 


(ii) The set H of all the local separating points of any continuum M is 
a G;,; and if H is uncountable, it contains a perfect set. 


(iii) Every continuous curve M contains a countable collection [Mj], 
(t=1,2,3, - - - ) of compact continuous curves such that if H is the set of all 


* This corollary can be deduced from Theorem 5 using Young’s theorem (loc. cit.), or it follows 
also from Corollary 4a and the author’s theorem (see Concerning the cut points of continua, loc. cit., 
Theorem 3) that if G is any uncountable set of cut points of M, then some two points A and B of G 
are separated in M by uncountably many points of G. 

t The point P of a continuum M is a local separating point of M if there exists a compact 
neighborhood R of P such that M-R—P is separated between some two points of the component of 
M -R which contains P; see my paper Local separating points of continua, in Monatshefte fiir Mathe- 
matik und Physik, vol. 35, No. 2. 
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local separating points of M and, for each i, G; is the set of all cut points of 
M;, then 


Result (i) is readily deduced from the theorems in my paper Local 
separating points of continua (loc. cit.)—in particular from the result that all 
save possibly a countable number of the local separating points of any 
continuum M are points of order two of M. Result (ii) follows immediately 
from (i) and Theorem 5 and Corollary 5a above. Result (iii) was established 
incidentally by the author in proving the theorem* that the set H of all the 
local separating points of any continuous curve is an F,. 

It has been shown by the author that all save possibly a countable num- 
ber of the cut points of any continuum M are points of order two of M. That 
this theorem does not hold true for connected sets M, even in case M is ir- 
reducibly connected between some two of its points, is shown in the example 
given by Vietorist of a totally discontinuous function y=w(x) which has a 
connected graph. That this theorem does not hold true even for connected 
and connected im kleinen sets M is shown by the following example. Let K 
be a non-dense perfect set on the interval (0,1) of the X-axis not containing 
the end points A and B of J. Let S,,S2,S3, - - - be the complementary seg- 
ments of K in J. For each i, let E; be an ellipse with minor axis S; and with 
major axis two units in length. Let M=I+)"{E;. Then M is connected 
and connected im kleinen, and every point of K separates A and B in M; 
but clearly no point of K is a regular point of M. 

Recently I have made a study of the structure of connected and con- 
nected im kleinen point sets and, among other results, have found the 
following theorem: 


In a connected and connected im kleinen point set M, every connected 
set of cut points is arcwise connected.§ 


* See my paper Concerning points of continuous curves defined by certain im kleinen properties 
Mathematische Annalen, vol. 102 (1929), pp. 133-336. 

t See Concerning the cut points of continua, loc. cit., Theorem 7. 

tL. Vietoris, Stetige Mengen, Monatshefte fiir Mathematik und Physik, vol. 31 (1921), p. 202; 
see also Knaster and Kuratowski, Sur quelques propriétés topologiques des fonctions dérivées, Rendi- 
conti del Circolo Matematico di Palermo, vol. 49 (1925). 

§ For special cases of this theorem, see an abstract by C. M. Cleveland in the Bulletin of the 
American Mathematical Society, vol. 32 (1926), p. 420, where the theorem is stated for plane con- 
tinuous curves M, and my paper Concerning the structure of a continuous curve, American Journal of 
Mathematics, vol. 50 (1928), pp. 167-194, Theorem 8, where the theorem, in more general form, is 
proved for continuous curves M in n-dimensional space. 


| 
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It is of interest in this connection to note the theorem, easily deducible 
from the work of F. Frankl*, that Every connected point set M each point of 
which is of order < 2 of M is arcwise connected. 


* See Ueber die zu hiingenden Mengen von hichstens zweiter Ordnung, Fundamenta Mathe- 
maticae, vol. 11 (1927), pp. 96-104. 
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The product of two functions of the type 
(1) ai(x)ar(y) + + an(x)an(y) 


is a function of similar type. There arises thus the problem of determining 
all representations of any function (1) as a product of functions (1). The 
_ present paper throws some light upon this problem, without coming near to 
a complete solution of it. 

We shall limit ourselves to functions with analytic a’s and a’s. 

We write each function (1) in such a way that the number of terms, n, 
in it is a minimum. This is accomplished by getting rid of any linear de- 
pendence which may exist among the a’s and among the a’s. When the 
expression (1) for a function has a minimum number of terms, we say that 
the function is in reduced form. The expression in reduced form is unique to 
within linear transformations upon the a’s and a’s. 

Our first result states that if A = BC, where 


A = B= C = 
t=1 


with A, B, C in reduced form, then every b,c; is an algebraic combination of 
the a’s; that is, every b,c; satisfies an algebraic equation whose coefficients 
are polynomials in the a’s with constant coefficients. Similarly, every 617; is 
algebraic in the a’s. 

It follows immediately that the ratio of any two b’s, or of any two c’s, 
is algebraic in the a’s. If, for instance, 6; =1, a situation which can be brought 
about by multiplying B, and dividing C, by a function of x, then every 
and every c will be algebraic in the a’s. In short, in factoring a function (1) 
into similar functions, no new transcendencies are introduced. 

It is a consequence of the above result that if a function has only one 
term, it cannot be the product of two functions, either of which, in reduced 
form, has more than one term. 

* Presented to the Society, October 26, 1929; received by the editors November 8, 1929. 


t I have learned, in conversation with Professor Blichfeldt, that he also had thought of this 
question, and, in fact, quite a number of years ago. 
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The algebraic dependence theorem reduces the general factorization 
problem to a problem in algebraic functions of several variables. It becomes 
a question of determining all representations of a function 


n 
t=1 


where each a and each a is algebraic in all of its variables, as a product of 
functions of similar type. 

In Section II, the existence of irreducible functions is proved. It is 
shown that 


1+ xy + o(x)¥(y), 


where ¢ and y are transcendental, cannot be the product of two functions of 
type (1), each of which, in reduced form, contains more than one term. 


I. ALGEBRAIC DEPENDENCE 


1. Reduced form. It is plain that if the a’s or a’s in (1) are not linearly 
independent, we can write the function (1) with fewer than m terms. We 
shall prove that when the a’s and a’s aré linearly independent, then m is a 
minimum. 

The linear independence of the a’s and a’s being understood, suppose 
that (1) has another expression, 


(2) bi(x)Bi(y) + bm(x)Bm(y). 


We equate (1) and (2) and differentiate the resulting relation n—1 times 
with respect to y. Let yo be a point at which the wronskian of the a’s does 
not vanish. Putting y=vpo in the m relations secured above, we solve for the 
a’s. We find each a expressed as a linear combination of the b’s with constant 
coefficients. Hence we cannot have m<n, else the a’s would be linearly 
dependent. Thus ” is a minimum. We see also that, if we have two expres- 
sions of (1) in reduced form, the a’s and a’s in either expression are linear 
combinations of those in the other. 
2. Algebraic dependence. We shall prove the following theorem: 


THEOREM I. Let 
A= @;(x)ay(y) + + An(x)an(y), 


with all a’s analytic in some circle |\x—{|<p and all b’s analytic in some 
circle |y—n|<o. Let A=BC, where 


B = by(x)Bi(y) + - + C = aa(x)yi(y) + + 
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with b’s and c’s all analytic in some area in lx— ¢| <p and B’s and y’s all 
analytic in some area in |y—n|<o. It is understood that A, B, C are in re- 
duced form. Then every b,c; is algebraic in the a’s, and every Byy; is algebraic 
in the a’s. 


That is, for every b,c;, there exists, identically in x, a relation 
Prbfc? +---+ Pibc; + Po = 0, 


where the P’s are polynomials in the a’s with constant coefficients, not all 
P’s being identically zero. A similar relation holds for every 6,7;. 

We shall prove that part of our statement which refers to the a’s, b’s 
and c’s. The functions of y are treated similarly. 

The product of B by C is of the form 


(3) Bey; 
Let 
(4) Bip Vip 


be linearly independent, and such that every §,7; is a linear combination of 
them with constant coefficients. Then 


(5) BC = SiBi,vi, + + 


where each S is a linear combination of the functions ),c;, with constant 
coefficients. 

The S’s may be linearly dependent. Suppose, changing subscripts, if 
necessary, that 


are linearly independent, and that every other S; is a linear combination 
of them with constant coefficients. If g</, let, for i>q, 


(6) Si = + 


with constant w’s. We have 
(7) BC = Sid, +--+: +S, 2q, 


where each = is a linear combination of the functions in (4). The 2’s are 
linearly independent, for, as each 2, involves 8;,7;,, but no other 6;,7;, with 
k<q, a linear dependence among the 2’s would imply one among the func- 
tions of (4). 

Thus g=n, and (7) is a representation of A=BC in reduced form. We 
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execute linear transformations upon the a’s and a’s in A, in such a way as to 
have, for the new a’s and a’s, 


(8) i i (i 
(9) i (i= 


Evidently, if the products b,c; are algebraic in the new a’s, they are also 
algebraic in the original a’s. 

We have, in (6) and (8), a system of linear equations which are satisfied 
by the d,c;’s. Now every b,c; can be expressed in terms of the s+r—1 products 


We have 


(11) 


If a b,c; is not in (10), we replace it in (6) and (8) by its expression (11). 
The equations (6) and (8) go over into equations in the functions of (10). 
Multiplying those of the latter equations in which b,c, appears in a denomi- 
nator by b,c,, we find a system of (p—q)+”=> algebraic equations 


(12) E; = 0 (i=1,---, p), 


which are satisfied by the products (10). In the first p—g = p—n of the equa- 
tions (12) the coefficients are constants. In each of the last m equations, an a 
appears among the coefficients. 

The remainder of our proof will be concerned with showing that (12) 
determines the products (10) as algebraic combinations of the a’s. 

Let us, for the moment, regard the b,c,’s in (12) as any solutions of (12), 
rather than as the products of the fixed b’s and c’s in B and C. That is, 
momentarily, b,c; is not being regarded as a product. Consider any solution 
of (12) with b:c,40. Let a function 5; 40 be chosen arbitrarily. We can now 
determine ¢;,--~-, ¢, in such a way that b,c; is the product of b; by ¢, 
i=1,---, s, and, having c,, we can determine ly, - - - , 6, so that b,c, is 
the product of by c,,i=2,---,s. Then the products 
j=1,---, 5, will satisfy (6) and (8). If, now, we consider the product 


where the b’s and c’s are those just determined and where the §’s and y’s 
are the fixed functions appearing above, we see first that this product equals 
the second member of (5), with the original b’s and c’s replaced by the new 
ones, then that it equals the second member of (7), with the same substitu- 


bic;) (dics 
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tions, finally that it equals the fixed function A. Hence any solution of (12) 
with b,c,40 will give a representation of A as a product of two functions 
of type (1). 

We are going to discuss the totality of the solutions of (12), using the 
theory of systems of algebraic equations as presented by van der Waerden 
in his paper Zur Nullstellentheorie der Polynomideale.* 

We consider the ideal, with coefficients in the field of the a’s and all 
constants, of which the functions EZ; in (12) are the basis. We represent this 
ideal as the least common multiple of a finite number of primary ideals. 
There is one of these primary ideals whose polynomials all vanish for the 
fixed b,c;’s in (3). We take this primary ideal, and form the prime ideal 
associated with it, that is, the set of polynomials in the field of the a’s and 
constants, which are such that some power of every one of them is in the 
primary ideal. 

Let Fi, - - - , F; be a basis for the prime ideal. Naturally every solution 
of 


(13) 


satisfies (12). 

If (13) has only a finite number of solutions, then every b,c; in any of its 
solutions is algebraic in the a’s. 

Thus our theorem will be proved if we can show that (13) has only a 
finite number of solutions. Suppose that (13) has an infinite number of solu- 
tions. Then certain of the quantities (10) can be chosen arbitrarily, and (13) 
determines the remaining quantities as algebraic combinations of these. 

What we have to keep in mind, in a function-theoretic way, is this. 
If the arbitrary quantities (10) are represented by 2, - - - , 2,, there exist 
s+r—1—y functions of x, - - - , Z,, all analytic at a point (x, , 
where x is some point at which the a’s are analytic,{ such that, if the 2’s 
are taken as functions of x analytic at x and assuming, at x, values close to 
the ¢’s, we get a set of s+r—1 analytic functions of x which satisfy (13) 
(also (12)). For each x, the s+r—1—y functions above are algebraic in 
the 2’s. 

If b:c, does not correspond to one of the arbitrary z’s, then the function 
of x and the 2’s, found for b,c,, will not be identically zero, for (13) contains 
a special solution, that of the original quantities (10), in which b,c, is not zero. 

We shall keep 22, ---, 2, fixed, at constant values close to their ¢’s. 
We shall keep 2; indeterminate, allowing it to range over the neighborhood 


* Mathematische Annalen, vol. 96 (1927), p. 196. 
Forfi, , ¢, wecan take any values not situated on certain singular manifolds. 
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of ¢:. Then the quantities (10) go over into functions analytic in x and 
algebraic in 2. If bic, is among 2, - - - , 2,, we take care to give it a constant 
value distinct from zero. If b,c, is not among 2s, - - - , 2,, we Choose 22, - - - , 2, 
so that b,c,, as a function of x and 2, is not identically zero. 

We have now a one-parameter family of representations of A in the form 
BC.* For b,, we take any function of x, analytic and not zero at x. This 
determines the remaining }’s and c’s as functions of x and 2. We write 


B = by(x)B: + be(x,21)B2 + b(x,21)Br, 
C = + + 21) 


We shall prove that either two of the b’s in (14), or else two of the c’s, 
have a ratio which is not a function of x alone.t Suppose that the contrary 
is true. Then, as }; is independent of 2, every } is independent of z,. Then 
the c’s cannot all be independent of 2, for some b,c; equals z;. Hence C is 
the product of ¢,(x, z,) by a function of x and y alone. A similar fact is true 
of A. Then A, like c;(x, z:), must vary with 2. This contradiction proves 
our statement. 

Hence there must be some value x’ of x which makes neither B nor C 
vanish identically in y and 2, and for which at least two of the b’s, or two 
of the c’s, become functions of z, which are linearly independent. We write 


(14) 


(15) A(x’, y) = B(x’, y,2:)C(x’,y,%1), 


where, expressing B and C in reduced form as sums of products of functions 
of y and functions of z:, we have 


(16) B(x’, y,2:) = 6:(y)di(z1) + - + 
(17) C(x’, y,21) = +--+ ++ 


A(x’, y) is not zero for every y. In (16), (17), we must have either ¢>1 or 
u>1, for since the 6’s are linearly independent, and also the y’s, the elimina- 
tion of the linear dependences among the 6’s and c’s of (14), with x=2’, is 
sufficient for the conversion of B and C into reduced form. 
We let 
5; 
6; = 
A(x’, y) 
Then 


* Band C may not be in reduced form in these representations. 
t What follows also proves that either r>1 or s>1. 
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for every y and z;. We represent, from now on, the first and second factors 
of the first member of (18) by P and Q respectively. 

Since the d’s and e’s are algebraic in 2, there is a Riemann surface on 
which they are all uniform. Let R be such a surface. Let U be an area in the 
y-plane in which the 6’s and e’s are all analytic. For every y in U, P and Q 
are algebraic functions of z,, uniform on R. 

Suppose that some d has a pole at a point on R, corresponding to the 
value w of z;. First, let w be finite. Of all d’s which have poles at this point, 
let d:,, - - - , di,, be those the order of whose poles is a maximum, and let 
their developments at the pole all begin with terms in (z:—w)* with h<0. 
Then, for any y in U, P has a development at the point under consideration 
beginning with a term in (z;—w)* of coefficient 


+ + Ving inn 9 


where the v’s are constants. As the 6’s are linearly independent, there is an 
area V, in U, in which the coefficient does not vanish. For any y in V, 
P will have a pole at the point under consideration. A similar result holds 
for w=, 

Evidently, then, we can find an area W, in U, such that, for y in W, 
P has a pole where and only where one of the d’s has a pole, and Q has a 
pole where and only where one of the e’s has a pole. We may furthermore 
suppose that the order of any of the poles of P or of Q is independent of 
y (in W). 

As either />1 or «>1, we suppose, without loss of generality, that ¢>1. 
By (18), P has a zero where and only where Q has a pole. Hence the zeros 
of P, as y ranges over W, are fixed points, and the order of any zero of P is 
independent of y. 

Consider any two values of yin W. For each of these values, P becomes 
an algebraic function of z,. The two algebraic functions, having the same 
zeros and the same poles, have a constant ratio. That is, P is a function 
of y multiplied by a function of z;. This contradiction of the fact that P, 
in reduced form, has ¢>1 terms, shows that (13) has only a finite number of 
solutions. Theorem I is proved. 


3. Functions with one term. We prove the following theorem: 


THEOREM II. Unity cannot be the product of two functions (1), either of 
which, in reduced form, contains more than one term. 


Let 1=BC, with B and C in reduced form. Arrange so that 6, =1, 6, =1. 
Then every 6 and c will be an algebraic combination of 1, and hence will be 
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a constant. Thus, if there were two b’s, they would be linearly dependent. 
This proves our theorem. 

4. Reduction of problem. Let A =BC, as in Theorem I. Suppose that 
b, =1, 8: =1, so that the b’s and c’s are algebraic in the a’s, the 6’s and y’s 
algebraic in the a’s. We suppose that  >1. 

Let a:, - ~~, @, be such that no algebraic relation exists among them, 
but that every other a is an algebraic combination of them. Let a, - - - , a 
be a similar set of a’s. Then the b’s and c’s are all algebraic in a, - - - , dp, 
the f’s and y’s algebraic in a, - - - , a. 

Let w be any function of x which is algebraic in a, ---,@,. Let 


(19) Pow™ +---+ Pu =0, 


where every P is a polynomial in a, - - - , dp. We suppose (19) to be irre- 
ducible in the field of a;, - - - , a, and all constants. 

We replace a;,---, a, in the P’s by variables m,---,u,. Then w 
becomes an algebraic function of the u’s. The singularities of this algebraic 
function are characterized by algebraic relations among the u’s. Hence, 
because a, - - - , d, are algebraically independent, not all values of the w’s 
which are values of a, - - - , dp can be singularities of the algebraic function. 
Thus there is a branch of the algebraic function which is analytic for values 
of the u’s which are values of the a’s, and which reduces to the original func- 
tion w of x when the w’s are replaced by the a’s. 

Thus, to the relation A = BC, there corresponds a relation 
(20) 
[di(u1, Uy) Bi(01, Vq) b, (261, 04) | 


all functions being algebraic in their arguments. The relation holds when 
each u; is replaced by a;(x), each 2; by b;(x). The functions of the w’s in (20) 
are all analytic for certain values of the u’s which are values of a;(x),---, 
a,(x). A similar statement holds for the functions of the 2’s. 

We say that (20) is an identity in the w’s and v’s. 

If the w’s are held fixed at values assumed by ai(x), ---, a(x) at any x, 
then (20) becomes an identity in the v’s. If it did not, there would exist a 
non-identical algebraic relation among - - - , 8g(y). This means that 
(20) holds for arbitrary v’s, if only the w’s are replaced by the a’s. Then, 
for any set at all of v’s, (20) must be an identity in the w’s. Thus (20) is an 
identity in the w’s and v’s. 

Conversely, suppose that the first member of (20) has, identically, such 
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a factorization as is displayed in the second member. As we saw above, 
no 6 or ¢ can have a singularity for all values of the u’s which are values of 
a(x), -- +, @,(x). A similar fact holds for the and 7y’s in (20). Hence 
every factorization of the first member of (20) gives a factorization A = BC. 
Furthermore, if the b’s, for instance, in (20), are linearly independent, the 
functions of x obtained from them will be linearly independent. 

Thus there is a perfect equivalence between the problem of finding all 
factorizations of the function A, and the problem of determining all repre- 
sentations of the algebraic function 


as a product of similar functions. 
II. IRREDUCIBILITY 
5. Statement of result. We shall prove the following theorem: 
THEOREM III. A function 
1+ xy + o(x)(y), 


with @ and W transcendental, cannot be the product of two functions of type (1), 
each of which, in reduced form, has more than one term. 


In virtue of §4, we have to prove that there exists no relation 
(21) l+ay+m= Dalz, ua(y, | | |, 
i=1 i=1 


with r>1, s>1, with every a, a, b, B algebraic in each of its variables and 
with each of the four sets of functions a, a, b, 8 linearly independent. 
We assume a relation (21) to exist, and force a contradiction. 
6. First step. We shall prove that there exists an expression for 
1+xy+uv 
Pp r 
1+ xy + uy = Dedx)v(y) + | 
t=1 


i=p+1 


(22) 


[ + dle. | 


i=g+l 


where ,€p;di, - dg, independent of u,and 7, ,¥p3 51, °° 5a, 
independent of v, are such that 


(23) 1+xy= + p)(di61 dgbq). 


The c’s, d’s, y’s and 6’s in (22) are linearly independent sets of algebraic 
functions. 
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In (21), we arrange so that the a’s and b’s are supported by a single 
Riemann manifold in the space of x and wu, and, similarly, that all the a’s 
and #’s have the same manifold. This amounts, for the a’s and 6’s, for in- 
stance, to determining an algebraic function P of x and u such that every a 
and every ) is rational in P, x and u. 

It is possible, in an infinite number of ways, to take an area M in the 
plane of x such that, for x in M and for u small, any branch of any a or 6 
can be expanded in ascending integral or fractional powers of u, the coefficients 
being algebraic functions of x, analytic in M. In what follows we deal with 
such expansions of any properly associated set of branches of the a’s and b’s. 

Let the lowest of all powers of « which figure in the expansions of all the 
a’s be u’. As the a’s are linearly independent, the first factor in the second 
member of (21) will have an expansion beginning with u*. Let the lowest 
power in the expansions of the b’s be u*. Then, because 1+<cy is present in 
the first member of (21), we must have h+g=0. We multiply the a’s by 
u~* and the b’s by uw’. We are thus able to, and do, assume that the develop- 
ments of the a’s and b’s contain no negative powers of u, and that some a, 
as well as some b, begins with a term in u°. The multiplications by wu? and 
u~* require us to place the a’s and b’s on a manifold on which w? is uniform, 
as well as P, above. — 

Suppose that ai, ---, @, begin with terms A;(x)u°, i=1,---, p, that 
bi, - + +, bg begin with B,(x)u°®, i=1, - - - , g, and that the other a’s and b’s 
begin with higher powers of uw. It is understood that no A; or B; is zero for 
every x. Equating the terms in u° in both members of (21), we have 


(24) (Aya; + +++ Azay)(BiBi + + BB). 


It is permissible to assume that the A’s, and likewise the B’s, are linearly 
independent. For instance, if Ai, - - - , Aj(j<p), are linearly independent, 
and the other A’s linearly dependent upon them, we subtract from 
@j41, °° * , @ linear combinations of a, - - - , a;, with constant coefficients, 
in such a way as to get a new set @j41, - - - , @p, whose developments begin 
with positive powers of wu. This, of course, would require a suitable change 
of ai,---,a@;. We assume, then, that the A’s and B’s are linearly inde- 
pendent. 

We are going to prove that the ratio of any two a’s, if p>1, or of any 
two 6’s, if g>1, in (24), is independent of v. Assuming the contrary, let us 
suppose, as we may, that p>1 and that a2/a is not independent of v. Let 
yo be a value of y for which a:/a, becomes a non-constant function of ». 
We put y=yo in (24) and have 
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1+ xyo = [A1a1(yo,2) + A 


Now (25) gives a representation of 1+yp as a product of functions of x 
and »v of type (1), one of the functions of x and 2 consisting of at least two 
terms. This contradicts Theorem II. Thus any two a’s, or any two #’s, 
in (24), have a ratio independent of 2. 

We see also, from (24), that 1+y equals a; 6; multiplied by a function 
independent of v, so that a8; is independent of v. In (21), we divide the first 
factor, and multiply the second factor, by a1. We have then* 


1+ay+u= Daily) + ani(y, 
(26) bud imp+l 


q 8 
| + DU baby) 
i=l 
with algebraic, and linearly independent, y’s and 4’s. 

We take now an area N in the plane of y such that all of the branches of 
the y’s and 6’s have, for v small, expansions in ascending powers of v, with 
coefficients algebraic in y and analytic throughout N. In what follows, we 
work with any properly associated set of branches of the y’s and 8’s. 

If v? is the lowest power of v in the developments of the y’s, then v~* 
must be the lowest power in the 4’s, since the first member of (26) contains 
it+xy. But since y:(y)=7:(y)v°. Similarly —g<0, so that g=0. 
That is, no y; with > , or 6; with 7>q, starts with a negative power of v. 

We shall show that it is permissible to assume that every y; with 7>p 
and every 6; with i>gq starts with a positive power of v. Suppose that 
* Ype; Start with terms C,(y)v°, t=p+1,---, p+j, that 
Start with terms D;(y)v°, while the y’s and 6’s with higher 
indices, if there are any, start with positive powers. 

We shall prove that every C; is linearly dependent on 1, - - - , yp, and 
every D; is linearly dependent on 6;, - - - , 5y. 

Suppose that 


(27) Tis » Fee Cort, Coss S j) 


are linearly independent, but that all other C’s, if there are any, are linearly 
dependent on the functions of (27). Similarly, suppose that 


(28) 61, » §q, Dori, » Daim 


are linearly independent, but that all other D’s, if there are any, are linearly 


*n(y)=1. 
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dependent on the functions of (28). Then, by subtracting suitable linear 
combinations of yi, Yp+r from °° *, (if the latter exist), 
we get a new set Ypii41, -* * » Yp+j, Which start with positive powers of v. 
This requires a modification of the first p+/ of the a’s, but it is to be observed 
that the first p of the a’s, even if they should be changed, will start with zero 
powers of u, while @p4:, - - - , @p4: will start with positive powers. Similar 
remarks apply to the 6’s and the b’s. 
With these adjustments, we put v=0 in (26), and find 


1+ xy = [avy + + + + 


Referring to the discussion of (24), we see that, because the sets (27) and 
(28) are linearly independent, the ratio of any two a’s, or any two b’s, in 
(29), is independent of u. But this cannot be, for a,4: and 694: start with 
higher powers of u than do a, and Jy. 

Thus, the C’s and D’s are, respectively, linear combinations of the y’s 
and 6’s. By subtracting suitable linear combinations of yj, ---, 7, from 
* » and linear combinations of 6), --- , 6, from , Sore, 
we may arrange so that all y; with i>p and all 6; with ¢>q start with 
positive powers of v. As we have already seen, the modified a, -- - , a); 
b,, -- +, 6, will still start with zero powers of u. 

We now put v=0 in (26) and find 

As above, it follows that the ratio of any two a’s, or any two b’s, is inde- 
pendent of u. Also, a,b; is independent of u. 

Dividing the first factor in the second member of (26) by a; and multiply- 
ing the second factor by a, we find a relation (22) in which ¢=y=1. In 
this relation, c; with i> and d; with 7>q start with positive powers of u, 
whereas, 7; with i> and 6; with i>q start with positive powers of v. 

7. Second step. We shall show the existence of a relation 


(1 + xy + uv) = [1 + xy + u)as(y,v) + --- + 
+ bo(x,)B2(y,0) + + 


In (30), the ry and s may be either the 7 and s of (21), or the r and s of (21) 
interchanged. All functions are algebraic, and the four sets 


(29) 


(30) 


1,%,@3, °° Gp; 1, bs, be; 
1,¥,@3, °° Gr; 1, Bs, 


are linearly independent. 
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We start from the relation (22), which we shall write in the form (21). 
That is, in (21), we understand that certain terms are free of u and v, and 
that in the remaining terms the a’s and #’s have expansions which start 
with positive powers of v. The fact that the remaining a’s and b’s start with 
positive powers of u, we shall not make use of. We shall also, at times, refer 
directly to the representation (22). 

We write Y=xy, U =uv, so that (21) becomes 


on 


It is our plan to expand all functions in the second member of (31) in 
ascending powers of v about v=0. For the a’s and #’s, we use the same 
branches that we used above, replacing y by Y/x. As regards the a’s and 
b’s, we use any set of branches associated with each other in (21); that is, 
we develop such a set of branches about u = ©, and replace u by U/v. Each 
a and b will develop into ascending powers of v/U, with coefficients algebraic 
in 

Suppose then that we have found a development of the second member 
of (31) in powers of v, with coefficients involving Y, x, U. The lowest power 
of v in this development must be v°, and the coefficient of v° must be 1+Y+U. 
Hence 1+Y-+U is the product of the coefficients of the lowest powers of 
v in the two factors of the second member of (31). 

If v? is the lowest power in the development of the first factor, then v-* 
is the lowest power in the second factor. 

We shall prove that the coefficient of v° in the first factor is not zero. 
That coefficient is 


Y Y 
(32) a(z)n(—) +---+ (-) + terms involving 
positive powers of U. 


The c’s and y’s are those which appear in (22). The “terms involving positive 
powers of U” are those which come from terms in (31) in which the a starts 
with a positive power of v. Such a term must contain a positive power of U, 
because it is a product of a term in the a by one in the a. As the a term in- 
volves v in a positive power, the a term must involve 2 in a negative power 
and hence U in a positive power. 

Of course, (32) cannot be zero for every Y, x, U. Similarly, the coefficient 
of v° in the second factor is not zero. 

Hence g <0, —g <0, so that g=0. 


| 
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Each term in (32) is a non-negative rational power of U multiplied by a 
product p(x)o(Y/x), with p and o algebraic. We write (32) 


(33) 


where h is some positive integer. The /’s in (33) are not necessarily distinct. 
We understand that no power of U in (33) has a zero sum for its coefficients. 
That is, where a sum of coefficients is zero, we suppress the power of U. 
Similarly the coefficient of v° in the second factor in (31) may be written 


(34) LU E(x) 

with every m; rational and non-negative and with every £ and ¢ algebraic. 
No power of U in (34) has a zero sum for its coefficients. 


We have 


h k 
(35) i+VY+U= ( LU" 

t=1 i=1 

We now develop each po and each £¢ in powers of x, for the neighbor- 

hood of x=0. The development in x of the second member of (35) must 
start with (1+Y+U)«°. Let x? be the lowest power in the first factor, x~¢ 
that in the second factor. Multiplying together the coefficients of these lowest 
powers, we get a relation 


(36) 1+V+U = (> OKijU™Y4), 


with /’s and m’s which are also present in (35), with constant H’s and K’s, 
and with rational \’s and y’s. 

Let ¢ be a positive common denominator for the non-negative rational 
numbers / and m in (36). Let 7 be a positive common denominator for the 
rational (not necessarily positive) \’s and y’s. Let us replace U by U', 
Y by Y’ in (36). From (36) it follows that if no /; or m; is unity, 1+ Y7+U', 
considered as a polynomial in U, is reducible in the field of Y and all con- 
stants. But because 1+’, considered as a function of Y, has simple zeros 
at the rth roots of —1, the equation 1+ Y’+U‘=0 defines U as a function 
of Y of ¢ branches, so that 1+ Y"+U*‘ is irreducible. 

We conclude that some /; or some m; in (36) equals unity. Suppose that 
some /; is unity. As such an /; is also present in (35), we see, since the highest 
power of U in the first member of (35) is U, that no m; is positive. Thus 
every m; is zero. That is, the second factor of (35) is the 


dy(x)ii(y) +--+ + 
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of (22), with y replaced by Y/x. Let the coefficient of U in the first factor 
of (35) be denoted by P. Then 


1 = + - + 
From Theorem II, it follows that g=1. Turning to (23), we have 
1+ xy = di(x)d1(y) [ex(x)va(y) + + 


We must therefore have =2. Furthermore, multiplying the first factor of 
(22), and dividing the second factor of (22), by d:é:, we have 1+xy+u0 
exhibited in the form (30). 

8. Third step. We shall prove that every b in (30) is independent of x, 
and every 6 independent of y. 

Suppose that d2, for instance, is not independent of x. Let um be a value 
of wu such that b, (x, uo) is not a constant, and such that no b or a has a singu- 
larity at (x, wo) for every x. 

Then 6.(*, wo) must have a pole for some value of x. Suppose first that 
there is a pole for a finite value, #, of x. Of all functions b;(x, 9) which have 
poles at h, let 


bi,(x, uo), bi, uo) 


be those whose poles at # have a maximum order, their developments starting 
with terms c;,,(x—h)*, g<0. Because of the linear independence of the f’s, 
the second factor in (30), considered as a function of x, will, for «=u» and 
y and v general, have a pole at / with a first term 


(6:,Bi, +--+ + CipBip)(x — 


Hence the first factor must have a zero when u=%, x=h. Then no a(x, uo) 
can have a pole at # and 


(37) 1 + hy + a3(h, uo)as(y,2) + es + a,(h, uo)a,(y,v) =0 


for y and » general. But (37) expresses a linear dependence among 
1, y, a3, We conclude that 62(x, wo) cannot have a pole for a finite 
value of x. 

Suppose now that 6.(x, wo) has a pole at «©. We see, as above, that, for 
y and » general, the second factor in (30) has a pole at ©. Since 1+xy+uv 
has only a simple pole at » (when y¥0), the development at © of the first 
factor in (30) cannot start with a power of x as high as the first power. This 
means that some of the a;(x, uo) have poles at © with developments which 
start with the first power of x, and that there is a relation of the type 


y + + Cigaig(y,v) = 0. 
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This completes the proof that every bd is independent of x. Similarly every 
B is independent of y. 

9. Completion of proof. We shall show that s=1 in (30). This means 
that, in (21), either s=1orr=1. Theorem III will be proved. 

Let F(u, v) be used to represent the second factor in (30). We shall de- 
velop every a in (30) in descending powers of x about x=. If the coeffi- 
cient of a power x* in the development of a; is c;(u), the coefficient of x* in 
the development of the second member of (30) is* 


+--+ + C,(u)a, |F (u,v). 
As the a’s are linearly independent, and as the first member of (30) involves 
only x and x°, we conclude that every a is a linear integral function of x. 


Similarly, the a’s are linear integral functions of y. 
Then (30) becomes 


1+ xy + uv = [xyA(u,v) + xB(u,v) + yC(u,v) + D(u,v) |F(u,»), 
where A, B, C, D, F are sums of products of functions of u by functions of 2. 
Equating coefficients of xy, we have 
1 = A(u,v)F(u,»), 


so that, by Theorem II, F(u,v), when written in reduced form, has only one 
term. As F(u, v) is the second member of (30) we have s=1 in (30), and the 


proof of Theorem ITI is completed. 


* We understand that a;=1, a2=x, a, =1, 
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NEW RESULTS IN THE THEORY OF NORMAL 
DIVISION ALGEBRAS* 


BY 
A. ADRIAN ALBERT 


1. Introduction. In 1905 L. E. Dickson defined a set of normal division 
algebras of order m* which were based on cyclic m-ics and are called cyclic 
algebras.{ No further division algebras were known until, in 1923, F. Cecioni 
constructed{ algebras based on a mon-cyclic abelian equation of degree four 
and which were apparently new division algebras. Cecioni made no attempt 
to show that the algebras that he had constructed were non-cyclic, that is, 
not equivalent to the much simpler cyclic algebras. He had however found a 
type of algebras possibly containing non-cyclic algebras. 

The present paper begins by a consideration of the necessary and suffi- 
cient conditions that a given algebra A of order sixteen of the Cecioni type 
be an associative division algebra. The associativity conditions are reduced to 
the question of finding the solutions in integers of 


v3? — = — — veo) 


where p and @ are integers such that neither p, a, nor ap is a rational square. 
This equation has been treated in great detail by R. G. Archibald.§ The 
conditions that A be a division algebra are reduced by algebraic theorems to 
the conditions either (a) G is a quadratic non-residue of o;, or (b) o is a quad- 
ratic non-residue of Gi, or (c) —o:G; is a quadratic non-residue of 7, where 
vy? —y?p=T°G, o=o,7, the numbers IT and G are integers such that G is a 
product of distinct primes, and 7 is the highest common factor of G and og. 
But the author has shown that all normal division algebras of order 16 are 
of the Cecioni type.|| We have therefore constructed, in terms of the single 
condition given by (a), (b), and (c) and in terms of the integer solutions of a 
single diophantine equation, all normal division algebras of order sixteen 
over the field of all rational numbers. For the special case of cyclic algebras 
the solution of the equation is known and G becomes p so that, since all of the 


* Presented to the Society, December 27, 1929; received by the editors in December, 1929. 
¢ Algebras and their Arithmetics, p. 65. 

t Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 209-254. 

§ These Transactions, vol. 30 (1928), pp. 819-837. 

|| These Transactions, vol. 31 (1929), pp. 253-260. 
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quadratic non-residues of any number are known, we have constructed all 
cyclic algebras of order sixteen over R. 

The problem of discovering whether or not there exist any non-cyclic 
normal division algebras of order sixteen presents itself. An algebraic neces- 
sary and sufficient condition that an algebra A in sixteen units be cyclic is 
found and, by its use, it is shown that all of the algebras constructed by Cecioni 
are cyclic, and not new. An investigation is then made of the diophantine 
necessary and sufficient conditions that A be non-cyclic and it is proved that 
A is non-cyclic if and only if two quartic forms with coefficients polynomials 
in p, 7, ¥1, * Ye are not null forms. 

2. Linear associative normal algebras of order sixteen. We shall con- 
sider linear algebras over R, the field of all rational numbers. The algebras 
will be constructed with a quartic equation with rational coefficients and 
Galois group G, as a foundation. As is well known every such equation may 
be reduced by a rational Tschirnhausen transformation to an equation 


(1) wt + pwo* + n? = 0 (p and n in R), 


where w is a scalar variable and R is the field of all rational numbers. Suppose 
that 7 satisfies equation (1). If we write 

27+ p= w, 

i v 


then 
p?—4n?, v2 =2n—p, — (p+ 2n), 


so that the algebraic field R(z) is evidently the direct product of two quad- 
ratic fields R(u) and R(v), and every quantity of R(i) is uniquely expressible 
in the form 


a(i) =a, + anu + a30 + (a,- ++, ain R). 

It is well known that the converse of this proposition is true and that 

Lemma 1. Every field R(i) generated by a root of a quartic (1) with Galois 
group G,is a direct product of two quadratic fields 
(2) R(u), 
where 
(3) w=p, v=o, p=pim, 
and p:, 01, © are each products of distinct rational prime integers such that no 
two of pi, 01, * have a factor in common. Conversely every such direct product 


of two quadratic fields defines a quartic field generated by a quantity i satisfying 
a quartic with group Gy. 


E 
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Let us examine the quantity 7 of the above lemma, where we assume that 
u and v are given. Suppose that we define a quantity i=(u+1)v. Then 
i?=(p+1+2u)o, 20u=i?—(p+1)o and 


i* = o[(p + 1)? + 4(p + 1)u + 4p] 
= 0*[2/p + (p + 1)?] + 20( + — (9 + 1)o] 
= 20(p + 1)i? — o°(p — 1)? 
so that i satisfies 
(4) $(w) = wt — 20(p + 1)w? + o°(p — 1)? = 0, 
with roots 1, —i, ¢(p—1)/i, —o(p—1)/i. But if we write 


(5) 0, = — i, 


then 
(6) 6=(u+1)(—»), 
(7) 6; = uv — v, 


so that 6, is obtained from i by replacing v by —v, 62 from 7 by replacing 
by —w, and 6; from 7 by replacing both u by —u and v by —v. We may write 
any polynomial a(z) of R(z) in the form 


(8) @ = a, + + + (a1, , in R) 
and shall utilize the notations 

(9) a(— “) = a — + agv — ayur, 

(10) a(— v) = ay + — agv — aur, 

(11) a(— u,— v) = ay — — agv + ayur. 


Consider the algebra A with sixteen units given by the basis 


(12) ivj, (r,s = 0,1,2,3; js = jijo; jo = 1), 


and the multiplication table given by ¢(i) =0, 

(13) (a + bj:)(¢ + = ac + gibd(Os) + [ad + 
for any a, b, c, d of R(i), 

(14) (U + Vj2)(X + Vj2) = (UX + VY'ge) + (UY + VX")j2 
for any quantities U, V, X, Y of the form 


4 
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(15) X=at X’ = a(62) + 

where 

(16) 81, 82, @ 

are fixed quantities of R(z). Cecioni has shown that if we define g; by 
(17) = 


so that 
(18) 
g2(1) 


then the algebra A defined above is associative if and only if 

(19) = = g2(02), gs = gs(0s) 

and if 

(20) = 

We may obviously choose as a new basis for A the quantities 

(21) jer Uje, Ve, (s = 0,1,2,3) 
and obtain the following properties: 

(22) fia =a(— jra=a(—u)j2, joa = a(— u,— »)js, 

since 

(23) jia(i) = a(Ai)ji, = a(62)j2, jsa(i) = a(63)js. 


For, as we have seen, 0; is obtained from 7 by replacing »v by —» and leaving u 
unaltered, so that any polynomial in —7 is obtained from the same poly- 
nomial in z by replacing v in it by —v and u by u, that is we obtain a(—2). 
The other equations of (23) are obtained by symmetry. If we write 


fs * + you + (61 + (¥1,¥2,51,52 in R), 


then gi =g:(@:) =gi(—v) so that, by the linear independence of 1, «, v, wv with 
respect to R, we have 
(6; + 52u)v (6; + 52u)v = 0. 
Hence by symmetry 
(24) * Fa + you, + ya, = ¥5 + Youu, 


and conversely any g; in the form (24) satisfy conditions (19). Now (20) 
becomes 


(25) — yéop = — — veo) 
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and all of the associative algebras given by (12), (13), (14), (15), (18), (24) 
will be found when we find all solutions of (25). This problem has been 
considered in great detail by R. G. Archibald (loc. cit.) and the conditions 
for the existence of solutions of (25) have been found. We shall leave the 
associativity conditions in terms of the solutions of this diophantine equation. 
Let us assume now that in all further work the yi, - - - , ys satisfy (25). 

Definition. A linear algebra A over R is said to be a normal algebra if 
the only quantities of A commutative with every quantity of A are rational 
numbers. 

The writers in the theory of normal division algebras have assumed the 
algebras they constructed normal algebras, without proof. The proof is 
usually easy to give and we shall give it for the case we are considering. 


THEOREM 1. The algebra A defined by (12), (13), (14), (15), (18), (24), 
(25) is a normal algebra when g;~0, g2~0, 


For A contains a sub-algebra = whose quantities are composed of all 
quantities of the form 
X=at+bdj (a and in R(i)) 
of A and every quantity of A is expressible in the form 
c= (X and Y in). 


Suppose that c were in A and were commutative with every quantity of A. 
Then in particular 


cu = (X + Vj2)u = u(X — Vie) = uc = u(X + Vie), 


and since u has an inverse (1/p)u in A we have 
u-'u(X — = X — = uw = X + 


By the linearity of A we obtain Yj.=—Yj2=0, c=X=a+bj:. By using 
ve =cv=v(a—bj,) and the fact that v has an inverse o—'v in A we obtain 
b=0, c=a:+a.v with a, and a2 in R(u). Now 7? =g,:+0 so that, since gi 
is in R(u) and has an inverse when it is not zero, 7: has an inverse g-%/. 
Then shows that 4.0 =a,— av and a2=0, a; and 
ain R. Finally has an inverse gz 72 and cj2=jec gives a2=0 which proves 
that c is in R as was desired. 

3. New necessary and sufficient conditions that A be a division algebra. 
We shall assume that p and o are numbers satisfying the conditions of 
Lemma 1, that y1, - - - , ys satisfy (25), and that g:~0, g-~0, g:~0. We 
seek to find what further restrictions it is necessary and sufficient to impose 
on the parameters in order that A be a division algebra. We shall first find 


ie 


176 A. A. ALBERT [April 


a new sufficient condition that 2, the sub-algebra of A of order eight defined 
by its basis 
Fj, (ry = 0,1,2,3; 5 = 0,1), 
be a division algebra. It is known* that a necessary and sufficient condition 
that > be a division algebra is that 
cc(— 2) 


for any c of R(i). We shall prove 

Lemma 2. Algebra = is a division algebra if there exists no aX¥0 in R(i) 
for which 
(26) aa(— v)gi = fi in R. 

For suppose that the hypothesis of Lemma 2 were satisfied and yet = 


were not a division algebra. Using the known necessary and sufficient con- 
dition, there would exist a polynomial c in R(u, v) for which 


g1 = 2). 


If c=0 then g,=0 contrary to hypothesis. Hence c¥0 and has an inverse 
in the quartic field R(i). Write c-'=a and thus [c(—v) ]-'=a(—v). Hence 


aa(— = 


But this is contrary to our hypothesis that aa(—?) g,; is not in R for any a. 
Hence © is a division algebra. Write 


+a, de = as+ au (a1, , in R) 
and 
a= a, + aw. 
Then 
aa(— v) = af — ago = af + agp — + agp) + 2(aia2 — 
so that 
(27) aa(— v)gi = fi + fou 
where 
(28) hi = + a? p) — ofa? + p)] + 229(a1a2 — casas), 
(29) fa = y2[(a? + af p) — o(a? + a2p)] + — casas). 


* Cf. L. E. Dickson, Algebren und thre Zahlentheorie, p. 64. 
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Hence there exists a polynomial for which aa(—v)g, is in R if and only if the 
quaternary quadratic form f2 is a null form. Now 

= (ary2 + + — )a? — o(yeas + yi04)? — 
and if we write 

€1 = + Vide, €2 = + €3 = G2, €4 = 
then 
vofe = — oe?) — (v2? — p)(e? — ce?). 


We say that f2 is a null form if and only if y2f2 is a null form. For if yz were 
zero then g:1=7: and by taking a=1=a, a2=a3=a,=0 we show that fe is a 
null form. When 20 the form f2 is zero if and only if the non-zero multiple 
Y2f2is zero. The variables in 72f2 are all zero when and only when the variables 
in fz are all zero and we have proved 


Lemma 3. Algebra = is a division algebra if the quaternary quadratic form 
(30) — oe? — (vy? — vip)(e? — oe?) 


is not a null form. This is equivalent to stating that R(i) contains no polynomial 
a(i) for which aa(—v)g, is in R. 


We shall next find a sufficient condition that A itself be a division algebra 


under the assumption that 2 is one. It is known (loc. cit.) that A is a division 
algebra when 2 is one if and only if 


£2 X'X 


for any X of 2. We shall prove that 


Lemma 4. Algebra A is a division algebra when = is one if there exist no 
polynomials b~0 and d#0 in R(i) such that 


bb(— u)go = fs, dd(—u, — v)gs = fs 
with fz and f, in R. 


For suppose that the hypotheses of Lemma 4 were satisfied and yet A 
were not a division algebra. Then there must exist a quantity X in 2 for 
which g2=X’X. We may write 


X = 2) + dj 
where b and d are in R(i). Then 
X’ = b(— uw, — 0) + d(— 
and 
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X’X = [b(— u, — v)b(— v) + d(— u)d(— v)agi] 
+ [b(— u, — v)d + d(— u)balj,, 
so that 


(31) g2 = b(— v)b(— u, — v) + d(— v)d(— u)agy. 
Now we know that, from (18) and g:=g.(—1), 


g3(— 2) 
£182(— 


so that if (31) is true then 
(32) v) = b(— v)b(— u, — v)go(— v) + d(— v)d(— u)ga(— 2) 
and by replacing 7 in (32) by @, and hence v by —v we have 
(33) ve — = bb(— + dd(— u, — v)gs. 
But it is easily shown that if 
(34) b = Bi + + (Bs + Bar) u, 
(35) d = 5; + + (53 + 
then 

bb(— u)go = fat fav, dd(— u, — v)gs = fs + four, 
where 
(36) fs = + — p(B? + + — 
(37) fa = + — + + — 
(38) fs = + 52 op — + 52ap)] + 2ye0p(5152 — pdsd,), 
(39) fo = veld? + 52 0p — + 520p)] + — pdsd,). 
Hence when (33) is true 
(40) — = fu t+ fo + four. 


But f,#0 unless 6=0 and hence also f,=0, by our hypothesis. Similarly 
fs#0 unless b=f;=0. But (40) implies that f,=f,=0 since 1, u, v, uv are 
linearly independent with respect to R. We have thus secured a contradiction 
and Lemma 4 is true. 

Exactly as we showed in the proof of Lemma 3 that the form (29) was a 
null form if and only if (30) was a null form, we may show here that the form 
(37) is a null form if and only if 


(41) vafs — — — yea)(e? — 
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is a null form and that the form (39) is a null form if and only if 
(42) vofe =e? — — (vy? — yeap)(e? — 


is a null form. Let us suppose that the form (41) is not a null form but that 
(42) is a null form. Then 


(43) — wtp — (v2? — — = 0 


for 41, sin Rand not all zero. Using the value —yéop = (y? —y#p) 
-(y? —y2a) we have 


(44) — — — — v2 p)(u? — wep) = 0. 


Let us assume that yoyi~0. If then uw? —u2Zp=0, and 
since p is not a rational square. Hence y: and ye are not both zero. Write 


(45) €1 = #1, €2 = Me, €3 = + €4 = + Yous, 
so that — eZp=(y2 —y2p)(vy? —y2c). Then 
(46) — efp — — — = 0 


for &,---, «in Rand «& and & not both zero. This contradicts the hy- 
pothesis that (41) is not a null form. Hence when (41) is not a null form and 
vzv1~0 the form (42) is not a null form. 

In the form f2 write a3=asp, a4=a5. Then (29) becomes 


(47) fe = y2[a? + — op(as? + + — 


whence 


= (you + 102)? (vy? — p)a? — op|(v205 + 106)? — (y? |, 


which is a null form if and only if 

(48) e” — ope? — — — ope?) 

is a null form. Similarly write in (37) B;=pB6, 8s=8s, and it becomes 
fa = val (82 + B20) — + BEo)] + — 

which is a null form if and only if 

(49) e” — ope? — (vy? — yeo)(e? — ope?) 


is a null form. Hence (30) is a null form if and only if (48) is a null form while 
(41) is a null form if and only if (49) is a null form. Suppose that (30) were 
not a null form and (41) were a null form. Then there would exist rational 
numbers ju, - - - , #4, in R and not all zero such that 


ue — — — — peop) = 0. 
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As before we may state that in particular yu: and ye are not both zero. But 
—yé op =(y? —y?p)(y? —y2e) and thus y? —y?o —yé op) (y? 
where 1/A=72 —y2p0 since 720, p is not a square. Then 


2 


— opp? — — — véop)(ue — ueop) = 0, 


and, by letting €2=p2, We have 
a contradiction of the fact that (30) and hence (48) is not a null form. We 
thus obtain 


Lemma 5. Algebra A is a division algebra when it is associative, when 
and when the form 


(30) €? —oe? — (vy? p) (€? — ce?) 


in the four rational variables €, - - - , €,is nota null form. This form is a null 
form if and only if there exists a polynomial a in R(i) such that 


(50) (aj:)? win R. 
We shall consider in detail the form (30). Write 


€1 = + €2 = €3 + €4v (ex, in R). 


Then 


2) = e? — €2€2(— v) =e? — 


and e? — ¢?¢=0 if and only if ¢, = « =0, that is, if and only if e,=0. Similarly 
€2¢2(—v) =0 if and only if eg =0. Hence if (30) is a null form there exist quanti- 
ties and both not zero and both in R(v), such that if es =i 
then 
— vip = — 

with yw; and we in R and not both zero. We may make 1, - - - , ¥« integers by 
replacing 7; and 72 by integer multiples of these quantities. It follows that 
(30) is a null form if and only if the indefinite ternary quadratic form (with 
integer variables ds, As) 


AP — Avo — (72 — ye 


is a null form. Thus A is a division algebra when it is associative, when 
rvs~0, and when the above form is not a null form. 

We have found a new sufficient condition that A be a division algebra. 
We shall prove this condition also a necessary condition. Suppose that A 
were an associative normal division algebra and that the form were not a 
null form so that A contained a polynomial a(i) of R(i) such that if j =a: 
then j?=yin R. But the algebra 


(1,0,7,) 
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is a generalized quaternion sub-algebra of A over R and has the multiplica- 
tion table v?=¢, j?=y, j7v= —vj. This is known to be impossible when A is a 
division algebra.* Similarly when y2=0 we may take j =; and have a contra- 
diction. When y,=0 we take the sub-algebra 

and show that A is not a division algebra. We have proved 

THEOREM 2. The set of all linear associative normal division algebras in 
sixteen units over R is obtained by letting p,o, 71, - , range over all rational 
integers such that 
(a) pis a product of distinct primes, 
(b) o is a product of distinct primes, 
(c) neither p, o nor ap is a rational square, 
(d) 720, 
(f) the ternary quadratic form in the variables \4, de, As 

AP — Avo — (v2? — p)AF 

is not a null form. 


But all ternary quadratic null forms are known.t We write y? —y2p 
=I°G, G=Gim and ¢=o;7 where I’, Gi, 7, o1, G are integers, G is a product 


of distinct primes and 7 is the positive greatest common divisor of o and G. 
Then the form (f) is known to be a null form if and only if 


wr? od? = Gid? 


is a null form and this is true if and only if 
G=E? mod o = E? modG,, — = E? mod 7. 
Hence we have the alternative theorem 


THEOREM 2’. We may replace (f) of Theorem 2 by the statement that either G 
is a quadratic non-residue of 01,0 is a quadratic non-residue of Gi, or —a,G, is 
a quadratic non-residue of 7. 


4. An algebraic necessary and sufficient condition that A be a cyclic 
algebra. Consider the form 


(51) Q = + asx, 


where ai, - - - , @s are non-zero integers not all having the same sign. It is 


* The author’s paper, Annals of Mathematics, 1929, on The structure of direct products, etc. 
¢ Cf. P. Bachmann, Arithmetik der Quadratischen Formen, Chapter 8. 
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well known that there exist integers x1, - - - , x5 not all zero for which Q=0, 
that is that Q is a null form. As an obvious consequence we have 


LemMA 6. Consider the form 
(52) O = bit? + --- + 


where 5:,---, 5s are non-zero rational integers not all having the same sign. 
Then there exist rational integers £1, - - - , & not all zero for which Q=0. 


We shall consider the form in ai, ae, Bi, «+ + , Bs 
(53) R = + + + + 7H) [82 + — + 
+ 27r(uAi + = 
where 
#0, +0,4,4+0, A.4#0,7 = AP +A? 
are integers and 7 is not the square of any rational number. Now 
Ai(Aya? + rAia? + 2raja2) = + ta2)* — rAza?. 
Suppose first that \Ai+7u4=0. Then, since and 
= A,(AAi+ur) +AAZ =AAZ we may write 2A,R in the form 
2AiR = + — a? + AAP + B2)? — AAP (Bi — 
— add? (83 + Bs)? + odA?(B3 — 
since (8:+2)?—(8:—f2)?=48,82. But the right member of (54) satisfies 
the conditions of Lemma 6 and may be made zero for integers 
+ at), (81+ 682), (8: — 82), Bs), (Bs — Ba) 


not all zero and hence for rational numbers ai, a2, 8:1, - - - , 84 not all zero. 
It follows that we may make the form (53) vanish for integers a1, a2, 1, - -- , 
8, not all zero since it is a homogeneous polynomial in aj, a2, Bi, - ~~, Be 
Next let AAi+7u=73+0. Then 
= r(Aya + — + + + 
(55) + — + — + + 
— (uA; + d)*r 


(54) 


Now 2?—(uA,+A)*r is not zero since 7 is not a rational square. Obviously 
the signs of the coefficients of the squares (a:Ai+az7)* and a? are different 
and we again have a form satisfying the conditions of Lemma 6. Again we 
may make (53) vanish for integer values of a1, a2, Bi, - - - , By not all zero. 
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Lemma 7. We may choose integers a1, a2, Bi, - - - , 84 not all zero for which 
the form R given by (53) vanishes. 


We shall prove 
Lemma 8. Suppose that u is a quantity such that 
(56) wew=r= A? + A? 


where A, and Az are relatively prime integers and r is not a rational square. Let 
S be a division algebra which is a generalized quaternion algebra with the basis 


(57) 1,y,2, yz 
and the multiplication table 
(58) sy=— yz, =o, 2 wu, wp integers, 


over the field R(u). Then S contains a quantity x satisfying a cyclic quartic 
equation with integer coefficients. 


For we may choose integers ai, a, 61, - - - , 84 not all zero such that the 
form (53) vanishes. Then if 


b=) + Bit Bou, bo = Bs + Bau, x = ayy + bz 
we know that «+0 and hence x*?0 since S is a division algebra. We have 
x? = (ayy + bz)(aiy + bz) = + + aib(yz + zy) 
ava + (b? — + wu) = + 
where 
= (a? + afr)o + (BP + Ber) — od(BF + + — 088s), 
€2 = + + — + BPr) + — 


Consider the linear combination R= ¢A,+ er. It is obviously the form (53) 
so that «Ai:+67=0. As we have chosen the aj, 8; integers, « is an integer 
divisible* by 7 and we may write ¢.= —7v. Then «=vA,; and we have 


(59) x? = p(Ayu — 7). 
But x?+0 so that »~0. But then 
xt = + r? — 27Ayu) = + 7?) — + x?) 


= — 7) — 2rvx? = — — 2vrx? 


(60) x! + 2v(A? + A?) x? + vA? (A? + A?) = 0. 


* For when A; and A; are relatively prime so are 7 and Aj. 
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The above equation is known to be a canonical form of the cyclic quartic 
equation with integer coefficients and it may be verified that it has the roots 
x, O(x), 02(x), 63(x) with 


6(x) = O%(x) = x. 


Thus S contains the desired quantity x and our lemma is proved. 
We wish next to prove 


Lemma 9. Let A be a normal division algebra in sixteen units over R. Let 
A contain a quantity u not in R but such that u? =r, an integer of R. Then the 
algebra S of all quantities of A which are commutative with u is an algebra of 
order eight over R and has a basis (57) and a multiplication table (58). 


For since every quantity of S is by definition commutative with u not 
in R and A is a normal division algebra, A>S. The order of S is then at most 
eight. The quantity —w is a root of the minimum equation of u and is a 
transform wuw-! of u by a quantity w of A. Hence w*u=w(—u)w=uw? 
and w? isin S. If w* is in R the algebra B=(1, u, w, uw) is a generalized 
quaternion sub-algebra of A which we know to be impossible when A is 
a division algebra (loc. cit.). Hence the order of R(w*) is not unity. If the 
order of R(w?) is four then the quantity w is in R(w?) since A has rank four, 
and w is commutative with u, a contradiction. But the order of R(w*) is a 
divisor of the order of R(w) and necessarily is two, so that R(w?) contains 
a quantity y generating it such that y?=¢, a rational integer. The field 
R(u, y) is a direct product of two quadratic fields and the quantity i= (u+1)y 
satisfies an irreducible quartic with Galois group Gy. Its minimum equation 
has —i as a root and —7 is a transform of 7 by a quantity z of A. In fact z 
corresponds for this i to the j; of §2, and the proof there given shows that z 
is commutative with and its square is a polynomial yu with 
and yu taken to be rational integers without loss of generality. The integer 
» is not zero, for then A would contain a generalized quaternion sub-algebra 
over R. The quantity y corresponds to the »v of §2 and zy=—yz. We have 
proved Lemma 9 and by combining it with Lemma 8 and r=A? +A? we 
have shown that A contains a quantity with cyclic quartic minimum equa- 
tion. 

Conversely let A be a cyclic algebra of order sixteen, that is, let A be 
a linear associative division algebra containing a quantity x with cyclic 
quartic minimum equation. Since (60) is a canonical form for the cyclic 
quartic with integer coefficients we may take, by a rational Tschirnhausen 
transformation, the minimum equation of x in the form (60). By defining 
u by (59) the minimum equation of wu is (56). 
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THEOREM 3. Let A be a normal division algebra of order sixteen over R. 
Then A is a cyclic algebra if and only if A contains a quantity u whose minimum 
equation 1s 


(56) A? + A? 
where A; and Az are rational and r is not a rational square. 


For if A; and A, were integers but not relatively prime we would define 
a new quantity u’ by u’=au where = is the greatest common divisor of 
A; and A; and would have a newr with A; and A; relatively prime integers. 
If A; and A, were fractions we would reduce the fractions to lowest terms and 
multiply « by the least common denominator of the fractions and again 
would have A, and A, relatively prime integers by the above process. 

We have seen that the constants in the above proof of Lemma 7 were all 
not merely rational numbers but integers. We may obtain an interesting 
corollary. Suppose that A contained a quantity ¢ whose minimum equation 
was 
(61) wt + + = 0, r= AZ p=AP+A?, 


with 7 not a product of distinct primes but where p is a product of distinct 
primes. Applying our proof we see that A contains a quantity x with mini- 
mum eqation 


(62) + 2vpw? + v*A?p = 0, p=A?+A?, 


and with v, p, Ai, A, all integers. It is easily shown that we may take v a 
product of distinct primes and have 


THEOREM 4. Every cyclic algebra of order sixteen over R contains a quantity 
x with minimum equation 


(63) o(w) = wt + 2vpw? + p = 0 


where v and p are each products of distinct primes, p is not a rational square, 
p=A?+A? is any desired representation of p as a sum of two integer squares. 


5. Cyclic algebras. Every normal division algebra in sixteen units con- 
taining a quantity x with minimum equation (63) is known to have a basis 


(64) (r,s = 0,1,2,3), 
and a multiplication table 


(65) y'f(x) = flor(x)]y", = (r = 0,1,2,3) 


with y an integer of R, for every f(x) of R(x). We shall put the cyclic algebra 
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in our form for algebras of order sixteen (the form of Cecioni). Define u by 
(66) = — p) 

so that 

(67) ue =p=A? +A? 


where p is a product of distinct rational primes and p¥0, p¥1. Obviously the 
prime factors of p have the form 2 or 4n+1. Also 


(68) 6(x) = + Ar), 6%(x) = — x, = — 0(x), OM(x) = x. 


We have y‘=¥7, a rational integer having no fourth power as a factor. We 
may write y=y?o where y, and o are each products of distinct primes, and 
¥1~#0, 040,01. It is easily shown that our definition implies that 

(69) yu=—uy, yu=uy?, xy = — 

Define a quantity v by vy,=y?. Then 

If y,=0 (mod p) then y; defined by uy: =y has the property that 


74 


ye = — yix = O(x)y, 


so that, without loss of generality, we may take 7,40 (mod p). We then 
have an algebra of the kind constructed in §§2 and 3 and with 


(71) 
so that 
(72) —v+vAmu, = 
= 26(x)y? = vAgyuo. 
Hence 
(73) =vAi, ¥3 = ¥5 = 0, Yo = 
and 
(74) vi — yep ve — = — yee, 
— yeop = (v2 — — 


Conditions (a), (b), (c), (d), (e) of Theorem 2 are satisfied. We let p=pir, 
o=017, where 7 is the greatest common divisor of p and ¢. Then we have 
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THEOREM 5. Let pi, 01, m be each products of distinct primes, let these three 
numbers be relatively prime in pairs, let p:>1, and p=pir 
be a product of primes of the form 2 and 4n+1. Write o=o,m and let A; and 
A» be any particular choice of a pair of integers such that 


(75) p=A?’+ 
Suppose that one of the congruences 
p = E? (moda;), o = E? (modp;), — = (mod z) 
does not hold for any E;. Then the set of algebras given by the basis 
(76) xty* (r,s = 0,1,2,3), 
and the multiplication table 


xt + A(x) = + Ai), x? = v(Aiu — p), 
2 


(77) (x) = — x, = — A(x), yra(x) = a[0(z)]y", 
yt = (a in R(x);r = 0,1,2,3)> 
where v#0 and y,=0 (mod p) are each products of distinct primes, is a set of 


associative division algebras over R to one of which every cyclic division algebra of 
order sixteen over R is equivalent. 


As when 1, 01, or 7 is given we know all of its quadratic non-residues 
we have explicitly determined all cyclic division algebras of order sixteen 
over R. 

6. The algebras of Cecioni. Cecioni in his Palermo Rendiconti paper 
constructed normal division algebras based on a non-cyclic abelian equation 


¥(w) = wf + po? + 0? = 0. 
He took n=1, i a root of ¥(w) =0, and had a basis 
je (r,s = 0,1,2,3; jo = 1), 
where 


g=jP +1), y= 7? = +1), a= 
gy(A1) 


g = = gral), + + =0 


so that 
= F — i). 
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Now (@.—i)?=0? +i?—2=—(p+2), so that if we let u=6.—i7 then u?= 
—(p+2). But 4.0 since otherwise c=0 and j?=0. Hence —(p+2) is 
expressible as a sum of two rational squares and we may write 


w= r=A;? + A?. 


Our Theorem 3 then shows that A is a cyclic algebra so that Cecioni’s con- 
struction did not give any non-cyclic algebras in sixteen units. We shall take 
a special case of the algebras, solve the equations necessary, and give the 
cyclic quantity. Write 


x = (02 + i)(u + js), 

and take k=/,=1, c=4, p= —19, so that 
—(p+2) =17=14 4, A, =1, A, =2. 
Then, since j3(2+7) = — (0.+2)js, jsu = ujs, =U, 
ax? = (2 + i)*u? + [(02 + = 21-17 — 21m, 

and 

x? = — 21(u — 17). 
It follows that 


4 2(— 21)-17x2 + (21)2-(2)2-17 = 0, 


a cyclic quartic with 
x? = —21(u— 17), = (x/2)(u+ 1). 


The algebras of Cecioni have been shown to be cyclic algebras and no 
non-cyclic algebras are known to exist. Cecioni’s choice of p, o made his 
algebras cyclic immediately no matter what the y:, - - - , ys are. The condi- 
tions that A be an associative algebra may be satisfied for p, « not so ob- 
viously making A a cyclic algebra. For example we may take p=3, ¢= —1 0 
that neither p, o nor gp is a sum of two rational squares. Then if yi=3, 
¥2=¥3=¥1=1, ¥s=0, ye=2, we have 


vy? — = 6, v2 — = = 2, — = 12, 
and A is associative. But A is a division algebra since 


for any rational y; and ys. But, as we shall show later, even this algebra is 
a cyclic algebra. We are led to an investigation of the diophantine conditions 
on ,¥e that A be a non-cyclic algebra. 
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7. A set of diophantine necessary and sufficient conditions that A be a 
non-cyclic algebra. We shall consider a normal division algebra in sixteen 
units over R, and shall assume that neither p, ¢, nor ap is expressible rationally 
in the form A? +A. Then it is true that no polynomial s of R(z) which is not 
in R, that is, which is not merely a rational number, has the property that 


(78) = A? + A? (A; and Ae in R). 


For let s be a quantity of R(z) which is not in R but whose square is in R. 
Then s=5,+52v and s?=s? +s?o+2s,5qv. If s? is in R then and s,;=0 
or If ss=0 then and s?=s? =AZ But s is 
not in R so that when then and s=d.w. If s2~0, s,=0 and 
s=(As+Agu)v, s?=(AZ Hence If then 
s=),v while if then s=d,uv. We have proved 


Lemma 10. The only quantities of R(i) which are not in R but are such that 
their squares are in R are those quantities of the form 
(79) s= Aou, or 
so that 
(80) Zp, Avo, or Agop. 

But by hypothesis neither p, o nor gp is a sum of two rational squares and 
we have the desired result. As a corollary of Lemma 10 we have 

Lemma 11. The only quantities of grade two in R(i) are those quantities 
of the form 
(81) i= M1 + + A3?, or v1 + 

We wish now to find necessary and sufficient conditions that the algebra 
2, of all quantities of the form 
(82) a+ dj, (2,6 in R(2)) 


contain a quantity s such that s*=A?+A?. If this be true then s=a+dj1, 


(83) s? = a? + (bf:)? + bla + a(— a) fi, 


so that, by the linear independence of the basal units of A, we have 


b[a + a(— = O. 


But and thus —(a,.—a,v) =a,v with a, in R(u). Also if 
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(84) b = Bi + Bau + (Bs + Bau)v (B:,+-+, Ba in R) 
then 

(85) = fi + fou, 

where 


(86) = [(8:? + — + + — 
(87) fe = + B2p) — + + — 
Then if a;=a,+a2u we have 

s? = (a? + + + fi + fom 
and s?=A? +A, if and only if 
(88) (a? + + fi = A? + A?, + fo = 0. 


We may eliminate a, between the two equations of (81) and, using the fact 
that R(i) contains no quantities s with the desired property, we know that 
,8,are not all zero. This gives Lemma 12. 


Lemma 12. Let A be a normal division algebra of order sixteen. Then its 
sub-algebra 2; whose quantities are of the form a+-bj; contains a quantity s, not 
in R but such that s*=A?+A? with A, and A: rational, if and only if 
there exist rational integers a, 81, - - - , Bs, Ar, Ae such that Bi, - - - , Bs are not 
all zero and 


(89) + dato? + dato(f: — A? — A?) = 0. 


For if a; =0 and (82) is satisfied then f,=0 contrary to the hypothesis that 
A is a division algebra. Hence a,;#0 and (89) is equivalent to (88). Since 
(89) is a homogeneous polynomial in the variables, its solution in rational 
numbers is equivalent to its solution in integers. 

By symmetry we have 

LemMA 13. Sub-algebra 2 of division algebra A, containing quantities 
a+bj. with a and b in R(i), contains a quantity s not in R and yet such that 
s?=A? +A? if and only if 


(90) fio + + 4aPp(fs — AP — A?) = 0 


for integers 01, Ai, Ac, and 8, - - - , Bs not all zero, where fs is given by (36) 
and f, by (37). 
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Lemma 14. Sub-algebra 23 of division algebra A, containing quantities 
a+dj; with a and d in R(i), contains a quantity s not in R and yet such that 
st?=A? +A? if and only if 
(91) féop + 4a;‘p? + 4a? p(f, — A? — A?) = 0 
for integers a, Ay, Ae and 6;, - - - , 54 not all zero, where f, is given by (38) and 
fe by (39). 

We shall consider, at this point, the special example given at the end of 


§5. In that example we had o= —1, p= y1 =3, ye=1. In that case take 
8: Be=a,=2 so that fe= 38, 


= = 27a, 4azof; = — 
and 
f2p + + = — Sas. 
But then if A,;=1, A,=2, 
A? — A?) =4, Sa? = 
and the form (89) vanishes so that algebra 2; contains a quantity 
s= (2+ 6uji1, s*?=5, 


since = —f2, a2 =3. Then algebra A is cyclic. 
Let us now assume that neither 2;, 22 nor 2; contains a quantity s such 
that s*=A?+A?. We wish to investigate the conditions that a quantity 


(92) s=17,+ (T:,T 0 in 
be such that s?= A? +A? with A; and A, in R. If s* isin R, then since 

s? = T? + (Tj2)? + Ti(Tje) + (Tj2)T: 
and since 

(Tj2)? = TT'g2, (Tj2)T1 = TT! je, 

with 7,’ and T’ in 2, we have 
(93) T\(Tje) + (Tj2)T: = 0, TR +W =A? 4+ A?, 
where 


(94) W = (Tj2)? = TT’ge. 


Since W is in 2; and 772 is not in 2; we know that 77: is not a polynomial in 
W and the order of R(W) is less than that of R(7j.). But W is not in R 
since then (772)? would be in R and A would contain a generalized quaternion 
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sub-algebra (1, u, Tj2, uTj2). Hence W has grade two and R(W) contains 
T? = —W+A?+A?. The field R(7:) contains W. Since 7; is in 2, an algebra 
over R(u), Tiw=uT;,. The field R(u, W) has order four since wu is not in 
R(W)>R(Tj2). Hence R(T)=R(u, T?)=R(u, W), for T must be in any 
field of order four with whose quantities it is commutative.* Then 


T, = P\(W) + P(W)u, 
and since we have P,(W) =0 and s=P(W)u+Tje with 
P(W) =i and in R, and T in Since W has grade two we may 
write 
V=W-h, 
and if P(W)=a+ea.V, then 
(a? + avy + +V +9, 

which equals A? +A? if and only if 
(95) (af = AP = — 1. 
It now becomes necessary to compute ¢; and ¢2. We may write 

= (b + dji)jo = + djs (6,d in R(i)). 
If d=0 then bj: is in Z2 so that s is in D2: contrary to our hypothesis that 2: 


contains no quantities s such that s is not in R and yet s*=A?+A?. Similarly 
60 and we shall now write 


(Tj2)* = W = (bjo)? + (djs)? + bd (—u) + db(—u, —2) jaje. 
We have taken A so that = g2(—v) gi and 
W = (bj2)? + (djs)? + [ba(— u) + db(— u,— 0) ]go(— 


Write 
(bj2)? = fa t+ fav, (djs)? = fs + four, 


where, as we know, fs, fs, fs and f, are given respectively by (36), (37), 
(38), (39). Then 


(96) W= q1 + 
with 
(97) qi = (fa + fs) + foo + fouv, ge = [bd(— u)a + db(— u,— v)]g2(— 2) 


and 


* It is known that the only quantities of a normal division algebra of order n? over F which are 
commutative with a quantity x of grade m in the algebra, are polynomials in x with coefficients in F. 
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(98) 8182(— = g3(— »). 
Then 

W? = gi? + + + 2) fi. 
We shall prove 


Lemma 15. The quantity q2 is zero if and only if b=0 or d=0. 


For let b=0 or d=0. By its form gz vanishes. Let next b¥0 and dx0. 
If then 
W=fstfset+ (fs + in R(i). 


But W has grade two with respect to R as we have shown. Also the only 
polynomials in i of grade two were proved in Lemma 11 to be quantities of 
the form \i+Aew, Ai+Asv, Ai +A.uv. If W has any of these three forms then 
fx=0 or fs=0. But when A is a division algebra f,=0 if and only if b=0 and 
fs was shown to be zero if and only if d=0. This furnishes a contradiction 
and Lemma 15 is true. 

We have assumed that }~0 and d¥0. Then g2+0, and since 


gi + + + qi(— 2) = + + 


we have 
(99) 2. = =Afstfs), fe, 


while 
= + (g2j1)*bigi = — 2). 


We may easily compute q.g:(—v) and have . 
(100) qiqi(— 0) = (fs + fs)? — o( + + 2fafeu). 
To compute (92/1) replace a by its value and we have 
8192 = bd(— u)gs(— v) + db(— u, — v)gigo(— 2). 
Also 
= £19292(— v) gi. 

But 

8192(— = b(— v)b(— wu, — v)gs + d(— v)b(— mu) gigs 
and 
g1(qaj1)? = [bb(— v)d(— u)d(— u, — v)gsgs(— ») 

+ dd(— v)b(— u)b(— u, — 

+ g:[bb(— u)d(— u)d(— v)gogs(— 2) 

+ b(— v)b(— u, — v)dd(— u, — v)go(— v)gs]. 


(101) 
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But gsgs(—v) =gigi(—)goge(--v) so that the right member of (101) has a 
factor gi. First 


[bb(— u)g2][d(— u)d(— v)gs(— v)] = (fa + far) (fo — four), 
so that the second term in brackets of the right member of (101) is 
(102) 2(fafs — fafoou)gi. 

The first term has a factor gigoge(—v), and apart from this factor is 
(103)  gib(— u)b(— u, — v)dd(— v) + bb(— v)d(— u)d(— u, — v)gi(— u). 
Also since 
b = Bi + Bw + (83 + Bav)u = Bi + Bsu + (B82 + Bau)v, 
d = 6, + + (63 + dyuv)u = 5; + + (Gsp + 
we have 
bb(— v) = B? + p — + Bep)o + — 
dd(— v) = 62 + 63 p — (62? + 62 p)op + 2(6:163 — 


Let 
hs = + BPp — + Be p), 


hs = 6 + 5? p + 5,7 p), 
he = 2(6163 06204) . 
Then 6(—u)b(—u, —v) =hs and 
gidd(— v)b(— u)b(— u, — v) = (hs + hau)(hs + heu)(yi + y20)- 


(104) 


But (103) is a polynomial in u added to the same polynomial in —w and its 
value is 


(105) H = 2[yi(Ashs hahep) + yop (Ashe hshs)}, 
so that 


o2 = of? + apf? — fe — fe + (v? — 
But 
f? + fF + 2fafs 
so that 
(106) = of? + apf? + 2fsfs t+ — yeo)H. 
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The form (106) reduces to of? when d=0 and to apf? when b=0. Also 
s?=A? +A? if and only if 


(107) + + 4a? — A? — A?) = 0, 


for if a; =0 then V?=yY=0 which is not true since, as we have shown, W is not 
in R. Hence (107) is equivalent to (95). But it reduces to (90) when d=0 
since then f,=0, ¢:=f3. Similarly (107) reduces to (91) for b=0. We then 
have (90) and (91) included in (107) and may omit them. Suppose that (107) 
were satisfied for values of the variables not all zero. If all of the 8; and 6; 
were zero then we could, by taking the remaining variables not all zero, have 
a solution. But the resulting quantity s would be zero. We must therefore 
seek solutions with not all of the 6; and 6; vanishing. The solution of (107) in 
rational numbers is equivalent to its solution in integers and we have 


THEOREM 6. A normal division algebra A in sixteen units over R with 
integer parameters p,o, 1, ° - « , Ye Satisfying the conditions of Theorem 2, and 
such that neither p, « nor ap is a sum of two integer squares, is a non-cyclic 
algebra if and only if 
(a) + + — A? — A?) #0, 

(b) + + 4a? — A? — A?) 0, 


for any integers on, Ai, Ae, Bi,- Bs, +, 54 Such that Bi,---, Ba, 


5,,-- +, 54 are not all zero and f; is given by (86), fe by (87), d: by (99), (36), 
and (38), and w by (106), (105), (104), (37), (39). 
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ON COMPOSITION OF SINGULARITIES* 


BY 
W. J. TRJITZINSKY 


1. Introduction. Our purpose will be to establish several theorems 
on composition of singularities analogous to Hadamard’s multiplication 
theorem. In each of these we consider essentially an integral of the form 


Fe) = f d 
(1) 2))- x/x. 


(In the proof of Hadamard’s theorem (1) is used, where g(z, x) =z/x.) One 
of our theorems (§2) is derived with g(z, x) =log z/log x; another (§3), which 
is derived with g(z, x) =(ax+bz+c)/(ax+biz+c), is a generalization of 
Hadamard’s theorem. Further, the theorem of §3 is extended to functions 
of two complex variables (§4) in a way analogous to the extension by 
Haslam-Jonest{ of the one-variable Hadamard’s theorem to functions of two 
variables. Finally, a theorem is derived (§5) making use of (1), with g(z, x) 
a more general function than the one employed in §3. 

2. The case where g(z, x) =logz/logx. We shall denote the closed region 
of the complex plane, consisting of all those points x for which a Sarg x< 
24 —a (0<a<z), by W(a). Let fi(x:) be a uniform analytic function whose 
singularities a/ ,0< |a/ |<|a/ |< -- - , form an isolated set, and let g:(x:) 
be another uniform analytic function with a single singularity 6’, |6’|>0. 
By simple transformations f,(x,) can be changed to f(x), a uniform analytic 
function, whose singularities a;, 1<|a:|<|o.|< ---, form an isolated 
set such that none of them belong to W(@) (0<@<z7). Since the a/ are 
isolated, such a region W(@) can be found. Let ¢; and 8 be defined by the 
following relations: 


(1) t/B=¢1, 


Then transform g;,(x;) so that the new function g(x) is uniform, analytic and 

has only one singularity 8. By (1), 8>1 and is real. Without any loss of 

generality we may consider f(«) and g(x) in place of f,(x:) and gi(x). 
Consider in the x-plane a region G consisting of the portion of the plane 


* Presented to the Society, March 29, 1929; received by the editors April 26, 1929. 

t Hadamard, Acta Mathematica, vol. 22 (1898), p. 55. Faber, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 16 (1907), p. 285. 

¢ Haslam-Jones, Proceedings oi the London Mathematical Society, vol. 27 (1927), p. 223. 
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bounded by a circle Cz, which has radius R and center x =0, and which does 
not pass through any of the a;, the points of W(@) and the neighborhood of 
the origin being excluded, the latter by means of a small circle Co with x =0 
for the center and radius ro. For R sufficiently large a number of the points 
a; will lie within the circle Ce. Surround each of these by small circles C,, 
with these points for centers and with radii r;, respectively. Join each C; 
with Cz by means of a Jordan curve /;.* The interiors of the C; do not belong 
to G. Choose the r; sufficiently small so that C; has no points in common with 
Cx, Cr, Co or the boundary of W(@). Also the /; can be taken so that J; has 
no points in common with /;, C;, Co or the boundary of W(¢). The region G, 
thus defined, is evidently a simply connected region. Its boundary C con- 
sists of some of the circumferences C;, the curves ];, of those portions of the 
circumferences Cr, Co which are left when the points of W(@) are excluded 
from them, and of the part of the boundary of W(@) interior to Cr and ex- 
terior to Cy (this part consists of portions of straight lines through the origin). 
Consider the transformation 


(2) z= x 
and apply it to the contour C. A circumference C; is given by 
(3) x=a,+ re? (0568 2n). 
Its transformation in the z-plane will be given by a-contour Cj, 
B= (a; + = (1 + 


(4) 
2—a% = + (0 <0 <2r), 


where (0) is of period 27 in 6 and is bounded so that with r; sufficiently 
small 0<1—e< |1+7,:p(0)|<1+e. Thus it follows from (4) that Cy is a 
simple closed curve containing z=a,* and with radii 


(1 — af-!| and (1+ , 


respectively. When r; is made to approach zero, the contour Cig will reduce 
to the point z=a,. 
The portion of the circumference Cy belonging to C consists of points x 
given by 
Its transformation Cog, 


(5) = — Bo <0; < Bo, 


* Compare the procedure in this section with the proof of Hadamard’s theorem, as given by 
Mandelbrojt; S. Mandelbrojt, The Rice Institute Pamphlet, vol. 14 (1927), No. 4, pp. 242-245. 


198 W. J. TRJITZINSKY [April 


is an arc of a circle in the z-plane. By (1), B@<z. Similarly, the trans- 
formation of the part of Cr belonging to C is an arc of a circle Crs. This 
arc consists of the points 


(6) z= Reis, — <0, < Bo < 
The part of the boundary of W(@) belonging to C, 
(7) SR, 


is transformed into 


or 
(9) argz = + Bd, <|2| < 


The Jordan curves /; are transformed into Jordan curves /;s, where Jig joins 
Cig with Crs. Denote the transformation of C by Cs. With the r; sufficiently 
small, Cs is the boundary of a simply connected region Gs. This boundary 
consists of points z, satisfying (5), (6), (9), and of the curves Cig and Jig. 

Throughout this section log « will denote the branch which reduces to 
zero for u=1. The r; will be taken small enough and the /; be so chosen that 
x=1is not on C. Consider the following integral: 


1 log z dx 


where p is a positive integer or zero. Since x is on C, for z interior to Cs; 
log z/log x #8. If it were otherwise it would follow that 


and since x is a point of C, z would be on Cs. For z within Cs; and x on C, 
f(«) is regular in x and g(log z/log x) is continuous in z and x. Consequently 
F(x) is continuous. Since F(z) exists on account of the existence and con- 
tinuity of dg(log z/log x) /dz, it follows that F(z) is analytic within C;. By 
letting R approach infinity in such a way that the a; are never on C, and by 
diminishing the r; indefinitely, the circular portion of the contour Cs, which 
belongs to Crs, will be made to recede to infinity and the simple closed 
curves Cig will be made to close down on the points a, respectively. The /; 
and consequently the /,z are arbitrary. Let L(@8) denote the set comple- 
mentary to W(@8) and Cys. In L(¢8), F(z) is uniform and analytic with a 
possible exception of points of the form a/. 

We shall show that when z is restricted to a certain subregion L of C,, 
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the integrand of (10) is a uniform and analytic function of x in a region M 
consisting of the circumference of a small circle C’ of radius r’ 


(0 < 6 < 2n) 


and the open region O bounded by C’ and C. For that purpose it is sufficient 
to prove the following lemma: 

Lemma I. Let a, b, c be positive numbers defined in succession by the follow- 
ing conditions: 

(i) For x in M, B\log x|><a; (ii) b is sufficiently small, so that a?—b?>0; 
(iii) c?<a?—b?. 

Let a region L consist of the points 

(iv) 1< |z| larg z| <b, 
which lie within Cg (such a region exists since there is a neighborhood of z=1 
interior to Cz). 

Then 
(11) llog z/log x| < 8 
for allzin L and xin M. 


A number a satisfying (i) exists since there is a neighborhood of x=1 
which is not a part of M. From (iv) it follows that 


0 Ss log|z| <c. 
Hence 
|logz| < (ce? + =argz. 
By (iv) this gives 
| log z| < (c? + 6?)!/? 
for all z in L. 
Thus we have 
|logz| < (c? + a <B-|logx|. 
By (iii), (c?+0?)'/?<a. This gives 
| log z| < B- | log x | 
or (11). This proves the lemma. 
For z fixed within the region LZ defined by Lemma I, the integrand (10) 
is a uniform and analytic function of x in M. The contour C can thus be 


deformed into C’ without encountering any singular points. We have 
therefore 
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1 ] d 
PO) = 


(2). (= dx 
logx/ (x — 1)?" 
Let 


(13) f(x) = (x 


n=0 
where the power series converges within a circle 


x = — (0S @< 2z), 
and let 


(14) g(x) = Doba-2” (|x| <8). 
n=0 
For purposes of oo (12) can be written in the form 
] d 
logx/ (x — 1)” 
We have thus proved the following theorem: 
THEOREM I. Given the series 
— 1)", 


representing the uniform and analytic functions f(x), g(x), respectively. Let 
the singularities a; of f(x) form an isolated set such that 1<|a;| and that 
none of the a; are in W(o),6<7. Let the only singularity of g(x) be B, B=/du, 
With a exception of points of the form the function 


d 
(16) PO) = 


(p a positive integer) is uniform and analytic in the region L(¢B8). This region 
consists of the set complementary to W(@8) and to a small circle around the 
origin. (C’ is a small circle around x =1.) 


Note. Using (15) it can be shown that 


(17) F(a) = = — 1°, 


where the power series converges within a circle having z=1 for center 
and a radius p where p <1 and p< |a;—1 | for alli. The c, depend on the a; 
and the b,,. The number ¢ 6 can be taken arbitrarily near to z. 
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3. An extension of Hadamard’s theorem. We shall now consider the case 
where 


(1) q(x,u) = (au + bx + c)/(au + dix + c) 


and shall proceed in a way analogous to that used by Haslam-Jones* in 
his extension of Hadamard’s theorem to functions of two variables. Suppose 
that the series 


(2) 
n=0 n=0 
represent the uniform and analytic functions f(u) and g(u’), respectively. 
Let the singularities a; of f(u) form an isolated set, |a;|27:>0. Similarly, 
let the singularities 8; of g(u’) form an isolated set, |8;|=r2>0. Let u be 
within a Laurent ring L(ro) defined by 0<1r.< |u|<n, and let x be in a 
region Ry given by |x| <r. Writing u’ we have 
au+bx+c a+ (bx+c)/u 


|w’| = 


ayu + + a, + + 


(3) 


for u in L(ro) and x in Ro, provided |a:|>({b:|r+ |c:|)/ro and |a:| is taken 


sufficiently great. On the other hand, if a,=0 it will be supposed that c,~0. 
We have in this case 
au+bx+e +e 
bat || — | bur | 
for u in L(ro) and x in Ro, provided r< |c:/b,| and rz is sufficiently great. 
Let C denote a contour in L(ro). By (3), the series representing f(u), g(u’) 
are uniformly convergent in u for u on C. 
Thus F(x) given by 


1 au + bx \du hes 
4 F = —f ( — nx” 


is an analytic function at least in Ro. The c, depend on the a; and the dy. 
The integral (4) is analytic in x within a region Re, more extensive than Ro, 
defined by the condition that none of the points in the u-plane given by 


(5) u=a,, w=0, 


* Haslam-Jones, loc. cit., pp. 223-230. Also Faber, loc. cit., p. 282. 
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shall lie within some assigned positive distance 6 from C.* This follows from 
the fact that for u on C the function f(u)-g(u’) is analytic in x for all x in 
Re, and that it is a continuous function of x and uw, when x is in Re and u 
on C. We observe further that, if Ci is a second contour in the u-plane and 
is such that the region between C and C;, contains no points of the set A de- 
fined by 


(6) u=a,, (au + bx + c)/(ayu + dix + c1) = Bi, 


then 


au + be +c \du 


Among the points A it is not necessary to include the point u given by 
au+b,x+c,=0. If infinity is included among the values §;, this value of u 
is given by (au+bx+c)/(au+b\x+c,) =B; for some i. On the other hand, 
if all the f,; are finite, g(w’) is regular for u’=©, that is, uw as given by 
ayu+b,x+c¢, =0 is not a singularity of g(w’). 

If x is in Ro(|x|<r), F(x) is analytic on account of the convergence of 
its Tayloz’s series (4) . This function, however, exists in a more extended 
region Re which has with Ry a neighborhood of the origin in common. As x 
approaches the boundary of Re some of the singular points in the u-plane 
may approach C. To meet this situation C is replaced by C’ by a continuous 
deformation of C, without passing over any of the points of the set A. The 
integral over C; is analytic for x in Re,, that is, in a region including the 
neighborhood of x=0. Thus this integral is an analytic continuation of the 
power series (4). This process of continuation fails only if points A on 
opposite sides of C tend to coincide. It follows therefore that F(x) is analytic 
in every x-region which is such that for no point within that region do any 
two points of the set A coincide. Accordingly, we shall proceed to find 
values of x for which such coincidences may occur. When a point u defined by 
u’ =; coincides with a point a, we have 


(aa, + bx + c)/(aia, + bix + 1) = B,. 


When a point u, defined by u’ =§;, coincides with the point «=0, we have 
(bx +c) =B;. Coincidences of points u, defined by u’ withu=o, 
would give the relation a/ai1=8; which is contrary to (13); thus, no coin- 
cidences of this kind can occur. The coincidence of a u-point defined by 


* Can now be considered not necessarily restricted to L(ro); it does not pass through any of the 
a; and it contains the origin in its incerior. 
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u’ =; with a u-point defined by u’ =6,(ki) gives, as a result of solving 
for x the equation 


— 6, = 0, 


x= —(cja—a,c)/(b\a—a,b). Hence the singularities of F(x) are all included 
among the points 
a — —(¢,a — 
x 
— b 


(8) 
biBi — (b:a — a,b) 


a, 


We have proved the following theorem: 


TueoreM II. Let g(x, where |a| is 
sufficiently great so that, for a positive ro, ro<1:, and a positive r, (3) is satisfied. 
If a, =0 it will be assumed that c, #0. In this case re is supposed to be sufficiently 
great so that for a positive r, r< |c:/b: |, (3’) is satisfied. Let the series >\a,x", 
with an isolated set of singularities a:, \a;|2r, and > b,x", with an isolated 
set of singularities B;, |B;|=r2, represent the uniform functions f(x) and g(x), 
respectively. Let F(x) be defined by the integral (4). If a:+0, 


If a,=0, 


(9) F(x) = Denx” = do = mSi(x)- ut; | < r). 


F(x) possesses in the whole plane no other singularities than those given by 


a — a8; C—aBi — — ac) 


(10) “ar 
18; — b (bia — a,b) 


There are no singularities for |x| <r. 


The second series (9) can be derived as follows. Consider the integral 
(4). It isan analytic function of x for x in Ro (|x|<r). For u in L(ro), that is, 
for 0<ro< |u| <n, and x in Rg, letting 


b m 
(11) ve (== = mpi(x)/ui, a, (here | u’| < 12), 
ayut+ bxt+ ; 


it is observed that all the series involved in the integrand are absolutely and 
uniformly convergent. Thus, by multiplication and arranging f(u)-g(w’) in 
powers of u, and noting that F(x) is the term free of u, we obtain 
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(12) F(x) = >> anbm mPn(x) <r; a, 40). 


To derive the second series (9’) we let 


Uu + b + c\™ i=m 
= = msi(x)- (a, = 0), 
bxt cy i=0 


where the series converges and |’ | <r2 for |x| <rand|u|<n. It is observed 
that F(x) is the term free of wu in 


f(u)-g(u’) di(x)-ué. 


Hence 
F(x) = do(x) = ao: «50(x) <r; a, = 0). 
i=0 


We see therefore that in the case when a,=0 the singularities of the 
function F(x) are independent of the singularities of f(x). This case is con- 
sequently of no special interest. A priori it would seem to be possible to get 
Hurwitz’s theorem* as a particular case of Theorem II by setting a,.=),= 
c=0, b=c,=1, a=1. Indeed introducing these values in formula (10) we 
get the singularities of the composed function of Hurwitz’s theorem. Un- 
fortunately, however, this function is not represented by (9’) which is an 
entirely different function. While the integrals look alike, the contours of 
integration are different. It is not possible to choose the contour in Theorem 
II in such a fashion that both Hadamard’s and Hurwitz’s theorems come out 
as special cases. 

If in Theorem II we let b=a,=1 and a=c=b,=c,:=0, g(x, u) becomes 
x/u and (3) becomes r/ro<72. The latter inequality is seen to be satisfied for 
suitable values of r and ro. The function F(x), as given by (9), will become 
F(x) =>0a,b,x". On the other hand, since there are no singularities of F(x) 
for |x| <r, we have from (10) the expressions B,a, as the only ones among 
which all of the singularities of F(x) are found. Thus Theorem II contains 
Hadamard’s theorem, as a particular case. 

4. The extension of the theorem of §3 to functions of two variables. f 
Let f(u, v) be an analytic function of the complex variables u and 2, having 
a branch regular near u=0,v=0. Let for that branch 


(1) f(u,v) = > 


* S. Mandelbrojt, loc. cit., p. 24. 
¢ Compare with the methods used by Haslam-Jones, loc. cit., pp. 223-230. 


n,m 
0 
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Similarly, let g(u’, v’) be another function for which 
(2) g(u’,v’) = 


Suppose that the singularities of f(u, v) and g(u’, v’) are given by p(u, v) =0 
and g(u’, v’) =0, respectively. The functions p(u, v) and g(w’, v’) are analytic 
functions of type Z. A function s(u, v) is said to be of type Z if for any constant 
1, S(t, ¥)=0 or has isolated zeros in the v-plane; and for any constant 2, 
s(u, v1) =0 or has isolated zeros in the u-plane.* Let f:, fe and gi, ge be positive 
constants such that (1) is convergent for |u|<fi, |v|<fe, and (2) is con- 
vergent for |u’|<g:, |v’|<ge. Then for |a:| sufficiently large, positive 
constants and 2; can be found, # </fi, 211 <fe, such that 


au+bext+e av+by+ec 


3 < £1, < 
au + cy avt+ hy +c 


for all uw and » satisfying |w|>, |v|> and for all x and y in a region 
Ro(|x|<r, |y|<s). As in (3) in §3, writing u’ =(au+bx+c)/(au+bix+e) 
and v’ =(av+by+c)/(aiwv+bhiy+c:), we have both inequalities 

a+ (bx + )/u 
a+ (hie + o)/ul 

a+ (by + la] +(|b|s+ |c|)/n 


(4) 


(5) 


a+ (hz 


satisfied, provided |a,| is sufficiently great. Let u, v be within the region L 
defined by the relations m< |u | <fi, u< lv | <fe. In L, both f(u, v) and 
g(u’, v’) have their respective Taylor’s series absolutely and uniformly con- 
vergent for all x, y in Ro. We shall consider now the following integral: 


—1 au+bx+c av+by+c \dv du 
(6) F(x,y) = —f f , 
aqutbhxta avthyta/sv u 


where C is a contour in the w-plane and C’ a contour in the v-plane, both in L. 
Substituting the power series (1) and (2) in (6), these series being absolutely 
and uniformly convergent on C and C’, it is observed that multiplication 
term by term is possible. Thus for x, y in Roy 


(7) F(x,y) = Dicma y" 


where the cn, depend on the dm, and the dma. 
The integral (6) is analytic for (x, y) in Ro (|x|<r, |y|<s). Using (11) 
of §3, noting the absolute and uniform convergence of all of the series in- 


* For this definition see Haslam-Jones, loc. cit., p. 223. 
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volved and arranging f(u, v), g(u’, v’) in powers of v (wu and v in L), we get 
from the product 


8 m,k,r 


the term free of v 


1 dv 
(8) = =I ( |, 
where 


(9) B, (x,y) mp-(x) kps(y). 


Multiplying (8) by du/(2riu), and integrating with respect to u along the 
contour C, and arranging (8) in powers of u, we obtain the term free of u 
(10) F(x,y) = = mPs(x) 

r,s r,s,m,k 
The series in the last member converges at least in Ro. 

We shall now proceed to find all of the possible singular loci of the func- 
tion F(x, vy) whose analytic element in Ro is given by (7). Denote the values - 
of v satisfying p(u, v) =0 by (I'm). Let the d; be the points of the w-plane 
for which p(w, v) =0 for all v, and which are therefore defined by the equation 
p(u, 0)=0. The d; form an isolated set. Denote the values of v satisfying 
by (Tu’) and 
the isolated values of u satisfying g( (au+bxa+c)/(au+b,x+c;), 0) =0 by gy. 
The (I'’u) depend on u, x and y; the ¢; depend on x. We shall now show that 
if (x, y) is in Ro and if u describes C (C and C’ in L), the points v=(I''u) de- 
scribe contours T outside of C’ and the points v=(I'’u) describe contours T’ 
inside C’, provided |a’ | is large enough. For uonC, |u| If |v| = |(Tu) |< 
fs, there would be a contradiction to the assumption that (1) converges 
whenever |u|<fi, |v|<fe. Hence and thus the contours 
are outside of C’. Similarly, when x and y are in Ry the values v’ =(G’u’) 
defined by g(u’, v’) =0 satisfy the inequality |v’|=g2. The points =(I'’u) 
satisfy the equation (av+by+c)/(av+biy+c) =v’ =(G’u’). Thus 
(diy + (by + ¢) 


a — 


(11) v = (I’u) where |v’ | = gz. 


We have 


(12) |(I’u)| = + — (by + 


a, — a/v’ 


|ai| —|a|/ge 
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provided that |a,| is sufficiently large. The constant |a,| will be taken so 
that the inequalities (4), (5) and (12) are all satisfied. Having so chosen 
|a,|, from (12) it follows that the contours I’ are all inside C’. Thus, for 
C in L and («, y) in Ro, the contour C’ in the v-plane separates the I figure 
(consisting of the contours [) from the I’ figure (consisting of the con- 
tours I’). 

Introduce in the v-plane a contour C, depending on w and consisting 
of a circle of a large radius R, R>|(I'’u)|, with the center »=0. Let it be 
indented to exclude those points »=(I') which are inside of this circle, and 
let it contain all the points ([’w). (In order that this should be possible, 
for (x, y) not necessarily in Ro and w not necessarily in L, the conditions 
#0, (C'u) will be later introduced, the first to have a finite 
R> |(P'’u)|, the second to make separation of the points (Tm) from the 
points (I'’w) possible.) When a is on C and (x, y) in Ro the integrand of 


au + bu+c av+by+e\ dv 
(13) f , 
c aqu+ax+e, aqu+thy+a/ 


as a function of v, has no singular points in the region of the v-plane bounded 
by C’ and C,. Accordingly, 


and 
1 dv du 
Jo, 
which holds for (x, y) in Ro and C in L. Concerning this integral we shall 
prove the following lemma: 


Lema II. With C any contour in the u-plane, the iniegral (15) is analytic 
in x and y for (x, y) in a region Re defined by the condition that none of the points 
of the u-plane given by 


au+ bx +e 
ayu + bix avt+ by + 


(16) p(u,v) = o( 


or 


au+bx+e a 
(17) “) = (0* 
ay; 


shall lie within an assigned distance 6, 5>0, from C. 


* (17) is obtained from q(w’, v’) =0 by letting v0. 
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When ~ is a fixed point on C, (I'’u) (Tu) by (16); and (I'’u) # © by (17). 
Thus the contour C, can be constructed with a finite R, so that it separates 
the points (['’~) and (I') in such a way that these points do not lie within 
some assigned positive distance from C,. Consequently, we can have a con- 
tour C,, which is such that C, can be continuously deformed into C,, without 
encountering any of the v-singularities of the integrand. Then 


where the second integral (18) remains analytic in (x, y). Thus, for u fixed 
on C, and (x, y) in Re, the first integral (18) is analytic in x and y. We shall 
now prove that this integral is analytic in x, y and wu, for (x, y) in Re and u 
within a small circle s with center at u, u a point on C; that is, that it is con- 
tinuous in x, y and u for (x,y) in Re and u on C. This will complete the proof 
of the lemma. Choose s small enough so that the representations of s on the 
I and I” figures, ¢ and a’ respectively, have no points in common. If, for s 
no matter how small, o and o’ had a point in common, (13) would hold for 
u on C and (x, y) in Re. Let C, be a contour excluding o and including o’. 
Then 


As in the case of the second integral (18), the second integral (19) is analytic 
in x, y and u when (x, y) is in Re and wu is in s. Hence the same holds true of 
the first integral (19). 

Lemma III. Given in the u-plane a contour C, such that C can be deformed 
into C; by a continuous deformation without passing over any of the points A 
defined by 


? 


(20) 
u,v) = 
au+bx+c a 
ay 
(22) p(u,0) = 0, 
(23) u=0, 


then 
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We denote by D the region in the u-plane bounded by C and Ci, the 
representations of D on the T and I’ figures by A and A’, respectively, and 
the contour in the v-plane containing A’ and excluding A by Cy. If A and A’ 
have no points in common 


1 d 1 d 


For (x, y) fixed, the second, and therefore the first, integral is an analytic 
function of u for all «in D. When A and A’ have points in common we may 
use precisely the procedure of Haslam-Jones.* Thus, the function of u, 
given by the first integral (25), can be integrated along C giving the first 
integral (24). C can be then deformed into C;. This completes the proof of 
the lemma. 

F(x, y), which is analytic in Ro, is given there by the convergent power 
series (7). By Lemma II, F(x, y) is analytic in the more extensive region 
Rc, its analytic expression there being given by (15). The region of validity 
of the representation of F(x, y), by means of a double integral, can be further 
extended by deforming C into Ci, utilizing Lemma III. It is impossible to 
continue this process when two points of the set A, lying on opposite sides 
of C (the contour in the u-plane), coincide. Thus, F(x, y) has a principal 
branch all of whose singularities are found among the relations expressing 
coincidence of two points of the set A. This set is defined by (20), (21), (22), 
(23). Using Hartogs’ theorem that an analytic function of two variables 
cannot have isolated points for singularities, and a lemma by Haslam-Jones, f 
coincidences of the points of the set A will be shown to yield no singularities of 
F(x, y). Coincidences of two solutions of (21), of a solution of (21) with that 
of (22), of a solution of (22) with that of (23), may occur only for isolated 
values of x; the points u defined by those equations being independent of y, 
there arise no singularities. There are no singularities of F(x, y) in connec- 
tion with (22), (23). 


* Haslam-Jones, loc. cit., p. 227. 

+ Hartogs, Miinchener Sitzungsberichte, vol. 36 (1906), p. 223. Haslam-Jones, loc. cit., p. 228. 
We quote the lemma: 

Let f(u, x, y) be an analytic function of u, x, and y which has continuous singularities u=a,(x, y), 
and consider a contour C in the u-plane. If, for ¢(x, y)=0, a:=az and the other singularities are such 
that then 


F(x, 9) = f S(u, %, y)du 
Cc 


is regular for (x, y)=0 provided that f(u, x, y)=fi(u, x, y)+fo(u, x, y), where fi(u, x, y) és regular for 
u=cu(x, y), and fo(u, x, y) is regular for u= a(x, y). 
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Since the case when F(x, y) is a constant is of no interest, it will be sup- 
posed that 6 and }, are not zero together and, if a=0, b=0, then c+¥0 
If a=Oand )#0 the values of x and y satisfying bx+c=by+c=0 will, in 
the following, be excluded. If a0, it will be assumed that bc; — b,c ¥0. 

Suppose that a point “=a,(x, y), satisfying (20), coincides with a point 
u =a, satisfying (22). Suppose |v|0, as a»(x, y)—>a,. For v=0, (20) be- 
comes 


au+bx+ce by+e 
(26) p(u,0) = ) 
biy 


We have the isolated set of values u defined by p(u, 0) =0, u=d,, and from 
the second member, u=e,(x,y). Therefore singularities may arise for 
d,=e,(x, y), that is, for x=n,(d,, y). Substituting this expression for x in 
(20), eliminating v, and letting «=d, we derive an isolated set of values 
y, y=m,, and hence an isolated set of values x, x=n,(d,, m;). By Hartogs’ 
theorem no singularities, due to this case, arise. Suppose |v| does not 
approach 0, as a(x, In (20), let w=a2(x, y)=a;. Assume that 
whenever |v | <e, 
(27) | p(ai,x) | Sn, 
The two inequalities cannot hold simultaneously, since that would mean 
that v0, as a.—a;. The inequality (27) holds since p(a:, 0) =0. Therefore 


(29) 
ayo + + ayo + biy + 


Let C.o be a contour in the v-plane consisting of C, and in addition in- 
dented to exclude the origin. We have then 


au + bx +e av+by+ec\ dv 
f ( 
Cu avt+hy+a/ v 


au+ bx+ec av+by+ec\ dv 
= f f(u,r)-g 
Cuo avthy+a/ ov 


Sn (n-0, as e—0). 


(28) 


whenever <e. 


1 au+bx+e by+e 
). 
2ri qutbheta hy +e 


This relation follows from the following considerations. Restrict (x, y) so 
that none of the u-solutions cf (20) coincide with a solution of (22). Then 
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p(a2(x, y), 0) ¥0, and f(u, v) is thus analytic for |w—a,| <6, |v|<e (for 4, 
e sufficiently small). The function g(w’, v’) has u=a2(x, y), v=0 for singular 
values only if 


( daz(x,y) + bx +c 
+ bix + byta 


If this relation were true, one of the equations (20), g(u’, v’)=0, where u 
is replaced by a(x, y), would yield a solution »=0. Another equation (20), 
p(ae(x, y), v) =0, would become p(a2(x, y), 0) =0, and this was shown to be 
impossible. Thus, g(u’, v’) is analytic for |u—a2|<6, |v|<e, and the same 
is true of f(u, v)-g(w’, v’). Hence f(u, v)-g(u’, v’)/(277), with v=0, is a func- 
tion of « analytic in the neighborhood of u=a.(x, y). This function is the 
last term in (30) and is the residue at »v=0 of the integrand in (30). By (29), 
g(u’,v’) is analytic for |~—a,| <6, |v|<eand hence the integral in the second 
member of (30) is a function of w analytic in a neighborhood of u=a,. 
Hence, by the lemma of Haslam-Jones, there are no singularities due to the 
case under consideration (with the above hypothesis on x and y). 

If a=0, }#0, the preceding reasoning is neither applicable for « = —c/b 
nor for y= —c/b. Consider the case a=0, 6¥0, y= —c/b. With a=0, b+0, 
from (11) of §3 it can be shown that every mpm4i(x) contains (bx+c) to the 
mth power, as a factor, and that ,.p,(x) =0 forr<m. Thus letting y= —c/d 
in (9), and observing that .p,(—c/b)=0, unless k=s=0 (opo(—c/b) =1), 
we get 
B, (x, — 6/b)=0, s21, 


and 
B, o(x, — 6/b) = mpr(x). 


Thus from (10) 
(31) F(x, — = Br,o(x, — ¢/b) = mPr( x) 


Since 


f(u,0) = g(u,0) = 


by comparing (31) with (12) of §3, it can be seen that F(x, —c/b), as given by 
the methods of this section, is derivable from f(u, 0), g(u, 0) by means of 
Theorem II. This theorem is applicable since, by the hypothesis on p(u, 2), 
q(u, v), the functions f(u, 0), g(w, 0) have isolated singularities. Thus F(x, 
—c/b) has only isolated singularities. Similarly, F(—c/b, y) has only isolated 
singularities. By Hartogs’ theorem no singularities of F(x, y) arise for this 
case. 
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Singularities, due to the coincidences of a u-point of (20) with a point of 
(21) or a point of (23), are eliminated in the particular case treated by 
Haslam-Jones, by methods which cannot be readily extended to our case. 
Neither did we succeed in eliminating these singularities by any other 
method. Thus we assert the following. 

All the singular loci of F(x, y) are found among the relations expressing 
coincidence of two u-points of (20), of a point of (20) with a point of (21), 
of a point of (20) with that of (23). The points (23) areu=0,u=0, 

We have thus proved the following theorem: 


THEOREM III. Let f(u,v) be an analytic function of u and v having a branch 
regular at u=0,v=0, and having for that branch 


(32) f(u,r) = Yan nu™v" (convergent for |u| < fi, |v| < fe); 
let g(u’, v') be a similar function for which 
(33) —-g(u’,v’) = ~(convergent for | u’| < gi, | v'| < gz), 
and let f(u,v) and g(u’,v’) have singularities given by p(u,v)=0 and 
q(u', v’) =0, respectivery, where p(u,v) and q(u,v) are analytic functions of 
the type Z. Let r(x, u) =(au+bx+c)/(au+bx+er), where |a,| is sufficiently 
great, so that for positive r, s, 1, 11(ui<fi, 11<fe) the inequalities (4), (5) and 
(12) are all satisfied. Exclude the relation b=b,=0. If let 

The function F(x, y), given by the series 

F(x, Dem = Doar, bm, mPr( x): 


r,8,m,k 


(34) 


(r(2,x) = 


converging for |x|<r, |y|<s, has a branch which is regular near x =0, y=0. 
It has all of its singular loci included among the (x, y)-relations expressing 
coincidence of two u-solutions of 


au + bx+ec 
ayu + dix + by + 


of a solution of (20) with that of p(u, 0) =0, of a solution of (20) with u=0, 
of a solution of (20) withu=o. 


(20) p(u,v) = a( 


? 


5. An extension of Theorem II. Consider the integral 


f flu) 


where 
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+ eu + 


(1) = 


(2) = Co + + 


The constants ¢,x, giz, with the exception of gno, satisfy the inequalities 
lenl, Ss. 
Also e,40, gn#0. Concerning the functions f(u), g(u’) we make the assump- 
tions of §3. For u within a Laurent ring L(ro), defined by 0<ro< |u| <n, 
and x within a region Ro, defined by |x| <r, the following holds: 
(3) g(x)|, lex) | = 
The inequalities (3) do not include g,(x); however, |ga(x)—gno|<Sm(r). 
Also, 
| gn + gou-" | = | + (gn no) + 
+ +++ + gou-"| >| gno| — sm(r)(1 + rot +19") > 0, 


provided |gno| is sufficiently great. Thus writing u’=q(x, u), it follows that 


Cn + + + + 
gn + + * +--+ + 
Sm(r)-(1 + + ro? +--+ +77") 
| gno | — Sm(r)-(1 + +--+ +70") 
provided that |g,0| is sufficiently great and x is in Ro and u in L(r0). 
Let C denote a closed contour in L(ro). The series representing f(u) 
and the series representing g(u’) converge absolutely and uniformly when 


x isin Ro and u on C. The latter series converges since, by (4), | 0’ | <r. 
Thus F(x), given by 


1 
F(x) = — fc 
Cc 
= = Doan: bm: wSa(%), 


(4) | =| g(x,u)| = 


To, 


(5) 


is an analytic function. The last two representations (5) converge at least in 
Ro. The second of the two representations is derived by noting that 


(6) q™(x,u) = mSi(x)/u* 
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is absolutely and uniformly convergent for x in Ro and u in L(ro), and by 
proceeding in the way similar to the one used in deriving (12) of §3. 

The integral (5) is analytic within a wider region Re, defined by the con- 
dition that none of the points A in the u-plane, given by 


(7) u=ai, g(x,u) = Bi, 


shall lie within some assigned positive distance from C. The contour C is 
now not necessarily in L(ro), it contains «=O in its interior, and does not 
pass through any of the a;. Analyticity of (5) follows from analyticity of 
J(u)+g(q(x, u)) in x, for all x in Re, and u any fixed point on C; and from the 
continuity of this product in x and wu, for x in Re and u on C. Further, if C, 
is a second contour in the w-plane containing C and there are no points of the 
set A in the region bounded by C and C; (nor on C;), then 


(8) ff du/u = 
c C; 


Among the points A it is not necessary to include the points u defined by 


(9) fot giut---+g,u" = 0. 


Any such point gives g(x, «) =u’ = ©. If infinity is included among the values 
8;, it has already been given by q(x, «) =8;, for some i. If the 8; are bounded 
as a set, g(u’) is regular for u’ = ©, that is, it is regular for any wu satisfying 
(9). By repeating the reasoning of §3, it is found that all of the singularities 
of F(«) are included among the values x for which two of the points of the 
set A coincide. Coincidences of a w-solution of g(x, u) =8;, with u=a;, u=0, 
u= © give 


(10) q(x,ai)= Br, g(x,0)=0, =0, 


respectively. Coincidences of two u-solutions, whether they do belong to the 
same equation of the set of equations g(x, “) =6,, or not, give also possible 
singularities of F(x). We are able thus to state the following theorem: 


THEOREM IV. Let g(x, u) be a function defined by (1) and (2). Let |gno| be 
sufficiently great so that, for a positive ro, ro<ri, and a positive r, (4) is satisfied. 
Let the series >\a,x" with an isolated set of singularities a;, \a;|2r, and 
>b.«" with an isolated set of singularities B;, |\B;|=r2, represent the uniform 
functions f(x) and g(x), respectively. The function 


F(x) = = Doan: bm: mSn(X), g™(x,u) = De msi(x)/u', 


0, 
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where both series converge at least for all |x| <r, possesses in the whole plane 
singularities which are all included among the values of x satisfying 


q(x, 9(#,0)=0, g(x,0)=0 


and the values of x for which two u-solutions of q(x, u) =B, coincide. 
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RESIDUES OF POLYGENIC FUNCTIONS* 


BY 
VINCENT C. POOR 


1. Important results. A function W(z) =u-+iv is called polygenic if it is 
not analytic ©, monogenic. The delay in the study of such functions has 
doubtless been due to the fruitful field of analytic functions opened up by 
the uniqueness restriction on the derivative, dw/dz, of w. Some of the most 
important results in this relatively new field of polygenic functions are the 
areal derivative 


introduced with a different factor by Pompeiut and 


— f was 
dw 
lim ——-—— 


d8 2iA 


which in its essence is Kasner’s{ mean derivative. 
If W is analytic in z or 2, one of these circulation integrals is identically 
zero. Also from these two definitions the two circulation theorems§$ 


dw dw 
2f f 21 “aa =— f was 
a da P a dp 


are almost evident. 

We define a polygenic function as regular at a point when it possesses a 
differential at that point. In the sequel we shall assume that the functions 
we consider are, in general, regular so that for a regular point, a, of a function 
f(z) we will have 


* Presented to the Society, November 30, 1929; received by the editors in September, 1929. 

t Pompéiu, Sur une classe de fonctions d’une variable complexe, Rendiconti del Circolo Mate- 
matico di Palermo, vol. 23 (1st semester 1912), pp. 108-113. 

t Kasner, General theory of polygenic or non-monogenic functions. The derivative congruence of 
circles, Proceedings of the National Academy of Sciences, January, 1928, pp. 75-82. The notation 
here is due to G. Y. Rainich, University of Michigan. 

§ Calugaréano (Thesis), Sur les fonctions polygénes d’une variable complexe, Paris, 1928, pp. 11, 
12. 
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if wiz 
dw 
— = lim ———— 
da 2A 
|_| 


RESIDUES OF POLYGENIC FUNCTIONS 


@) 
(1.1) f(z = +9 


where df/dB and df/da are the values of the derivatives at the point a, 
and 7 is a quantity of higher order than the first in z—a, a quantity such that 
n/(z—a)? remains finite when z goes to a. 

In studying such functions we have as our model the highly developed 
theory of analytic or monogenic functions. 

2. Zeros and poles. The simplest singularities of monogenic functions are 
poles which may be characterized as the zeros of the reciprocal of a given 
function. We begin therefore by a brief discussion of zeros of polygenic 
functions. 

There is a large class of polygenic functions defined by a double power 
series* 


f(z) = ao + + and +---. 


Such a function vanishes at the origin if the absolute term, do, is taken equal 
to zero. In the case of a monogenic function the result of such vanishing is 
that a factor z may be taken out so that the function can be represented in 
the form 


= 2F(2) 


where F(z) is regular at the origin. A polygenic function of this form, where 
F(z) is another polygenic function, also has a zero at the origin but this is 
by no means the only type of zeros. Without going far into the classification 
of zeros we consider in addition to this what seems to be the next simplest 
case, the case in which the whole linear term may be taken out as a factor 
so that 


f(z) = (az + b2)F(z) 
and we assume that F(z) does not vanish in the neighborhood of the origin. 
The function az+z evidently vanishes for z =0; to see whether it vanishes 


for other points in the neighborhood of the origin we notice that if az+bz 
is zero we must have 


az = — bz 
or taking absolute values 


|o|=|5|. 
Thus if |a||b| the origin is an isolated zero of f(z). But if the relation 


* Calugaréano, loc. cit., § 1. 
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|a| = |b| or its equivalent b=ae'* holds we easily see that we have a whole 
line of zeros, distributed along the straight line whose slope angle is (@ —7)/2. 

We pass to the consideration of poles which we define in accordance 
with the above, as points at which the function becomes infinite while its 
reciprocal is zero. Corresponding to the two simple types of zeros mentioned 
we consider two types of poles of f(z) given by the equations 


F 
(2) 


respectively; here the pole is assumed, for convenience in writing, to be at 
the origin. 
3. Residues. In the theory of monogenic functions the residue is defined 


by the equation 
1 
Ra = — f 
2rid, 


If f(z) has no poles inside the closed contour c, defining the region A, then 
R, is zero. If in this region f(z) has a pole so that 


F(z) = (2 — a)f(z), 


then 

Ra =F (a) 
The only restriction on the contour c is that the region A bounded by it 
contains no other singularities of f(z). 

If, on the other hand, f(z) is a polygenic function the contour integral 
is no longer independent of the path. Therefore the value of Ra given above 
depends on the contour c, and the definition loses its sense. We may, however, 
define the residue of a polygenic function as the limit toward which the above 
expression tends when the contour c, assumed to be a circle* of radius r 
with center at a, tends when the radius goes to zero. This definition may be 
regarded as a generalization of the above definition for monogenic functions 
since for such functions it furnishes the same value Ra. 

Symbolically then we write 


(3.1) R’ = lim f(z)dz 


10 0 


for our definition of the residue of a polygenic function at the point z=a where 
the contour is a circle of radius r, with center at a. 


* An arbitrary contour within the circle would serve the purpose just as well. 


Zz az + bz 
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TueorEM 1. If f(z) is a polygenic function in a region A and has no 
singularity at z=a nor in the neighborhood of z=a (and by this we mean that 
it is possible to construct a circle about the point a which contains no singularity 
of the function considered, except, possibly, at =a) then 
(3.2) R’ =0. 


This, of course, is the analogue or generalization of Cauchy’s first law. 
We may write 


f f(2)dz = [f(z) — f(a) ]dz + f(a) J ds. 


The last integral is evidently zero and the modulus of the preceding will 
be less than the maximum value of |f(z)—f(a) | on the circle multiplied by 
Jo|dz|. Both these factors tend towards zero with r so that R’ =0. 


THEOREM 2. If z=a is a simple isolated pole of the polygenic function 
f(z), such that 
F(z) = (2 — a)f(z) 


and F(z) is regular at a, and in the neighborhood of a, then 

(3.3) R' = F(a). 
This is the generalization of Cauchy’s second law for monogenic functions. 
We may write 


f + F(a) 
0 0 


0 


The second term in the right member is 27iF (a); the first term may be written 
according to the formula (1.1) as 


df df z—a Jz 
— fd d: 
dp 


The first of these integrals vanishes and the other two tend towards zero 
with the radius of the circle, and the theorem is proved. 

t We consider now a more difficult problem of finding the residue at a 
pole of the second type of §2. For convenience we shall take the singularity 
of the function f(z) at the point z=0 and then study the behavior of the func- 
tion at the origin. We assume then that 


(az + 62) f(z) = F(z) 


where F(z) is regular in the neighborhood of z=0. In fact we will treat only 
the situation where F(z) is unity so that 
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(3.4) J soa = 


We have to consider three different cases, 
|b] >|a|; |b] 


We study together the first two cases. 
Case I, |b|>|a|; Case II, |b|<|a|. If we change the form of the 


integral so that 
f dz 1 f 2azdz 
4 az+bz 2a o az? + br? 


we can easily evaluate it on the circle with a fixed radius r. Since in this 
form the denominator, if r be regarded as fixed, is equal to an analytic func- 
tion of z and the numerator is its differential, we may apply the theorem 
in analytic function theory that such an integral is equal to the difference 
between the number of zeros and the number of poles of the function, in 
the area bounded by the contour of integration, multiplied by 277. In both 
cases considered, the function az*+ br? has no poles inside the circle of radius r. 

In Case I there are two zeros of the function outside the circle and no 
zeros inside; thus the integral vanishes in this case. 

In Case II there are two zeros of the function az*+ br? inside the circle 
so that the integral is 2-277. This argument holds for every 7; we therefore 
have in the limit 


r+0 241 


Case III, |b|= |a|. Here the poles of the function are distributed along 
a straight line through the origin. The integral in question is improper since 
the intersections of the line and the circle, radius r, make the integrand in- 
finite. In this case b=ae‘*, where (6—7)/2 is the slope angle of the line 
of poles, and the — in ota may be transformed as follows: 


f dz 1 e*°d6 
0 a 0 


Qn 
--f ait nihil 1 + cos (¢ — 20) + isin (¢ — 28) 
[1 + cos — 26) + isin (¢ — 26) 
sa 0 2 + 2 cos (@ — 26) 


1 Qn 1 
2adJ 2aJo 2 


[April 
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Here the first integral evidently becomes wi/a. We agree to take the chief 
value of the second (improper) integral, letting 0 go from (6—7)/2+¢€ to 
and from (¢+7)/2+¢€ to (6+3m)/2—€ and then making tend 
toward zero. If we pair off the elements of integration in the first and fourth 
quadrants and those in the second and third we see that we obtain zero. 

If we think of az+2 as a function of Z and define the residue of its re- 
ciprocal in the same manner in 2 then ar?+-02? will be analytic in 7. We thus 
have a second residue 


R=1/b 
in Case I, zero in Case II, and 1/(2) in Case III. If we define the total res- 
idue, R, as the sum of the residues in z and z respectively, we will then have 
Case I : R = 1/b; 
Case II : . R=1/a; 
Case III : R = (a + b)/(2ab) - 


4. Areal derivative. An interesting application of this theory of res- 
idues arises in connection with the differentiation of 


f(tdt 


Jo 
under the integral sign. According to Theorem 2 we may write equation (3.3) 


(4.1) f(z) = lim fiat 

10 
where the contour of integration is the circle of radius r, center at z. This 
is the generalization of Cauchy’s integral representation of a function; in 
what follows we obtain the generalization for the integral representation 
of the derivative. 


THEOREM 3. The 6 derivative of a polygenic function may be expressed 
in the form 


1 f(t)dt 1 d f(t) 


=lim— | — 


L 
10 dz t—z 


or the B derivative may be obtained by taking the z derivative in 
f@dt 
lim 


t—2 
under the integral sign. 
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If we use formula (1.1) we may write 


f(t)dt (“) (t — 2)dt — z)dt 
2)? 


o (¢—2z)? 0 


To evaluate the right member we observe that the first integral falls under 
analytical function theory and that the integral vanishes identically. The 
last tends towards zero with r since the integrand is finite. In the second and 
third integrals we make the substitution re’ for t—z and obtain 
Qn df. i 
dd + —i ——d0 
0 da o t—2 
It will be seen that the second integral is identically zero; this leaves 
2mi(df/dB) as our limit which proves the theorem. 
The a@ derivative may be found in exactly the same way if we think of 
the polygenic function f as a function of Z and write 


= lim — 


10 i-—2z 


This equation is the analogue to (3.3) and may be deduced in the same way. 


Conclusion. In a new field it is frequently difficult to discriminate be- 
tween the important and the unimportant. However, it would appear that 
the calculus of residues should play a very important réle in certain phases 
of polygenic function theory. 


UNIVERSITY OF MICHIGAN, 
Ann Arzor, MIcH. 


ON THE COMMON INDEX DIVISORS 
OF AN ALGEBRAIC FIELD* 


BY 
H. T. ENGSTROM 


I. INTRODUCTION 


Let d be the discriminant of an algebraic field K generated by a root 6 
of an irreducible equation 


(1) f(x) = 


whose coefficients are rational integers. We shall call (1) the characteristic 
equation for 6. If ds is the discriminant of @ then de=k,?-d where ke is a 
rational integer, the index of 6. A divisor common to the indices of every 
integer of the field has been called by Kronecker a “gemeinsamer ausser- 
wesentlicher Discriminantenteiler” of the field. We shall use the term 
“common index divisor.” f 

The existence of common index divisors was first established in 1871 by 
Dedekind{ who exhibited examples in fields of third and fourth degrees. 
Dedekind§ further showed that a rational prime p can be a common index 


divisor of a field K if and only if at least one of the inequalities r(f) >g/(f) 
holds, where r(f) is the number of prime ideal divisors of p of degree f, 
and g(f) is the number of different prime functions (mod #) of fth degree. 
Using Kronecker’s theory of algebraic numbers, Hensel|| has given a neces- 
sary and sufficient condition on the so-called “index form” for p to be a com- 
mon index divisor. In 1907, Bauer{ showed that if »<™m there exists a field 
of mth degree in which p is a common index divisor. Von Zylinsky** has 


* Presented to the Society, December 27, 1928, and March 30, 1929; received by the editors 
in June, 1929. 

+ This terminology corresponds to that of Fricke (Algebra, vol. 3, Leipzig, 1928) who uses the 
term “standiger Indexteiler.” 

¢ R. Dedekind, Géttinger Gelehrte Anzeigen, 1871, pp. 1481-1494. 

§ R. Dedekind, Uber den Zusammenhang zwischen der Theorie der Ideale und der Theorie der 
hihere Kongruenzen, Abhandlungen der Kéniglichen Gesellschaft der Wissenschaften zu Gottingen, 
vol. 23 (1878), pp. 1-23. 

|| K. Hensel, Arithmetische Untersuchungen iiber die gemeinsamer ausserwesentlicher Discrimi- 
nantenteiler einer Gattung, Journal fiir Mathematik, vol. 113 (1894), pp. 128-160. 

4M. Bauer, Uber den ausserwesentlicher Discriminantenteiler algebraischer Kérper, Mathe- 
matische Annalen, vol. 64 (1907), p. 573. * 

** E. von Zylinsky, Zur Theorie der ausserwesentlicher Discriminantenteiler algebraischer K orper, 
Mathematische Annalen, vol. 73 (1913), pp. 273-274. 
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established the necessity of this condition, i.e., can be a common index 
divisor of a field of mth degree only if p<n. 

This paper is concerned with the problem of determining the greatest 
power, ~*, of » which is a common index divisor in a given field and, in 
particular, how x is connected with the prime ideal decompositon of p. In 
a recent paper Professor Ore* makes the conjecture that x is not in general 
determined by the prime ideal decomposition of ». The author verifies this 
conjecture by showing that for degrees eight or higher certain types of prime 
ideal decomposition may occur in fields for which x is different. For fields 
of degree less than eight we show that x is determined by the prime ideal 
decomposition of ~. Theorems are developed giving this value of x for all 
types of prime ideal decomposition which may occur in such fields. Some 
types of ideal decomposition determine x even in the field of nth degree. For 
some of such cases, including the case where all the ideals are of first degree 
and first order, x is given by the theorems of this paper. 


II. THE DETERMINATION OF x IN SOME GENERAL CASES 


1. Let f(x) =0 be the characteristic equation of an integer 6 of the field K 
and suppose dp=p*-q where (p, g) =1. If 


= filx)- folx) f(x) (mod *) 
where a>6+1, and f;(x), i=1, 2, 3,4, is irreducible (mod p*) and of degree 


n;, then, by the first theorem of Ore,7 


r 


(2) [p] = 
where Np,“*=p. The field generated by a root 0“ of f;(x) =0 is called the 
Abbildungsk6rper of p; and shall be denoted by K“. Let p* denote the 
highest power of p contained in the index of 0“ in K“, and furthermore let 
pi be the highest power dividing the resultant R(f:(x), f;(x)). Then the 
index of @ is divisible by exactly p, where 

(3) Kg = + 

>i i 

In order to find x for the field K from the prime ideal decomposition (2) it 
is necessary to determine the values of p;; and x; for an integer @ of the field 


* O. Ore, Newtonsche Polygone in der Theorie der algebraischen K érper, Mathematische Annalen, 
vol. 99 (1928). 

t O. Ore, Uber den Zusammenhang -wischen den definierenden Gleichungen und der Idealtheorie 
in algebraischen Kérper, Mathematische Annalen, vol. 96 (1926). 

t O. Ore, loc cit., p. 345. 
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for which xe takes on the least value. We shall first examine the problem for 
the simplest case. 
2. Consider a field K of mth degree in which 


(4) [>] = Dn, 


where Vp;=p,i=1,2,---,m. Iff(x) =O is the characteristic equation of an 
arbitrary integer 6 in K, then 


(5) f(x) = (% + a1)(% + ae) (x + an) (mod 


for a sufficiently great. It is seen that x;=0,i=1, 2, ---,m. Furthermore 
R(fi(x), fi(x)) =a;—a;. Hence kp is divisible by the same power of p as 
(6) — aj). 

To determine x for the field K we seek a set of rational integers ai, a2, --- , 
a, which correspond to an integer of the field by (5) and such that (6) 


contains the least possible power of ». We shall make use of the following 
theorem: 


THEOREM 1. Let pi, po,---, ps be any distinct prime ideal divisors of p 
in K and let g(x), o2(x), ---, b(x) be a set of prime functions, not neces- 
sarily distinct, of degrees mi, Mz, - - - , m, where m; divides the degree f; of }i- 
Then there exists a primitive integer 0 in K such that $,(@) contains exactly 
where ky, he, -- ,h,is an arbitrary set of positive rational 
integers. 


For an arbitrary prime ideal p of degree f dividing p, every integer w of K 
satisfies the congruence 


wo —w=0 (mod p) 


which has, therefore, as many roots as its degree p’. On the other hand, the 
polynomial x» —x is congruent (mod ) to the product of all prime functions 
(mod p) whose degrees are divisors of f. It follows that 


gi(x) = (x — — we) (%& — wm,) (mod 


where w, we, - - - , Wm, are integers in K. By a generalization of a theorem 
of Schénemann* we have 


= (2 — — ma) (4 — (mod pr’) 


where 2, , are also integers in K. Hence there exists an integer 


* Th. Schénemann, Von denjenigen Moduln, welche Potenzen von Primzahlen sind, Journal fiir 
Mathematik, vol. 32 (1846), pp. 93-95. 
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6, in K such that ¢,(@,)=0 (mod p,"). We may suppose @; chosen so that 
¢:(6;) is divisible by exactly p,", for suppose ¢:(6:) were divisible by p/’, 
8>h,. Then if x is an integer in K containing exactly p,! and we set 6; 
=6,+7", we have 


mh, 


) = + = + (01) o1°™ (01). 


Since 40 (mod it follows that ¢1(0; ) is divisible by exactly p,". 
Similarly we may determine integers 62, 03,---, 0, so that ¢,(0,) is 
divisible by exactly p;*,i=1, 2, - - - , s, and hence if @ is chosen so that 


i+1 


6=0; (mod p, ) (¢=1,2,---,5), 


it follows that ¢;(@) is divisible by exactly p;*,i=1, 2, - - - ,s. Furthermore 
6 may be supposed primitive, for if it were not primitive let 


(h>h,i=1,2,---,5), 


where @ is a primitive integer and ¢ is a rational integer. It is seen that r 
can be chosen so that @’ is primitive while ¢; (0’) contains exactly p;*, i=1, 
2,---+,8. Hence Theorem 1 is proved. From Theorem 1 we have the follow- 
ing Theorem: 


THEOREM 2. If @;,d2,--+,@, 1s an arbitrary set of n rational integers, then 
there exists an integer 0 in K for which f(x) has the decomposition (5) for some a. 


For by Theorem 1 we may choose 6 so that 6+a; = 0 (mod p), i=1, 2, 
Suppose 


f(x) = (% + b1)(% + be) + Dn) (mod p*). 


Then 6+5;=0 (mod p,*-*’) where a may be chosen so large that a—p’>8. 
Hence 6+a;=0+5; (mod p/) and a;=6; (mod #*) and Theorem 2 follows. 
If the a’s are all distinct and 6 is chosen so that they are distinct (mod *) 
then 


f(x) = (x + + ae) (4 + an) (mod 
where 86> 6. 


To determine @ so that (6) contains the least power of » we make use of 
the following theorem due to Hensel.* 

The discriminant |] (a;—ax) of n arbitrary rational integers is divisible 
by the discriminant D, =|] ix; (i—j) of the first n positive rational integers. 

Hence, for a field in which p has the decomposition (4), D, contains 
exactly ~*. The following theorem is obtained by simple calculation. 


* K. Hensel, Uber den grissten gemeinsamen Teiler aller Zahlen welche durch ein ganze Funktion 
von n Verdnderlichen darstellbar sind, journal fiir Mathematik, vol. 116 (1896), p. 352. 
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THeorEM 3. If K is an algebraic field of nth degree in which 
= pi-pe--- Pn, Noi = 2, 


3. We shall extend this result to a more general type of prime ideal 
decomposition. Suppose p; is a prime ideal of order e; and degree f; dividing 
p, and ¢{x) is a prime function (mod #) of degree f;, We may determine a 
primitive integer @ in K such that ¢(6) is divisible by exactly p,?. If f:(x) 
is the factor (mod p*) corresponding to p; of the characteristic equation for 
6, then the Newton polygon (, ¢(x)) of f:(x) is a straight line with slope 
1/e;.* Since f(x) must be of degree e;f; we have 


then 


(7) Si(x) = o(x)*%* + p- M(x), 


where M(x) 40 (modd #, ¢(x)). After Ore, we call the form (7) the “normal 
form.” It follows by the theorem of Dedekind that if the factor correspond- 
ing to an ideal p; is normal then x;=0. If the prime ideal decomposition of p 
is such that g(f;)<r(f;) for f;~1, it follows that we may choose @ so that 
x;=0 for f;~1. Furthermore, if f;~1, R(fi(x), f,(x)) 40 (mod 9), i.e. p;;=0. 
Hence we have the following theorem: 


TueoreM 4. Let K be an algebraic field of nth degree in which 


= pi'-po'--- pe, Nps = ph. 
Tf g(fi) <r(fi) for and e;=1 for f;=1, then 


where r is the number of first degree prime ideals dividing p. 


4. If the degree of the field is less than eight, Theorem 4 can be extended’ 
to the case where some of the first degree ideals are of higher order. We 
shall say that a prime ideal p of fth degree dividing p is associated with a 
prime function ¢(x) (mod #), whose degree is a divisor of f, for the integer @ 
if p divides ¢(6). It follows from Theorem 1 that an integer @ can be found in 
any field with any given association of the prime ideal divisors of . We shall 


* O. Ore, Newtonsche Polygone in der Theorie der algebraischen Kérper, Mathematische Annalen, 
vol. 99 (1928), p. 100. 


| 

4 

a 


228 H. T. ENGSTROM [April 


use the notation p*|¢(@) to indicate that $(0) is divisible by exactly the ath 
power of p. Let 


(8) Pi,P2, Pe 
be the prime ideals dividing » for -which f;=1 and e;>1, and let 


be those of first order and first degree. Suppose further that g(f,)=r(f,) 
for f;~1. If the ideals (8) are each associated with a distinct prime function 
of first degree for an integer @ whose index contains exactly p*, then x may 
be determined from the prime ideal decomposition. We shall show that this 
association can be assumed for @ in a field of degree less than eight if <p. 

Suppose that /<~ and that at least two of the ideals (8), say p: and pp», 
must necessarily be associated with a single prime function, say x, for an 
integer 6 whose index is divisible by exactly p*. Then there must exist at 
least p—¢+1 prime functions, say 


with which none of the ideals (8) are associated for 6. Suppose that n; 
of the ideals (9) divide If f(x) is the factor (mod 
p*) of f(x) corresponding to p;, we have, from the Newton polygon, 


filx) = xti+ pM,(x), i= 
Hence 2. 

Consider the value of « for another integer 6, in K for which p} |6,+1 
while the other associations remain the same as for 0. Let fi‘(x) be the 
factor (mod p*) of the characteristic equation of 6, which corresponds to pu. 
Then 


fi (x) =(x+1)%+p-B, BO (mod ?). 


Hence for 6; we have x:+).p1;=m. It follows from our assumption that the 
value of x for 6; must exceed x, i.e. 

(10) m, > 2. 

Similarly, n;>2 for i=1, 2,---,p—t+1. Hence if m is the degree of the 
field, we have 

(11) n= 3(p—t+1) + 2¢. 

It follows that »27, i.e., if tS and m<7 the index of some integer 6 for 


which the ideals (8) are associated with distinct prime functions is divisible 
by exactly p*. 
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This result is true for ~=7. To establish this suppose first that ¢=3. It 
follows from (11) that m=9. In the second place if #=2 and p>2 from (11) 
we have 210. We have yet to consider the case where ¢=2 and p=2. In 
the field of seventh degree this becomes the case where 


(12) [2] = p2-p2-ps-pa-ps, Mp; = 2. 


Let us assume as above that x must necessarily occur for an integer 6 in K 
for which both p,; and pe are associated with a single prime function, say x. 
From (10) it follows that the other ideals ps, ps, ps must be associated with 
«+1 for 6. Suppose p;*- p:’|@. Then 


f(x) = filx)fo(x) f(x) (mod 22), 
where 
filx) = + 2kix + 2°m, (m,2) = 1, 


(13) 
fo(x) = x? + 2kox + 2>m2, (m2,2) = 1. 


We shall make use of the following lemma: 
Lema 1. If fi(x) and fo(x) have the form (13), then min(x:+ xe+pi2) =3. 
For we have 

(14) R(filx), fo(x)) = — (2¢m, — 2°m2)? + 2( ke — — ke2%m). 


If a=2 and b=2, it follows that p2=3. If a=1 and b>1 we have from 
(14) that p2=2. Furthermore 0/2 is an integer in the Abbildungskérper 
K® since it satisfies the equation 


x? + kox = 0. 


Hence x221, i.e., Ki +Kke+p223. The similar result follows if a>1, b=1. 
If a=1 and b=1 we have from (14) that pr=3. We have thus shown that 
min 3. 

It remains to show that there exists an integer @ in the field for which 
Ki +k2+p2=3. By choosing a=1 and b=3 we have pi.=2 and furthermore 
x, =0 since f(x) is in the normal form. It is also seen that 0/2 satisfies 
an equation which has the normal form and hence x.=1. For this choice of 
6, Ki and the lemma follows. 

Returning to our argument we shall show that the assumption that p: 
and pe in (12) must be associated with the same prime function for the @ 
whose index contains exactly 2* leads to a contradiction. For if an integer 0; 
is chosen so that po'|@,+1 while the other associations are the same as for 0, 
we would have 


Ko + 3, 


4 

‘ 

ig 

LA 

a 

a 
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the other terms in (3) remaining the same as for 8. We have thus shown that 
in a field of degree less than eight, <p, the index of some integer for which 
each of the ideals (8) is associated with a distinct prime function contains 


exactly p*. 

It follows that the required integer is such that the ideals (9) are as- 
sociated with prime functions as in Theorem 4 while each of the ideals (8) 
is associated with a distinct prime function, first exhausting the prime 
functions with which the smaller number of ideals (9) is associated. The 
following theorem is obtained by simple calculation. 


THEOREM 5. If K is an algebraic field of degree n <8 in which 


= pe, Nps = 
where g(fi)>r(fi) for fi¥1, and e;=1 for f;=1 except for t ideals, tS p, then 
x = Us: + 1) — min (¢,p — r + psi) 


+ 


where r is the number of first degree, first order prime ideals dividing p. 
If ¢=1 it follows immediately that the above result is valid for a field of 
nth degree and we have the following corollary: 


Corottary. If K is a field of nth degree in which t=1 and the other con- 
ditions of Theorem 5 are satisfied, then 


‘ 1 


5. We shall now consider certain types of ideal decomposition of the 
prime 2 for which x may be determined. Let K be a field of mth degree in 


which 


[2] = Np; = 2, 


and a=b=2. Choose an integer @ so that p}p:*|@ and p2|@+1. Then the 
characteristic equation of @ has the decomposition 


f(x) = (mod 2*), 


where 
Sila) = + + ---+ 2m, (m,2) = 1, 
Sola) = (x + + + +--+ + 2m, (m:2,2) = 1, 
= x? + 2mix + (ms,2) = 1. 
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If a=2, it follows from Lemma 1 that min (913+«:+«3) =3 for integers of K 
for which p,; and p; are associated with x. For the @ chosen above we have 
Ky = Ke =pi2=0, and furthermore, as in Lemma 1, if we choose c =3 it follows 
that xx=1 and p;;=2. Hence, if a=2, we have x =3. 

Consider the case where a>2. Since where 
indicates the norm taken in the Abbildungskérper K“, it follows that 
pij22 for the two ideals p; and p; which are associated with the same prime 
function. Hence we have min (9:3+«:+x3)2=2. But if c=1, we have 


(16) Ris = + 22,0°" + + 2m) 
where 
(17) + + 2m; = 0. 


From (17) it follows that p;'|@®. Hence from (16) we have ps‘|Ris, ice. 
pis=2. Furthermore x; =k2=k3=pi2=p23=0. Hence for this choice of 0 we 
have x=2 and we conclude that x =2 for a>2. 

This result may be extended to the ideal decomposition 


[2] = - a2b22. 


If is chosen so that p,'ps*|@ and it is seen as above that 2* 
i.e., x =3 or 4 according as a>2 or a=2. Similarly for the field in which 


[2] = Nps=2, 


we choose @ so that p,'p;*|@ and pe!-p,y!-ps?|8+1 and obtain x=5 or 6 
according as a>2 or a=2. These results may be combined in the following 
theorem: 


THeoreEM 6. If K is a field of nth degree in which 


[2] = Ps > Nps = 2, 


where a=b=2>c2d, then x=2+c+2d or 3+c¢+2d according as a>2 or 
a=2. 

| This theorem is also true in fields in which [2] contains prime ideals of 
degree greater than one, provided that r(f) Sg(f) for f ¥1. 
6. Consider a field in which 


[2] = -ps Ds De 


‘ 

4 

b 

4 
4 

4 

: 
1 
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where =2?; Np; =2 fori>2. It is easily shown that =z? 
+x-+1 is the only prime function (mod 2) of second degree. Suppose an 
integer @ is chosen so that |6(0). Then if fi(x) and fo(x) are the 
factors (mod 2*) of the characteristic equation of @ which correspond to 
pi‘? and we have 


Ailx) = o(x)* + + - - + 20,(x), 
= o(x) + 2?R(x), 


where Q(x) #0 (modd 2, ¢(x) ) and R(x)40 (modd 2, ¢(x) ). It follows 
that and pw=2. If pi: and are not associated with first 
degree prime functions it follows from the corollary to Theorem 5 that x is 
least for the integer @ for which the ideals py, ps,--- , ps» are associated 
as in that theorem. Hence the least value of x for an integer so chosen 
is 2+T where T is the expression (15). If, on the other hand, 6 is chosen 
so that one of the ideals p,°, pe‘, say pi, is associated with a first degree 
prime function, say x, then 


Silx) = + + 2 


which is not in the normal form and hence x,=1. But if s=4 the association 
of Theorem 5 has at least one of the ideals ji, peo, - - - , p. associated with x 
and hence >. ,;;=2. Furthermore, any significant change of association of 


the ideals ps, ps, - - - , ps would increase x by at least one and, since m21, 
we would have x22+T. It follows that if s24, x=2+T7 where T is the 
expression (15). 

If s<4, let us determine @ so that p,'|67+0+1, po’ |@, and p,'|@+1. 
Then 

filx) = O(x)* + + + 200(x), 0 (modd 2,9(z)); 
(18) fo(x) = x? + + 4m, (m,2) = 1; 

fs(x) = (x + 1)°+2M(x), M(x) #0 (modd 2,x + 1). 
We may further suppose that 6 satisfies the congruence* 


«2)* 


(19) 6 = (mod 


where 
a 
(2) 


(20) (mod p2 ). 


* O. Ore, Uber den Zusammenhang zwischen den definierenden Gleichungen und der Idealtheorie 
in algebraischen Kérpern, Mathematische Annalen, vol. 97 (1927), p. 576. 
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From (19) and (20) we have 6?+20+4=0 (mod pf). But from (18) 
6?-+2k0+4m=0 (mod *) where we may assume a—p>2. It follows 
that 2(k—1)@=4(1—m)(mod p.*-*), and hence & must be odd. The integer 
0/2 in the Abbildungskérper K“ satisfies the equation x?+kx+m=0, 
which, since k is odd, has the normal form x?+2+1+2M(x)=0. Hence 
ke =1 and, since x. =Ks=p.1;=0, x=1. We thus have the following theorem: 


THEOREM 7. In a field of nth degree in which 


(2) 


[2] = pi De, 


Np, = = Np; = 2, 


x= 244 Dn fr—2(- orx=1 
i=l 


according as s=4 or 2S5<4. 


7. Asa last case consider a field in which 


@) @ 
‘Do 


[2] = pi 
Np; = 22, « = 1,2,3; Np, = 2. 


If a=0 choose @ so that pe" |@ and ps’ |@+1. As above, 
pij=0 and k.=x3;=1. It is seen that the index of 6 contains exactly 2* since 
any other association leads to a larger x, ie. x=2. Similarly, if a~0, by 
choosing @ so that ps|@ and we see that x =3. 
Hence we have the following theorem: 


TueoreM 8. If K is a field of nth degree in which 


(2) (2) 


[2] =pi -pe -ps 
Np; = 2?, 1,2,3; = 2; 
then x =2 or 3 according as a=0 or aX0. 


8. The theorem of von Zylinsky and the criterion of Dedekind are suffi- 
cient for determining which rational primes are common index divisors in 
a field from the prime ideal decompositions. The theorems of this paper 
are sufficient for calculating the powers of these primes contained in the 
greatest common index divisor of any field of degree less than eight. The 
following table gives the results of these calculations. 


we have 

a 
4 

& 


234 H. T. ENGSTROM [April 


POWERS OF RATIONAL PRIMES CONTAINED IN THE GREATEST COMMON INDEX 


DIVISOR OF AN ALGEBRAIC FIELD 


[po] = --- pr, Np; = 


Prime Ideal Decomposition 


Degree of 
Field [fs fa, fs, €2, es, 


[1 1 1] {i 1 1] 


8 
4 
3 
2 
2 
2 
2 
2 
1 
1 
1 
1 
1 


Prime 
2 3 5 
3 1 
4 [1 11 1] [i114] 2 1 
[1 1 1] [2 1 1] 1 
[2 2] {1 1] 1 
5 [11111] [1111 4] 5 2 
[111 1] [211 4] 2 1 
{i 1 1] [2 2 1] 1 
[3 1 1] 1 
[211 1] [1 11 1] 1 
[2 2 1] [1 11] 
6 [111111] [1111141] 3 1 
[11111] [21111] 2 
[1 1 1] [2 2 2] 
[1111] [2211] 1 
[1111] [311 1] 1 
[21111] [11111] 1 
[2211] [1111] 
[2 2 2] [1 1 1] 
[1 1 1] [3 2 1] 
[211 1] [1211] 
[2 2 1] [1 1 2] 
[2 2] [2 1] 
[311 1] [i111] 


COMMON INDEX DIVISORS OF FIELDS 


Prime Ideal Decomposition 


Degree of 


7 


no 


— 


— 


bd 


= 
— 


1 
1 
1 
2 
1 
2 
1 
1 
2 
2 
1 
2 
1 
1 
3 
2 
2 
3 
1 
2 
1 
2 
1 
1 


_ 


Ww 


III. AN EXAMPLE SHOWING THAT x IS NOT DETERMINED BY THE PRIME IDEAL 
DECOMPOSITION IN THE GENERAL CASE 


Consider a field K of eighth degree in which 
(21) [3] -p2-p2-pe, Nps = 3. 
Let @"be an integer in K chosen so that 
(22) pip? pt |O+1, pt |O+2. 
If f(x) =0 is the characteristic equation for 0, then 


f(x) = filx) fo(x) fa(x) 


1930] 235 
Prime | 
2 3 5 
| 111] 24 2 
1 1] 
1 1] 2 
1] 2 
1] 2 
] 1 
1] 
] 
] 1 
1 
1 
1] 
1] 4 
1] 4 
] 1) 
] ja 1] 
(mod 3°), 
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where, from the Newton polygons, 

fi(x) = x? + 3kiyx + 3m, 

fox) = x? + 3kox + 3mz, 

Ss(x) = (a + 1)? + 3ks(x + 1) + 
Sala) = (x + 2)? + 3ka(x + 1) + 


(23) 


and (m,, 3)=1. Then pis=pu=x:=0, i=1, 2, 3,4. To calculate x we need 
only calculate pi. We have 


(24) R(fi(x) , fo(x)) = — — m,)? (mod 3%), 


and therefore p12 =2 or pi. >2 according as m:# mz (mod 3) or m, =m, (mod 3). 

We shall show that m,(mod 3) is independent of the choice of 6 satisfying 
(22). Since @ is a prime with respect to p,, any integer 6’ of K satisfies a 
congruence 


(25) =a+ 00 (mod p? *) 


where a and b are rational integers. If 0’ satisfies (22) we must have a=0 
(mod and b#0(mod i.e., a=0(mod 3) and 640(mod 3). Let fi‘ (x) 
be the factor corresponding to p; in the decomposition (mod 3) of the char- 
acteristic equation of @’. Then fi‘ (x) =x°+3kix+3m. Hence 


(26) + 3kid’ + 3m{ =0 (mod 
Substituting (25) in (26) and using the relations a2=0 (mod 3) and 
pe-*), we have 

(27) 3m,b? — 3m{ = (mod p,*). 


Since b=0(mod 3) we have b?=1(mod 3) or b?=1(mod p;). Hence it follows 
from (27) that m,=m; (mod }9;), i.e., m:=mi (mod 3). We have thus shown 
that in a given field m in (23) is fixed (mod 3) for any integer @ satisfying (22). 

On the other hand, if m, m2, ms, m, are four arbitrary rational integers 
not divisible by 3 there exists a field K containing an integer 0 satisfying (22) 
such that the given m’s occur in (23). For let 


filx) = (x) + 3( kid (x) + mi) 


where m; takes on the given values and ¢;(x), 7=1, 2, 3,4, are the corre- 
sponding prime functions in (23). We may choose &; so that 


(x) + my (x) + m; 
for i~j. Then the discriminant of the polynomial I(x) =IIi.if;(x) is not 


[April 
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zero. Suppose it is divisible by exactly 3°. Then an equation of the form 
f(x) = I(x) + = 0 

will determine the required field if f(x) is irreducible. But we can obviously 

make f(x) irreducible by choosing M(x) so that f(x) satisfies the Eisenstein 

irreducibility criterion with respect to a prime other than 3. 

It follows from (24) that fields for which m,4m.(mod 3) have x=2. 
On the other hand, if m,=m.(mod 3) and we choose @ so that p,'- p,*|0, 
ps'|@+1, and pt \a+2 it follows as in Theorem 5 that x=3. We have thus 
proved the following theorem: 


THEOREM 9. There exist two types of fields of eighth degree in which 
[3] = Np; = 3. 
For fields of one type x =2, for the other x =3. 
It follows readily that 
[3] = p?-p2-p?-p2-ps, Nps = = 1,2,3,4, Nps = 


is an example of a type of ideal decomposition in the field of mth degree for 
which x is not uniquely determined, i.e., 


THEOREM 10. For fields of nth degree, n<8, x is not in general determined 


by the prime ideal decomposition. 


IV. CONCLUSION 


The complete solution of the problem of determining the possible values 
of x for a given prime ideal decomposition is based on the solution of the 
problem of normalizing the factors (mod p*) of the characteristic equation. 
The latter problem is a fundamental problem in the theory of algebraic 
numbers. In the theory of Kronecker a common index divisor must divide 
the index form, a homogeneous form in m variables of degree 4n(n—1), 
for all integral rational values of the variables. By using known theorems 
on the greatest common divisor of integers represented by forms it can be 
shown that the greatest common index divisor of a field of nth degree is not 
greater than (4(m—1) )!. The results of this paper seem to indicate that 
the expression for x in Theorem 3 is the best maximum for x for a field of 
nth degree, but a proof seems to revert to the more fundamental problem 
mentioned above. 


YALE UNIVERSITY, 
New Haven, Conn. 


4 
2 
q 


THE BOUNDARY PROBLEM ASSOCIATED WITH 
A DIFFERENTIAL SYSTEM RATIONAL 
IN THE PARAMETER* 


BY 
RUDOLPH E. LANGER 


1. Introduction. It is the purpose of this paper to consider the boundary 
problem associated either with the ordinary differential equation 


(1) u!"(x) + Pi(x,d)ul(x) + Pa(x,dA)u(x) = 0, 
or with the vector differential equation of the second order 


(2) — Q(x,d) U(x): = O, 


when the coefficients involved both in the equation and the adjoined 
boundary conditions are suitably restricted rational functions of the para- 
meter. For the more familiar case in which the parameter enters the system 
in polynomial form an extensive theory is at hand, and this theory, together 
with the available asymptotic forms of solutions of the equation, is of direct 
application in the present discussion. 


The extension to the case of coefficients rational in \ for the case of an 
equation of the first order has previously been madef, and that simpler 
discussion is typical of the present one in that the differential system is 
found, very naturally, to exhibit in the neighborhood of a pole of the coeffi- 
cients the properties which are peculiar to the vicinity of \=« when the 
parameter occurs in the form of polynomials. Thus, for instance, any neigh- 
borhood of such a pole is found with proper hypotheses to contain infinitely 
many characteristic values. Roughly speaking, these values are, therefore, 
more numerous than in the classical case, and accountable to this fact a 
single determination of coefficients is found to be possible to serve formally 
for the simultaneous expansion of several “arbitrary” functions in series of 
solutions of the system. 

The present paper is based extensively upon a recent paper by the author{ 
devoted to the case in which the coefficients are \-polynomials. In fact the 
deductions are as a rule not carried beyond a point at which the facts estab- 


* Presented to the Society, September 7, 1928; received by the editors August 2, 1929. 

ft Langer, R. E., these Transactions, vol. 25 (1923), p. 155. 

t Langer, R. E., these Transactions, vol. 31, pp. 868-906. This paper will be referred to in the 
text by the designation L. The reader is referred to this paper for references to the literature. 
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lished in the paper cited become available. The vector form of the differential 
system is first shown to be the more general and is then made the primary 
subject of consideration. 

2. The differential equation. The basic hypothesis on the structure 
of the equation (1) with which we are concerned is that the coefficients 
P(x, ), 7=1, 2, be rational functions of \ with poles independent of x and 
of order j. If these poles are designated in the complex \ plane by ay, h=1, 
2, ---, m,* the explicit form of the coefficients is 


pu(z) 
Pi(x,d) = pro(x) + 


hat A — Gh 
h h 
m 


h=l 


A differential equation of form (1), (3) may always be obtained from the 
system of two equations of first order 
ui (x) = + u(x), 
uz (x) + 


if the coefficients g;;(x, 4) are rational in \ with poles of the first order at 
the points as. In fact if we set 


(4) 


x) 


hat A — Qh 


(5) gi(x,r) = + 


the elimination of u2(x) from the system (4) yields for u(x) an equation of 
form (1), (3) with coefficients which may be computed from the formulas 


(a) qu + = — pu (4 =1,2,---,m), 
(b) + = — pi, 


hh A 
” p22 (h 1,2, m), 
(6) 
h h 


lsh an— 


(qu)! = pu 
(hk = 1,2, m), 


We wish to show conversely that the equation (1), (3) is always expres- 


* For the sake of symmetry we assume the poles to be all located in the finite portion of the plane. 
This involves no loss of generality since it can always be achieved by at most a change of parameter. 


4 
| 
a 
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sible in the form of a system (4), (5). This is readily done by establishing as 
follows the solvability of the system of equations (6) for the quantities g with 
given values p. To begin with the equations (6a) and (6c), determine the 
quantities g/,, 72. for each fixed value of h as the roots of the equation 


(q') + pug’) + par = 0. 


In equations (6b) and (6d) the unknowns are, then, the (m+2) quantities 
G1» Goo and gm, h=1, 2,- +--+, m, and in these quantities the equations are 
linear and only (m+1) in number. Lastly the quantity gq}, is determined by 
the equation (6e). It is clear, therefore, since the system (4) is a restricted 
case of the vector equation, that the theory of the equation (1) is included in 
that of the equation (2), the elements of the coefficient matrix Q (x, \) being 
given in structure by the formula (5). We shall confine our considerations, 
therefore, to this latter equation, writing it in the more explicit form 

m 4 

hat A — Gh 

By way of hypotheses the elements of the coefficient matrices in (7) will 

be assumed to possess such derivatives as the following deductions require, 
and as an essential feature we shall suppose further that for each value of h 
the roots 6;"(x) 6*(x) of the equation 


qu(x) qi2(x) 
qoa(x) 


are distinct, non-vanishing and of constant arguments. If these arguments 
are suitably determined we have then 


= | 0x) | = 1,2; 


(8) 


Without loss of generality we may consider the variable x to range over the 
interval (0, 1). 
3. The related polynomial equations. The change of parameter 


Bx 
9 = , 
(9) 
in which f; is any constant, projects the pole \=a, to p,= © and gives to 
the equation (7) the form 
B 


hak + Bx) 
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where we have abbreviated by setting 

— Gh = Aen. 
This equation we shall further transform by the change of dependent variable 
(10) U(x): = 


choosing the matrix ®,(x), as is always possible, L§3, so that in the resulting 
form of the equation, i.e., 


hak + Be 
the leading coefficient matrices have the structure 
r,*(x) 0 0 by *(x) 
with 
(12) r(x) = 0;(x)/Be. 


From the hypotheses (8) and relation (12), it follows that the quantities r;(x) 
are distinct from each other and from zero, and that they are of constant 
arguments depending upon the value 6;. The particular choice 


= exp + 


which we shall now make is found directly then to lead to the following rela- 
tions valid for x on the interval (0, 1), i-e., 
ri*(x) r2*(x), 
(13) ri*(x) = | ri*(x) | 
ro*(x) = | r2*(x) | ee, 0 
It will frequently be found convenient to use the given equation in the form 


(11) as well as in the form (7), and for this reason we note here in particular 
the relation 


1 
(14) R*(x) = ,(xx). 


The polynomial equation 


(15) Y’*(x)- — {R*(x)ox + BY x)}T(x)- =O, 
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derived from equation (11) by retaining only the principal part of the coeffi- 

cient matrix at p,= ©, isin so-called normal form, L§3, due to the relations 

(13). We shall call this equation the kth related polynomial equation of the 

equation given. It is clear that the procedure outlined above for the pole 

a, may be made to yield for the given equation a unique related normal poly- 

nomial equation associated with each of the poles a,, h=1, 2, - - - , m. 
The equation adjoint to (7) may be written 


(16) U(a) U(2) + = 0, 
hat A — Gh 
and this is reduced by the transformation 
U(x) = 
and the substitution (9) to the alternative form 
(17) -2'*(x) + -2*(x) + Bx) + > 
hak + Be 
For this equation the kth related polynomial equation is evidently 
+ - Z*(x){R*(x)px + B*(x)} = O. 


4. The asymptotic solutions. The asymptotic forms of a pair of solutions 
of the polynomial equation (15), valid when p; is confined to any region in 
which the quantity 


Re (ox { r1*(x) ra*(xx) })* 


remains either greater than or less than any specific constant and |px| is 
sufficiently large, are given, L§4, by the columns of a matrix 


(18a) Y*(zx) = P*(x, px) E*(x, px), 
with 


k 
= 
(18b) i(*,p) = 04; 


k k 
= pe =1, 
the notation being that of the paper cited. A review of the reasoning and 


manipulation by which these forms are deducedt shows directly that the 
process requires no essential modification if the considerations are transferred 


* Re (w) is used to denote “the real part of w.” 
t Birkhoff and Langer, Proceedings of the American Academy of Arts and Sciences, vol. 58 
(1923), p. 51, Sections V and VI. 
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from the polynomial equation to the equation (11), the terms in (az;94+6:)7! 
being thought of as first expanded in powers of 1/p.* Moreover, the deter- 
mination of the initial terms of the asymptotic series is found to be indepen- 
dent of the matrices B**(x), and in consequence the equation (15) may be 
shown to admit of a pair of solutions given asymptotically by the columns 
of a matrix 


(19) Y*(x) = P*(x, px) E*(x, px), 


in which the formulas (18b) may be used for E* and P* respectively. In en- 
tirely similar fashion the rows of a matrix 


Z*(x) (E*(x, px)) "I(x, pr), 
with 
mi px) [m:(x)] m; (x) = 1, 


are found to give the asymptotic forms of a pair of solutions of the adjoint 
equation (17) or the polynomial equation associated with it. 

To insure the availability of these forms over the entire remote portion of 
the p; plane we must make the hypothesis that 


arg {ri*(x) — r2*(x)} = A* (aconstant), 


for each value of k. The asymptotic forms are applicable then for p; restricted 
to any half-plane bounded by a line parallel to the ray 
arg p, = 7/2 — A*. 


5. The boundary condition and the characteristic values. As the boundary 
condition to be imposed upon the given equation (7) we prescribe the relation 


the elements of the coefficient matrices @, and @, being any rational func- 
tions of \ with poles only in the points a,. If we suppose the elements of these 
matrices to be reduced to a common denominator, this denominator is of 
the form 


Tho a), 


in which each exponent /, is a positive integer or zero. Since by equation (7) 


* If equation (14) is one which is reducible to a single equation of the second order, the coef- 
ficients being written as series in powers of 1/p, the asymptotic forms are given directly by Birkhoff, 
these Transactions, vol. 9 (1908), and by Tamarkin, Mathematische Zeitschrift, vol. 27 (1927), 
p. 1 (and Petrograd, 1917). 


S| 

(20) V0): + Wi) U(1)- = O, 
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X is restricted from assuming the values a, we may, for any value of k, 
k=1,2,---,m, multiply the equation (20) by the quantity 


ll 
without thereby altering it in content. The elements of the new coefficient 


matrices, however, have poles only at the point a;, and under the change of 
parameter (9) and the substitution (10) the condition takes the form 


In this the elements of the matrices Wh(px) are polynomials in px. The 
values of A, if any, which satisfy the system (7), (20) clearly correspond 
under the relation (9) to the values of p,; which satisfy the system (11), (21) 
and vice versa. 

The equation (11) was found in §4 to admit of solutions which for |p, | 
sufficiently large and p, confined to a suitable half-plane are represented 
asymptotically by the columns of the matrix (19). By familiar reasoning 
then, L §6, the characteristic values of the given boundary problem are shown 
to be the roots of the determinant equation 


(22) | + (1,0) E'(1,0%) | = 0. 


We prescribe now for the associated polynomial equation (15) the 
boundary condition 


(23) (0) + ¥ (1): = 


in which the coefficient matrices are to be determined as finite sums of powers 
of p; to satisfy relations of the type 


1 


24 1 


In these relations the matrices Qj; are to be series of negative powers of px 
and s is to be an integer which will be specified later. By at most the multi- 
plication of (23) by a power of p; the coefficient matrices can be made 
polynomials. We shall designate the system (15), (23) as the kth associated 
polynomial system for the given system (7), (20). 
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The characteristic values of the boundary problem (15), (23) are the roots 
of the equation 


| (0, px) + (1,04) (1, ex) | = 0, 


and on expansion of the determinant this equation takes the more explicit 
form, L §6, 


(25)  D&(px) + Di + + = 0, 


the coefficients being of the structure 
(26) D,*(ox) = 0. 


Now because of (24) the expansion of the equation (22) will be precisely 
of the form (25), (26) provided the integer s in (24) is chosen sufficiently 
large. We suppose such a choice of s to have been made. Inasmuch as the 
characteristic equations of the given and associated systems are then both of 
the form (25)* it follows that the characteristic values of the given boundary 
problem which lie in the remote portion of the p; plane are represented 
asymptotically by those of the associated polynomial problem in p;,. From 
this we conclude in particular, L §7, that if there exist in the remote px 
plane enumerably many characteristic values, their distribution is such that 
a sequence of successively larger contours C,*, m=m, m2, M3, - - - , may be 
drawn in the p; plane to pass between the characteristic values and to 
have the following properties: (a) on the contours of the set the quotient 
of the left member of equation (25) by any one of its terms is uniformly 
bounded from zero; (b) in the annular region bounded by a pair of the 
contours, and there lie just |”,—m,| characteristic values. 

We shall denote by px, the characteristic values for which |p,| is large, 
assigning the subscripts so that 


| pis | | | 


By means of the substitution (9) the corresponding characteristic values 
of the system (7), (20) which lie in a neighborhood of \=a; are obtained. 
These values have the point a; as a limit point. We denote them by Dxe. 
The substitution (9) similarly transforms the contours C* into a sequence of 
decreasing contours C* surrounding and converging to the point a;. We 
shall find these contours of especial usefulness in the subsequent develop- 
ments. 

If we consider that in the discussion just concluded k may have any of 
the values 1, 2, - - - , m, it follows that if each of the associated polynomial 


* Le., they differ at most in the later terms of the quantities [a,*]. 
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systems admits of infinitely many characteristic values, then the given 
boundary problem also admits of infinitely many characteristic values, these 
values having limit points at and only at the poles of the coefficients. In 
proceeding we shall suppose that the boundary problem in hand is one in 
which this situation obtains. 

The characteristic solutions of the given equation in the forms (7) and 
(11) for the value \ =),x, we shall denote by U**(x)- and Y**(x)- respectively. 
In like manner the symbols - U**(x) and -2Z**(x) shall designate the char- 
acteristic solutions of the adjoint equations. 

6. The formal expansion of arbitrary vectors. The characteristic values, 
as shown in the preceding section, have as limit points the m poles of the 
coefficients. They are, therefore, roughly speaking m times as numerous 
as in the classical polynomial case, and because of this we shall seek to 
expand formally not merely a single vector but a set of m vectors arbitrarily 
given. Thus if the given vectors are denoted by $*(x)-, h=1,2,---, m, we 
shall seek a set of constant coefficients c,, to serve simultaneously in the m 
series developments 

Crs 


(27) F"(x)- Ur*(x)- (h 1,2, m) . 


Avs — 


The determination of these coefficients requires but little modification 
of the procedure applied in L §8. Thus the equations (7) and (16) lead by 
a familiar procedure to the relation 


1 m 1 
° h rs. 
2s) 


h=1 (Ars ay) 


1 1 


If we suppose then that the c,, are in addition to the relations (27) also 
amenable to a relation of the form 


in which the (@; are constant matrices and K(A,,)- is a vector whose specifica- 
tion we defer, we find directly on multiplying the left member of (28) by 
Cr, and summing over all values of r and s, the equality 
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(29) —— 3's". + + - - 


2 1 
= conf 2° Ut dx 
0 


h=1 (Ape = a)? 


+ — UU" 


Inasmuch as each member of this equation is a matrix in which all elements 
are the same the relation may be looked upon as formally determining the 
coefficient 

As in L §9 we may utilize the Green’s function G(x, ¢, \) of the given 
system (7), (20) to derive from the relation (29) a set of contour integrals 
associated with the formal series (27). Thus we are led by reasoning analo- 
gous to that of the paper cited to the relation 


Pa 1 
Uix(x)- = G(x, t) Q*(t)F*(t) - dt 


Apa — Ape — @n)(Ape — 


+ G? (x, 1)Cit+ 


Further manipulations.lead to the iuniae of quantities 


(30) . U?%(x)- ~ By(x, -F*-), 


where 


(31) oa) 
1 


(A — Ga)(A — ax) 


In these relations the sum in (30) is to extend over those and only those 
values of » and gq for which the point A,, is enclosed by the contour Cy, 
and in (31) 

A*(x)- = xF*(1)- + (1 — x)F*(0)-, 

$*(x) = F*(x)- — cA*(x)- 


The quantity (31) is the analogue of the quantity L (60). Its convergence 
as Cy is replaced successively by contours enclosing a greater and greater 
number of characteristic values corresponds to the convergence of the 
kth development (27). 


Z| 
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A particular choice of contours Cy which is especially useful is that given 
by the sequence 


where the contours c* on the right are those of the sequences described in 
§5.* By this definition Cy encloses all those characteristic values which are 
not enclosed by any of the ch. As n— these latter contours converge 
toward the respective poles a,, and the corresponding contours Cy accord- 
ingly enclose more and more of the characteristic values. We shall suppose 
in the following discussion that this choice of the contours Cy has been made. 

A set of quantities 7y(x, *-), analogous to those given in L (65), whose 
convergence corresponds formally to the summability of the developments 
(27) may also be deduced as in L §10. Thus if we consider the contour 
C¥# of §5 to be a circle with radius Ain, we may define the matrices 


in which the o;, are constants positive or zero and yp; is determined as in 
the kth associated polynomial case L §13. The quantities in question may 
then be written as 
1 1 
— ff ners) 
0 “_¢t 


(33) +3 


(A — an)(A — ax) 


It is clear that for o;,=0, 7=1, 2; k=1, 2, - - - , m, the matrices (32) reduce 
to the unit matrix and the quantities (33) reduce to those given by for- 
mula (31). 

7. The convergence of 7y(x, F*-). Let the left members of the equations 
(7) and (11) be designated respectively by <( U-, d) and <;.(Y*-px). Then 
the equation 


(34) L(U-,d) = U(x), 


with any choice of the vector on the right, is found to be equivalent under 
the substitutions (9) and (10) to the equation 


(34a) »Pk) = V(x) 


Q"(t)F*(t)-dddt. 


* It is only as a matter of convenience that we write here the same subscript for each of the con- 
tours 


Be 
(32) S n(A) (if 1 5] 
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Now in terms of the Green’s function as defined above the solution of equa- 
tion (34) with condition (20) is given by the formula 


(35) Ue) = 
0 


and if we similarly define G;.(x, t, 4) as the Green’s function of the system 
(11), (21), the solution of (34a) with the condition (21) is 


0 


From (35) and (35a) we conclude, therefore, that 
G(x,t,d) ,(x) Gil x,t, px) (k 1,2, m) . 


With this formula we shall transform the quantity (33) by applying on each 
contour c! the respective transformation (9). In this manner we obtain 
in virtue of (14) 
Jw(x,F*-) =A*(x)- 
_ 


x) 


~ 


tk ky 


f fi In (a + Gilx,t, pr) 
0 n 1 


Bidpi 
+ Bi)(aupr + 


Consider in this formula the Green’s functions occurring in the inte- 
grands. From the explicit formula, L (73), it is evident that when |p,| is 
large G(x, t, px) is asymptotically given by the Green’s function of the Ath 
associated polynomial system. Since the matrix § 1n(@,+8n/pa) is the same 
in form as the matrix L (63), it follows that the first of the integrals in (36) 
is precisely of the structure of the integral in L (65). The integrand is, 
therefore, asymptotically the same as ®;,(x) times the integrand obtained 
from the expansion of ®;1(x)$*(x)- with regard to the kth associated 
polynomial system, and the convergence of the integral in the latter case 
implies the convergence of the integral in hand under the same hypotheses. 

The integrals occurring under the sign of summation in (36) resemble 
that just considered with the exception that a factor 


1 
(@inpr + Br) (arepr + 


Dery 


5 

| 

| | 

t 
| 
| 
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occurs in the integrand. Inasmuch as h, k, and / are not all equal, this 
factor is of at least the degree one in 1/p, and it is clear that the convergence 
of the integral already considered, for each choice of k, to any finite value 
implies the convergence of the integrals in hand to the value 0. We are led, 
therefore, to state the following 

THEOREM. The set of expressions Jy(x, S*-), R=1, 2, - - - , m, ts equicon- 
vergent with the corresponding set of expressions, L (65), obtained from the 
respective expansion of the kth vector of the set $*(x)-,h=1,2, - - -,m, with re- 
gard to the_kth associated polynomial system. 
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INVOLUTORIAL TRANSFORMATIONS IN S; OF ORDER 
n WITH AN (n-1)-FOLD LINE* 


BY 
LEAMAN A. DYE 


1. Introduction. Montesanof has given a brief synthetic discussion of 
the existence of involutorial transformations J, of order ” with an (n—1)-fold 
line 7. He showed that the planes through / are interchanged in pairs by J, 
and that the lines in one plane are transformed into lines in the conjugate 
plane. He also showed that the J, could be defined by the aid of two curves 
of order n—1 situated on the fundamental surface F,_,:/"-* which is the 
image of 1. 

In this paper the F,_1:/"-* and an F,:/"—' are used to define an in- 
volutorial transformation of order 2n—1 with a (2~—3)-fold line which, if 
certain conditions are satisfied, reduces to an involutorial transformation 
of order » with an (»—1)-fold line. The explicit analytical forms of J; and J, 
are found by this method. For larger values of m it is convenient to define J, 
by other means. There is a net of surfaces of order m, m+1, or m+2 
according as n=3m—1, 3m, or 3m-+1, which is transformed by /, into a net 
of surfaces of order m. These nets are used to define the involutorial trans- 
formation and the equations of Js, Js, and Jz are derived. A method is given 
for mapping J, on ordinary space so that it is apparent that [, is rational. 

2. The birational transformation of type (, m) with an (m—1)-fold line. 
Two surfaces F,, of order m having an (m—1)-fold line / in common, meet in a 
residual curve C2,-1. Any plane through / meets each F, in a residual line, 
and the two lines meet in a point on the C2,;. Hence the Crn_1 meets / 
in 2n—2 points. If the two surfaces have a C, in common meeting / in »—1 
points, then by Noether’s{ formulas the C2n_: will consist of the C, and n—1 
lines 1; meeting /.§ Conversely through m—1 lines /; meeting /, pass *+? 
surfaces F*:]"—!, 2J; such that any two meet in a C, which meets the line / 
in 2—1 points and each line /; in one point. Three of these surfaces meet in ” 
points and if we fix m—1 of the points, we have a homoloidal web of surfaces 
F,:"-1, 31;, 


* Presented to the Society, February 22, 1930; received by the editors January 20, 1930. 

+ D. Montesano, Su una classe di trasformazioni involutorie dello spazio, Istituto Lombardo, 
Rendiconti, (2), vol. 21 (1888), pp. 688-690. 

tM. Noether, Sulle curve multiple di superficie algebriche, Annali di Matematica, (2), vol. 5 
(1871), pp. 163-177. 

§ H. P. Hudson, Cremona Transformations in Plane and Space, p. 316. 
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There exists therefore a Cremona transformation 7,,,, between two spaces 
(x) and (x’) by which a plane in (x’) ~ a surface of the web of F, in (x). A 
plane and a surface F, in the (x) space ~ a surface F,’ and a plane in the 
(x’) space. The curves of intersection correspond and have the same genus.* 
Hence a plane section of F,’ is a C,’ with an (m—1)-fold point and the 
surfaces F,’ must have a common (m—1)-fold line 1’. Two planes in (x) ~ 
two in meeting in a residual which meets 1’ in 2n—2 points. 
The line of intersection of the two planes ~ a non-composite C,’ which can 
meet /’ in not more than »—1 points. Therefore the residual C,/_, must meet 
l’ in n—1 points, i.e. C,’_, consists of m—1 lines//. The C,’ meets /’ in exactly 
n—1 points and each // in one point. Three such surfaces F,’ meet in n 
points of which m»—1 must be fixed in order to have a homoloidal web. 

Among the surfaces of the web in the (x) space there is a pencil consisting 
of a plane through / and the fixed F,_::/"-*, 2/;, =P;. Therefore there is a 
pencil of planes through /’ in (x’) which corresponds to this pencil of the web 
of F,, and l’ ~ the fixed F,_:. 

A general line in (x’) ~ a C,:=Pi, hence P; ~ a plane. Since C, meets 
each /; once, /; ~ a plane. The plane o; through / and P; ~ a plane p/ 
through /’, but since P; ~ a plane, P;~p/, and the plane o; apart from P; 
and/ ~ acurve s’ in p/. A general plane of (x’) meets p/ in a line L’ and the 
curve s’ in one or more points Q’. The corresponding F, meets g; in one line 
L through P;. Therefore the curve s’ is a line. The line L’, except for the 
point 0’, ~P; and Q’~L. The line s’ must be a fundamental line // because 
the points of s’~lines in o; through P;. In a similar manner it is seen that 
plane o/ through and P!. The plane p; through / and /;~the point 
P! in o/. Therefore the points and lines P; and /; are associated in pairs 
with the lines and points /7/ and P/ respectively. 

3. The involutorial transformation. When the two spaces are super- 
imposed for the involutorial case, the fundamental systems must coincide 
and the planes through / are interchanged in pairs by the involutorial trans- 
formation 7,. If x;=0 and x,.=0 are the invariant planes of this pencil, the 
four equations of J, can be obtained from three homogeneous equations of 
the following form: 


(11) = 
(12) 


(15) (d + exs + fxs)/(a + + cx), 


* G. Loria, Sulla classificazione delle trasformazioni di genere zero, Istituto Lombardo, Rendiconti, 
(2), vol. 23 (1890), pp. 824-834. 
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where a=a(%, x2), etc., (d+ex3+fx,) =0 is any F, of the web, and (a+dz; 
+c,) =0 is the fixed F,-:. Since we are dealing with involutorial transforma- 
tions the inverse of equations (1) have the same form as (1). If in the inverse 
of (13) we replace xj, x7 by x1, —x2 we have 

(2) as = (d + éxf + fxd)/(G + + Ex), 

where d=a(x:, —%2), etc. This equation can be solved for xj and thus we 
get the fourth equation of the involutorial transformation as 

ad = {[(éd + da) — x3(bd + Ga)] + x3[(ée + db) — xa(be + ad)] 

+ + de) — xs(bf + ac)]}/[(a + bxs + cxs)(Exs — f)]. 
When the conditions that éx;—f be a factor of the numerator are satisfied 
and this factor is removed, we have the J, with an (n—1)-fold line, defined 
analytically. 

4. The cubic case. A non-homogeneous coérdinate system is useful in 
the cases when or 4, so we put =A, =x, and %/x,=y. When 
n=3 there are only two fundamental points P;, P2; any plane through the 
line joining them is transformed by J; into another such plane and the two 
planes p;=0, which are the planes /,/;. Among the planes of the pencil on the 
line P\P, there are at least two which are invariant. Let x=0 and y=0 
be two of the invariant planes, and let p;>=A;—A=0. The points Pi, P2 are 
then determined by the planes o;=\;+A=0 and the line x=y=0. One 
surface of the web is pyp2x=0, and the equation of the fixed quadric de- 
termined by /, 21;, 2P; is of the form 

7102 + (do a,A)x + (bo + bid) y = 0. 
We can write the first two equations of J; as follows: 
(41) = 
(42) = hprp2x/{o102 + (ao + + (bo + bid) y}. 
If we write the inverse of (4,) and replace \’ by —\ we have 
(5) hoyo2x' /{ pips + (ao — x" + (bo — bid) 
When (5) is solved for y’, it has the form 
y’ = pip2{ (h? 1)o\02 x|ao(h + 2) ay(h 
— y(bo + bir) }/[for02 + (ao + asd) x + (bo + bid) y} (bo — 


(3) 


(6) 


Since y=0 is an invariant plane the first two terms in the numerator of (6) 
must vanish, and the coefficient of y must be divisible by )—},A. ‘This 
requires that 


| 
} 
{ 
1 
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The third condition presents two cases, namely 


h=1, so that do 


h = —1, so that a 
The cubic involutorial transformation may now be written in the form 
(7) = xpipe/(o102 + airx + boy), 


= yp1p2/(o102 + aAx + boy) 
or 


(8) Xpip2/(o102 + aox + boy), 
= — yprp2/(a102 + aox + boy). 


In the first case when h=1, the pencil of planes through Pi, P2 is invariant. 
In the second case when 4= —1, each plane of the pencil is invariant. 

5. The quartic case. There are three fundamental points; one of the 
surfaces of the web consists of the plane P,P.P; and of the three planes /, J;. 
We can take the points P;, P2 as in J; and the plane P:P2P; as x=0. The 
lines J; in the planes p;=\;—A=0 and the points P; lie in the planes o;=), 
+r=0. The equation of the fixed F;:/?, 31;, 3P; may be written in the form 


o102(1 — + (ao + aid + + (bo + + = 0. 
The first two equations of the J, are now given by 
(92) x’ = — + (ao + asd + aod?) x + (bo + bid + bod?) y] . 


The inverse of with \’ replaced by is 


(10) t= hoyo203x' /|pip2(1 + (do = air x’ + (bo bid + bod?) y’]. 


If (10) is solved for y’ we have 


y’ = pip2{ x|hps(ao —ar¥+ 
(11) + (1 + d)(ao + asd + — y(1 + d)(bo + Bid + } [bo 
— bi + — A) + (ao + aid + aad?) x + (bo + + 


The expressions 
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(12) o102( h?p303 —1 + 
(13) hp3(ao aX + a2?) + (1 + (do + aA+ 
(14) (1 + d)(bo + bid + 52h?) 


must therefore contain the factor b)—b:A+6:d2. From (14) we find that b, =0 
and if we use this in (12) we have the condition 


(15) (1 — h?)/(A3? h? — 1) = be/do. 

From (13) we get the conditions 

(16) [ao(1 + + + h)]/[ao(1 + = b2/bo, 

(17) (1 — h)ao/[ax(1 — hrs) + ao(1 — h)] = bo/bo. 

These last two conditions may be rewritten as 

(16) (Xs + 1)(aobz — a2bo) = arbo(1 + h), 

(17’) (1 — h)(aob2 — aobo) = aybo(hd3 — 1). 

If we divide (17’) by (16’) we get condition (15) over again so that (15) is 
included in (16) and (17). We can solve (16) and (17) for 4 and obtain 
(18) h = (aob2 — + ayb2)/(aob2 — + Azaiba), 

(19) h = — + a2bo)/(Azd0b2 — — ayo); 


if we equate these values of h we get 
(20) (A3 1)(aob2 dbo)? + 2a;(aobe d2bo) (bod3 bo) —a? bobo(A3 1) = @; 


The quartic involutorial transformation is therefore determined by the 
equations 


(21) 


hxpip2ps3 


— d) + (ao + ard + + (bo + | 
_ — h*) — + + + h) + aad(1 — h) — bay(1 
— A) + (ao + aid + asd?)x + (bo + bod?) y] 


In these equations h is defined by (18) or (19) and the coefficients a; and bj 
are subject to condition (20). 

6. The quintic case. There is a net of quadrics through / and the 4P; 
which is invariant under the Js. We can use the vertices of the tetrahedron 
of reference for the 4P; and take 
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= + doxe + d3x3 + daxy = 0, 
42+ 43+ = 0 
as the invariant planes through /, so that 
ai = XiF4, 
af = — 
where F, is determined by F, 41;,4P;. The planes /, P; are given by o,=X; 


—d,X_=0 and the planes /, /; by p;>=Xi1+d;X.=0. The net of quadrics has 
the form 


(22) 


+ + = 0 
and from (22) we have the identity 
O1X1 + + + = 


The quadrics of the net are interchanged in pairs involutorially by Js, so 
that the involutorial transformation can be defined by 


xf + xd + xf) = + + A303%X3) 4, 
(23) (bof xf + beod xd + xf) = (b101%1 + + a, 


xi + + C303 x3) (¢01%1 + C202%2 + C3033) pip2pak' 4, 


and the identity 
If we solve (23) for x/ replacing o/ by p; and use (24) to obtain x, we have 
the /s expressed by 
af = — 2Ci(cyo1x1 + + 
(25) = — + + C303%3) 
af = [osxsA — + + 630343) |prp2p4, 
= + 2(Ci + C2 + Cs) (Crores + + C303%3) 


where 


and C; is the cofactor of c; in A. 

7. The involutorial transformations Js, 7, and J,. There is a net of 
F;:1?, 5P;, ls which is transformed into a net of F.:1, 4P(i<5) by Je. Among 
the cubics of the net there is the pencil of F,:/, 5P; with the fixed component 
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p;=0, which is invariant under Js. Hence using the same coordinate system 
as in the quintic case we can determine the Je by 
x1 + dood xd + = — (b101%1 + boo2%2 + s, 
C01 + x2 + C303 = 
dyx{ + doxd + + = (dix; + doxe + + daxa)Fs, 
where Fs is the fixed quintic surface. The a; and 6; are restricted since these 
quadrics must contain Ps. The cubic F; is of the form 
Fs = (giX? + goXiX2 + gsX?)(gaxi + gox2 + gexs) 
+ ps(groix1 + gso2xe + goosxs) = 0, 
where is the plane through Js, Py; and 


+g903x;=0 is a quadric of the pencil /, 5P;. The ai, ci, di, gj must satisfy 
the conditions necessary in order that F; may be transformed by J, into 


+ + C30 3X3) Pip2pspapsosl 


When n=7 there is a net of quartic surfaces F,:/°, 6P;, ls, ls which cor- 
respond to a net of quadrics F2:/, 4P;(i<5). Among the surfaces of the net 


there is a pencil of F3:/*, 6P;, 1s with ps=0 as a fixed component, which is 
transformed into the pencil of F2,:1, 5P;(i<6). Among the surfaces of the 
pencil there is the cubic consisting of the plane ps=0 and the quadric F,:1, 
6P; which is invariant under J7. The equations which determine the /7 are 
therefore of the following form: 

biot xi + + b303 x3 = 

+ xd + C303 = 

+ + + = (d\x, + dox2 + d3x3 + dyx4)F 6, 

+ xd + + = — (41 + + 13 + eo. 

The forms obtained for n=5, 6, 7 can be generalized as follows: 

A. If n»=3m-—1 there is a net of 

B. If »=3m there is a net of Fn4::1", Pi, lsm_1 containing the pencil of 
F,,:l™—1, 2P; with a fixed component the plane /, J3m_1. 

C. If n=3m-+1 there is a net of DP i, lms, Containing a 


pencil of Fn4i:1", Pi, zm—1 with the fixed component /, /sm. One of the sur- 
faces of the pencil is the F,,:/"~!, =P; with the fixed component /, /sm_1. 
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In each case the net is transformed into a net of F,,:/"—!, 2P(i<3m-—1) 
by J,, hence J, can be defined by means of the nets. 
8. The mapping of the involutorial transformation J,. The expressions 
, , are invariant under Let us con- 
sider the correspondence between the (x) space and a (y) space where the 
values of x/ above are those defined in §3, (1). The correspondence has the 
form 
2x7 (a + + cxs), 
2x? (a + bx3 + cxs), 

axi[(d + ex3 + fxs) + x3(a + + cx,)], 
xo[(d + + fxs) — x3(a + + 


(26) 


These equations can be solved for x; as follows: 
= + (y2/y1)", 
(27) x3 = — mU/(x2y:), 
= [dx2 y? — axyx2y,U — + bx? UU|/\cxixey.U — fx? y? J, 


where U=2,y,+22y3, U=2x,yi—x2s. Hence equations (26) define a (1, 2) 
correspondence. 
If we rewrite the equations of the correspondence in terms of x/ and 

replace xj, x7 by x1, —%2, we have 

= + bxs + 

Yo = 2x? (E+ + éxi), 

ys = + + fxd) + (G+ + exi)], 

ya = — + + fxd) — af + + 
where d=a(x,, —x2), etc. If we equate the values of y; given in (26) and (28) 
we have 


(28) 


a+ bx3 + cx = G+ + 
(29) (d + ex3 + fxs) + x3(a + bxs + x4) 
= (d+ + fxi) + xi (a+ + cxf), 
(d + exs + fxs) — x3(a + bx3 + cx) 


= — (d+ + fxd) + x3 (G+ bxf + 
From (29) we get 


xy = (d + exs + fxs)/(a + bxs + 


(30) 
xs = (d + éxs + fxd)/(d + bxs + Ex{), 
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but these are precisely the equations §3, (1), (2) by which the involutorial 
transformation J, was defined. 

Hence we see that a (1, 2) correspondence of the type given by equations 
(26) leads in general to a special type of involutorial transformation of order 
2n—1 with a (2n—3)-fold line. If however conditions are imposed that 
éx3—f be a factor of the numerator of the expression for x{, then éx;—f is a 
factor of xj, x7, x3, and xj and we have an J, with an (m—1)-fold line. We 
have therefore proved the 


THEOREM. An involutorial transformation in S; of order n with an (n—1)- 
fold line is rational. 


9. Image of a general line in (y). A line ys=Ayi:+Bye, ys=Cyit+Dye in 
the (y) space is transformed by the correspondence into the C,44 given para- 
metrically by the equations 


= xP — fxix2), 
(31) X;= — 
X; = — V(cV — fxix2), 


dx? x? — + eV) + BVV, 


+ Dx?) + x2(Ax? + Bx”) » 
V = x(Cx? + Dx?) — x2(Ax? + 


In the case of the J; the curve is a C7 of the form 
Xi = 
X2 = x?7V, 
X3 = — bomVV, 
X4 = x2[a.VV — xi(o102V + pipsV)]. 


(32) 


If we put V=O in (32), there are three values of the parameter 2,/x, all 

giving the point (0, 0, 0, 1). If we put V =0, we get three distinct points in 

the invariant plane x;=0. When x,=0, we again have the point (0, 0, 0, 1) 

and furthermore the C7 is tangent to / at that point with x,=0 as the os- 

culating plane. When we put x, =0, we have the point (0, 0, 1,0). Hence the 7 

C7 has a fourfold point (0, 0, 0, 1) at which it is also tangent to / and passes a 

through the point (0, 0, 1, 0). me 
In the general case there are »+1 values of x2/x, due to the vanishing of 

(cV —fx,%2) which give the point (0, 0, 0, 1). When x,=0 or x.=0, we get 


where 
4 
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two definite points on / at which the C,,4, is tangent to the planes x, =0, x2 =0 
respectively. A plane of the pencil ye=k*y, has for images the two planes 
%= +kx, which meet the C, 4, in the two images of the point in which 
2 = k*y, meets the line of which the C,44 is the image. 

10. Image of a line in (y) which meets /’. Any line in (y) meeting /’ may 
be defined by 


Ayr + By2 + Cys + = 0. 
The image in (x) of such a line is a pair of conics each belonging to a net in 
the planes +kx,. In the plane =x, the net has the form 
+ + €11%4)(A + k?B) + + e11%3 + fixs)(C + kD) 
+ + buxs + C11%4)(C — kD) = 0, 
where ay, =a(1, k), etc. The conics of the net pass through the fixed points 
= = + = O, 
41 = Xe = = 0, 
— = + + = + e11%3 + firs = 0. 
Two lines in y2 = k*y: have for images a pair of conics of each net; the point of 
intersection of the two lines corresponds to the two free intersections of the 
two pairs of conics. 


In the case of the invariant plane y.=0, the lines in yg=0 correspond to 
a pencil of conics in the plane x.=0 given by 


2A +C [ x1(di0x1 + + =0 


where a:9=a(1, 0), etc. The pencil of conics has the three fixed points 
= X2 = byox3 + = O, 
41 = % = x3 = 0, 
Xo = + Dyoxs + = dyoX1 + C10%3 + fioxs = O. 


The variable point of intersection of the net of conics is in this case replaced 
by the direction of the tangent to 


+ €10%3 + fioxs) + %3(@10%1 + bioxs + Cioxs) = 


at the point 2;=%2=bi0r3+¢10x4=0. Hence this point is an invariant point 
the image of which in (y) is y,=0. Similarly the plane y:=0 is the image of 
the invariant point x; =%2=bo%3+¢n%,=0. The surface of branch points in 
the (y) space consists of the two planes y:=0, y2=0, and the corresponding 
surface of coincidences in (x) reduces to the two invariant points. 
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ADDENDUM 


In a recently published article* Snyder discusses involutorial birational 
transformations contained multiply in a linear line complex and suggests 
that they are probably irrational. The transformation he considers is of 
order 2k with a (2k—1)-fold line x;=x,=0, and 2k—1 fundamental points 
lying on the line x; =2,=0, and so is a special case of the involutorial trans- 
formations studied in this paper. The equations of the 72, are given as 

xi + 

xe + x2, 

xg (x x5, 

This involutorial transformation may be mapped, as in the general case, on 
ordinary space by the (1, 2) correspondence given by the equations 

= 


\ 


a? (xe — 
xe (x? 


and is therefore rational. 


*V. Snyder, The simplest involutorial transformation contained multiply in a line complex, 
Bulletin of the American Mathematical Society, vol. 36 (1930), pp. 89-93. 
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THE LIMIT OF TRANSITIVITY OF A 
SUBSTITUTION GROUP* 


BY 
MARIE J. WEISS 


1. Jordan published his final contribution to the problem of the limit 
of transitivity of a substitution group which does not contain the alternating 
group in Liouville’s Journal of 1895.{ Here he gave the interesting inequali- 
ties between n, the degree, and ¢, the multiplicity of transitivity, of a ¢-ply 
transitive group, stated in the following theorem: 

Let n be the degree of a t-ply transitive group G of class>3. Then if t28, 

n—t>2*, a an integer=>k—3—log k/log 2, and k an integer such that 
SSkSt; or 

n—t2t!/{5!(t—65)!}, 5 being the greatest integer less than the quantity 
t—(t—k+1) log 2/(k+log 2). 

This paper followed Bochert’s study of the problem in the Mathematische 
Annalen of 1887 and 1889. Among the results of this study was the ine- 
quality 

log nm = a(t log #)'/?, 
where the constant a may be taken to be (1/8) { (log 2)/8}", if =8.§ 

In recent years Miller has given still another relation between m and #, 
namely, n= (4/25)(¢+2)?.|| 

In this paper inequalities similar to those of Jordan will be established. 
To obtain these it was necessary to study separately the ¢-ply transitive group 
whose subgroup that fixes ¢ letters is of order a power of two and the #-ply 
transitive group whose subgroup that fixes ¢ letters has its order divisible by 
an odd prime. The methods used in the study of the former group, though 
suggested by Jordan’s 1895 paper, are new, while those used in the investi- 
gation of the latter group follow to a certain extent those of Jordan. The 
following theorems give the chief results of this study: 

Let the subgroup that fixes t letters of a t-ply transitive group of degree n and 
class >3 be of order 2™. Then if t28, 


(m — #)/2 = — B)!}, 


* Presented to the Society, August 29, 1929; received by the editors in August, 1929. 
t National Research Fellow. 

t C. Jordan, Journal de Mathématiques, (5), vol. 1 (1895), pp. 35-60. 

§ A. Bochert, Mathematische Annalen, vol. 33 (1889), p. 577. 

|| G. A. Miller, Proceedings of the National Academy of Sciences, vol. 2 (1916), p. 61. 
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where B is an integer chosen such that t/2<B8<t—3, or chosen to be one unit 
less than the least value of 8 which satisfies the inequality 


[(6 + 1)/2]! = 2#1/{aKe — 8)!}; 
[(¢+1)/2]!; 


n—t2t!/[t/2]!. 


or 
or 
The symbol [s] denotes the integral part of s. 


Let the order of the subgroup that fixes t letters of a t-ply transitive group of 
degree n and class >3 be divisible by an odd prime. Then if t=8, 


(m — 2¢+ 1)/2 = 2%, a am integer > 3 and = t — 3 — log t/log 2; 


(mn — 2t + 1)/2 = 2%, y an integer > 3 and = k — 3 — log k/log 2, 


where k is an integer such that 5Sk <t—1; or 
(m — 2¢ + 1)/2 = — 8)!}, 
where 6 is the greatest integer less than the quantity t—(t—k+1) log 2/(k+log 2). 


It may be of interest to see how Jordan’s, Miller’s, and the author’s re- 
sults compare for a few values of ¢. In the following table the minimum 
value of m has been calculated for a given ¢ from the above formulas: 

t 8 16 25 50 100 

Jordan 16 32 50 1,275 161,800 

Miller 16 52 117 433 1,665 

Author 31 271 849 6,499 409,799 
Bochert’s inequality is of no interest for these small values of ¢. 

2. The first step in the study of the ¢-ply transitive group G is the proof 
of the following lemma: 


Lemma. If t>5, the subgroup that fixes t letters of a t-ply transitive group 
fixes exactly t, t+-1, or t+-2 letters. 


Let G, be the subgroup that fixes x letters of a ¢-ply transitive group G. 
Suppose that G, fixes the ¢+r—1 letters bi, be, - - - , be, di, do, Grn, 7>1. 
Now consider the largest subgroup of G,_; in which G, is invariant. Its order 
is rg:, where g; is the order of G,, and it has a regular constituent of degree 
r on the letters b;, a:, a2,---, d+. Since all the subgroups similar to G,; 
found in G;_; are conjugate, all the subgroups similar to G, in any of the 
preceding groups G,_;,i=2, 3, - - - , t, Go=G, form one complete set of conju- 
gates. Then the largest subgroup of G;-2 in which G;, is invariant has a 
doubly transitive constituent of degree r+1 on the letters be, bi, a1, de, ---, 


| | 
| 
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| 
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a,1.* Finally, the largest subgroup of G in which G;, is invariant has a 
i-ply transitive constituent of degree r+¢—1 and order r(r+1) - - - (r+#—1) 
on the letters that G, fixes. Now Jordan has shown that such a non- 
alternating ¢-ply transitive group does not exist unless <3, or /=4 andr=8, 
or ‘=5 and r=8.f Hence if ¢>5, the ¢-ply transitive constituent is alter- 
nating or symmetric and r=2, or 3. 

In the remaining part of the paper it will be assumed that >5. The study 
of the problem will be divided into two parts. In the first part the special 
case G, of order 2” will be studied, while in the second part the more general 
case G, of order p*g, p an odd prime, will be investigated. It will be found 
that the former case leads to relations between m and ¢ which give more 
favorable results than those derived from the more general case. Thus when 
t is sufficiently large, the former relations may be neglected. 


G; OF ORDER 2” 


3. Suppose that G, is of order 2™ and that it contains a transitive sub- 
group. Let M of degree 2 be its largest transitive subgroup. Now G; cannot 
have two transitive subgroups on different sets of letters, for 27>, the class 
of G, and w=(m—1)/2.t Then let G,_, be of degree 2"+g. From the theory 
of primitive groups with transitive subgroups of lower degree,§ it is known 
that g divides 27, and that G;_; is imprimitive with systems of imprimitivity 


of q letters. Hence G, fixes exactly ¢+1 letters, for g would be odd in case 
G, fixed ¢ or ¢+2 letters, the only other possibilities by the above lemma. 
Now let the letters displaced by G,, but fixed by M be ay, a/,---, a); 
the letters displaced by G,_; but fixed by G; be a; and aj ; the letters intro- 
duced by Gi», G, respectively, be b:,---, be». Then the 
letters ai, a/,---, a form one system of imprimitivity of G,1, and let 
d2,- , be the letters of another system of imprimitivity of 
Now consider the largest group J of G in which G; is invariant. It trans- 
forms M into itself, for M is the largest transitive subgroup of G,. If I did 
not transform M into itself, it would transform M into a conjugate M’ 
which, as has been seen in the above paragraph, is not entirely free from 


* W. A. Manning, Bulletin of the American Mathematical Society, vol. 13 (1906), p. 20. 

+ C. Jordan, Journal de Mathématiques, (2), vol. 17 (1872), p. 351. 

t W. A. Manning, these Transactions, vol. 31 (1929), p. 648. 

§ C. Jordan, Journal de Mathématiques, (2), vol. 16 (1871), pp. 383-408. 

Marggraff, Dissertation, Ueber primitive Gruppen mit transitiven Untergruppen geringeren Grades, 
Giessen, 1889. 

W. A. Manning, these Transactions, vol. 7 (1906), pp. 499-508. 

W. A. Manning, Primitive Groups, 1921, Chap. VI. The reader is referred to this last reference 
for a brief yet complete account of the theory. 
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the letters of M. The transitive groups M and M’ then would generate a 
transitive subgroup of degree or order greater than M. 

Further J has a symmetric constituent on the letters aj’, az’, b, hi, - 
b,». Hence it contains the substitution 


T = (bbib2)(ax )(az )(bs)(ba) (be-2) 


It may be assumed that T fixes a, for if T displaces the letter a,, the product 
of T and a properly chosen substitution from M gives a substitution fixing a. 
Since the set of letters a, a,---,a/ and the set of letters a, d2,---, 
a, are the letters of two systems of imprimitivity of G,., T permutes the 
letters of each of these sets among themselves. Proper powers of T will reduce 
it to a substitution of order three. It will be shown that this substitution 
occurs in a conjugate of G,. Now it cannot displace all the letters az, a3, - - - , 
a, and all the letters a; , a/,--- ,a¢, for then g—2=0, mod 3, and g—1=0, 
mod 3. Thus this substitution fixes another letter a,. Hence it occurs in the 
G, which fixes b3, by, - - -, a’, a2, and az. The following theorem has 
then been proved: 


THEOREM 1. If t>5, and if the subgroup which fixes t letters of a t-ply 
transitive group G is of order 2™, G contains no transitive subgroup of degree 
<n—t+1. 


4. Let I’ be that subgroup of G, in which G; is invariant, which has an 
alternating constituent on the ¢ letters bi, be, - - - , that fixes. Let a’s 
be the letters that G, displaces. Further assume that J’ permutes among 
themselves the letters of each transitive constituent of G,. Then each sub- 
stitution (bs) (bs) - - - (b:)(a - - -) - - of order three of J’ fixes at least 
one letter of each transitive constituent of G,, for each such transitive 
constituent is of degree a power of two. Hence G; has exactly two transitive 
constituents, for if it had three or more, these substitutions would occur in 
the G, which fixed the three or more a’s of the transitive constituents fixed 
and the letters b4, b;,---, b: The case when G; has only one transitive 
constituent falls under the previous discussion (§3). Moreover G;, fixes 
exactly ¢(>5) letters, for if it fixed more, the substitution (b:beb3)(b,) (bs) - - - 
(b,)(a.)(a,) - - - of order three would occur in the G, which fixed the letters 
bs, bs, ---, be, Gu, Go, x, where a, and a, are the letters of G, that such a 
substitution fixes and x is the additional letter fixed by G,.* 

If G,_, is imprimitive it has systems of imprimitivity of degree 27+1, 


* If t=5, G, (see lemma, §2) may fix 5, 6, 7, or 12 letters. However in the last three cases the 
substitution (b:b2b3) (bs) (bs)(au) (ae) of order three again fixes more than ¢ letters. Thus G,; 
also fixes exactly ¢ letters if t=5. 


i 

| 


266 M. J. WEISS [April 


where 27 is the degree of one of the transitive constituents of G, Let the 
other transitive constituent of G, be of degree 2°. Then 27+1 divides 
27+1+2°, the degree of G,1. This division is obviously impossible, and 
hence G;_; is primitive. 

Now consider the subgroup F of G, which fixes one letter of one of the 
transitive constituents of G,. If F reduces to the identity, G, has a regular 
constituent simply or multiply isomorphic to the second transitive con- 
stituent. If there is a multiple isomorphism between the constituents, let 
F be the subgroup which fixes one letter from the constituent of smaller order. 
If the transitive constituents are in simple isomorphism, each constituent is 
regular or one is not. The former case will be considered later. In the latter 
case take F to be the subgroup which fixes one letter of the non-regular con- 
stituent. Thus, unless G, is a simple isomorphism between two regular 
constituents, a subgroup F of G, may be found which does not reduce to the 
identity. 

Now let X and Y be the two transitive constituents of G, Further say 
that the letter a, of G, that F fixes is found in the constituent X. Then F 
fixes 2°>1 letters of X. Assume that F fixes none of the letters of Y. In 
G, the largest group N in which F is invariant has a regular constituent on 
the 2° letters fixed by F. Since G,; is primitive and since G; has exactly two 
transitive constituents, G,, contains a substitution* S=(b,a,) --- which 
transforms F into itself and hence permutes among themselves the remaining 
26—1 letters of X that F fixes. Consequently the group {N, S} has a doubly 
transitive constituent of order 2°(26+1) on the 2¢ letters of X and the letter 
b;, for the subgroup that fixes b, of {N, S} is in G, and hence is N. 

The G,_, which fixes b, but displaces }, likewise contains a substitution 
S’ =(bea:) - - - which transforms F into itself. The group {N, S, S’} has a 
3-ply transitive constituent of order 26(26+1)(28+2). Thus in the ¢-ply 
transitive group G a group N’={N, S, S’, S’’,--- } can be found which 
has a (¢+1)-ply transitive constituent of degree 26+¢ and of order 
28(28+1)(26+2) ---(28+2). However, Jordan has shown that such a 
multiply transitive constituent is alternating or symmetric if ¢>4. Thus 
26=2, and the multiply transitive constituent of NV’ is symmetric. 

Now consider a substitution (b,b2b3)(b,)(bs) - - - (b:)(a1)(@e) - - - of order 
three of N’, a; and a2 being the two letters fixed by F. Since this substitution 
also transforms G;, into itself, it must also fix at least one letter, a., of the 
constituent Y of G,. Thus it occurs in the G, which fixes a, de, az, b4, bs, --- , 


* W. A. Manning, these Transactions, vol. 29 (1927), p. 815, §§1 and 5, Corollary II. 
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Hence F fixes some letters from each transitive constituent of G;. First, 
it will be shown that the transitive constituents of G, are simply isomorphic. 
Suppose them multiply isomorphic. Choose F as the subgroup which fixes 
one letter of the constituent of smaller order. Then, contrary to the above 
statement, F does not fix letters from each transitive constituent of G;. 

Further it will be shown that the two constituents are of the same degree. 
Let F be the subgroup which fixes one letter of the constituent of smaller 
degree. The order of this constituent will be wg:, where w is the degree of 
the constituent and g; is the order of F. Since F also fixes letters of the second 
constituent of G,, the order g2 of the subgroup that fixes one letter of this 
constituent is at least g:. Let m be the degree of the second constituent. 
Then wgi:=mge2, where and m=2w. Hence gi=g2 and w=m. 

Thus F fixes 2° letters from each transitive constituent of G, and N has 
two simply isomorphic regular constituents on the letters which F fixes. 
If none of the substitutions S, S’, - - - connect the letters of the two regular 
constituents of N, the group NV’ may be formed and the reasoning of the 
above paragraphs may be applied to its multiply transitive constituent. 
As before 26=2 and in this case the substitution (0;b2b3;)(a - - -) - - - of order 
three of N’ fixes by, b;,---, 6, and the 4 letters which F fixes. Hence it 
occurs in a conjugate of G,. Then at least one S connects the sets of letters 
in question. Assume this substitution to be S. Then the group {N, S} has 
a primitive constituent of degree 24+!+-1 and of class 26+! on the letters that 
F fixes and the letter };. Hence this constituent is of degree p*, p a prime, and 
contains a characteristic elementary subgroup.* 

As before, form the group N’. Since the substitution (b:bebs)(b,) (bs) 

- + -(b,)(ai). . . of order three of N’ transforms both G, and F into itself, it per- 
mutes among themselves the letters of each set of 2° a’s that F fixes. Hence it 
fixes exactly one a from each of these sets, for if it fixed more than one letter 
from each set, this substitution would occur in a conjugate of G,;. Thus 
28=1, mod 3, and p=3. The group N’ cannot have so much as a 5-ply tran- 
sitive constituent in the letters in question, for let T =(a:a2)(asa,) - - - be a 
substitution of order two of N on these letters. Then in N’ there exist the 
substitutions 


= 
- 


Note that the substitution V-'TV transforms the elementary group of degree 
3¢ into itself. Now the partial substitution U =(q,a,) - - - fixes 5 letters of 


) and V-!TV = (b1)(b2b3) (b4bs) (a 


* G. Frobenius, Berliner Sitzungsberichte, 1902, pp. 455-459. 
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the constituent of V in question and transforms the elementary subgroup of 
{S, N} of degree 3 into itself. This is obviously impossible. Hence <4, 
contrary to the present hypothesis. 

Then the subgroup F reduces to the identity and G, is of class n—t. 
Since G,_, is primitive, it is of degree p*, p a prime, and contains a character- 
istic elementary subgroup. Further since G; is of class »—#, each of its 
transitive constituents is of degree 27. Now 27=1, mod 3, for the substitution 
(bybebs) (bs) - - - (6) - - - of order three of J’ fixes only one a from each of the 
transitive constituents of G,. Then 27+27+1=0, mod 3, and p=3. Apply 
the reasoning of the previous paragraph to the groups G, G1, and G;, and 
it is seen that ¢S4. 

Then since ¢>5, J’ permutes some, and hence ¢ or more, transitive con- 
stituents of G,. Thus the following theorem has been proved: 


THEOREM 2. If G;, the subgroup that fixes t letters of a t-ply transitive 
group G, is of order 2™, the largest subgroup in which G, is invariant permutes 
t(t>5) or more transitive constituents of G,.* 


5. At this point it is necessary to assume 28, and this assumption will 
be held throughout the remaining part of this paper. It has been shown that 
the substitutions of J’ permute some transitive constituents of G,. Hence 
I’ contains an imprimitive constituent, whose systems of imprimitivity are 
transitive constituents of G, and which is multiply isomorphic to the alter- 
nating group of degree ¢. Consider the group H whose letters are the systems 
of imprimitivity of the imprimitive constituent just described. It is simply 
isomorphic to the alternating constituent A of degree ¢ in J’. Let A, be the 
subgroup of A which is simply isomorphic to Hi, the subgroup which fixes one 
letter of H. Now A, has either one transitive constituent of degree >4t, or 
all of its transitive constituents are of degree <3. Let the former be true, 
and call the transitive constituent of degree 8>}t, B. Let B contain the 
alternating group of degree 8 of A; which fixes ¢—@ letters of A. 

Under this hypothesis, it will be shown that A, cannot be transitive. 
Note that if it is transitive it is alternating. Let A, be transitive and of de- 
gree !—1. Then H is of degree ¢ and is the alternating group. Thus a sub- 
stitution of degree and order three of A; is associated{ with a substitution of 
degree and order three of H;. Since ¢2=8, this substitution fixes more than 
three letters of H and in J’ this substitution which has a cycle of three letters 
in A, permutes among themselves the letters of more than three transitive 
constituents of G;. Now since the transitive constituents of G, are of degree 


* Note that Theorem 2 holds also for ¢=5. 
+ M. J. Weiss, these Transactions, vol. 30 (1928). See footnote on p. 337. 
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a power of two, this substitution fixes more than three letters of G;. Hence 
it fixes ¢ or more letters of G, and consequently G, contains a substitution of 
order three, contrary to the present hypothesis. 

If A; is of degree ¢—2 and transitive, H is of degree /—i and its substi- 
tutions record the permutations of the #—¢ sequences of two letters by the 
alternating group of degree ¢. Now a substitution of degree and order three 
of the alternating group of degree ¢ fixes exactly (t—3)(t—4) sequences. 
Hence a substitution of H; which is associated with a substitution of degree 
and order three of A; fixes exactly (¢—3)(t—4) transitive constituents of 
G,. Then a substitution of J’ which has a cycle of three letters in A; fixes at 
least (t—3)(t—4) >2 letters of G,. Hence such a substitution fixes ¢ or more 
letters of G. 

Now A, cannot be transitive of degree t—3 or less, for then it is invariant 
in a group of at least three times its order and hence H, fixes three or more 
transitive constituents of G,;. Then in this case G; also contains a substitution 
of order three. Thus A; is necessarily intransitive, containing an invariant 
alternating group of degree 8, which fixes — letters of A, and a constituent, 
transitive or intransitive, of degree </—8. 

Moreover the constituent B is of degree <i—2. If B is of degree t—2, 
A, is of order (t—2)!. Then H is of degree (#—#)/2 and records the permu- 
tations of the (#—)/2 transpositions of the alternating group of degree ?. 
A substitution of degree and order three of A fixes exactly (¢—3)(t—4)/2 
transpositions. Hence the substitution of H associated with it fixes 
(t—3)(t—4)/2>2 transitive constituents of G;. Thus unless B is of degree 
<t—2, G, contains a substitution of order three. 

It is necessary to determine the order of A;. First it will be shown that 
A, contains all the substitutions of degree and order three of A which fix 
the letters of the constituent B. For this purpose it is necessary to have in 
mind Dyck’s theorem* on transitive groups simply isomorphic to a given 
group. Now choose substitutions S; not in A; such that A can be written 
in the array A1S;, 7=1, 2, - - - , t!/(2m), where m is the order of A:. Denote 
the substitutions of A; by o;, i=1, 2,---, m. Multiply this array on the 
right by the substitutions ¢;. Then by Dyck’s theorem, to each substitution 
a, Of A,, there corresponds the substitution 


A3S; 
) (Gj =1,2,---, #!/(2m)), 


1S 


and the substitutions of H may be regarded as written on the sets of letters 


* W. Dyck, Mathematische Annalen, vol. 22 (1883), pp. 70-108. 
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A,S;. Thus the substitution of H; associated with the substitution o; of A, 
is the above substitution. 

Now suppose that S is a substitution of degree and order three of A 
which fixes the letters of the constituent B and which is not found in A. 
The sets A,S and A,S? found in the above array are distinct, for if these sets 
had a substitution in common, that is, if 

= oyS?, 
then 
S = on'em, 
but S is not a substitution of A;. Further let o be a substitution of degree 
and order three of A; on the letters of the constituent B only. Then o and $ 
are commutative since they are written on different sets of letters. Hence 
to the substitution ¢ corresponds the substitution 


(j = 1,2, #!/(2m)) 
which fixes three of the sets A,S;, namely, A1S:, A:S, and A,S?, where 
S,=1. Thus since the letters of H are also the transitive constituents of G;,, 
the substitution of order three of J’ which coincides with a in its cycle on the 
letters of A; fixes at least three transitive constituents of G,, and hence is 
found in a G;. 

Thus A; also contains the alternating group on the /—8 letters not found 
in the constituent B. Hence the minimum order of A; is B!(t—8)!/4. 

Now consider that subgroup D of A: which is the direct product of the 
alternating group of degree 6 and a substitution T of degree and order three 
on the letters of the constituent of degree ‘—8. Since A and H are simply 
isomorphic groups, H contains a subgroup J which is simply isomorphic to 
the group D. Further the subgroup of H; which is simply isomorphic to the 
alternating group of degree 6 displaces letters from every transitive constit- 
uent of H,, for if it fixes the letters of one of the transitive constituents, a 
substitution of degree and order three of the alternating group of degree 6 
fixes at least three transitive constituents of G; The three transitive con- 
stituents fixed would be the one that H; fixes and the ones which are the let- 
ters of the transitive constituent of H; in question. Hence this substitution 
would fix at least three letters of G, and G,; would contain a substitution of 
order three. Thus since the alternating group of degree 8(825) is simple, 
every transitive constituent of H, has a subgroup simply isomorphic to it and 
associated with it. Again for the above reason the substitution T displaces 
letters of every transitive constituent of H,. Hence every transitive constitu- 
ent of H, has a subgroup simply isomorphic to D and associated with D. 
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Let J’ be one of the transitive constituents of J simply isomorphic to D. 
Consider the subgroup D; of D which is simply isomorphic to the subgroup 
J{ which fixes one letter of J’. It will be shown that D, cannot contain a 
substitution of degree and order three. First it cannot contain 7, for T is 
invariant in D. Thus D, is invariant in a group of at least three times its 
order and consequently J, fixes at least three letters of J’. Then the sub- 
stitution of J,’ associated with a substitution of degree and order three of 
D, fixes at least three transitive constituents of G,, and G; contains a sub- 
stitution of order three. 

Since D, contains no substitution of degree and order three a theorem by 
Bochert* may be applied to determine its maximum order. Its order thus 
<36!/|(8+1)/2]!, where [gq] denotes the integral part of g. Then a transitive 
constituent of J is of degree 3[(8+1)/2]! at least. 

The value of 6 must now be determined so that the degree of H can be 
evaluated. Under the present hypothesis, the order of Ai: <8!(t—8)!/2, and 
hence the minimum degree of H is t!/{@!(t—8)!}. The maximum degree of 
H is found by determining the minimum order of A;. The latter has been 
seen to be 6!(¢—8)!/4 and thus the maximum degree of H is 2t!/{8!(t—B)!}. 
When ¢>8, H is simply transitive, and J must contain at least two transitive 
constituents. If J and consequently H, contains only one transitive con- 
stituent, H, fixes exactly two letters of H, for it has been seen (§5, paragraph 
3) that H; cannot fix so many as three letters. Then H is imprimitive with 
systems of two letters. Its group in the systems is then either a doubly transi- 
tive group simply isomorphic to the alternating group of degree ¢ or the 
alternating group itself. The former case contradicts Maillet’s theorems. In 
the latter case a substitution of degree and order three of A; has a substitu- 
tion of degree and order three associated with it in the group in the systems 
of H. Consequently the substitution of H; associated with a substitution of 
degree and order three of A; fixes all except 6 letters of H. Then a substitu- 
tion of G; which has a cycle of three letters in A; fixes more than three transi- 
tive constituents of G,. This has been shown previously to be impossible. 

Now the least degree of J must always be less than the maximum degree 
of H. Hence 


(1) + 1)/2]! < #>8. 


Note that when ¢=8, 8 is determined, for t/2<@8st—3. Whent>8 and 
8 <t—3, inequality (1) will be used to determine 8. 
Since the degree of each transitive constituent of G; is at least two, G, 


* A. Bochert, Mathematische Annalen, vol. 40 (1889), p. 584. 
¢ E. Maillet, Journal de Mathématiques, (5), vol. 1 (1895), p. 5. 


| 
i 
4 


272 M. J. WEISS [April 


has at most (n—?)/2 transitive constituents. Now the maximum number of 
transitive constituents of G, must exceed or equal the minimum degree of 
H, namely, 


(2) (mn — t)/2 = — B)!}. 


It remains to determine a lower bound for (n—#)/2. The right hand 
member of inequality (2) decreases as B increases, 8>t/2. Now it has been 
seen that 6 must be chosen so that inequality (1) holds. Hence if B(<i—3) 
is chosen to be one unit less than the least value of 8 which satisfies the in- 
equality 
(3) [(6 + 1)/2]! = — #>8, 


inequality (2) holds for the value of 6 thus determined. 

The above discussion may be summarized as follows: 

If A; has an alternating constituent of degree >t/2, inequality (2) gives 
the relation between m and #, with ¢/2 <8 <it—3 or B(<it—3) determined by 
inequality (3). 

6. Now it may be assumed that the transitive constituent of degree 
B(>t/2) of A; is not alternating. Let it be imprimitive. The largest im- 
primitive group of degree 8 is of order 2(8/2)!? or 2{(8—1)/2}!?, according 
as B is even or odd. Hence the order of A: S [8/2]!* (¢—8)! and H is of degree 


t!/{2[8/2]!2(¢—B)!} at least. Thus in this case the following inequality 
holds: 


(4) (m — 2 — B)!}, 1/2 <B St. 

Let the constituent of degree 8 be primitive. Since a non-alternating 
primitive group contains no substitution of degree and order three, the 
theorem of Bochert quoted above may be used to determine the order of the 
constituent of degree 8. The order of A: <8!(t—8)!/[(8+1)/2]! and Z is 
of degree #![(8+1)/2]!/{26!(¢—8)!} at least. Thus if the constituent of 
degree 6 is primitive, the following inequality holds: 


(5) (mn — = + 1)/2]!/{281¢ — B)!}, t/2<B St. 


The minimum of each of the right hand members of inequalities (4) and 
(5) will now be determined. Denote them by m;(8) and m,(8), respectively. 
Recall Stirling’s formula for log ¢!, namely, 


log t! = (¢ + 2) logt —¢ 
+ }log + 0/(12), 0<0<1. 


Then 
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= — — 10 re} 
og m,(8) + > og t + 127 g + g 


1 
(1-6 +) log 


6} — 
2 
t 
—<Bst-1,0<4;< 1. 


2 


The cases 8 even and 6 odd must be treated separately in order to apply 
Stirling’s formula. However in both cases, the second derivative of log 
m,(8) is negative. Hence the minimum of log m(8) occurs when 8 assumes 
its least even or odd value or when 6 assumes its greatest even or odd value, 
[t/2]+1<8<t—1. Consequently the minimum of m,(8) occurs for some one 
of these values of 8. It is found that if ¢ is odd, the minimum occurs when 
B=t—1. If tis even, the minimum occurs when B=. Thus the minimum 
of m,(8) is t!/(2[t/2]!2) and the inequality (4) becomes 


(6) (n — = t!/(2[t/2]"). 
Apply Stirling’s formula to log m2(8). Then 


1 B+1 
— tog 2 (1-6 + —) tog ¢ 6) 
og ( p+—) og (¢ — 8) 128 


2 


The cases 8 even and 6 odd must again be considered separately. However 
the second derivative of log m2(8) is again negative in both cases. Hence the 
minimum of log m2(8) occurs for the extreme values of 8, and consequently the 
minimum of m2(8) occurs for some one of these extreme values of 8. Consider 
the values of 8 at the lower end of the interval. When £ is even the least 
value of is (¢+1)/2, (¢+3)/2, (t+2)/2, (t+4)/2, according as t=2k+1, 
2k—1, 2k, or 4m, k odd. When £ is odd the least value of 8 is (¢+3)/2, 
(t+1)/2, (t+4)/2, (t+2)/2, according as ¢ is of one of the above forms. 
For all these values of except for B=(#+3)/2 and t=9, m2(8) =mi(t). 
However if ¢=9, the minimum of m,(8) occurs for 8=9. Hence inequality 
(5) need not be considered for values of 8 at the lower end of the 8 interval. 
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Then only the values of m2(8) for 8=t—2, t—1, and ¢ need be considered. 
Now m,(t) is less than m2(t—2) or m2(t—1). Thus inequality (5) may be 
replaced by the inequality 


(7) (m — t)/2 = 3[(¢ + 1)/2]!. 


7. If no transitive constituent of A; is of degree >¢#/2, the order of 
A, <3 [t/2]!? and for this case 


(8) (mn — #!/[¢/2]¥. 


However since the right hand member of inequality (8) is greater than the 
right hand member of inequality (6), the former may be discarded. 
8. Thus if G, is of order 2” and #28, the following theorem has been 


proved: 


THEOREM 3. Let the subgroup that fixes t letters of a t-ply transitive group 
of degree n and class >3 be of order 2". Then if t28, 


(nm — = — B)!}, 


where B is an integer chosen such that t/2 <8 <t—3, or chosen to be one unit 
less than the least value of 8B which satisfies the inequality 


+ 1)/2]! = — B)!}; 
[(¢+1)/2]!; 
n—t2>t!/[t/2]!2. 


The symbol |s] denotes the integral part of s. 


When ? is sufficiently great, it will be shown that the last inequality in 
Theorem 3 is the only one necessary to consider. Comparing the logarithms of 
the right hand members of the second and third inequalities, it is found by 
means of Stirling’s formula, that when ¢=16, the former is always greater 
than the latter. Hence the former may be discarded when ¢= 16. 

Further analyze the inequality (3) which limits 8, and write it in the form 


V(8) = + — B)!/(2#!) = 1. 


Then if 8 is so chosen that log V(8) 20, the inequality (3) holds. Now by 
Stirling’s formula, it is found that log V(@) is positive for 8=t/2 as soon as 
#2160. Then for 42160, 8 may be chosen equal to ¢/2, but B>#/2 by hy- 
pothesis. Hence when #2160 the first formula in Theorem 3 may also be 
discarded. 


or 
or 
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For later comparison purposes it is of interest to find the principal value 
of log (n—t) when ¢ becomes infinite. Now 


log (n — 4) = logt! — 2 log [¢/2]!. 


The right hand member of this inequality, when expanded by Stirling’s 
formula, becomes 


(¢ + 3) log ¢ — (¢ + 1) log (¢/2) 
+ 0/(12t) — 0,/(3t) — log 2x 
= (¢ + 1) log 2 — log ¢ + — 0,/(3t) — } log 27, 


where 0<6;<1, 7=1, 2, the principal value of which is ¢ log 2. Thus 
(9) log (n — t) = t! log 2(1 + 6), 
where ¢ approaches 0 as ¢ approaches ©. 


G, OF ORDER p*m, p AN ODD PRIME 


9. In the remaining part of this paper it will be assumed that the order 
g: of the subgroup G, which fixes ¢ letters of the ¢-ply transitive group G is 
divisible by an odd prime p. The analysis of this case is an extension of the 
method given by Jordan in his paper in Liouville’s Journal of 1895. 

Let p be the greatest prime which divides the order of G;. The following 
slight extension of a theorem by Jordan* will be needed in the development 
of the theory for the case under discussion: 

Consider a Sylow subgroup P of G; of order p*. Then g,=vp*(rp+1), 
where vf* is the order of the largest subgroup of G; in which P is invariant. 
Let a2, --- be the letters that G, displaces and by, be, - , the ¢ letters 
that G, fixes. Since G is ¢-ply transitive, there exists a substitution 
S = - -) - - which transforms G, into itself, b:, bm being 
any four of the above ¢# letters. In the group of order 2g, thus obtained, let 
the order of the largest group in which P is invariant be p*. Then v1=22 
or v according as the new substitutions introduced do or do not transform P 
into itself. Sylow’s theorem-shows that 2; = 22, for 2:p%(ri1p +1) = 20p*(rp+1), 
from which it is found that 7,=2v, mod p. Then for each set of possible 
values of the subscripts i, k, 1, m there exists a substitution S; which trans- 
forms P into itself. Now form the group W={P, Si, S:,--- }. It contains 
P invariantly and also P’s characteristic elementary subgroup LZ. Further 
W has an alternating constituent on the ¢ letters that G, fixes. The above 
discussion may be summarized as follows: 


* C. Jordan, Journal de Mathématiques, (5), vol. 1 (1895), p. 37. 
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If the order of the subgroup which fixes t letters of a t-ply transitive group 
G is divisible by an odd prime p, a subgroup W of G can always be found which 
contains an invariant elementary subgroup L of order p® on the letters of G, and 
which has an alternating constituent on the t letters that G, fixes. 

The substitutions of W are of the form ABPC, where A denotes a sub- 
stitution on the letters of the alternating constituent of degree ¢, B a sub- 
stitution which permutes the transitive constituents of L, P the product of 
substitutions P;, P2,---, each of which permutes among themselves the 
letters of a transitive constituent of L, and C a substitution on the letters of 
G, not contained in ZL. The substitutions P;, say, on the p* letters of a 
transitive constituent of Z either do or do not generate a subgroup of the 
holomorph of the elementary group of degree p* which has a quotient group 
simply isomorphic to the alternating group of degree ¢. If the former be 
true, Jordan has shown that 


= t — 3 — log t/log 2.* 
Now the degree of a transitive constituent of L is <u—t. Hence 
(10) n—t> p*,p>2,n2t — 3 — log t/log 2. 


10. Suppose that this inequality does not hold. Then none of the sets 
of subsitutions P;,i=1, 2, - - - , generate a subgroup of the holomorph of the 
elementary group of degree p* which has a quotient group simply isomorphic 
to the alternating group of degree ¢. Hence W contains a subgroup W, with 
an alternating constituent of degree ¢, in which each of the sets of substitu- 
tions P;, except those forming the transitive constituents of Z that are per- 
muted in W, reduces to the identity. Now note that the elementary group L 
is of degree =(n—1)/2, m being the degree of G, for the degree of ZL must be 
equal to or greater than the class of G. Then substitutions of W must per- 
mute some transitive constituents of L, for, otherwise, a substitution which 
has a cycle of three letters in the alternating group of degree ¢ is of degree 
<3+n—-—t—(n—1)/2<(n—1)/2, the class of G. 

Return to a consideration of the subgroup W. Since the substitutions of 
W permute some transitive constituents of L, the group W, which contains 
W, also permutes some. The substitutions B together with those of L 
generate imprimitive groups whose systems of imprimitivity are the transi- 
tive constituents of L, and which are multiply isomorphic to the alternating 
group of degree ¢. Denote by B:, Bs, - - - , respectively, the groups in the 
systems of these imprimitive groups, and by (1, @2, - - - the groups generated 
by the substitutions C. Now the groups 8; and (; are either all simply 


* C. Jordan, Bulletin de la Société Mathématique de France, vol. 1 (1872), p. 55. 
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isomorphic to the alternating group of degree ¢ or some are not. Assume the 
latter to be true. 

The groups 8; and (@; which are multiply isomorphic to the alternating 
group of degree ¢ then have invariant subgroups which fix the ¢ letters of 
the alternating constituent. Denote these invariant subgroups by R. Now 
all the substitutions S;=(0;b,)(b:bm)(a@ - - -) - - - of W transform R into itself. 
Then unless the order of R is a power of two, choose its Sylow subgroup P; 
of order ~:*, p, an odd prime. The group P; reduces to R if R is of order 
a power of two. Then as in §9, paragraph 2, a group W; can be found in W 
which transforms P, into itself and which has an alternating constituent on 
the ¢ letters that G, fixes. The substitutions S;,7=1, 2, --- , in this case are 
written on the letters of the alternating constituent of degree ¢, on the 
transitive constituents of Z regarded as single symbols, and on the letters 
of G, itself. 

Consider the characteristic elementary subgroup L; of W:. The degree 
of none of the transitive constituents of L; exceeds (n—#)/p or (n—2t+1)/2, 
the former formula giving the maximum degree of an imprimitive group 
whose systems of imprimitivity are the transitive constituents of L, the 
latter formula giving the maximum degree of a transitive constituent of W 
which displaces none of the letters of L. Let Z be the greater of these two 
quantities. The substitutions of W, are of the form ABB’PP’C, where B 
denotes substitutions which permute transitive constituents of ZL, but which 
with the substitutions of ZL generate imprimitive groups whose groups in 
the systems are simply isomorphic to the alternating group of degree ¢; B’ 
denotes substitutions which permute the transitive constituents of L,; P de- 
notes the product of substitutions Pi, P2,---, each of which permutes 
among themselves the letters of a transitive constituent of L; P’ denotes 
the product of substitutions P/, P/,---, each of which permutes among 
themselves the letters of a transitive constituent of Zi; and C denotes 
substitutions on the letters of G, not found in Z or Z;. Recall that no one 
of the sets of substitutions P; generates a group which has a quotient group 
simply isomorphic to the alternating group of degree ¢. 

If one of the sets of substitutions P/, P/, say, on the pi’ letters of a 
transitive constituent of Z;, generates a subgroup of the holomorph of the 
elementary group of degree p,’ which has a quotient group simply isomorphic 
to the alternating group of degree ¢, Jordan’s inequality gives 


(11) Z= fi’, > 2, y — 3 — log t/log 2. 


If this inequality does not hold, it may be assumed that none of the 
above sets of substitutions P/ generates a subgroup of the holomorph of an 
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elementary group which has a quotient group simply isomorphic to the alter- 
nating group of degree ¢. Then W, contains a subgroup W: which has an 
alternating constituent of degree ¢ and in which each of the sets of substi- 
tutions P/, except those forming the transitive constituents of Z, that are 
permuted by W;, reduces to the identity. If W; fixes all the transitive 
constituents of Z;, the substitutions of W, reduce to ABC. This case will 
be considered later. Then assume that the substitutions of W: permute 
some transitive constituents of Z). 

Consider the imprimitive groups generated by the substitutions B’ and J). 
Denote their groups in the systems by B/, By, - - - , respectively, and the 
groups generated by the substitutions C, by (1, @2, - - -, respectively. Again, 
unless all the groups B/ and (; are simplyisomorphic to the alternating group 
of degree ¢, choose their invariant subgroups denoted by R; which fix the 
t letters of the alternating group and repeat the above analysis, obtaining 
a group W; which contains an invariant elementary subgroup J». If all the 
groups B/ and (; are simply isomorphic to the alternating group of degree 
t, the analysis has been completed for the present purpose. The substitu- 
tions of W, then have the form ABB’CPP’, where A, B, P, P’ are defined 
as before; B’ denotes substitutions which with those of L; generate imprimi- 
tive groups whose groups in the systems are simply isomorphic to the alter- 
nating group of degree ¢; and C denotes substitutions on the letters of G, 
not found in Z or LZ; which generate subgroups simply isomorphic to the 
alternating group of degree ¢. Note that none of the substitutions P; or 
P generate groups which have quotient groups simply isomorphic to the 
alternating group of degree ¢. 

Now return to the case in which W, fixes all the transitive constituents 
of L,, and consider the group W:, whose substitutions are of the form ABC. 
If the substitutions C generate groups which are simply isomorphic to the 
alternating group of degree ¢, the analysis has been completed. If they do 
not, take their invariant subgroups denoted by R,, which fix the # letters 
of the alternating group, and apply the reasoning of the previous paragraphs, 
again obtaining a group W. which contains an invariant elementary sub- 
group 

Continue with this analysis until either a group W; or W; of the desired 
type is obtained, or an inequality, such as inequalities (10) or (11), derived 
from this analysis holds. Obviously these two inequalities are the most un- 
favorable of any which might be obtained in carrying this analysis further. 
Consequently any further inequalities may be neglected. Then it remains 
to investigate the case when a group W; or W; is obtained in which the 
substitutions are of the form 
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ABB'B" , 
where the substitutions B, B’, B’’, - - - denote substitutions which permute 
transitive constituents of L, Zi, L2,---, respectively, but which with the 
substitutions of the latter generate imprimitive groups whose groups in the 
systems are simply isomorphic to the alternating group of degree ¢; C denotes 
substitutions on the letters of G; not found in L, Li, Le, - - - , which generate 
groups simply isomorphic to the alternating group of degree ¢; P,P’, P’’, - - - 
denote the product of substitutions P;, P2,---,Pi,P2,---,Pi',Pi’,---, 
each of which permute the letters of a transitive constituent of L, Zi, L2,---, 
respectively, among themselves, but which do not generate groups which 
have quotient groups simply isomorphic to the alternating group of degree ¢. 
11. Thus suppose that W; is the first group in the series Wi, Wi, i=1, 
2,---+, of the desired type. Let the groups in the systems of the imprimitive 
groups generated by B™ and L,, be denoted by B., v=1, 2,---, and 
m=0, 1,---, B,°=®B,, and the groups generated by the substitutions C, 
by @.. Recall that the groups 8," and (, are all simply isomorphic to the 
alternating group of degree ¢. Consider a subgroup K of W; which has an 
alternating constituent on the & letters be, - - - , where 5SkSt#. First 
suppose that K fixes more than one half the letters in each of the groups 
Bs and @,. Now all these letters or symbols fixed cannot reduce to the 
identity in G,, for then the degree of a substitution of W; which has a cycle 
of three letters in the alternating constituent of degree k is of degree 
<3+(n—1t)/2<(m—1)/2. Then according to the theorem by Manning 
quoted in §3, G is alternating. Therefore corresponding to at least one 
symbol fixed and arising from the letters of L, Li, or Le, - - - , there exists a 
group simply or multiply isomorphic to the alternating constituent of degree 
k which transforms an elementary group into itself. Now the degree of this 
group cannot exceed the degree of one of the systems of imprimitivity of an 
imprimitive group generated by the substitutions B” and those of Ln. It 
has been shown that such a group permutes its systems according to a group 
simply isomorphic to the alternating group of degree ¢. Hence it has at 
least ¢ systems and the degree of a system is at most (m—#)/t. If this im- 
primitive group is a group generated by the substitutions B and those of L, 
Jordan’s inequality gives 


(12) p,p>2,5S5k St—1,62 k — 3 — log k/log2. 


If the substitutions B reduce to the identity in K, let the group under dis- 
cussion be a group generated bythe substitutions B’ and those of L;. The de- 
gree of this imprimitive group is then at most Z. Hence the degree of one of 
its systems is at most Z/t. In this case Jordan’s inequality gives 
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(13) Z/t = fi 22, kst- 1,5,2 k — 3 — log k/log 2. 


If the substitutions B’ reduce to the identity in K, let the group in question 
be a group generated by the substitutions B’’ and those of Zz. Any further 
inequalities thus obtained evidently give more favorable bounds for the 
transitivity of G and hence may be discarded. 

12. It may now be assumed that the group K displaces a half or more than 
a half of the letters in at least one of the groups simply isomorphic to the 
alternating group of degree ¢. Let Q be the particular group in which K 
displaces a half or more than one half of the letters. Let T', be the subgroup 
of the alternating constituent I of degree ¢ which corresponds to the sub- 
group (Q) that fixes one letter of Q. Now the degree of Q is at most (n—#)/p 
or (n—2t+1)/2, according as Q has arisen from the letters of ZL or from the 
letters of G, not found in Z. On the other hand, the degree of Q is ¢!/(2q) 
where g is the order of the subgroup T;. Hence for this case the inequality 


Z = t!/(2q) 
must be studied. 

Let 71, Y2,: ~~: be the degrees of the transitive constituents of T;. Then 
the order of each transitive constituent group of I; divides y;!, respectively. 
Hence the order g divides 7!72! - - - 

Recall the present hypothesis that the group K fixes at most one half 
the letters in the group Q. Let Q; have v conjugates under Q. Then I; has 
v conjugates under I. Now those conjugates of Q; which fix letters that K 
fixes, but which fix no letters that K displaces, are invariant under K. Hence 
at most one half of the conjugates of Q; are invariant under K and conse- 
quently at most one half the conjugates of I’, are invariant under the alter- 
nating group of degree k on the letters };, bs, - - - , by. Using this hypothesis 
Jordan* has shown that if one of the numbers 7; is greater than the number 
5, defined to be the greatest integer less than the quantity ¢—(¢—k+1) 
* log 2/(k+log 2), the corresponding transitive constituent group of T': cannot 
contain the alternating group of the same degree. 

Thus there are the following three cases to consider: 

I. All the numbers y; <6. 

II. One number 7; >6, and the corresponding transitive constituent of 
degree of is imprimitive. 

III. One number y,>4, and the corresponding transitive constituent of 
degree of is primitive. 

In Case I, the order g<}6!(t—6)!. In Case II recall that the largest 
imprimitive group of degree +; is of order 2(y:/2)!? or 2((yi:—1)/2)! ac- 


* C. Jordan, Journal de Mathématiques, (5), vol. 1 (1895), p. 51. 
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cording as y: is even or odd. Thus q< [7:/2]!(¢—~:)! where [s] denotes the 
integral part of s. In Case III, Bochert’s theorem may be used to determine 
the order of the primitive constituent, and hence < (t— 1) !y:!/ [(y¥i+1)/2]!. 
These three cases thus lead to the following inequalities: 


(14) Z = — 8)!}, 
(15) Z = t!/{2[y1/2] — y)!}, 
(16) Z = + 1)/2]!/{2v¢ 


It has been seen (§6) that the minimum of the right hand member of the 
inequality (15) occurs when 7:=/, and that inequality (16) need be con- 
sidered only for y:=¢. Further Z may be taken equal to (n—2t+1)/2, for 
the greatest value of (n—#)/p occurs when p=3, and the former number 
is always greater than the latter as soon as n2=4t—3. Now n24t—3, for 
the right hand members of the above inequalities are always =¢. Thus 
inequalities (14), (15), and (16) may be replaced by 


(17) (mn — 2¢+ 1)/2 = — 8)!}, 
(18) (mn — 2¢ + 1)/2 & #!/{2[t/2]!"}, 
(19) (nm — 2¢+ 1)/2 = 3[(¢+ 1)/2]!. 


In the list of inequalities in §§9, 10, and 11 substitute the least possible 
values for ~, pi, and Z. Then only the following inequalities need be con- 
sidered: 


(20) n—t = 3*,a2%t— 3 — log t/log 2, 

(21) (mn — 2t+ 1)/2 2 22, 

(22) Si-1, 
(23) (m — 2¢ + 1)/(2#) = 28. 


In inequality (20), a>3, for the holomorph of an elementary group of 
degree 9 or 27 obviously has no quotient group simply isomorphic to the 
alternating group of degree (28). Likewise in inequality (21), a>3. For 
a similar reason B>3 in inequalities (22) and (23), for in these cases the 
alternating group of degree ¢ is replaced by one of degree k. Although these 
same restrictions on a and 6 might not hold if larger primes had been substi- 
tuted for » and fu, similar considerations show that greater values for p and 
p: give still more favorable values for n. 

Now write inequalities (22) and (23) in the forms m=3%+i and 
n= respectively. Since for all values of B>3, 
inequality (22) may be discarded. Again write inequalities (20) and (21) in 
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the forms n = 3*+¢ and n= 2**!+2t—1, respectively. Then if 
inequality (20) may be discarded. Now t—1<2*, a>3. Since 2*<3*— for 
all values of a>3, the above inequality holds. 

Further, compare the right hand members of inequalities (18) and (19) 
with the right hand member of inequality (21). The logarithm of the right 
hand member of inequality (18) is always greater than the logarithm of the 
right hand member of inequality (21). Hence inequality (18) may be dis- 
carded. Again the logarithm of the right hand member of inequality (19) 
is greater than the logarithm of the right hand member of inequality (21) 
except when ¢=8, a=4. However, when ¢=8, inequality (17) gives a still 
lower bound for m than inequality (19). Thus inequality (19) may be dis- 
carded for all values of ¢. 

13. The results of the study of the ¢-ply transitive group G, the order of 
whose subgroup that fixes # letters is divisible by an odd prime, may be 
summarized in the following theorem: 


THEOREM 4. Let the order of the subgroup that fixes t letters of a t-ply 
transitive group of degree n and class >3 be divisible by an odd prime. Then if 
t>8, 


(nm — 2¢-+ 1)/2 = 2%, a an integer > 3 and = t — 3 — log t/log 2; 


(n — 2¢+ 1)/2 = 2%, y an integer > 3 and = k — 3 — log k/log 2, 
where k is an integer such that 5Sk<t—1; or 
(mn — 2¢ + 1)/2 = — 8)!}, 
where 5 is the greatest integer less than the quantity t—(t—k+1) log 2/(k+log 2). 


It may be of interest to find the principal value, when ¢ becomes infinite, 
of (n—2t+1)/2, or, which is more convenient, of log ((n—2¢+1)/2). The 
logarithm of the right hand member of the first inequality in Theorem 4 
obviously has the principal value ¢ log 2. It remains to find the principal 
values of the right hand members of the second and third inequalities in the 
above theorem. Denote the logarithm of the right hand member of the sec- 
ond inequality by f(z) and that of the third by g(k). Thus 


f(k) = (k — 3) log 2 — log k + log#é, 
and by Stirling’s formula 


g(k) = (¢ + 4) logt — (6 + 4) logé — (¢ — 5 + 3) log (¢ — 5) — 3} log 2x 
+ 6/(12t) — 0;/(128) — 62/(12(¢ — 8)), where 0 < 6; < 1, i = 0,1,2. 
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Now f(&) is a function which increases in value with k, while g(k) is a function 
which decreases in value as k increases. First determine & so that the prin- 
cipal values of these functions are equal. Assume & and ¢ of equal order. 
Then the principal value of t—8 is {(¢—k) log 2}/k. Now in g(k) replace 
log 6 by 


log ¢ + log {1 — (¢ 6) /t} = logé — (¢ — — (¢— 6)2/(28) —---. 


Then the principal value of g(k) is { (¢—k) log 2 log ¢}/k, while the principal 
value of f(k) is obviously k log 2. Setting these two values equal, it is found 


that 
k = — logt + log ¢ + log? #)'/?, 


of which the principal value is (¢ log #)'. Thus & is of order less than the 
order of ¢, and using this value of k, the principal value of log ((m—2#+1)/2), 
derived from the second and third inequalities in the above theorem, is 
(¢ log ¢)'? log 2. This result is evidently less favorable than the one derived 
from the first inequality, and hence for the case G; of order p*m, p an odd 
prime, the following relation holds: 


(24) log ((m — 2¢ + 1)/2) = (é¢ log #)'/? log 2(1 — 7»), 


where 9 approaches 0 as ¢ approaches ©. 
In §8, it was shown that for the case G; of order 2° the principal value 


of log (n—#) is t log 2. Evidently this result gives a more favorable relation 
between m and ¢ than the one just established. Hence inequality (24) holds 
for all ¢-ply transitive groups of class >3. This inequality is similar to the 
one found by Jordan in his 1895 paper, namely, 


log (wn — #) = (¢ log #)'/*log 2(1 — ), 


where € approaches 0 as ¢ approaches ©. 
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PROPERTIES OF SOLUTIONS OF AN INFINITE SYSTEM 
OF ORDINARY LINEAR DIFFERENTIAL 
EQUATIONS OF THE FIRST ORDER 
WITH AUXILIARY BOUNDARY 
CONDITIONS* 


BY 
WILLIAM T. REID 


1. INTRODUCTION 


It is the purpose of this paper to consider an infinite system of ordinary 
linear differential equations of the first order. We write the system con- 
sidered in the form 


(1) — = (§=1,2,---), 
a=1 

where y(x) =(y;(x)) is a vector in Hilbert space, i.e., )\a-.y2 converges and 
A(x) =(A;,(x)) is a matrix each of whose elements is a Lebesgue summable 
function on X:0<x<1. Furthermore, the matrix A(x) is limited, in the 
sense defined by Hilbert, by a Lebesgue summable function ¢(x) on X. 
In §2 preliminary definitions are given and the system of notation used 
throughout the paper is explained. 

In §3 the properties of matrices of functions which satisfy system (1) 
and the corresponding adjoint system are considered. The adjoint system 
is given by 

dz; 
(2) = — (¢=1,2,---). 
dx a=1 

In §4 we treat a system in which the matrix A of the system (1) is a func- 
tion of a parameter yu, and sufficient conditions for the solution y(x; mu) to 
be continuous in (x, w) are given. The differentiability of the solution with 
respect to the parameter yp is also considered. 

In §5 we set up the system consisting of the equations of (1), together 
with boundary conditions that involve the value of the solution at two 
points. The set of boundary conditions that are adjoint to these is deter- 
mined in a manner similar to that used by Bounitzkyf for a finite system of 
ordinary linear differential equations of the first order. 

* Presented to the Society, December 1, 1928, and March 29, 1929; received by the editors in 
June, 1929. 


+ E. Bounitzky, Sur la fonction de Green des équations différentielles linéaires ordinaires, Journal 
de Mathématiques, (6), vol. 5 (1909), pp. 65-125. 
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There is treated in §6 an infinite system in which each element of the 
matrix A is a function of a parameter yw and A(x; yz) is limited by a summable 
function ¢(x) uniformly with respect to uw; furthermore, for each value of u 
and for values of x “almost everywhere” on X the matrix A(x; 4) is completely 
continuous or “vollstetig,” as defined by Hilbert.* This system, together 
with a special class of two-point boundary conditions, is shown to have 
many properties of a finite system. 

Whenever the differential system of §6 is incompatible, it is possible to 
define a Green’s matrix for the system. In §7 the existence and uniqueness 
of the Green’s matrix is proved. We also state a theorem on defining a 
Green’s matrix for values of the parameter which are characteristic numbers 
of the system. This theorem is more general than a theorem which has 
recently been established by W. M. Whyburnf for a finite differential system. 

Boundary value problems for a finite system of ordinary linear differen- 
tial equations of the first order whose coefficients are continuous, have been 
considered by Birkhoff and Langerf and by Bliss.§ The results of §§5 and 
6 are an extension to an infinite system of some of the results obtained by 
Birkhoff and Langer and by Bliss for finite systems. More recently W. M. 
Whyburn|| has considered a finite system of linear equations whose coeffi- 
cients are Lebesgue summable functions and has shown that the solution of 
the differential system is the limit of the solution of the associated algebraic 
system. 

W. L. Hart has treated infinite systems of differential equations in four 
papers. The system considered in the first paper is of a different nature from 
the system here considered since the variables are defined in a more general 


* D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, Berlin, 1912, 
p. 147. 

t W. M. Whyburn, On the Green’s function for systems of differential equations, Annals of Mathe- 
matics, (2), vol. 28 (1927), pp. 291-300. 

} G. D. Birkhoff and R. E. Langer, The boundary problems and developments associated with a 
system of ordinary linear differential equations of the first order, Proceedings of the American Academy 
of Arts and Sciences, vol. 58 (1923), pp. 51-128. 

§ G. A. Bliss, A boundary value problem for a system of ordinary linear differential equations of the 
first order, these Transactions, vol. 28 (1926), pp. 561-584. 

|| W. M. Whyburn, On related difference and differential systems, American Journal of Mathe- 
matics, vol. 51 (1929), pp. 265-286. 

q W. L. Hart, Differential equations and implicit functions in infinitely many variables, these 
Transactions, vol. 18 (1917), pp. 125-160; Linear differential equations in infinitely many vari- 
ables, American Journal of Mathematics, vol. 39 (1917), pp. 407-424; The Cauchy-Lipschitz method 
for infinite systems of differential equations, American Journal of Mathematics, vol. 43 (1921), pp. 
226-231; Functions of infinitely many variables in Hilbert space, these Transactions, vol. 23 (1922), 
pp. 30-50. 
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space than’Hilbert space. In the third paper it is proved by an extension to 
infinite systems of the notion of Cauchy polygons, and without the assump- 
tion of a Lipschitz condition, that the system of equations considered in the 
first paper has at least one solution satisfying arbitrary initial conditions. 
In the second paper an infinite linear system, in which the matrix of coeffi- 
cients is a limited matrix and is analytic in the independent variable, is 
treated. The results there obtained are special cases of some of the results we 
obtain in §§3 and 4. In the fourth paper existence theorems for infinite 
differential equations in Hilbert space are given. However, system (1) that 
we consider does not come under Hart’s theorem since we suppose that the 
elements of the matrix of coefficients are only Lebesgue summable functions. 
On page 408 of Hart’s second paper references to earlier literature on infinite 
differential systems are given. More recently Feenberg* has treated an 
infinite system of equations in abstract space. Ettlingerj has considered 
an infinite system of the form (1) in which the elements of the matrix A (x) 
are summable and in which the matrix A(x) satisfies a condition which we 
show to be equivalent to the condition that is imposed in this paper. The 
results of this paper extend those that have been obtained by Ettlinger. 

I desire to express my indebtedness to Professor H. J. Ettlinger who sug- 
gested to me the topic of this paper and who has assisted in its preparation 
by many suggestions and criticisms. 


2. PRELIMINARY DEFINITIONS AND NOTATION 


An infinite set of real numbers &, £, - - - represents a point or a vector 
in Hilbert real space provided the sum }>".1¢2 converges. If £=() and 
n=(na) are two vectors the dot product of — and 7 is the sum > ankete 
and is denoted by £m. The quantity (>\2-.£2)'/? is the length or modulus of 
the vector £ and is denoted by |£|. 

If M is an infinite matrix we denote by M;; the element in the 7th row 
and the jth column of M. All matrices considered in this paper, unless 
otherwise specified, are supposed to be real and to have an infinite number 
of rows and columns. When we say that a matrix or a vector has a pro- 
perty, which is not essentially a matrix or a vector property, we mean that 
each element of the matrix or each component of the vector has that property. 

We consider in particular matrices that are limited matrices, as defined 
by Hilbert. 

* For abstract of paper, see Bulletin of the American Mathematical Society, vol. 34 (1928), 

. 709. 

" + For abstract of paper, see Bulletin of the American Mathematical Society, vol. 34 (1928), 
. 708. 

t D. Hilbert, loc. cit., p. 125. 
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Definition. A matrix M=(M;;) is said to be limited if there exists a 
constant K such that for every pair of points £ and 7 of Hilbert space and for 
every integer 1, 


n n n 1/2 n 1/2 

s K( dee) (Daz) 
j=1 i=1 j=1 

When such a constant exists we say that the matrix M is limited by the con- 

stant K. Properties of limited matrices have been considered by Hellinger 

and Toeplitz.* We will use the notation “H.T., page ——” to refer to a page 

in this article. 

If M=(M;,,;) and N=(N;;) are two limited matrices, the sum matrix 
M+N is given by M+N=(M;;+N;;) and is also a limited matrix. If k is 
a scalar and M is a matrix, then kM =(kM;;). In particular, the zero matrix 
is the matrix each of whose elements is zero, and E is the unit matrix 
E=(E;;), where £;;=0 if i4%j7 and E;;=1. If M is a matrix the adjoint 
matrix M is defined by M=(M;;), where M;;=M;;. We denote the vector 
v=(v,;), where 0;= Mj.£, by Mé. In this expression a is an umbral subscript. 
That is, M Minti tM ---. Whenever it is possible to do so with- 
out causing confusion, umbral subscripts will be used. Similarly, if £ is any 
vector in Hilbert space the vector u=(u;), where u;= Maite, will be denoted 
by £M. If M and N are limited matrices, then the product MN is given by 
MN=(M;,.Na;). Since itis shown by Hellinger and Toeplitz that each row 
and each column of a limited matrix is a vector in Hilbert space, the matrix 
MN is well-defined and is also a limited matrix. In general MN~NM. 

Let be an infinite sequence of vectors, where =(v;). 
If there exists a vector v=(v,;) such that lim,.,.0;° =v; (¢=1, 2,---) we 
will say that the sequence of vectors converges to the vector v and write 
lim,..0 =v. If there exists a vector v so that lim,.., |v —v|=0 we will 
say that the sequence of vectors converges strongly{ to the limit vector v and 

L+.- .«) for each value of the variable x on a<x<b denote a vector in 
Hilbert »ace. If xo is a point on the interval (a, 6) and for every sequence 
of poin 21, %,--- on this interval having x» as a sequential limit point 
we have LIM,,...0(x,) =v(x0), we say that the vector v(x) is strongly continu- 
ous at x=. If v(x) is strongly continuous at every point on (a, 6), then 
v(x) is said to be strongly continuous on this interval. 


* E. Hellinger and O. Toeplitz, Grundlagen fiir eine Theorie der unendlichen Matrizen, Mathe- 
matische Annalen, vol. 69 (1910), pp. 289-330. 

+ The idea of strong convergence was introduced by Hilbert. See Hilbert, loc. cit., p. 127. See 
also F. Riesz, Les Systémes d’ Equations Linéaires & une Infinité d’Inconnues, Paris, 1913, p. 59. 
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Vitali* has proved the following theorem which will be used frequently 
in this paper. 

THEOREM 2.1. Let fi(x), fo(x),--- be a sequence of Lebesgue summable 
functions of the bounded point set X and such that lim,..fn(x) =f(x) on Xo.t 
If the absolute continuity of the integrals {f,(x)dx is uniform on the set X, then 
f(x) is a Lebesgue summable function on X and 


li = dx. 
tim f Jr 


We now state without proof the following corollaries to this theorem: 


Coro.iary 1. Under the above hypotheses Jrf,(x)dx converges to [rf(x)dx 
uniformly for all measurable subsets T of X. That is, for every e>O there is a 
positive N(e) such that if n>N(e«) then for every measurable subset T of X we 


have 
| f f Se. 


Cororzary 2. If )>2-1A.(x) is a series of absolutely continuous functions 
which converges on the interval X:aSx <b and the series 


oo 


d 
—A,(x) 


a=1 
converges on Xo, and furthermore the absolute continuity of the integrals 
a=1 x 


is uniform with respect ton,then >. .~A a(x) is an absolutely continuous function 
on X and 


> | = Aq(x) on Xo. 
dx 


a=1 x 


Ettlinger{ has recently stated a theorem on the continuity of a function 


*M. Vitali, Sull’integrazione per serie, Rendiconti del Circolo Matematico di Palermo, vol. 23 
(1907), pp. 137-155. 

t Xois used to denote “almost everywhere” on X, or X minus a null set. It is used in the generic 
sense and the excepted null set may vary. 

tH. J. Ettlinger, On continuity in several variables, Bulletin of the American Mathematical 
Society, vol. 33 (1927), pp. 37-38. See also Existence theorems for implicit functions of real variables, 
Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 315-316. 
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of several variables. A theorem that is an extension of that of Ettlinger, and 
follows as a result of Corollary 1 above, will now be stated. 


THEOREM 2.2. Hypotheses: (a) f(x, y) is summable on X:aSxb for 
each value of y on Y:VYi<y<Y¥2; (b) the absolute continuity of {f(x, y)dx is 
uniform on X for y on Y; (c) for values of x on Xo, f(x, y) is a continuous func- 
tion of y on Y. 

Conclusion: F(x, y) = J. f(t, y)dt is continuous in y, uniformly with respect 
lo x. 


3. MATRIX SOLUTIONS OF AN INFINITE DIFFERENTIAL SYSTEM 


According to the vector notation introduced in §2 we may write system 
(1) as 
(3.1) y'(x) = A(x)y(x). 


Corresponding to this homogeneous system we have the non-homogeneous 
system 


(3.2) y'(x) = A(x)y(x) + 5(x), 


where b(x) is an arbitrary vector which is, together with its length, summable 
on the interval of definition X:0<2x<1. The differential system we may 
also write in the alternative integral form 


(3.2" (2) = + 60) + 910). 
0 


A solution of (3.2) is defined as an absolutely continuous vector whose length 
is bounded uniformly on X by a finite constant and which satisfies the vector 
differential equation (3.2) on Xo. 

With the condition on the matrix A(x) that there exist a non-negative 
summable function ¢(x) on X such that for every vector ~ of Hilbert space 
|A(x)t|<¢@(x) |E|, it has been shown by Ettlinger* that there exists a 
unique solution of (3.2) satisfying the initial condition y(0)=a, where a is 
an arbitrary vector in Hilbert space. Since ¢(x) is of finite value on Xo, the 
the above condition demands that on X, the matrix A(x) be limited by the 
corresponding finite value of ¢(x). Since on X—Xpo the function ¢(x) is 
infinite, we may say that A(x) is limited by ¢(x) on X. It then follows that 
for every vector £ of Hilbert space, |£A (x) | <@(x) |£|.{ Under this condition 


* See second footnote on p. 286. 
TH. T., p. 301. 
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it follows from the existence theorem of Ettlinger that there exists a unique 
solution of the differential equation 


(3.3) a'(x) = — 2(x)A(x) + 
satisfying the initial condition 2(0)=a. The homogeneous equation 
(3.4) 2'(x) = — 2(x)A(zx) 


is called the adjoint equation of (3.1) 

Definition. Let Y(x)=(Y;;(x)) be a matrix each column of which is a 
solution of the equation (3.1). Then Y(x«) is a matrix of (3.1). Similarly, 
if Z(x) is a matrix each row of which is a solution of (3.4), then Z(x) is a 
matrix of the adjoint equation. If for each value of x on X the matrices Y (x) 
and Z(x) are limited, then Y(x) and Z(x) are limited matrices of (3.1) and 
(3.4) respectively. In particular, Y(x) is the principal matrix of (3.1) at a 
point x of X if Y(%o)=£, the unit matrix. Likewise Z(x) is the principal 
matrix of (3.4) at a point x if Z(xo) =E. 

Ettlinger first showed the existence of a solution of the associated alge- 
braic system and then that such a solution passes over in the limit to a 
solution of the differential system. We will here outline a proof of an ex- 
istence theorem by the method of successive approximations where we do 
not consider the algebraic system, since the approximations there used are 
of use to us in considering the properties of the solution. The existence 
theorem we state as follows: 


THEOREM 3.1. If B(x) is a matrix each element of which is summable on X 
and the matrix J, B(t)dt is limited by a finite constant uniformly with respect 
to x on X, and C is a constant limited matrix, then there exists a unique ab- 
solutely continuous matrix Y (x) such that 


(3.5) v(2) = f + Bola 
0 


and Y(x) is limited uniformly on X by a finite constant. 
Let 


Y(x) = f +C, 


(3.6) Y®(x) = (4) + +C (k =1,2,---), 


H (x) = Y(x), H VY (x) — (k = 1,2,---). 
Then 
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= 


a=0 


and 


In the proof of Theorem 3.1 we make repeated use of the following lemma 
which we state without proof: 

Lemma 3.1. If M(x) is a matrix each element of which is summable on X 
and M(x) is limited on X by the summable function ®(x), then for every x on X 
the matrix J,M(t)dt is limited by the quantity f° (t)dt.* 

Since the matrix {;B(é)dt is limited by a finite constant uniformly on X, 
there exists a finite constant K which limits the matrix /,B(t)dt+C uniformly 
on X. Now by (3.7), 


= f A(t)H (é)dt, 
0 
and since A(x) is limited by $(x) and H (x) is limited by K, we have by 


Lemma 3.1 that is limited by (#)dt. By mathematical induction 
we may prove that H)(x) is limited by the quantity 


K| (k = 1,2,---). 


Therefore >\2-oH @ (x) =lim:..Y (x) exists and is limited by the constant 
K exp [f,¢(é)dt] uniformly on X. Let Y(x) denote lim,..,.Y (x). Then since 
(x) (x) “+# (x) is limited by the constant 
- [(k+e)!]“, the matrix (¢)[Y(#) — ]dt is limited for every x by the 
constant and therefore 


(3.8) lim | = f Wat. 
0 


kw 0 


Hence Y(zx) is a solution of (3.5). 


* In particular let Ma(x) =fi(x), M;;(x) =0 if 71, where f(x) =(f;(x)) is a vector which is, to- 
gether with its length, summable on X. Then for every x on X, M(x) is limited by | f(x) | and by the 
above lemma J” M(t)dt is limited by J |f(#) |dt and therefore 

This theorem was used by Ettlinger in the proof of his existence theorem and is stated for the fijre- 
case by Bliss, Annals of Mathematics, (2), vol. 6 (1904-1905), p. 59. This theorem will be usednite 
quently in this paper. 
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Let B,(x) and C;, denote the vectors (Bax) and (Cas) respectively and 
Y,*(x) =(Yax*(x)) be any solution of the vector differential equation 


y(x) = f [A(t) y(t) + Bu(t) |dt + Cy. 


Then Y**(x) =(Y;;**(x)), where Y ;;** = if 74k and = Y is a matrix 
that is a solution of (3.5) and is limited uniformly on X by a finite constant 
K*. Furthermore the matrix Y “(x)—Y**(x) is limited uniformly on X by 
the constant K*+K and since 


— ¥**(x) = f — ¥**() Jat 


it follows that for each integer k the matrix Y“)(x)—Y**(x) is limited by 
and therefore Y**(x)=Y(x) and the solution of 
(3.5) is unique. 

Coro.iary 1. There exists a unique solution of (3.2) satisfying the initial 
condition y(0) =a, where a is an arbitrary vector in Hilbert space. 


Corottary 2. If y(x) is a solution of (3.2), then y(x) is a vector which is 
strongly continuous on X. 


Corottary 3. If y(x) is a solution of (3.2), then |y(x)| is an absolutely 
continuous function on X. 


Corottary 4. Jf y(x) is a solution of (3.2), then the infinite series 
2-12 (x) converges uniformly with respect to x on X. 


Corotiary 5. If Y(x) is a matrix of the equation (3.1) and for some point 
x of X the matrix Y (xo) is limited by a constant l, then Y (x) is a limited matrix 
of (3.1) and is limited uniformly on X by the constant | exp [f “o(t)dt]. 

If U(x) and V(x) are absolutely continuous matrices which are limited 
by a finite constant uniformly on X and the matrices dU/dx and dV /dx are 
limited by a summable function on X, it follows from Corollary 2 of Theorem 
2.1 that the matrix U(x) V(x) is an absolutely continuous matrix and, on Xo, 


d(UV) dU 
dx dx 
From this result we obtain 


THEOREM 3.2. If Y(x) and Z(x) are limited matrices of (3.1) and (3.4) 
respectively, then the matrix Z(x)Y(x) is a constant matrix on X. 


dV 
dx 
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THEOREM 3.3. If V(x) is a limited matrix of (3.1) and for some point xo 
of X the matrix V(x) possesses a unique limited reciprocal, then there exists a 
matrix Z(x) which is the unique limited reciprocal of Y(x) on X, and Z(x) is a 
limited matrix of the adjoint equation (3.4). 


By hypothesis there exists a limited matrix T such that TY (x) = V(a)T 
=E. By Corollary 5 of Theorem 3.1 there exists a unique limited matrix 
Z(x) of (3.4) such that Z(%o)=T. Then Z(x%o) V(x.) =E and by Theorem 3.2 
we obtain Z(x) VY (x) =£ for every x on X. If for some point z of X the matrix 
Y(x) possessed a left-hand reciprocal V and V#Z(z), by the same argument 
there would exist a limited matrix Z*(x) of (3.4) such that Z*(z)=V and 
therefore Z*(x) V(x) for every x on X. Since this is 
impossible as Z(x) is the unique limited matrix of (3.4) satisfying the condi- 
tion Z(%9)=T. Hence Z(x) is the unique left-hand reciprocal of Y(x), and 
therefore it follows that Z(x) is the unique limited reciprocal of Y(x) on X.t 


Corotitary. Jf Y(x) and Z(x) are principal matrices of (3.1) and (3.2) 
respectively at some point x=Xy of X, then Y(x) and Z(x) are unique limited 
reciprocals on X. 

Definition. If Y(x) is a limited matrix of (3.1) and possesses a unique 
limited reciprocal matrix on X, then Y(x) is a matrix solution of (3.1). A 
matrix solution of the adjoint equation (3.4) is defined in a corresponding 
manner. 

We will state without proof the following theorems: 

THEOREM 3.4. If Y(x) is a limited matrix of the equation (3.1) and C is 
a constant limited matrix, then Y(x)C is a limited matrix of (3.1). 


Corottary. If V(x) is @ matrix solution of (3.1) and C is a constant 
limited matrix which possesses a unique limited reciprocal, then Y(x)C is a 
matrix solution of (3.1). 


THEOREM 3.5. If Y(x) is a matrix solution of (3.1), then the most general 
limited matrix of (3.1) is of the form Y(x)C, where C is a constant limited 
matrix. 

Coroittary. The most general matrix solution of the equation (3.1) is of 
the form Y(x)C, where Y(x) is a matrix solution and C is a constant limited 
matrix which has a unique limited reciprocal. 

THEOREM 3.6. If Y*(x) is any matrix solution of (3.1) and the matrix Z(x) 
is defined by the relation Z(x)Y*(x) =C, where C is a constant limited matrix, 
then Z(x) is a limited matrix of (3.4). 


tH. T.., p. 312 
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Coro tary. [f the constant limited matrix C has a unique limited reciprocal, 
then Z(x) is a matrix solution of the adjoint equation (3.4). 


For the adjoint equation we have that the most general limited matrix 
of (3.4) is of the form CZ(x), where Z(x) is a matrix solution of (3.4) and C 
is a constant limited matrix. Also every matrix solution of (3.4) may be 
written in the form CZ(x), where Z(x) is a matrix solution of (3.4) and C is 
a constant limited matrix which has a unique limited reciprocal. 


4. INFINITE DIFFERENTIAL SYSTEMS INVOLVING A PARAMETER 


a. Continuity of the solution in (x, u). We will now consider the vector 
differential equation 
which is of the form (3.1) and in which each element of the matrix A is a func- 
tion of a parameter uw. If for each value of uw on L:L,<y<Le the matrix 
A(x; u) is-limited by a summable function on X:0<x<1, by Theorem 3.1 
there exists for each value of » on L a unique solution of (4.1) satisfying 
the initial condition y(0; u) =a(u), where a(u) is for x on L a vector in Hilbert 
space. 

THEOREM 4.1. Hypotheses: (a) There exists a summable function $(x) 
such that A(x; w) is limited on X by o(x), uniformly with respect to » on L; 
(b) for values of x on Xo the rows of A(x; ) are vectors which are strongly con- 
tinuous on L; (c) ai(u) (i=1, 2,-- -) is continuous on L and there exists a 
finite constant G such that \a(u)|<G for every p on L. 

Conclusion: There exists a unique solution of (4.1) satisfying the initial 
condition y(0; u) =a(u) and y(x; uw) is continuous in (x, u) on XL. 


The following lemma will first be established: 


Lemma. If the matrix A(x; mu) satisfies hypothesis (b) and v(x; is vector 
each component of which is continuous on L for values of x on Xo and there is 
a finite constant K such that |v(x;u)|<K on XL, then A(x; u)o(x; mu) is a vector 
each of whose components is continuous in wp on L for values of x on Xo. 


For every two points wu and yw’ of L we have 


a=n 


< 
(4.2) 


1930] INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS 
Now by the Lagrange-Cauchy inequality,t 


(4.3) D lA — Aia(x; | 


a=n 


1/2 1/2 
Des (x50) [ a!) 


DA ia( — a(x; | 


a=n 


| | Do — wr}. 


a=n a=n 


Since each row of A(x; u) for x on X is strongly continuous on L and since 
|v(a; ws) | is bounded uniformly on XL, we have for values of x on Xq and for 
each value u =p’ on L that there exists for every positive ¢ a positive number 
Nw and a positive quantity 6,.,; such that if and |y—p’ |< 
then 

Therefore, since for all values of x on Xo the finite sum A ia(*}; Vax; 
is continuous in y, it follows that for values of x on Xo the infinite series 
> ia(X; w) is a continuous function of on L. 

We now apply the result of the lemma to the approximations y?(x; yu) 
which are defined by (3.6) and which converge to the solution y(x; 4). We 
have 


(0) 
(4.4) (x; = a(u), 

0 

By hypothesis (c), |a(u) | <Gand therefore y“(«; 4) and y(x;q) are absolutely 
continuous on X, uniformly for on L, and |y (x; u)|<G exp 
Then if y“*-)(x; uw) is for x on Xo a continuous function of y, it follows 
from the above lemma that )°3_,Aia(x; u)ya*-(x; w) is for x on Xo 
a continuous function of won L. But ia(x; | is bounded 
by the summable function ¢(x)G exp [ S-o(t)dt] and since by hypothesis 
(c) each component of a(z) is continuous on L, it follows from Theorem 2.2 
that for fixed values of x on X each component of y(x; u) is a continuous 
function of u. By mathematical induction it can be shown that y *)(x; yu) 


T See F. Riesz, loc. cit., p. 36. 
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(k=1, 2,---) is a continuous function of u. Since |a(u)| is bounded uni- 
formly on L, the sequence of vectors y‘*)(x; mw) converges to the vector 
y(x; u) uniformly on XL and therefore y(x; u) for each value of x on X isa 
continuous function of u. But the vector y(x; u) is absolutely continuous in 
x on X, uniformly for yu on L, since |a(u) | is bounded uniformly on L. There- 
fore y(x; u) is continuous in (x, uw) on XL. Also by the use of Corollary 1 of 
Theorem 2.1 we have that y“)(«; uw) (k=1, 2,-- -) is continuous in p uni- 
formly with respect to x. Then since the sequence y‘*)(x; u) converges to 
y(x; «) uniformly on XL, we have that y(x; u) is continuous in » uniformly 
for x on X. 


Coro.iary. If for each value w=’ on L there exists a positive number d 
such that on XL,, where Ly :p'’—dSpSp'+d, the hypotheses of Theorem 
4.1 are satisfied, then there exists a unique solution of (4.1) satisfying the initial 
condition y(0; u) =a(u) and which is continuous in (x, w) on XL. 


Definition. An infinite matrix M(x; u) is a matrix of class S on XL if 
(a) M(x; u) is summable on X for each value of u on L and is limited by a 
summable function 6(x) on X uniformly for values of u on L; (b) if u and 
uw’ are any two points on L, then M(x; u) —M (x; yw’) is limited by a function 
C(x; u; which is summable on X and such that lim,.,, C(x; u’) =0 
on Xo. 

We now state the following auxiliary theorem: 


THEOREM 4.2. If on the interval x; Sx S422, (x1, x2), u(x) is a non-negative 
continuous function and, for each value of x on (x1, X2), 


(4.5) 0s f + BO + 


where 0(x) and B(x) are non-negative summable functions on (x1, %2) and F (x) 
is a non-negative function bounded uniformly on (x;, x2) by the constant Q, then 
for each value of x on (x1, x2), 


(4.6) 0< u(x) < | f ” Bi)dt + f |. 


Z1 1 


THEOREM 4.3. If A(x; u) is a matrix of class S on XL and Y(x; p) is a 
matrix solution of the equation (4.1) which for some point x=xo of X is a 
matrix of class S on XL, then Y(x; u) is a matrix of class S on XL. 


Since Y(xo; u) is constant with respect to x, if Y(%o; u) is a matrix of 
class S there exists a finite constant K which limits Y(%o; u) uniformly with 
respect to uw on L and therefore Y(x; yz) is limited uniformly on XL by the 
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constant K*=K exp [/. “o(é)dt]. Also there is a finite quantity C(u; u’) which 
limits V(%o; 4) —Y (xo; wu’) for each pair of points and yw’ on L and lim,.,’ 
C(u; u’)=0. We have 


% 


+ wu’) — V(x0; 
and for every vector £ of Hilbert space 


+ [A(é; — A(t; w) we dt + (x0; u’) — u) 


Therefore 


+ C(t; | V(b; ] dt + | [¥ (x0; u’) — (xo; u) JE | 
and by (4.6), 


Hence the matrix Y(x; u) is a matrix of class S on XL. 


Coroxiary 1. If A(x; u) is a matrix of class S on XL and Y(x; p) is the 
principal matrix of (4.1) at some point x» of X, then Y (x; u) is a matrix of class 
S on XL. 

Coroiiary 2. If in the differential equation (4.1) the matrix A(x; u) is a 
matrix of class S on XL and a(u) is a vector which is strongly continuous on L, 
then the solution y(x; u) is for each value of x a vector which is strongly con- 
tinuous on L. 


If a(u) is strongly continuous, then |a(u) | is bounded uniformly on every 
finite subinterval of L. Then Y(0;u), where 
Va(x; u) =yi(x; Vij(x; =0 if 7>1, is of class S on XL, and the corollary 
follows directly. 

An important example of an equation of the form (4.1) in which the 
matrix A(x; u) is a matrix of class S is an equation in which the parameter 
enters linearly. Such an equation we may write as 


(4.7) uw) = [A(x) + wB(x)]y(x; 


Xs 


ik 
i 
| 
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where the matrices A(x) and B(x) are summable and limited by a summable 
function on X. 

b. Differentiation of the solution of (4.1) with respect to the parameter yu. 
Differentiation of the solution of a finite system of differential equations with 
respect to a parameter has been considered by Carathéodory.t For an 
infinite system of ordinary linear differential equations of the first order 
we have the following theorem. 


THEoreM 4.4. Hypotheses: (a) There exists a summable function (x) 
such that A(x; mw) is limited on X by (x), uniformly with respect to uw on 
L; (b) a(u) is for each value of u on L a vector in Hilbert space each of whose 
components is continuous on L; (c) for x on Xo and at some point w= of L, 
OA i;(x; and da;(u)/dp exist and (da;(uo)/dp) is a point in Hilbert space; 
(d) if v(x; wo) is the solution for t= of (4.1) such that y(0; uo) =a(uo), then 


wo) = —A Ho) Ya( x; Ho) (¢=1,2,--- ) 
a=1 Ou 

exists and F(x; uo)=(Fi(x; wo)) is a vector which is, together with its length, 


summable on X; 
A(x; — A(x; mo) a 
(e) LIM = mo) ma) 


Ho 


for x on Xo and the absolute continuity of the integral 
A(t; u) — A(t; wo) 

0 — Ho 
on X is uniform with respect to on L,,, where L,y,:uo—d Spot+d, and d>0; 


y(t; — —A(t; mo) y(t; Mo) jdt 
Ou 


(f) LIM a(u) — a(uo) 


— Ho 


Conclusion: Oy(x; u)/Op exists for p=po, and 


For every value of » on L,, we have 
— Mo ts u) — y(t; 
m) — Ho) f [40 — y(t; mo) 
Bo 0 Ho 


A(t; u) — A(t; 
+ (4; u) — A( ae 


a(u) — 
— Ho — Ho 
+ C. Carathéodory, Vorlesungen uber reelle Funktionen, Berlin, 1918, p. 682. 


d 
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Now consider the equation 
d 

(4.9) ua) = f° [AG + + Sale), 
0 


where F(x; uo) is defined by hypothesis (d). In view of the above hypotheses 
the equation (4.9) has a unique solution u(x) and |u(x)| is an absolutely 
continuous function on X. Then we have 


— mo) wee fi A(ts pa) — y(t; wo) | 
0 


— Bo — Ho 


— A(t; wo) 
— Bo 


a 0 d 
a(u) — a(uo) 
— Mo du 


Op 


and therefore 


— mo) < f = mo) u(t) | 
0 


Mo Ho 
+ B(t; u; wo) [dt + C(u; wo), 
where 
A(t; — A(t; mo) 
Ho Ou 
— 
a(u) — alu d 
C(u; wo) = 
— Ho du 


Since, for each value of p, 


Ho) 
Mo 


u(z)| 
is continuous on X, by (4.6) we have 


In view of hypotheses (e) and (f) we have 


— u(x) 


y(x; — mo) 
Ho 


LIM 


u(x) 


and therefore dy(x; 4o)/du is a point in Hilbert space for values of x on X, 
and 
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Ko > Ho > Ho) VE; Mo Ho). 


5. BOUNDARY CONDITIONS FOR AN INFINITE SYSTEM OF LINEAR DIFFERENTIAL 
EQUATIONS 


a. Vector equations. We will state some theorems concerning the solu- 
tion of vector equations in Hilbert space. The corresponding theorems for a 
finite system of linear equations involving a finite number of unknowns are 
well known. By a well known theoremf concerning infinite limited matrices, 
we have 


THEOREM 5.1. A necessary and sufficient condition that a limited matrix 
M possess a left-[right-|hand limited reciprocal is that there exist a positive 
quantity K so that for all vectors of Hilbert space we have K |€|[K | 

Let M=(M,;) and N=(N;;,) be two infinite limited matrices. Then we 
will denote by (M; N) the infinite matrix 


(M; N) = 


Clearly (M; N) is a limited matrix. By (M|N) we will denote the limited 
matrix 
Mi 


Nu 
(M|N) = 


Definition. Two infinite matrices M and N belong to class D,[Dz] if 
they are limited matrices and there exists a matrix (M’; N’)[(M’|N’)] 
which has an infinite number of rows and columns and such that: (a) each 
column [row] of (M’; N’) [(M’|N’)] is a column [row] of (M; N) 
[(M |N)]; (b) (M’; N’) [(M’|N’)] has a unique limited reciprocal; (c) there 
exist an infinite number of columns [rows] of (M; N) [(M|N)] which do 
not belong to (M’; N’) [(M’|N’)]. 


t This theorem follows from a more general theorem proved by Hyslop, A contribution to the the- 
ory of bounded matrices and quadratic forms with an infinity of variables, Proceedings of the London 
Mathematical Society, vol. 24 (1925), pp. 264-304. See also Riesz, loc. cit., pp. 85, 86, et seq. 


My Nu M2 
Ma Ny M2 No 
4 
M3, N31 M32 N32 
21 Mos Mu--- || 
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The columns of (M’; N’) may be arranged in the sequence in which they 
appear in (M; NV). That is, if the 7th column of (M’; N’) is the sth column of 
(M; N), then s;<se< +--+. The infinite matrix whose columns are the 
columns of (M; N) which do not belong to (M’; N’) we will denote by 
(M’’; N’’). We will also consider the columns of (M’’; N’’) arranged in the 
sequence in which they appear in (M; N). Similarly, the rows of (M’|N’) 
are arranged in the sequence in which they occur in (M|N) and (M’’|N’’) 
is the infinite limited matrix formed by arranging in their original order the 
rows of (M |) which do not belong to (M’|N’). It is evident that in general 
the choice of the submatrices (M’; N’) and (M’’; N’’) or (M’|N’) and 
(M’’|N’’) is not unique. 

Let u=(ua) be any vector in Hilbert space. Let u’=(uz) be any vector 
such that =u,, (a=1,2,---), g1<ge< and such that there exist an 
infinite number of positive integers not belonging to the sequence #1, g, - - - 
We will then write «=(u’; u’’), where u’’ is the vector whose ith com- 
ponent is the 7th component of u which does not belong to the sequence 
Ug yy Ugey ** 

We will now prove the following lemma: 

Lemma 5.1. Jf the matrices M and N are of class D,, then the matrix 
(M; N) does not possess a left-hand reciprocal. 

If « is any vector, then the vectors u’ and «’’ can be so determined that 
u=(u’; u’’) and 

(M; N)u = (M's + (M"; 
where the matrix (M’; N’) is an infinite matrix having a unique reciprocal and 
(M'’; N’’) is an infinite matrix. Since (M’; N’) has a unique reciprocal, for 
a given vector u’’ the vector u’ may be defined by u’=—(M’; N’)— 
(M"; N’’)u’’. Then (M; N)u=0 and the vector u is non-null if the vector 
u’’ is non-null. Hence (M; N) does not have a left-hand reciprocal. 
In a similar manner we have 


LemMA 5.2. If the matrices M and N are of class De, then the matrix 
(M |N) does not possess a right-hand reciprocal. 


THEOREM 5.2. If M and N are matrices of class D,, there exist matrices 
H and K which are of class Dz and such that (M; N)(H|K) =0. 


We may write 
(M; N)(H | K) = (M’; N’)(H'| K’) + (M"; N")(H" | K"), 
where (M’; N’) and (M’’; N’”’) are infinite matrices and (M’; N’) possesses 


mete 


= 
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a unique limited reciprocal. Let (H’’|K’’) be any limited matrix possessing 
a unique limited reciprocal. Then let 

| K’) = — (M’; N")\(H" | K").. 
Then we have (M; N)(H|K)=0 and clearly the matrices H and K are of 


class Ds. 
Definition. If M and N are matrices of class D; and H and K are matrices 


of class D, and such that 
(M; N)(H| K) = (M’; N’)(H’| K’) 
+ (M"; | =0, 
where the matrices (M’; N’), (M’’; N’’), (H’|K’) and (H’’|K”’) are in- 
finite matrices and (M’; N’) and (H’’|K’’) possess unique limited recipro- 
cals, then the matrix (H|K) will be said to be the complete matrix solution 
of the vector system 


(5.1) (M; N)u = 0. 
TueoreM 5.3. If (H|K) is a complete matrix solution of the vector system 


(5.1), then every vector solution of this system is linearly dependent} on the 
columns of (H |K). 


If v is any vector solution of the system (5.1) we have (M; N)v= 
(M’; N’)v’+(M"’; N’’)v’’=0, where v=(v’; v’’). Now we have 


= (H” | K")(a"” | K")-»", 


and since each component of v’ is a linear expression in the components of 
v’’, it follows that v’=(H’| Therefore v = (H| K) 
- (A'’| K’’)—0"’ and 2 is a vector which is linearly dependent on the columns 
of (H|K). 

Let H, H*, K and K* be four limited infinite matrices. We define the 
infinite matrix (H; K |H*; K*) as follows: 


(H; K| H*; K*) = ((H; K)| (H*; K*)) 
= H*); (K| K*)) 


t We will say that an infinite sequence of vectors v“, v@,--+ are linearly dependent if there 
exists a non-null vector é of Hilbert space such that £0; =0 (j=1, 2,---). If &0 then v™ is 
linearly dependent on the remaining vectors. If a set of vectors are not linearly dependent we will 
say that they are linearly independent. This is a more general notion of linear dependence for an 
infinite set of vectors than that used by Kowalewski. See Kowalewski, Einfiihrung in die Deter- 
minantentheorie, Leipzig, 1909, p. 424. 
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Ay 
(H; K| H*; K*) = 


Suppose that the matrix (H; K|H*; K*) has a unique limited reciprocal 
G=(G;,;). Then, considering G(H; K |H*; K*)=E, we have 


+ = Ess, 
Go; + aj = 0, 
Goi-1,20-1K aj + Cis =0, 
+ = (i,j =1,2,---). 
Also if we consider the product (H; K |H*; K*)G=E, we have 
+ = Eij, 
+ K = 0, 
+ = 0, 
+ = Ei; (i,j = 1,2,---). 


(5.2) 


(5.3) 


The equations (5.2) and (5.3) give necessary and sufficient conditions that 
the matrix G be the unique limited reciprocal of the matrix (H; K |H*; K*). 
The conditions may be'stated in matrix form as follows: 


THEOREM 5.4. A necessary and sufficient condition that the limited matrix 
(H; K|H*; K*) have a unique limited reciprocal is that there exist four limited 
matrices R, S, R* and S* satisfying the following matrix equations: 

R*H + RH* = E, 

R*K + RK* =0, 
S*H + SH* =0, 
S*K + SK* = E; 


(5.2’) 


HR* + KS* = E, 
HR+ KS =0, 
H*R* + K*S* = 0, 
H*R+ K*S = E. 
Furthermore, if G=(G;;) is the unique limited reciprocal of (H; K |H*; K*), 
then*G =(R*; R|S*; S). 


(5. 3’) 
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THEOREM 5.5. Let M and N be two matrices of class D, and let (M’; N’) 
denote an infinite matrix which has a unique limited reciprocal and each of 
whose columns is a column of (M; N); also, there exists an infinite matrix 
(M'’; N’’) whose columns are the columns of (M; N) which do not belong to 
(M’'; N’). Let T be a limited infinite matrix such that T,, the infinite matrix 
whose columns are the columns of T corresponding to the columns of (M; N) 
which belong to (M’; N’'), is the zero matrix and T>2, the matrix whose columns are 
the columns of T which do not belong to T,, is a limited matrix which has a unique 
limited reciprocal. Then the limited matrix ((M’; N’);(M’’; N’’)|T,; Ts) has 
a unique limited reciprocal. 

It has been shown that a necessary and sufficient condition that 
((M’; N’); (M"’; N’’)|T,; T:) have a unique limited reciprocal is that there 
exist a limited matrix which satisfies the equations (5.2) and (5.3). Define 
the matrix G as follows: 


(Goi-1,23-1) = (M’; 
(Goi,2;-1) = 0, 
(Gx,2;) = Tz", 
(Goi-1,23) = — (M’; N’)-(M"; 


(5.4) 


It readily follows-that the matrix G thus defined satisfies the equations 
(5.2) and (5.3) and is therefore the unique limited reciprocal of the matrix 
((M’; N’); (M"’; 

We may now rearrange the columns of ((M’; N’); (M’’; N’’) |T,; T2) so 
that we have the matrix (M; N|M*; N*), where T=(M*; N*). Then 
(M; N|M*; N*) also has a unique limited reciprocal which is given by the 
matrix formed by rearranging the rows of ((M’; N’); (M"’; N’’)|T,; T:)" 
in a corresponding manner. 

THEOREM 5.6. If M and N are matrices of class D, and (H|K) is a com- 
plete matrix solution of the vector system (M; N) u=O, then there exist four 
limited matrices M*, N*, H* and K* such that the matrices (M; N|M*; N*) 
and (H*; H|K*; K) are unique limited reciprocals. 

Since M and WN are matrices of class D; we may write 

(M; N)(H | K) = (M’; N’)(H’| K’) + (M"; N")(H" | = 0, 


where the matrices (M’; N’) and (H’’; K’’) have unique limited reciprocals. 
In Theorem 5.5 define T, as the matrix (H’’|K’’)—. Then in (5.4), 
(H’ RK’), 
= (H” | K"). 
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Therefore by Theorem 5.5 the matrix (M; N|M*; N*), where (M*; N*)=T, 
has a unique limited reciprocal and H* and K* are uniquely determined so 
that (H*; H|K*; K) is its reciprocal. 

Clearly theorems analogous to Theorems 5.5 and 5.6 are true for matrices 
of class Dp. 

b. Adjoint boundary conditions. Consider the infinite system of ordinary 
linear differential equations of the first order as given in §3 by 


(3.1) y'(x) = A(x)y(z). 
With this vector differential equation we associate boundary conditions 
(S.5) My(0) + Ny(1) = 0, 


where M and N are infinite matrices of class D,. We have that the adjoint 
system of equations is 


(3.4) 2'(x) = — 2(x)A(x). 
Consider now the vector equation 
(5.6) 2(0)P + 2(1)Q = 0, 


where the matrix (—P |Q) is a complete matrix solution of the vector system 
(M; N)u=0. From Theorem 5.6 and the equations (5.2’) we have that there 
exist four limited matrices M*, N*, P* and Q* such that 
— P*M — PM*=E, 

Q*M + QM* = 0, 


— P*N — PN*=0 
+QON* = E. 
Let 
si(y) = M iaVa(0) + Niaya(1), 
= Miaya(0) + Ninye(1), 
(5.8) 


ti(z) = Pasta(0) + Qaiza(1), 
= Pasta(0) + Qasta(1). 
Then in view of (5.5), (5.6) and (5.7) we have 


z=1 


(5.9) Sa(y)ba(2) + Sa(y)ta(2) = 


This equation is an identity for all vectors y(x) and 2(x) which satisfy (5.5) 
and (5.6) respectively. We then say that the set of boundary conditions 
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(5.6) is adjoint to the set (5.5) and that the differential system (3.4), (5.6) 
is adjoint to the differential system (3.1), (5.5).7 

The matrices P and Q have been so chosen that the matrix (—P |Q) is 
a complete matrix solution of the system (M; N)u=0. There are an infinite 
number of distinct complete matrix solutions of this system, but according 
to Theorem 5.3 every solution of this system is linearly dependent on any 
complete matrix solution. Hence two different choices of the complete 
matrix solution of (MM; N)u=0 give sets of equations 2(0)P+2(1)Q =0 which 
are equivalent. 

If the matrices M and N have unique limited reciprocals M— and N-', 
then we may choose P=M- and Q=N-. Then the adjoint boundary con- 
ditions become 


(5.10) 2(0)M— + 2(1)N-' = 0. 
6. A BOUNDARY VALUE PROBLEM FOR AN INFINITE SYSTEM OF ORDINARY 
LINEAR DIFFERENTIAL EQUATIONS 
a. Completely continuous matrices. We now consider the bilinear form 


(6.1) tKn = Kita, 


j=l 


in which £=(£,) and »=(nq) are vectors in Hilbert space. For every positive 


integer n, let 
(6.2) Kan = 
t=1 j=l 

According to Hilbert{ we have the following 

Definition. A bilinear form £Kn is completely continuous if for every 
positive ¢ there exists a positive N(e) such that if £ and 7 are any pair of 
vectors of Hilbert space whose moduli do not exceed unity, then for all 
integers m and m such that m, n>N(e), 


(6.3) | — EK mn | 


t This definition of adjoint boundary conditions is equivalent for a finite system to that given by 
Bounitzky. See Bounitzky, loc. cit., p. 73, and also Bliss, loc. cit., p. 564. We might also define a set 
of boundary conditions z(0)H-+2(1)K=0, where H and K are limited matrices, as being adjoint to 
the set (5.5) if for every vector 2(x) satisfying this set and every vector y(x) satisfying (5.5) we have 

Za(X) Ya(x) 
In a manner analogous to that used by Bounitzky to establish necessary conditions for the adjoint 
boundary conditions, it can be shown then that there exist matrices P and Q such that (—P |Q) 
is a complete matrix solution of (M; N)u=0 and z(0)P+2(1)Q=0. Hence these two definitions are 


equivalent. 
} Hilbert, loc. cit., p. 147 and p. 175. 


| 
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We will say that a matrix K =(K;;) is completely continuous if it is the 
matrix of a bilinear form that is completely continuous. If K is a completely 
continuous matrix, then clearly K is a limited matrix. In view of Theorem 
5.1 and a theorem of Hilbert, we may state 


THEOREM 6.1. Jf K is a completely continuous matrix, then a necessary 
and sufficient condition that the vector equation (E+K)u=0 have only the 
identically vanishing solution is that the matrix (E+K) possess a unique re- 
ciprocal. 


Hilbert{ has also proved the following theorems: 


THeorEM A. Jf K is a completely continuous matrix and H is a limited 
matrix, then KH and HK are completely continuous matrices. 


Corottary. If K is a completely continuous matrix such that (E+K) has 
a unique limited reciprocal (E+K)-, then (E+K)- is of the form (E+K*), 
where K* is a completely continuous matrix. 


THEOREM B. If K is a completely continuous matrix, then the vector system 
(E+K)u=0 has at most a finite number of linearly independent solutions. 


THEOREM C. The number of linearly independent solutions of the system 
(E+K)u=0 is the same as the number of linearly independent solutions of the 
system u(E+K) =0. 

Let M=(M,;,,) be an infinite limited matrix. If s is a positive integer, we 
will say that the matrix H=(H;;) is formed by omitting the sth column of 
M if 

Ai; = Mi; (j<s;i=1,2,---), 
Ai; = Mijas (Gj 2s;4=1,2,---). 


In a similar way we define a matrix formed by omitting a row of M. This 
idea may be extended readily to defining a matrix formed by omitting a finite 
or infinite number of rows and columns of M. 


THEOREM 6.2. Let K be a completely continuous matrix. If (E+K)u=0 
has exactly r linearly independent solutions, U;, Us, - - - , U,, where car), 
then no matrix with an infinite number of rows and columns and formed from 
(E+K) by omitting s columns, s<r, and by omitting a countable number of 
rows has a unique limited reciprocal. 


Let G denote the matrix formed by omitting from (E+) the columns 
of subscripts g:, ge,---, gs, and the rows of subscripts /,, /2, - - - , where 


T Hilbert, loc. cit., p. 165. 
t Hilbert, loc. cit., p. 152, p. 165 et seq. 


a 
4 
ta 
| 
4 
i 
are 
‘a 
3 


308 W. T. REID [April 


there are an infinite number of positive integers which do not belong to the 
sequence ,,---. Since s<r there exist constants he, h, which 
are not all zero and such that 


(6.4) = 0 (4 = 1,2,--- 
a=1 

If the matrix G has a unique limited reciprocal and wu is a vector solution of 

(E+K)u=0, then every component of u is expressible linearly in terms of 

But is a vector solution of (E+K)u=0 and in 

view of (6.4) we then have }-2i4.U.=0. Since this is impossible if 

U,, U2,--- , U, are linearly independent, we have that the matrix G cannot 


possess a unique limited reciprocal. 


THEOREM 6.3. If the system (E+K)u=0, where K is a completely continu- 
ous matrix, has exactly r linearly indepentent solutions, then there exists a 
matrix formed by omitting r rows and r columns of (E+K) which possesses a 
unique limited reciprocal. 


Let Ui, ---,U,, where U,=(U,,), denote the r linearly independent 
solutions of (E+K)u=0. Then there exists a matrix 


Vou U 9,2 Voy 
U 


Ug. 


whose determinant is different from zero. By Theorem C there are exactly 
r linearly independent solutions of the vector system u(E+K)=0. Let 
Vi, Ve,---, where Vi.=(Via), denote these solutions. Then there is a 
matrix 


whose determinant is different from zero. Let G denote the submatrix of 
(E+K) formed by omitting the columns of subscripts gi, g2,---, gr and 
the rows of subscripts 91, g2, - - - , g-- Suppose the matrix G does not possess 
a unique limited reciprocal. G is clearly of the form (E+L), where L is a 
completely continuous matrix. Furthermore, since the determinant \(Via;) | 
is different from zero, the rows of subscripts 9:, g2,---*, @- are linearly 
dependent on the remaining rows of (E+K). Then by Theorem 6.1 there 


Vis View Vig, 

Veo, 
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would exist a non-null vector v such that Go =0 and therefore there is a non- 
null vector « such that u,, (a=1, 2,---,7) is zero and (E+K)u=0. But 
this is impossible since « must be by hypothesis linearly dependent on 
U,, U2,---, U,. Hence the matrix G has a unique limited reciprocal. 

b. A boundary value problem. We now consider a class of matrices which 
are functions of the variable x on X¥:0Sx<1. 

Definition. A matrix H(x)=(H;;(x)) is a matrix of class C* if (a) 
H,(x) (i, 7=1, 2, ---) is a Lebesgue summable function on X and H(z) is 
limited by a non-negative summable function ¢(x) on X; (b) for values of 
of x on Xo, the matrix H(x) is a completely continuous matrix. 


THEOREM 6.4. If H(x) is a matrix of class C*, then the matrix [> H(t)dt 
is completely continuous uniformly on X. 


For any e>0, let Q,(€) (n=1, 2, - - -) denote the set of all points x on X 
such that |£H,(x)n—EH(x)n | >e for some pair of vectors £ and 7 whose 
moduli are not greater than unity. Since for values of x on Xo the matrix 
H(x) is completely continuous, for every «>0 and every 65>0 there exists 
a positive N(e; 5) such that if »>N(e; 5), then the interior measure of 
Q,(€) is less than 6.7 Therefore, since for every pair of vectors — and 7 of 
moduli not greater than unity the functions £H,(x)n and £H(x)n are meas- 
urable on X and |£H,(x)n|<¢(x) |E| |n|<¢(x), it follows that for every 
e>0O there is an N.>0 such that if n, m>JN, then 


ef H,,(t)dtn — ef | < J | H,(é)n — EH n(t)n| dt < € 


independent of the value of x on X. Hence /,H(t)dt is a completely continu- 
ous matrix uniformly on X. 


Corotitary. If H(x) and K(x) are matrices of class C* which are limited 
by the summable functions (x) and 0(x) respectively and $(x)0(x) is a summable 
function, then J H(t)K(t)dt is a completely continuous matrix uniformly on X. 


We now consider the infinite homogeneous differential vector equation 
(6.5) y'(x) = A(x)y(x), 
in which the matrix A(x) is of class C* on X:0Sx%<1. Such a system is a 
special form of the system (3.1) treated in §3. Then we have 


THEOREM 6.5. If Y(x) is the principal matrix of (6.5) at the point x=0, 
then Y(x) is of the form E+ R(x), where R(x) is a matrix which is completely 
continuous uniformly on X. 


Tt See de la Vallée Poussin, Cours d’Analyse, Paris, 1909, vol. 1, p. 252. 
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With (6.5) we consider the boundary conditions 
(6.6) (E + G,)y(0) + (E+ G2) = 0, 
where G; and G, are constant matrices which are completely continuous and 
(E+G;) and (E+G,) have unique limited reciprocals (E+T7;) and (E+T:) 


respectively. That 7, and 72 are completely continuous follows from the 
corollary to Theorem A. The adjoint differential system is defined as 

(6.7) 2'(x) = — 2(x)A(x), 

(6.8) 2(0)(Z + 7T,) + 2(1)(E + T2) = 0. 

Clearly every finite system of ordinary linear differential equations of the 
first order in which the elements of the matrix A(x) are summable on X and 
the finite matrices (E+G,) and (E+G,) have non-vanishing determinants is 
a special case of the system considered. 

Since the general solution of the equation (6.5) is of the form Y(x)c, 
where Y (x) is the principal matrix at x =0 of (6.5) and c is a constant vector 
in Hilbert space, if the system (6.5), (6.6) is compatible it is necessary and 
sufficient that there exist a non-null vector ¢ so that 


[((E + + (E+ G,)¥(1) Je = 0. 
Since [G:+G.+R(1)+G,R(1)] is a completely continuous matrix, we have 
THEOREM 6.6. A necessary and sufficient condition that (6.5), (6.6) be 


incompatible is that the matrix (E+Q), where Q= [G,+G:+R(1)+G,R(1) ]/2, 
have a unique limited reciprocal. 


In view of Theorem B we have 


THEOREM 6.7. The system (6.5), (6.6) has at most a finite number of 
linearly independent solutions. 


The corresponding non-homogeneous equation we write as 


(6.9) y’(x) = A(x) + (x), 


(6.10) (E + G,)y(0) + (E+ G2) y(1) = hh, 


where A(x) is a matrix of class C*, b(x) is a vector which is, together with its 
length, summable on X, and h=(h,) is a constant vector in Hilbert space. 

The following theorems are well known in the finite case and may be 
proved for the infinite system considered in a manner analogous to that 
used in the finite case. 


t See, for example, Bliss, loc. cit., p. 566. 
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THEOREM 6.8. A necessary and sufficient condition that the non-homogeneous 
system (6.9), (6.10) have a unique solution is that (6.5), (6.6) be incompatible. 


THEOREM 6.9. A necessary and sufficient condition that the adjoint system 
(6.7), (6.8) be compatible is that (6.5), (6.6) be compatible. 


THEOREM 6.10. The number of linearly independent solutions of the adjoint 
system (6.7), (6.8) is the same as the number of linearly independent solutions 
of the system (6.5), (6.6). 


We now consider a system of the form (6.5), (6.6) which involves a para- 
meter wp. Let A(x; u) be an infinite limited matrix which for all values of yu 
on L:L,<yu<JLz is a matrix of class C* on X:0<x<1; furthermore, let 
A(x; u) be a matrix of class S on XL as defined in §4. We then have that 
A(x; w) is summable on X and limited by a summable function ¢(x) on X, 
uniformly for » on L. Also A(x; u)—A(x; pu’), for every pair of points uw and 
nu’ on L, is limited by a summable function C(x; u; wu’) which is such that 
lim, .y C(x; 4; uw’) =0 on Xo. Let G,(u) and G2(u) be matrices which for each 
value of » on L are completely continuous and such that for every pair of 
points uw and yw’ on L the matrices G,(u)—Gi(u’) and G2(u)—G.(u’) are 
limited by finite quantities Ci(u; uw’) and C2(u; w’) respectively such that 
lim,., Ci(u; = 0 = lim,.,: Co(u; pw’). Furthermore (E+Gi(u)) and 
(E+G,(u)) for each value of w on L possess unique limited reciprocals 
(E+T,(u)) and (E+T7:2(u)) respectively. We write this system as 


(6.12) (E + Gi(u))9(0; w) + (E + Gr(u)) 9(1; = 0. 
Clearly every finite system of ordinary linear differential equations of the 
first order in which the matrix A(x; ~) is continuous in uw on L for values of 
x on Xo and in which the matrices E+G,(u) and E+G,(u) are continuous in 
» and have non-vanishing determinants is of the form (6.11), (6.12). 

The system adjoint to (6.11), (6.12) we write 
(6.13) = — 2(x; w)A(x; 
(6.14) 2(0; u)(Z + Ti(u)) + 2(1; u)(E + T2(u)) = 0. 


In view of Theorem 6.10 we have 


THEOREM 6.11. If w=’ is a characteristic number of the system (6.11), 
(6.12), its index, i.e., the number of linearly independent solutions corresponding 
to it, is finite and w=yp' is also a characteristic number of the adjoint system 
(6.13), (6.14) of the same index. 


For such a system we have 
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THEOREM 6.12. If for u=p' the system (6.11), (6.12) has r-fold compati- 
bility, then there exists a positive number 5 such that for all values of u on 
|u—p’| <6 the system has at most r-fold compatibility. 


Let Y(x; u) be the principal matrix of (6.11) at x=0. By Corollary 1 of 
Theorem 4.3 the matrix Y(x; u) is of class Son XL. Since A(x; yz) is for each 
value of a matrix of class C*, by Theorem 6.5 we have Y (x; = E+R(x; 4), 
where R(x; «) is completely continuous for values on XL. From Theorem 
6.6 we have that a necessary and sufficient condition that the system (6.11), 
(6.12) be incompatible is that E+Q(u), where Q(u) = [Gi(u) +Go(u) +R(1; w) 
+G2(u)R(1; «)]/2, have a unique limited reciprocal. Since R(1; u) is of class 
S, the matrix Q(u)—Q(u’) is limited by a finite quantity J(u; uw’) for each 
pair of points w and yw’ on L and lim,.,J(u; u’)=0. By hypothesis the 
system (6.11), (6.12) has r-fold compatibility for u=yu’. By Theorem 6.3 
there exists then a submatrix U(u) formed by omitting r columns and r rows 
of E+Q(u) which has a unique limited reciprocal for w=p’. Since 
U(u)—U(u’) is also limited by I(u; wu’) it follows in view of Theorem 5.1 
that there exists a 5 such that if |u—p’| <6, then U(u) has a unique limited 
reciprocal. From Theorem 6.2 we then have that for » on |u—p’|<6the 
system (6.11), (6.12) has at most r linearly independent solutions. 


If we consider the case when r=0, we have 


Coro.iary. The set of values of 4 which are characteristic numbers of the 
system (6.11), (6.12) is a closed set of points on L. 


THEOREM 6.13. If wu’ is a point on L and on the interval \u—p'| <6 the 
system (6.11), (6.12) has exactly r-fold compatibility, then there exists a solution 
y(x; of this system such that LIM, y(x; =y(x; mw’). 


Let U(u) be a matrix formed by omitting from E+Q(u) r rows of sub- 
scripts qi, g2, gr and r columns of subscripts gi, ge, - - - , and such that 
U(u’) has a unique limited reciprocal. It was shown in the proof of Theorem 
6.12 that there exists an interval |u—p’ | <6* (6* <5), on which U(u) has a 
unique limited reciprocal. Let D(u) denote the matrix formed by omitting 
the rows of subscripts qi, g2,---, 9, of E+Q(u). Since by hypothesis the 
system (6.11), (6.12) has r-fold compatibility on |u—y’|<6*, the rows of 
subscripts 91, g2, - - - , gr are linearly dependent on the rows of D(u). Since 
D(u) — D(u’) is limited by a quantity which converges to zero as u approaches 
p’, there exists a vector c(u) such that c(u) is non-null and D(u)c(u) =0 for 
won |u—u’| furthermore, c(u) is strongly continuous at Then 
[E+Q(u) Jc(u)=0 on |u—p’| <5*. Let y(x; un) (x; u)c(u), where ») 
is the principal matrix of (6.11), (6.12) at x=0. Since Y(x; yu) is limited 
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uniformly on XL by a finite constant and since by Corollary 1 of Theorem 
4.3 the matrix V(x; yu) is of class S, we have that LIM,.,- y(x; u) =y(x; pw’). 


7. THE GREEN’S MATRIX FOR AN INFINITE SYSTEM OF DIFFERENTIAL 
EQUATIONS 


Consider again the infinite differential system 


(7.1) y'(x) = A(x) 
(7.2) (E + Gi) (0) + (E+ G2) = 0, 


where A (x) is a summable matrix of class C* limited by the summable function 
¢(x) on X¥:0Sx%<1, and G, and G; are constant infinite matrices which are 
completely continuous and (E+G,) and (E+G,) have unique limited re- 
ciprocals. The properties of this system have been considered in §6. 

A matrix G(x; t)=(G;;(x; which is defined on OS x51, is 
said to be a Green’s matrix of the system (7.1), (7.2) if it has the following 
properties: 

(a) if ¢is a point on 0<#<1, then G(x; #) is a limited matrix, as defined 
in §3, of the equation (7.1) on OSx<t# and t<x<1; 


(7.3) 
(b) G(it+ 0;4) —Git—0;4) = E; 
(c) (E + Gi)G(0; t) + (E+G2)G(1; t) = 0. 


Suppose that the system (7.1), (7.2) is incompatible. By the same type of 
proof that is used to establish the existence of a Green’s matrix for a finite 
system, we may show that a unique Green’s matrix exists for the incompatible 
system (7.1), (7.2) and is of the form 

|x—t| 


where Y(«)Z(x) =E=Z(x)Y(x), D=[MY(0)+NY(1)]-, and W=MY(0)— 

NY(1). In view of the theorems that are proved in §3, it is clear that the 

matrix G(x; ¢) is limited by a finite constant uniformly with respect to x and ?. 
The system adjoint to (7.1), (7.2) is 


(7.5) = — 2(x)A(x), 
(7.6) 2(0)(E + T;) + 2(1)(E + T2) = 0, 
where (E+7;) and (E+T7:2) are the unique limited reciprocals of (E+G; 


T See Bliss, loc. cit., p. 578. 
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and (E+G,) respectively. We have shown in §6 that 7; and T, are matrices 
which are completely continuous. 

As for a finite system we may provet 

THEOREM 7.1. If there exists a Green’s matrix for the system (7.1), (7.2), 
then the adjoint system (7.5), (7.6) is incompatible. 

THEOREM 7.2. The functions H;x(x; t)= —Gii(t; x), where G(x; t) is the 
Green’s matrix for the system (7.1), (7.2), are the elements of the Green’s matrix 
for the adjoint system (7.5), (7.6) such that 

(a) if x is a@ point on 0<x<1, then G(x; t) as a function of t is a 
limited matrix of (7.5) on OSt<x and x<tS1; 
(7.7) 
(b) G(x; — 0) —G(x;x+0) = E; 
(c) G(x; 0)(E + 71) + G(x; 1)(E + T:) = 0. 

Consider the non-homogeneous system 

(7.8) y'(x) = A(x) + B(x), 


where A(x) is a matrix which is limited by a summable function ¢(x) on X 
and b(x) is a vector which is, together with its length, summable on X. With 
this equation associate boundary conditions of the form (7.2). 

Making use of the explicit form of G(x; #) we may prove, as for a finite 
system, 


THEOREM 7.3. Every solution of the integral equation 


(7.9) = G(x; 
0 


where G(x; t) is defined by (7.4), is also a solution of the system (7.8), (7.2)and 
conversely every solution of the system (7.8), (7.2) can be expressed in the form 
(7.9). 


We consider again the system 
(6.12) (E + Gi(u))9(0; + (E + G2(u)) = 0, 
where A(x; uw) is a matrix of class C* and also a matrix of class S on XL. 
For each value of u on L, Gi(u) and G;(u) are completely continuous matrices 


such that E+G,(u) and E+G,(u) have unique limited reciprocals E+7;(x) 
and E+T7>(u) respectively; furthermore, for each pair of points wu and p’ 


Tt Bounitzky, loc. cit., p. 77. 
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on L the matrices Gi(u)—Gi(u’) and G2(u)—G2(u’) are limited by finite 
quantities Ci(u; and C2(u; uw’) respectively such that lim,., Ci(u; u’) =0 
=lim,.y C2(u; uw’). Clearly for each value of » for which the system (6.11), 
(6.12) is incompatible we may define uniquely a Green’s matrix G(x; #; u) 
in the same manner in which we defined a Green’s matrix for the system 
(7.1), (7.2). 

W. M. Whyburnf has considered the defining of a Green’s matrix for a 
finite system of ordinary linear differential equations of the first order for 
values of the parameter which are characteristic numbers of the system. 
He showed how to construct a reduced system which is incompatible for the 
characteristic numbers of the original system and such that the coefficients 
of the reduced system differ by arbitrarily small amounts from the coefficients 
of the original system. The theorem as proved by Whyburn applies only to 
finite systems in which no component of the solution can be identically 
zero on X. We will here prove a related theorem for the infinite system 
(6.11), (6.12) which is more general in the finite case than Whyburn’s the- 
orem. 


THEOREM 7.4. If for w=’ the system (6.11), (6.12) has r-fold compati- 
bility, then there exists a reduced system (6.11'), (6.12’) which is incompatible, 
where 


(6.11’) y'(x) = [A(x; uw’) + P(x) ] y(x), 
(6. 12’) (E + Gi(u’)) + (E + G2(u’)) = 0, 


and P(x) is a matrix of non-negative continuous functions on X which is limited 
by an arbitrarily assigned ¢ and at most r of the elements of P(x) are not iden- 
tically zero on X. 


In the proof of this theorem we will establish the following lemmas: 


Lemma 1. If y*(x) is a solution of the system (6.11’), (6.12’) and 2(x; p’) 
is a solution of the system (6.13), (6.14) for w=’, then 


f ‘a(x; = 0. 


This follows immediately from the equation (5.9) since by hypothesis 
y*(«) and 2(x; uw’) satisfy the boundary conditions (6.12’) and (6.14) respec- 
tively. 


t W. M. Whyburn, On the Green’s function for systems of differential equations, Annals of Mathe- 
matics, (2), vol. 28 (1927), pp. 291-300. 
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Lema 2. If for u=p’ the system (6.11), (6.12) has r-fold compatibility, 
then there exists a matrix P(x) all of whose elements except one are identically 
zero and this element is a non-negative continuous function on X whose absolute 
value is arbitrarily small and such that the system (6.11’), (6.12’) has at most 
(r—1)-fold compatibility. 


Since for u=y’ the system (6.11), (6.12) has r-fold compatibility, there 
exists some component y,(x; u’) of a solution (x; u’) which is not identically 
zero on X. Let x» be a point of X so that y,(x%o; uw’) #0. Also since for p=yp’ 
the adjoint system (6.13), (6.14) has r-fold compatibility, there is some k so 
that uw’) #0. Since y,(x; uw’) and 2:(x; uw’) are continuous there is an 
interval |x | <d throughout which neither y,(x; u’) nor 2,(x; u’) vanishes. 
Now define a matrix P*(x) so that P;,*(x) is positive and continuous on 
X%y—d<x<x +d and equal to zero elsewhere on X. We define P;;*(x), i¥k, 
7#s, as zeroon X. Then 


f a(x; w!)P*(x) y(x; = f 0. 
0 


0 


Now consider the system 
(7.10) y (x; 0) = [A(x; + OP*(x) ]y(x; 8), 


with the boundary conditions (6.12’). For @=0 the system (7.10), (6.12’) 
has r-fold compatibility. The matrix A(x; u’)+0P*(x), involving the para- 
meter 0, is a matrix of class S for x on X and values of @ on 0<@<1. Also, 
since by hypothesis the matrix A(x; yu’) is of class C* and since only one 
element of P*(x) is not identically zero, the matrix A(x; u’)+6P*(x) for 
each value of @ is of class C*. Furthermore, since the boundary conditions 
do not involve 6, the system (7.10), (6.12’) is a system of the type (6.11), 
(6.12). Therefore there exists a positive d such that for 0<0@<d the system 
(7.10), (6.12’) has at most r-fold compatibility. Suppose that for all values 
of the parameter 8 on 0<6Sd the system (7.10), (6.12’) has exactly r-fold 
compatibility. Then as in Theorem (6.13) there would exist a solution 
y(x; 0), 0<0Sd, and so that LIMo.o y(x; uw’; 0) =y(x; 0) and y(x; 0) 
= (x; uw’), the solution of (6.11), (6.12) for 1=y’. From Lemma 1 we have 
that, for all values of 6 on this interval, 


1 1 
0 0 


But this is impossible since 
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1 1 
6+0 0 0 
Therefore there exists a number 6,, 0<6,<d, such that the system (7.10), 
(6.12’) for @=6; has at most (r—1)-fold compatibility. Let P(x) =0,P*(x). 
For this value of the matrix P(x) the system (6.11’), (6.12’) has at most 
(r —1)-fold compatibility. 

If after choosing a reduced system as above described the reduced system 
is still compatible, we may choose a reduced system relative to the one al- 
ready chosen and such that its degree of compatibility will be at least one 
lower than that of the previous system. Then after repeating this process at 
most r times we obtain a reduced system which is incompatible. Clearly 
the elements of the matrix P(x) can be chosen so that P(x) is limited by an 
arbitrary number e¢, since we will need to make at most r of the elements of 
P(x) different from zero. 

Now consider a differential system of the form (6.11), (6.12) which has 
only a countable number of characteristic numbers wi, we,--- on L: 
L,<yu<J, and this set is such that wi<pe<ys< --- and the set has only 
one limit point, Z2. For every ua we may define a matrix P(x; yu.) satisfying 
the conditions of Theorem 7.4 and such that the corresponding reduced 
system of the form (6.11’), (6.12’) is incompatible. A matrix P(x; u) may 
then be defined as follows: 


Ka 
P(x; = P(x3ua) + —————[P(3; wat1) — P(%; on wa Sw patty 
Ma+1 — Ma 


P(x; = P(x; onl, 


Then the system 
(7.11) (x5 = [A(x; + P(x; y(x; 


together with the boundary conditions (6.12), has no characteristic numbers 
in common with the system (6.11), (6.12). Then for each characteristic 
number pa of the system (6.11), (6.12) we may define a Green’s matrix for 
the reduced system (7.11), (6.12). Since the quantity ¢ by which the matrix 
P(x; w) is limited uniformly on XL may be taken arbitrarily small, we will 
speak of the Green’s matrix for the system (7.11), (6.12) for u=pe 
(a=1, 2,---) as the Green’s matrix for the characteristic numbers of the 
system (6.11), (6.12). 

In order to define a Green’s matrix for an infinite differential system which 
contains a parameter, it is not necessary that the system be of the form 
(6.11), (6.12). However, for a system of the form (6.11), (6.12) the conditions 
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that A(x; uw) be of class S and that Gi(u)—Gi(u’) and G2(u) —G2(u’) be 

limited by quanitites that converge to zero as u approaches y’ are useful in 

considering the properties of the Green’s matrix as a function of yu. 
Consider now the finite linear differential system 


(7.12) yi (x; = 0) (i= 1,2,---, 


with the boundary conditions 


(7.13) > M ia(u) ya(0; + DN ial#) ya(1; =0 (i 1,2,°-°° n), 
a=] a=] 
where we suppose that each element A ;;(x; u) is summable on X and for val- 
ues of x on Xo is a continuous function of u on ZL. Furthermore, for each value 
of u on L the conditions of (7.13) are linearly independent and M;;(u) and 
Nij(u) (¢, 7=1, 2,---, m) are continuous functions on L. If the matrices 
M =(M;;(u)) and N(u)=(N;;(u)) have non-vanishing determinants, then 
the finite system (7.12), (7.13) corresponds to the infinite system (6.11), 
(6.12) that we have considered. But in the more general case where the n 
boundary conditions of (7.13) are merely linearly independent it is possible 
to prove for the system (7.12), (7.13) theorems that are analogous to 
Theorems 6.12 and 6.13.f For the system (7.12), (7.13) we can then 


prove a theorem which is analogous to Theorem 7.4. 


t Whyburn proves these theorems for a finite differential system by a manner analogous to that 
used in the proof of Theorems 6.12 and 6.13. 
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CONSTRUCTION OF DIVISION ALGEBRAS* 


BY 
L. E. DICKSON 


1. Introduction. The main outstanding problem in the theory of linear 
associative algebras is the determination of all division algebras. We shall 
make a noteworthy simplification of the theory of the construction of a type 
of algebras T' which includes all known division algebras. The simplification 
is so great that it would require a hundred pages to obtain our results by the 
best earlier method. 

The paper gives an elementary exposition from first principles of the 
simplified construction of algebras I’. It can be easily read by those familiar 
with the concept of real quaternions with the basis 1, 7, 7, k=ij, complex 
quaternions, and, in general, quaternions over any field F. The few further 
terms used will be defined. The paper is independent of earlier literature 
except that, after proving a result for 3-rowed matrices, we give references 
to the similar proof for p-rowed matrices. 

The emphasis on simplicity of exposition is warranted by the importance 
of the subject and the fact that the theory has now reached its last stage of 
simplicity. The paper will serve as an introduction to the writer’s article 
New division algebras, in these Transactions, vol. 28 (1926), pp. 207-34 
(cited as I), and to current literature based on it. We postpone extensions to 
non-Abelian equations whose roots have four or more generators. 

2. The algebra I derived from a given algebra =. The general theory re- 
quires a special case, which serves well as an introductory example. 

Note that if 7 is one root of x?—sx+=0, the second root is 0(i) =s—i, 
while 6[6(i) ] =6(s—i) =s—(s—i) =i. 

But quadratic equations are only the simplest cases of cyclic equations 
f(x) =0 of degree p which are irreducible in a field F and whose roots are 
related as follows. If 7 is one root, it has another root @(z) which is a poly- 
nomial in 7 with coefficients in F. Using the notation of iteratives (which are 
not powers), we write 62(i) for 0[6(z)], 6°(z) for 6[62(z)], etc. Then the roots 
of the cyclic equation are 7, 0(z), 02(z), - - - , @?-"(z), and we have (i) =i. 

The field F(z) is composed of all rational functions of i with coefficients in 
F, while each such function is known to be equal to a polynomial in 7 with 
coefficients in F. Hence F(z) may be regarded as an algebra over F having the 
basis 1, 7, 72, - - , 


* Presented to the Society, February 22, 1930; received by the editors in December, 1929. 
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For our introductory example, we take F(i) as algebra =. Each element 
A of = is therefore a polynomial A (7) in 7 with coefficients in F. Since i and 6 
are roots of the same equation f(x) =0, irreducible in F, A(i)B(i) =C(i) 
implies A (@)B(@)=C(@). To each A =A(i), let correspond A’=A(@). Hence 


(1) (AB)’ = A’B’, (A +B)’ = A'’+ B’ for all A and B in &. 


We denote (A’)’ by either A’’ or A®. In general, let A“ denote the 
element which corresponds to A“-. Here 


= A[o%(i)],--- , A® = A[0*(i)] = A(i) = A. 
Hence for every 7 in the present commutative algebra >, we have 
(2) A‘P)y = yA for all A in 2. 


To simplify the notations, let p=3. If A, B, C are any polynomials in i, 
consider the matrix 


A B 
mano =( A’ B ) 


By C"y A” 


In case y=’ (whence y is in F), we find that the product of any two 
matrices M(A, B, C) is a third such matrix. Likewise for their sum and for 
the product of M by any number in F. Hence the totality of such matrices M 
is an associative algebra over F. Special cases of M are 


A 0 0 01 0 00 1 
A’ 0 ) r-(00 r-(7 00} 
0 A” y 0 0 0 vy 0 


We see that 
M(A,B,C) = (A) + (B)T + (C)T?, T(A) = (A))T, T* = (7). 


The algebra whose elements are the matrices (A) is evidently equivalent to 
the algebra with the elements A. It is now a simple step to infer that the 
algebra whose elements are the matrices M(A, B, C) is equivalent to an 
algebra I whose elements are A+BE+CE?, with E*=y, EA=A’E. 

We readily extend* our proof from 3-rowed to p-rowed matrices and ob- 


tain 


* I, pp. 217-19. Simpler in Algebren und ihre Zahlentheorie, p. 59. 
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THEOREM 1. Let = be any given associative algebra of order p. To each 
element A of = let correspond an element A' also in = such that (1) and (2) hold, 
where y=’ is a self-corresponding element of 2. Then there exists an associ- 
ative algebra T whose elements are 


(3) Apt 
where the A’s range independently over Z, such that 
(4) EA=A“”E = 1,2,---;any A ind). 


By means of (4), the product of any two elements (3) can evidently be 
expressed in the form (3). 

If in our example of a cyclic equation we replace p, y, E by gq, g, j, re- 
spectively, we obtain 

THEOREM 2. Let an equation be irreducible in a field F and have the roots 
i, 0(z), =0[A(z)], - - - , where 6(i) is a polynomial in i with coeffi- 
cients in F whose qth iterative 0%(i) is equal toi. Then the algebra over F with 


the basis* ivj"(m, n=0, 1, - - - ,qg—1), where 

(5) jt = g(a), P(i) = jr = 1,2,---) 
for every polynomial P(i), is associative if and only if 

(6) g(t) = g(6). 


3. Algebras defined by an equation whose roots have two generators. 
The roots of are i, —i, —1/i. Write 6(z) = —i, =1/i 
= —i*—ci. Then the roots are i, 6(i), and 6[¢(z)] =[@(z) ]. As a generali- 
zation, let f(é) =0 be an equation of degree pg which is irreducible in a field 
F and has the roots 


(7) (y = 0,1,---, 
where 7 and s denote iteratives and not exponents, while ¢(£) and 6() are 
polynomials with coefficients in F. Further, let 
= 4, (i) = 

= 
where g and # are the least positive integers for which relations of type 
(8:) and (8) hold. 

Let = be the algebra over F having the basis i7j"(m=0, 1,--- , pqg—1; 


n=0, 1,---,q—1) such that (5) and f(z) =0 hold. This = may be obtained 
from Theorem 2 by replacing F by the field F; derived by adjoining to F 


(8) 


- are to be replaced by js, 


* Before the associative law is proved j’, j*, - 
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all the elementary symmetric functions of 7, 0(z),--- , @-(z). Hence the 
latter are roots of an equation of degree g with coefficients in Fi, which is 
irreducible in F; by I, §6. Since any polynomial in i over F, is equal toa 
polynomial in i over F, the algebra over F; in Theorem 2 may be regarded 
as our algebra = over F. We assume (6). Then 2 is associative. 

We shall construct an algebra by means of Theorem 1. Each element 
of > is of the form 


(9) A= 


where the /;,() are polynomials in i of degrees <pq—1 with coefficients in 
F. To A we let correspond* 


q-1 
(10) A’ = = aj*. 
k=0 


In particular, i’=¢(i). By means of the relations 


(11) j* = g(i), ji = O(4)j, fli) = 0, 


we can evidently reduce any product AB to C, where also B and C are of 
type (9). Performing the same operations on 7’ and 7’ that we did on 7 and 
j, we conclude that A’B’ can be reduced to C’ by means of the relations 


(12) = g(¢), = 0[6(i)]j’, = 0. 


In other words, (12) imply the desired property (1;). 

When do relations (12) hold? In (122) we insert the value (10) of 7’, 
apply (5) for r=x, and obtain a relation which follows at once from (83). 
We shall next prove by induction on m that 


j* = Taj**, 


13 
(13) = - - - 


For, if we multiply the second member of (13;) on the right by aj? (or 7’) 
and note that j7™*a=a(6"*)j"* by (5), we get mm4ij'"**. Hence (13) holds 
also when m is replaced by m+1. The case m=q of (13) shows that (12:) 
is equivalent to 


(14) = 


* We desire that = be enlarged to T by an extender E=& such that kA = A’k by (4) and such that 
(32) shall hold. Hence i’=¢(i), j’=aj*. 
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In §2 we require a self-corresponding element y =~’ of =. Let* y =8(2)j*. 
By (13), 


= B(¢)j’* = .j*. 
By (83) we see by induction that 0*(@)=(6**). Take k=e and note that 


(82) implies 6°(¢) = =(¢”) = Hence 6°*=6*, ex=e+c1g, where 
c¢, is an integer.| Hence y’=7 if and only if 


(15) eg" = B, = (ex — e)/g = integer. 


It remains only to satisfy condition (2). If it holds for A =B and for 
A=C, (1) gives 
(BC) y = 
= = 


whence (2) holds also for A = BC, and likewise for A=B+C. By (9) it there- 
fore suffices to prove (2) for the cases A =7 and A =a(i), a polynomial in 7. 
For the latter case, 


a‘?)(i) = a(g”) = a(6*) 
by (82). By (5), 
ya = 
= Ba(6*)j* = a‘) (i)y. 


Hence there remains only the case A =j of (2), denoted by (2’). By induction 
on 7, using (13) with m =x", we get 


Take r=p. Then (2’) requirest that 

(17) x? = an integer. 
Hence (2’) is equivalent to 


* In this choice we are guided by (4;) and (82), the fact that j and E are associated with the re- 
spective roots @ and ¢, and finally by Lemma 2 of I, p. 212. 

t This follows also from y’=-y and the fact that g is a minimum in (11,). 

t Also by (8). To prove 6(¢*) =¢*(6") by induction on s, replace i by ¢ and apply the earlier re- 
sult 6*(@)=¢(6**) for k=x*. Take s=p and note that 6(¢”) =0(6°) =0°(6) =¢?(0). Hence 
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By Theorem 1 with £ replaced by k, we now have 


THEOREM 3. Let an equation f(&)=0 be of degree pq, be irreducible in a 
field F, and have the roots (7) satisfying relations (8). Consider the algebra 
over F having the basis ivj"k'(m=0, 1,---, pg—1; n=0, 1,---, g—-1; 
t=0,1,---, p—1) with f(i) =0, (5), and* 


(19) k? = B(i)j*, k"P(i) = = 


where j has the value (16). This algebra is associative if and only if conditionst 
(6), (14), (15), and (18) hold. 


Simplifications and interpretations of these conditions will be given in 
§§7, 8. Theorem 3 is equivalent to that proved by J. Williamson in these 
Transactions, vol. 30 (1928), pp. 112-5, by the method used by the writer 
for the case x =q—1 in I, pp. 228-34. That method is much more complicated 
than the present one since it examined the conditions for (1) for all A and B, 
whereas it suffices to treat the cases (12). 

4. Algebras defined by Abelian equations. The cyclic equation in §2 and 
the quartic in §3 are examples of Abelian equations. The general one is 
defined in 


THEOREM 4. Let an Abelian equation f(x) =0 be of degree d=pip2-- - 
irreducible in a field F, and have the roots 


vi {v2 [--- 


where each W;(i) is a polynomial in i with coefficients in F, y(t) denotes the eth 
iterative of Y(t), such that the p,th iterative of y,(i) is equal to i, and 


Vilve(i)] = Gjk=1,---, 
Consider the algebra A,, over F with the basis 
such that, for every polynomial P(i), 
(20) Pr = g,(i) , jmP(i) = Plyr(i)] jm ‘++, 0; m=1,2,---), 


(21) = Tuli) T ms) (sr 


* After the theorem is proved, we may replace (5) and (19) by their special cases (11) and (32), 
which with the associative law imply the former. 

t We do not include the facts that c, and cz in (15) and (17) are integers, since they follow from 
the hypotheses (8). 


= 0,1,---,p,—1 
i 
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(22) = = a=a,,. 
Then A,, is associative if and only if 


Ot Ys) Ot a(Wr) Os (t r), 
T p, .t r8r(4) = ote = (¢>r), 


and gi(i) for t=1,---,m. 

After the theorem is proved, we may replace (20.) and (21) by the special 

cases 
jet ¥,(i)j,, Ser = Qs ,r(ijrjs 
of them, since these and the associative law imply the former. 

We shall prove Theorem 4 by induction on m, assuming* that 2 =A, 
is associative. Let R denote the relations (20) and (21) with subscripts re- 
restricted to 1,---,m-—1. Let R’ denote the relations derived from R by 
replacing 7 and j, by 
(23) i ¥,(i), = On (i) jr. 

By means of relations R we can evidently express any element of 2 in 
the form 


—1 Pn—)—1 
Pi 1 


(24) A=)>.--- p> * 


n-1=0 


Similarly, by means of R, we can reduce any product AB to C, where B and 
C are of type (24) with a’s replaced by b’s and c’s, respectively. Let A’ 
denote the sum (24) with z and 7, replaced by (23). Hence A’B’ can be 
reduced to C’ by means of relations R’ (since the operations on the accented 
letters are the same as those used on unaccented letters). In other words, 
R’ imply property (1). 
By the remark below the theorem, R’ follow from the special cases 

(25) i = , ? EE = Os r(Wn) jr 

(sr 


of them, in which the values of the 7’ in (23) are to be inserted. From (252) 
and (202) with m=1, we get 


an Wn [y-(i) li- = [Wn(i) Jan 


which is true by the assumption in the theorem. Similarly, (25;) becomes 


* And employing the analog of the paragraph following (8). Compare the second paragraph of 
§5. 
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Onn = Oe 
By the relation below the theorem, this holds if and only if 
By induction on m 
Taal’. 
Hence (25;) is equivalent to 
(27) T = 


Since the desired formula (4;) is here (20;) with r=, we must choose 
y=g,(i). Then becomes 


(28) = gn(Wn)- 


Also, p=, in (2), which requires proof only when y=g,~0.. If A is a 
polynomial a(z) in 7, (2) holds since 


= i, gnagn = a(i) = a(y,?*) = 


As below (15), it remains only to consider (2) for A=j,, r<n. By (20), 
Hence shall 


for p= By induction on p, 


jr” = a(p,?-')j,, = 
Hence (2) holds for A =, if and only if 


Under the assumption that A,_, is associative, we have now proved that 
A, is associative if and only if conditions (26)-(29) hold. But A; is of the 
type in Theorem 2 and hence is associative if and only if g:(z)=g:(y¥1). This 
completes the proof of Theorem 4. It was first proved (in manuscript) two 
years ago by J. S. Georges after very long reductions of all conditions aris- 
ing from (1). 

5. Algebras defined by an equation whose roots have three generators. 
Let f(£)=0 be an equation of degree pgs which is irreducible in F and has 
the roots 


(30) v™{ o"[6"(i)}} (m<s,n<p,r<q). 
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Let the roots satisfy relations (8) and 
(31) = OY) = oY) = 
from which the argument 7 has been suppressed, while s is a minimum. 

Let = be the algebra over F having the basis i"j"k (mS pqs—1, nSq—1, 
t<p—1) such that (5), (19), and f(z) =Ohold. Asin the paragraph below (8), 
> may be obtained from Theorem 3 by replacing F by the field derived by 
adjoining to F all elementary symmetric functions of the roots (7). We as- 
sume (6), (14), (15), and (18). Then ® is associative. We see that (5) and 
(19) are consequences of the associative law and the set R of relations given 
by (11) and the following cases of (19): 

(32) kP = B(i)j*, ki = G(i)k, kj = 

Let R’ denote the set of like relations (11’) and (32’) with i, 7, k replaced by 
i’, j’, k’, which are defined, in accord with (4) and (31), to be 

By the usual argument, relations R’ imply property (1). We insert the 
values (33) into the five relations R’. By (52) and (19:), we see that (11:') 
becomes 

which is true by (312). Similarly, (327) follows from (313). 

Using 7» in (13), we see by induction on m that 
(34) kj” = 

By induction on m, 


(35) k™j* aaj” "k*, 


By (52) and (19,), 
KJ = 


Applying (35) with m=z, n=y, and then (52), we get 
(37) KJ = be[o*(6”) 


We employ the abbreviations 
(38) h(t) = yt ary t+ xtyt---+ = 0, 
X By, y(0¥) Boy, Baw, 
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whence C,=e. Hence if d=1, 
(40) = 


Assuming (40), we obtain the like result with d replaced by d+1 by using 
(37) with 5, w, z replaced by Ca, h(d), dv, respectively, whence K is replaced 
by J¢. This proves (40) by induction. 

The case d=q of (40) shows that (111) is equivalent to 


(41) = gp). 
From (19;) by induction on n, we get 
(42) k"? = Ba(i) = - - - 


Since no lower than the pth power of & is a polynomial in 7 and j, (41) re- 
quires that 


(43) qv = Csp, an integer. 


Replacing k%” by its value (42), and using (5), we see that the new form of 
(41) involves 7 with the exponent 


(44) h(q) + ecs = Cag, C4 an integer, 
and hence that (41) is equivalent to 
(45) g = gly). 
By a change of notation in (37) we see by (40) that 
J*K = By w(0"™) 


(46) & = h(x) + wx’. 


Thus £ is é(x, 1) in the notation (58). By (32;), a(y)J7*K=KJ. By the ex- 
ponents of k, we have 


(47) xv — = Csp. 


We apply (42) with m replaced by cs. By the resulting terms in /, 


(48) E+ — w— xy = Cog. 

The resulting condition is 

We obtain K¢4 from J¢ by the replacement in (51). Let 

(50) A(t) = wt = 0, 
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(51) Da(i) be derived from (39) by replacing ¢, y, v, h by 6, w, z, H. 


In these notations, we have 
(52) K4 = 


Hence (32; ) becomes 


= 


By the terms in k and those in 7 after reductions by (42), we must have 


(53) ev = H(p) + ez — h(e) — = esq, 
(54) D,B.( g = B(W)C 


We have now examined all the relations (11’) and (32’). 
A comparison of (4;) with (31;) leads us to choose 


and later to identify the p in (4,) with our s. By (40),(52),and (37) in changed q 
notations, we get 


(56) 
(58) t(m,n) = h(m) + «™°*H(n). 


We take m=a, n=b. Comparing the exponents of k in y’=-¥, we get 


(59) av + bz — b = Cop. 4 
By (42), 


Comparing the exponents of j in y’=7, we get 


(60) t(a,b) + ecg — a = Cy0q. 


Hence the conditions for y’=~7 are (59), (60), and 
a(W)F a,b ge = 
Finally, we consider (2), viz., 


(62) A‘)y = yA for all A in 2. 
This holds if A is any polynomial P(z) in i. For, by (192), (52), and (31,), 
yP = aj*P(o*)k® = |jek® = oP(y*)j2k® = Pty, 


(61) 
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By the remarks below (15), it remains only to find the conditions that (62) 
shall hold for the values j and k of A. By (33), 


Hence for two sets of values of m and m we needa formula of type 
(64) = Gin nr (i) | 


Accenting each member and applying (33) and (56), we get a relation which 
is an identity in 7 and & if 


(65) Km,n,r +1) = of +21, flm,n,r +1) = 47,0, 
(66) Ginn Gan 7,1, 


in which the arguments of f and / in the second members are m, n, r. Since 
we may identify (64) for r=0 with (56), 


(67) =F min, f(m,n,0) = t(m,n), lm,n,0) = mo + nz. 


For these initial values, (65) and (66) serve as recursion formulas to deter- 
mine the f, /, G uniquely. 

By (63) and (64) with r=s—2 we get j. Its product on the right by 
y in (55) is found by.the rule (37). Hence for V in (70), 


the second from (35). These shall be equal by (62) with A =7. Comparing 
exponents of k and, after using (42), exponents of 7, we get 


(68) k=cup, f+ x'a+ ecu — a — = 


(69) = oBy (8°), 


(70) V = 


where the arguments of f and / and the subscripts of G are y, v, s—2. 
Similarly, starting with (63.), we find that (62) holds with A = if and 
only if 


(71) f+ x'a + — = 


where W is derived from (70) by replacing e by 6, and the anganents of f 
and / and the subscripts of G are now w, z, s—2. 
By Theorem 1 with replaced by s, we now have 


} 
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THEoREM 5. Let an equation f(t) =0 be of degree pqs, be irreducible in a 
field F, and have the roots (30) satisfying relations (8) and (31). Consider the 


algebra over F having the basis ijk'E*(m=0, --- , pgs—1; n=0,---,q—1; 
t=0,---, p—1;c=0,---,s—1) with f(i) =0, (5), (19), and* 
E* = ErP(i) = P(W)E’, 
73 
( ) Er [jo ]*Er, Erk = [Rk ]*Er, 


where 


j@ = (J vK*) (r—2) = (JK?) (r—2) 


are found by (64), while their sth powers may be found by (40) with altered 
parameters. This algebra is associative if and only if conditions (6), (14), (15), 
(18), (45), (49), (54), (61), (69), and (72) hold. 


We do not include as conditions the facts that c:,---, cu are integers 
in (15), (17), (43), (44), (47), (48), (53), (59), (60), (68), and (71), since we 
shall prove in §6 that they follow from the hypotheses (8) and (31). 

6. Groups. Let r:(z), - - - , ra(z) denote the d roots} (30) arranged in an 
arbitrarily chosen order. Let j and k be any of the numbers 1,---,d. By 
means of (8) and (31), we can evidently reduce the function r;[r,(i)] to the 
form (30) and hence obtain a certain root r,(i). If 7 is fixed, but k takes the 
values 1, --- , d, then / takes the same values rearranged. Hence we obtain 
a substitution S; on the d roots which is said to replace r; by rz. 

Similarly, if ¢ is fixed and r,[r.(z)]=r;, we obtain a substitution S; which 
replaces r; by r;. Let r;[r.(i)]=r-. Then 


re(re) = relri(re)] = = 14, 
which defines a substitution S, replacing 7; by r;. It is called the product 
of S; by S; and denoted by S;S:. 
We therefore have a group of d substitutions S such that 
(75) SS: =S. if = ra, 


while S; is uniquely determined by the root r;(z). 
We return to the notation (30) for the roots. Let 0, &, W denote the 


* After the theorem is proved, we may replace (5), (19), and the last three of (73) by their special 
cases (11), (32) and 
(74) Ei=Wi)E, Ej=j'E, Ek=k'E, j’ and k’ in (33). 
In fact, the latter and the associative law imply the former. 

¢ The same discussion applies to (7), to the Abelian equation in Theorem 4, and to any equation 
whose roots are all rational functions of one root. 
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substitutions determined by the roots 0(z), ¥(i), respectively. By (8), 
(31), and (75), we get* 


=1, = O-, 


76 
= VOY = = HO", 


in which g, p, s cannot be replaced by smaller positive integers. 

Write j, k, E for the inverses of 0, ®, V, respectively, and define J, K. 

Taking the inverse of each equation (76), we get 
jt = 1, k? = j*, kj = E* = j*k’, 

(77) 
Ej =JE, Ek=KE, J=jvk*, K 

We evidently have the same relation between the parameters q, p, €, x, - - - 
for (77) as for (76). 

The developments in §5 were based on (11), (32), and (73) as simplified 
in (74). If we suppress all factors which are polynomials in 7, we obtain 
(77) and conclude that all resulting relations in §5 become consequences of 
(77). The fact that cs, - - - , 4 in (43), --- , (71) are all integers is therefore 
a consequence of (77) and hence of (76) and therefore of (8) and (31). 

THEOREM 6. Tirat c:, - - - , Cig im (15), - - - , (71) are integers are conditions 
for the existence of the group. 

While the proof applies also to c; and cz in (15) and (17), our former veri- 
fication was more elementary. 

7. Simplifications. Our conditions involve the product 7,, in (13). When 
m is large, the number m of factors may be reduced. Since 6*(7) =z, evidently 
Tn+qg=n%, By induction on y, 


(78) Tat+vq = 


Here we may replace 7, by its simple value from (14). Hence we may materi- 
ally reduce the number of factors in condition (18). To this end we write 


(79) x? = x2+qy2, = 43+ , = tpt (OS <Q). 
Evidently x,=x* (mod g). Thus x,=1 by (17). Write 


(80) = 


* We do not use the illuminating fact that if we start with an equation irreducible in F whose 
roots are rational functions of one root i with coefficients in F, and whose Galois group for F is 
generated by 0, ®, W subject to (76), then the roots are (30) and satisfy relations (8) and (31). 
Similarly for the first line of (76) and the roots (7) satisfying (8). 
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also when k=1, taking x:=x. Then (18) is equivalent to* 
(81) + zp = BB-(8). 


In §5 we may again simplify 7, in (34) by use of (78) and (14) and reduce 
the exponent xn of 7 below g. The new (35) is automatically simplified. 
After writing this paper, the author suggested to Miss Dora McFarland that 
she simplify the further formulas in §5. To do this she reduced at every stage 
all exponents of j and k below gq and #, respectively (see the preceding foot- 
note). But the work became far more complicated and the formulas ex- 
ceedingly complex. 

8. Example, interpretations. Let x=q—1 in §3. We exclude the case 
q=2, since the equation is then Abelian and falls under §4. Then # is even 
by (17). By the last part of (15), 2e=0 (mod g). But O<Se<g. Hence 
(82) either e=0, or g is even and e=}g. 

Since x, 2x,---, (g—1)x are congruent to g—1, g—2,---, 1, modulog, 
(83) = - - - 


From (79), (80), and x?=1+9(g—2), we see that if & is even, 


%=1, as, = 


if k is odd, 
=x, = * =x, 

(84) x(t) = a-a(6?)a(6*) - - - 
Hence (81) becomes 
(85) - = BB-1(8). 
Now (15) becomes 
(86) B(o) = B if e = 0; B(d)w.g*"' = B if e = 3g. 

THEOREM 7. When x=q—1 in Theorem 3, the conditions that the algebra 
be associative are (6), (14), (85), and (86). 


A long proof of Theorem 7 was given in I, pp. 228-34. 
We shall now simplify (85) and interpret it. Multiply (84) by a(@)g and 
apply (14) and (83); we get 


(87) a(O)gx = g(¢). 


* We may prove (81) independently of: (18). By induction on 7, j® is the product of the left 
member of (81) with p changed tor by j*r. The case r= shows that (2) with A=j becomes 
(81). 
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In (85) we insert the resulting fractional expression for x, clear of de- 
nominators, and obtain M8(@)=L8, where 


M = - - - - - - g(9), 
L = - - g(p?-*) - - - g, 


in which consecutive superior letters differ by 2. 

Since ® transforms @ into its inverse, ®* is commutative with 0 if s is 
even. Then ¢* is commutative with @ and 6-'. If in L we replace z by 0-9, 
and apply (6), we get M@. Hence we may replace (85) by 


(88) L(i)B = . 


In (8;) replace i by 6. Hence 6[¢(@)]=¢, =6-*(¢). 
Let e=0 and write B(i) for L(i)8. In (86;) replace i by 0; we get 
]=B8(@). Then (88) gives 


(89) = B(i) or BO") = Big"). 


9. Normalization of groups with two generators. Let the generators 0 
and @ satisfy the relations in the first line of (76). We may write e=¢, 
where f is prime to q, and all prime factors of ¢ divide g. Some of those primes 
are denoted by 7; and the others by s;, as follows. We may write e=oR, 
where @ is a product of powers of the s;, and R is a product of powers of the 
r;, such that the exponent of the highest power of r; [or s;] which divides 
R [or «| is > [or <] the exponent of its power which divides g. We may 
write g=pQ, where p is a product of powers of the 7;, no one of which divides 
Q. Hence p is a divisor of R, and R/p is divisible by each 7;. Also, each s; 
divides Q, and o is a divisor of 0. Write E=Q+R/p. Since each r; divides 
R/p, but not Q, no 7; divides E. If a prime divides Q, it is distinct from the 
r; and hence is not a factor of R/p and therefore not of E. Hence g=pQ is 
prime to Z. Since £ and f are both prime to g, Q= 0 generates all powers 
of 0. Now Ep=Qp+R=R (mod pQ=q). Multiplication by of shows that 

Qee = = = Ee, 
By (762), and po divides pQ =g. 


THEOREM 8. We may employ a power of © as a new generator in place of 
© such that the new e in (76) is a divisor of q. 


UnIversity oF CHICAGO, 
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BOUNDARY VALUES OF AN ANALYTIC FUNCTION AND 
THE TCHEBYCHEFF METHOD OF APPROXIMATION* 


BY 
J. L. WALSH 


1. Introduction. If the functions f(z), f,(z), m=1, 2,---, are analytic 
on and within the unit circle C of the z-plane, the relation 


(1.1) lim [max | f(z) — fa(z)| , on C] = 0 


implies the relation 


lim fa(2) = f(z) 
uniformly for z on and within C. 

There are, however, cases of approximation formally similar to this— 
which consist, namely, of approximation on the boundary C of a region B 
by functions analytic on B+C, to a function defined and continuous on C— 
where approximation with an arbitrarily small error is not possible. For 
instance, the function f(z) to be approximated may be the boundary values of 
an analytic function with singularities in B, or the approximating functions 
f,(z) may all be required to take on prescribed values different from those of 
f(z) at definite points interior to B; in neither of these cases is (1.1) possible. 
Natural questions to be raised in these new cases are: (1) What is the 
minimum value M (or greatest lower bound) of 


max | f(z) — fa(z)| , 2 0nC, 


for all functions f,(z) analytic interior to C and taking on the prescribed 
values if any? (2) Does a function fo(z), taking on the prescribed values if 
any, exist such that 

max | f(z) — fo(z)| = M, for z onC? 
(3) If we have 


lim [max | f(z) — fa(z)| , zonC] = M, 


where the functions f,,(z) are analytic interior to C and take on the prescribed 


* Presented to the Society, March 30, 1929; received by the editors December 16, 1929, and 
April 7, 1930. An abstract of this paper was published in the Proceedings of the National Academy of 
Sciences, vol. 15 (1929), pp. 799-802. 
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values if any, what can be said of the convergence of the sequence {f,(z) }? 
(4) In particular, if we consider as a special sequence the Tchebycheff poly- 
nomials for approximation to f(z) on C, what can be said of the convergence? 

There are two theorems of primary interest which in the simplest cases 
answer these questions: 


THEOREM A. Let B be an arbitrary simply connected region with the 
boundary C, and let the function f(z) be analytic on C, meromorphic on B+C. 
Then there exists a function f,(z) analytic interior to B such that* 

bound | f(z) — fo(z)| = M 
zinB 
is less than 
bound | f(z) — fa(z) | 
zinB 

or any other function f,(z) analytic interior to B. The expression |f(z) —fo(2z) | 
approaches the same limit M no matter how z in B approaches C. If the func- 
tions f,(z), m=1, 2, - - - , are analytic interior to B, then 

lim [bound | f(z) — fa(z)| ] = Mf 

B 


im plies 


lim = fo(z) 


for z in B, uniformly for z on an arbitrary closed point set interior to B. 

If the region B is limited and if its boundary C is also the boundary of an 
infinite region, the Tchebycheff polynomial w,(z) of degree n for approximation 
to f(z) on C is defined as the polynomial of degree n such that 

max | f(z) | » onC, 


is less than the corresponding expression formed for any other polynomial of 
degree n; the Tchebycheff polynomial w,(z) exists and is unique. It is then 
true if f(z) has no singularities other than in B and in the infinite region of 
which C is the boundary, that 


lim [max | f(z) — w,(z)| , 2 onC] = M, 


from which it follows that 
(1.2) lim wn(z) = fo(z) 


for z in B, uniformly on any closed point set interior to B. 


* The notation here is intended to imply that we allow z in B to approach Cin any way whatever 
and take the least upper bound of all corresponding limits of | f(z) —fo(z)| . 
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If B is the interior of a limited analytic Jordan curve C, we denote by Cpr the 
curve which is the locus |p(z) |= R>1, where w=¢(z) is a function which maps 
the exterior of C onto the exterior of the unit circle \w|=1 so that the points at 
infinity correspond to each other. In this case we have (1.2) valid not merely for 
z in B but also for z interior to the largest curve Cr which contains in its interior 
no singularity of fo(z)—such a curve Cr exists and is exterior to C—and the 
convergence in (1.2) is uniform on an arbitrary closed point set interior to this Cr. 


In the second theorem we shall be concerned with approximation on the 
boundary C ofa region B by functions which satisfy certain auxiliary con- 
ditions at a finite number of preassigned points P interior to B. These 
conditions are, at each point P, prescription of the value of the function 
together with the values of its first kp derivatives. 

THEOREM B. Let B be an arbitrary simply connected region with the boun- 
dary C, and let the function F(z) be analytic on B+C. Then there exists a 
function F(z) analytic interior to B satisfying arbitrary given auxiliary con- 
ditions, such that 


M = bound | F(z) — Fo(z)| , 2 in B, 
is less than 
bound | F(z) — F,(z)| , 2 in B, 
for any other function F,(z) analytic interior to B and satisfying the same 
auxiliary conditions. The expression |F(z)—F(z)| approaches the same 


limit M no matter how z in B approaches C. If the functions F,(2),n=1,2,---, 
are analytic interior to B and satisfy the given auxiliary conditions, then 


lim [bound | F(z) — F,(z)|, 2 in B] = M 


implies 
lim = Fo(z) 
for z in B, uniformly for z on an arbitrary closed point set interior to B. 

If the region B is limited and if its boundary C is also the boundary of an 
infinite region, the Tchebycheff polynomial 1,(z) of degree n for approximation 
to F(z) on C with the given auxiliary conditions is the polynomial of degree n 
which satisfies the auxiliary conditions such that 


max | F(z) — 2 in B, 


is less than the corresponding expression formed for any other polynomial of 
degree n and satisfying the auxiliary conditions; this Tchebycheff polynomial 
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tn(z) exists for n sufficiently large and is unique. It is true if F(z) has no 
singularities other than in the infinite region bounded by C, that 
lim [max | F(z) — 2 in B] = M, 


no 


from which it follows that 
(1.3) lim 2,(z) = Fo(z) 


for z in B, uniformly on any closed point set interior to B. 

If B is the interior of a limited analytic Jordan curve C and if Cr has the 
same generic meaning as before, we have (1.3) valid not merely for z in B but also 
for z interior to the largest curve Cr which contains in its interior no singularity of 
F,(z)—such a curve exists and is exterior to C—and the convergence in (1.3) 
is uniform on an arbitrary closed point set interior to this Cr. 


These two theorems and generalizations are to be proved by methods 
and results due to Carathéodory and Fejér, Gronwall, Schur, R. Nevanlinna, 
Carathéodory, and Tonelli. Some of the results of Theorem B have recently 
been obtained by Julia, for special auxiliary conditions of the form F,(0) =0, 
F,'(0)=1. This case is connected with the conformal mapping of the region 
B onto a circle, as is the case of Theorem A for which f(z) is of the form 1/z. 

F. Riesz has recently considered* an integral measure of approximation 
and states without giving any details that his methods can be used in 
studying approximation to rational functions by analytic functions. Those 
methods are not closely related to the ones that we use here. 

The remainder of the present paper is devoted largely to proofs of the 
various parts of Theorems A and B, although some of our results are more 
detailed than is suggested by the statements just given, and others, par- 
ticularly in §9, are considerably more general than Theorems A and B. In 
fact Theorems 14 and 15 together make a unit which includes both Theorems 
A and B as special cases. 

2. Existence and uniqueness of minimizing function for a circle. The 
first part of Theorem B is now to be proved for the special case of a circle: 


THEOREM 1. Of the class of all functions, each of which is analytic for 
|z|<1 and each of which at k given points P interior to C: |z|=1 takes on 
preassigned values (the same for all functions of the class) for the function and 
its first kp derivatives, a unique function F(z) has the least upper bound to its 
absolute value for \z|<1. This function F(z) is a rational function of z and of 
constant modulus M on C. 


* Acta Mathematica, vol. 42 (1920), pp. 145-171. 
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This theorem was established by Carthéodory and Fejér* for the case of 
a single point P, new methods were introduced by Gronwallf and Schur,f 
the theorem was proved by Pick§ for arbitrary k but kp=0, and the general 
theorem is to be established by methods and results due to R. Nevanlinna.|| 
Nevanlinna has derived necessary and sufficient conditions that a function 
satisfying auxiliary conditions of the kind we are considering be of modulus 
less than unity interior to C. 

We indicate the prooff of Theorem 1. There exists at least one function 
analytic for |z|<1 which satisfies the auxiliary conditions at the points P 
and which has a limited modulus for |z| <1; indeed, a polynomial can easily 
be written down which has this property. Hence there is a finite lower limit 
M to the upper bounds of the moduli for |z| <1 of all functions F(z) analytic 
for |z|<1 which satisfy the auxiliary conditions. There exists a function F(2) 
analytic for |z|<1 and satisfying the auxiliary conditions, whose modulus for 
|z|<1 has the upper bound M. For there exist functions F,(z) analytic for 
|z| <1 and satisfying the auxiliary conditions, such that 


1 
bound | F,(z)| M+—> for |z| <1, m=1,2,---. 
n 


These functions F,,(z) form a normal family in |z| <1, and from them can be 
extracted a subsequence which converges for |z| <1, uniformly for |z|<p<1. 
Let the limit of this subsequence be denoted by F(z). Then the function F(z) 
also satisfies the auxiliary conditions, by the uniformity of the convergence, 
and we have in each point of |z|<1 


lF(@)| M, 


by the conditions on the F,,(z). 

The uniqueness of this function F(z) analytic and of modulus not greater 
than M for |z|<1 and satisfying the auxiliary conditions, follows readily 
from the results of Nevanlinna. We consider the new function** F(z)/M, with 
the obvious corresponding modifications to be made in the auxiliary condi- 
tions in the given points. If the function F(z) is not unique, we have, in the 


* Palermo Rendiconti, vol. 32 (1911), pp. 218-239. 

t Annals of Mathematics, (2), vol. 14 (1912-13), pp. 72-80; vol. 16 (1914-15), pp. 77-81. 

t Crelle’s Journal, vol. 147 (1916), pp. 205-232; vol. 148 (1917), pp. 122-145. 

§ Mathematische Annalen, vol. 77 (1915), pp. 7-23; Annales Academiae Scientiarum Fennicae, 
(A), vol. 15 (1921). 

|| Annales Academiae Scientiarum Fennicae, (A), vol. 13 (1920), pp. 1-71. 

{ Compare Gronwall, loc. cit. 

** The case that the prescribed values of function and derivatives in the auxiliary conditions are 

all zero is trivial and henceforth excluded. In any other case we have M £0. 
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notation of Nevanlinna (loc. cit., pp. 15, 36), 
(2.1) <1, 
where our function F(z)/M plays the réle of Nevanlinna’s function 2(x), and 
where +1 is the sum of the kp. We can then choose a particular 2‘ (x) 
identically equal to ¢,, a constant of absolute value less than unity. Then 
there exists a function 2(x) defined by Nevanlinna’s recurrent equation (22) 
[if ke =O and by the corresponding equation if kp>0], analytic for |z| <1 
and satisfying the new auxiliary conditions. For this function it is true and 
follows directly from Nevanlinna’s equation (22) and from our (2.1) that for 
|z| <1 we have 

| (x) | < Pn-1 < 1, | | < pa-2 < | (x) | <p<l. 
A special case of these inequalities, namely, |¢; | <1, i=0,1,---,n-1, is 
indeed necessary for the existence of the function z(x). Thus we have, for 
some function F(z) satisfying our original auxiliary conditions, 


a <p<1, for |z| <1 
or |z| < 1, 
M p 
which contradicts our definition of M. 
We remark, and this follows from Nevanlinna’s results, that our function 
F(z) is of degree less than m+1, the sum of the kp. 
The effective determination of the number M of Theorem 1 in any given 
case does not seem to be a simple matter. It will be noticed, however, that 


Nevanlinna’s equation (pp. 15, 36) 
(2.2) | ¢n(Xo, 20; Xn | 1, 


where has the same significance as before, is an algebraic* equation which 
has M for a root. Here the quantities z;, etc., are not precisely the values 
which occur in the auxiliary conditions of Theorem 1, but are the quotients 
of those values by M. The condition on M represented by (2.2) is necessary 
(see also below) that M be the number of Theorem 1, because necessary for 
the uniqueness of Nevanlinna’s function 2(x), but is not sufficient. The 
sufficiency arises only if Nevanlinna’s inequalities 


(2.3) | do | < 1, | bn—1(X0, 203 | < 1, 


where the 2; are again the quantities of Theorem 1 divided by M, are also 


* Equation (2.2) is not in its present form an algebraic equation, but becomes such if the various 
absolute values are suitably written and the corresponding equation simplified. There may be 
ambiguity, however, for the sign of a term expressed as an absolute value (such as | M?—a|) may 
depend on the value of M, which is itself determined by the equation. 


| 
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satisfied. These inequalities are not implied by (2.2), as simple examples 
show.* But equation (2.2) has a unique positive root for which inequalities 
(2.3) are satisfied. For we shall reach a contradiction by assuming that there 
exist two such roots M; and M2, with M,<Mz. There exists (Nevanlinna, 
pp. 15, 36) a unique function F(z) which takes on the prescribed auxiliary 
values and is of modulus not greater than M, in C and also a unique function 
F.(z) which takes on the prescribed auxiliary values and is of modulus not 
greater than Min C. This contradicts the obvious fact that the polynomial 


F,(z) + [] (2 — a) 
where the a; are the points P and appear respectively kp times in the product, 
also satisfies the auxiliary conditions and for suitable sufficiently small ¢ is of 
modulus less than M; and yet not equal to F,(z). 

Nevanlinna’s condition (2.2), (2.3) is, as a matter of fact, not necessary 
and sufficient for the uniqueness of 2(x), and hence (2.2) is not in its present 
form a necessary condition on M. For it may occur that we have 
(2.4) | go] < 1, <1,---, <1, l¢i|=1, i<n, 


(i) 
(xo, 20; 5 Mi-1, Xv, Br) gi, t+ 1, t+ 2, 


in which case also 2(x) exists and is unique. In this case the functions 
+D(x),-- +, 2™(x) and quantities |¢:,:|,---, | take the form 0/0 and 


are, properly speaking, not defined. But equation (2.2) can be written and 
transformed so that it is automatically satisfied also if (2.4) holds, and in 
this sense our previous statement is true, that (2.2) is an algebraic equation 
of which M is a root. 

3. Continuity of the function F(z). We shall prove now, for later 
application, that the function F(z) (of Theorem 1) varies continuously with the 
auxiliary conditions. That is to say, if e’ >0 be given, there exists 6 such that 
the inequalities 
(3.1) la: —af|<6, (¢=1,2,---, 
imply that 
(3.2) | F(z) — F’(z)| < e for |z| <1, 
where F(z) is the function of Theorem 1 for the auxiliary conditions 
(3.3) F(ai) = vi (i = 1,2, PTAs k), 
and F’(z) is the function of Theorem 1 for the auxiliary conditions 
(3.4) F'(aj) = yi (¢=1,2,---, R). 


* For instance, x9>=0, =1/2, zo=2, =5/4. 


4 
2 
$ 
4 
¢ 
% 
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Here the values a; and 7; are considered fixed, while a/ and y/ are arbitrary, 
subject merely to the restrictions (3.1). The number 6 will then depend on 
e’ and on the a; and ¥;, but not on the a/ and y/. It is reasonable to suppose 
that F(z) varies continuously with the auxiliary conditions, for F(z) is de- 
termined from those auxiliary conditions entirely by algebraic processes. 
We give, however, a formal proof. 

As a preliminary proposition we shall prove that the absolute value M of 
F(z) for |z|=1 varies continuously with the auxiliary conditions. That is, if 
e>0 be given, there exists 6 such that inequalities (3.1) imply 


(3.5) M—e<M'<M+e, 


where M’ is the absolute value of F’(z) for |z|=1. It seems reasonable too 
that M should be a continuous function of the auxiliary conditions, for M 
is a root of an algebraic equation whose coefficients depend rationally on 
those conditions. But this algebraic equation may depend, as we have already 
suggested, to some extent on the value of M itself, so we prefer to give a 
detailed proof based on other considerations. 

It is possible so to determine 5 that whenever we have 


(3.6) lai < 28, 


where 24, is less than every |a:—a;|, i%j, then there exists* a polynomial 
p(z) which takes on the values c;—7; at the points a; and is such that 
| p(z) | Se for lz | <1. The numbers a; and ¥; are as before considered fixed, 
determined by the auxiliary conditions (3.3), while the a; and c; are subject 
only to the restriction of inequalities (3.6). All functions analytic and of 
absolute value not greater than M+e for |z|<1 are equicontinuous for 
|z|<Sp<1. We choose p greater than every |a;|, and then still further re- 
strict 5; in (3.6) if necessary so that 6,+ |a;|<p and so that functional values 
at two arbitrary points in |z|<p whose distance apart is less than 6, of an 
arbitrary function analytic and of modulus not greater than M+e in |z| <1, 
differ by less than 6. 

We shall now prove (3.5) under the assumption that the 6 of (3.1) is the 
smaller of the two quantities 5, and 6 of (3.6). Let us consider the polynomial 
p(z) such that 


pla!) = — + [F(ai) — F(ai)] = vi — + [F(ai) — F(a!)], 


which is in absolute value less than 25. We have |p(z) | <e, for |z| <1, and 


* Walsh, these Transactions, vol. 30 (1928), pp. 307-332. See the proof of the Lemma, p. 319. 
We are using in the present paper essentially a generalization of that Lemma, where the functional 
values ¢;—~y; of the polynomial concerned are restricted only by the second of inequalities (3.6), and 
the points a; at which those values are taken on are restricted only by the first of those inequalities. 


| 
dy 
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hence |F(z)+9(z)|\SM-+e, for |z|<1, where F(a/)+p(a/) =F’ (a!) =7!. 
That is, we have exhibited a function F,(z) =F(z)+p(z) analytic for |z| <1 
whose functional values are y/ for z=a/, and whose modulus for |z|<1 is 
not greater than M+e. Thus we have proved M’<M-+e. 

We determine next a new polynomial p’(z) such that 


b'(ai) = F(ai) — F'(ai) + [F’(ai) — F’(ai)] 
+ — F(a), 


which is in absolute value less than 25; we have already shown |F’(z)|<M-+e 
for |z|<1, so the square bracket is in absolute value less than 6. It follows 
that |p’(z) | Se for |z| <1, and hence that |F’(z)+p’(z)|<M’+e for |z| <1, 
where F’(a;)+p’(a:)=F(a;)=y; That is, we have exhibited a function 
F,(z) =F'(z)+p'(z) analytic for |z|<1 whose functional values are +; for 
z=a;, and whose absolute value for |z|<1 is not greater than M’+e. Thus 
we have proved M<M’++e, and the preliminary proposition (3.5) is estab- 
lished. 

To be sure, we have given the proof only for the case kp=0, but this is 
simply a matter of convenience in exposition. The modifications necessary 
for arbitrary kp involve inequalities of form (3.1) also for the derivatives of 
F(z) at the points a;, but are fairly obvious and hence are left to the reader. 
This remark applies also below. 

We can now easily prove the desired continuity of the function F(z). For 
the formulas given by Nevanlinna (i.e. his (22)), suitably modified for func- 
tions of modulus not greater than M instead of not greater than unity, give 
us F(z) explicitly in terms of M and of the quantities involved in the auxiliary 
conditions. First we determine ¢, in terms of these quantities and then ex- 
press 2(x) (modified) in terms of ¢, and these quantities. These formulas for 
F(z) in terms of all these quantities are indeed valid even if we have Nevan- 
linna’s equation (30) for some i<m. In the modified (22) for instance, we 
have 


2 (x) M M 
M (x)? 


if z+) (x) approaches the limit ¢;, which must occur if we are to have (30) 
and (30’) fulfilled, then we have |¢;|=M, and hence we find lim 2“(x) =i, 
uniformly throughout the unit circle. The functions F(z) involved are in 
every case seen by inspection to be continuous functions of M and of the 
auxiliary conditions, for z on and within C, and our theorem is established. 


4 
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It may be remarked that a simpler proof of this theorem may be given 
without recourse to Nevanlinna’s formulas if we are content to establish the 
continuous variation of F(z) merely for |z|<p<1. This new proof depends 
on the continuity of M considered as a function of the initial conditions and 
on the uniform continuity for |z|<p<1 of functions analytic and of modulus 
not greater than M+e for |z|<1. The proof is in spirit closely related to the 
proof of Theorem 2 below and can be easily supplied by the reader. 

4. Approximation on a circle. In the notation of Theorem 1, we can 
prove at once another part of Theorem B: 


TuEorEM 2. Let the functions F,(z) analytic for |z|<1 take on, at the k 
given points P interior to C:\z|=1, the prescribed values for the functions and 
for their first kp derivatives. Then 
(4.1) lim [bound F,(z), |z| <1] = M 
im plies 
(4.2) lim F,(z) = F(z) 


no 


for |z|<1, uniformly for |z|<p, where p is an arbitrary number less than 
unity. Here the function F(z) is the function of Theorem 1 corresponding to the 


prescribed auxiliary conditions. 


Interior to C the functions F,,(z) are uniformly bounded and hence form a 
normal family there. Then from any infinite set of the F,,(z) can be extracted 
a subsequence which converges for |z|<1, uniformly for |z|<p<i. The 
limit of such a subsequence is, by (4.1), a function whose modulus in C is not 
greater than M. This limit function is analytic for |z|<1 and by the uni- 
formity of the convergence takes on at the & given points P the prescribed 
values for itself and for its first kp derivatives, and hence by Theorem 1 
coincides with F(z). That is to say, from every infinite set of the F,(z) can 
be extracted a subsequence whose limit is F(z), so the original sequence 
F,,(z) has the limit F(z) for |z|<1, and being uniformly bounded converges 
to the limit uniformly for |z| <p <1. 

The simplest cases of Theorem 2 are the cases where the prescribed 
auxiliary conditions are of the form 


F,(0) = 0, F/(0) = 0,---, Fa“(0) = 1; 
here Theorems 1 and 2 can be readily proved by elementary means, by 


studying k!F,(z)/z*, and of course it turns out that the corresponding func- 
tion F(z) of Theorem 1 is 2*/k!. 
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A detailed study of the behavior of the functions F,(z) of Theorem 2 on 
the circumference C is beyond the scope of the present paper,* but it is per- 
haps of interest to give an elementary example indicating that the con- 
vergence in (4.2) need not be uniform for |z|<1. Our example shows in fact 
that lim,../,(z) need not be continuous for |z|<1 even when the F,(z) are 
analytic for |z| <1. We set 


F,(2) = (n+1) 


which is analytic for |z|<1 and has the value unity at the origin. This 
prescription (F,(0)=1) is taken as the sole auxiliary condition on the func- 
tions F,(z), and the corresponding value of M is unity. It is, moreover, clear 
that we have 

1, 


lim F,(z) = { 1 
e 
so that the limit function is discontinuoust not merely for |z|<1 but also 
for |z|=1. The absolute value of F,(z) is the exponential function of the 


real part of 


1 
niz—1)—-1 n+1- 


that is, the exponential function of 
n(x —i)—1 1 
(nx —n—1)?+n*?y? n+1 


(x,y) 


On the circle |z| =1 we have 
n(x —1)—1 1 
1—2(n?+n)(x—1) 


(x,y) = 


whose maximum value occurs for x = —1: 
1 


6(— 1,0) 


This expression approaches zero with 1/m, so (4.1) is indeed satisfied. 


* See also §11. 
+ It is not difficult to show that in Theorem 2 


lim | Fn(z) | <M 


n— 


is impossible on a point set C of Lebesgue measure greater than zero. 


q 
by 
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The particular sequence F,(z) may be easily replaced by a sequence of 
polynomials in z which has the same convergence properties for |z|<1. In 
fact, we can prove that if {F,(2)} is an arbitrary sequence of functions analytic 
interior to a Jordan curve C and continuous in the corresponding closed region 
C, then there exists a sequence {P,(z)} of polynomials in z converging in C 
whenever the given sequence converges and to the same sum, diverging in C when- 
ever the given sequence diverges, converging uniformly on any point sets belonging 
to C on which the given sequence converges uniformly, and such that we have 
P,(z)=F,(2) in an arbitrary finite number of preassigned points a; of C. If 
the latter points are interior to C, we may require equality also of an arbitrary 
finite number of derivatives 


(ai) F,“*)(a;) (k 0,1, ki) 


at the preassigned points of C. 
There exist polynomials P,(z) such that we have 


1 
| Pa(z) — Fi(z)| << 
nN 


for z in C, and where we may choose P™ (a;) =F (a;) as described.* The 
sequence {P,,(z)} has all the properties required. 

A simple transformation of the results considered in Theorem 2 will 
yield new results that we desire, parts of Theorem A. 

THEOREM 3. Let r(z) be a rational function of z with all of its singularities 
interior to C:|z|=1. Of all functions f(z) analytic for |z|<1, there exists a 
unique function such that 
(4.3) bound | r(z) — f(a) | 


|s|<1 


is least; this function f(z) is rational, and r(z)—f(z) is of constant modulus M 


on C. 
If the functions f,(2) are analytic for |z| <1, then 


(4.4) lim [bound | r(2) — fa(z)|] = M 
Is|<1 
im plies 


lim fa(z) = f(2) 


for |\z| <1, uniformly for |z| <p, provided merely p <1. 


* Compare the proof of Theorem 7 below. 
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Let the given function be 
a2” + aya”? +--+ +a, 
(2 — a)(z — ae) - - (2 — ay) 
A; Ag A, 


Z— Z— Z— 


(4.5) r(z) = 


where all the a; lie interior to the circle C. If the function f(z) is analytic 
within C, continuous on and within C, then the function* 


(2 — a1)(z — a2) (2 — ay) 
(1 — &2)(1 — az) - -- (1 — &,2) 


(4.6) F(z) = [r(z) — f(2)] 


is likewise analytic within C, continuous on and within C, and has on C 
the same maximum absolute valuef as r(z) —f(z). In any case if f(z) is analytic 
within C (for the present f(z) is subject to no other restriction), so also is 
F(z), and it is true that 

(4.7) bound F(s) = bound [r(z) — f(z)]. 


In the point a; the function F(z) has the value 
gai” + + +++ + a 
(4.8) (1 — &a;)(1 — (1 — 


(1 &a;)(1 eee (1 yar;) 


= A; 


which depends only on r(z) and not in any way on f(z). If two or more of 
the a; in r(z) are equal, that is to say, if r(z) has poles of order higher than the 
first, then formula (4.5) requires some revision, and contains denominators 
of degree higher than the first. In this case not merely is the value of F(a;) 
determined by (4.6) and independent of f(z), but also the value of the first and 
possibly higher derivatives of F(z) at z=a,;, depending on the number of the 
a; which coalesce. The reader can easily make the necessary modifications in 
the formulas given, to conform to this new situation. In every case the 
auxiliary conditions (4.8) are of precisely the kind we have been studying in 
Theorems 1 and 2. 


* The case.that r (z) is a constant is trivial and henceforth excluded. 
For zon C we have z2=1, so the expression 
Z— 22 a2 1 — az 


1—a,z 22 a1 
equals the reciprocal of its conjugate and hence has the absolute value unity. 
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Reciprocally, let the function F(z) analytic interior to C be given, which 
in the points a; takes on the values (4.8). Let us write F(z) in the form 
indicated by (4.6), where r(z) is given by (4.5) as before. Then the function 
f(z) defined by (4.6) is analytic interior to C and is continuous on and within 
C if F(z) has that property; the maximum absolute value of F(z) on C is the 
same as that of r(z)—f(z). In every case (4.7) is true. Here the formulas 
(4.5), (4.6), (4.8) are of course to be somewhat modified if r(z) has multiple 
poles, but the modifications present no difficulty and are left to the reader. 

The first part of Theorem 3 now follows immediately from Theorem 1, 
for we have transformed the situation of Theorem 3 into an equivalent situa- 
tion in Theorem 1. The second part of Theorem 3 follows without difficulty 
from Theorem 2. In fact let us replace f(z) in (4.6) by f,(z) and F(z) by F,(z); 
this new equation 

F,(z) = [r(z) — fa(z)] 


— a)(z — az) — ay) 


— &2)(1 — -- - (1 — &,2z) 


is the definition of F,,(z), whereas equation (4.6) is now considered to define 
the function f(z) of Theorem 3 in terms of the function F(z) of Theorem 1 
for the auxiliary conditions (4.8). Then (4.4) implies 


lim [bound F,(z)] = M, 


and hence by Theorem 2 implies 
lim F,,(z) = F(z) 


for |z|<1, uniformly for |z|<p, where F(z) is the function of Theorem 1. 
This equation implies in turn 


(4.9) lim fu(z) = f(z), 
where f(z) is defined by (4.6) in terms of the function F(z) of Theorem 1, and 
(4.9) holds for |z|<1, uniformly for |z|<p<1, except in the neighborhoods 
of the points a;. But the functions /,(z), f(z) are analytic in the neighborhoods 
of those points as well as at the points a;, and equation (4.9), holding uni- 
formly on small circles interior to C surrounding the respective points ai, 
implies that (4.9) holds also interior to those small circles, so Theorem 3 is 
completely established. 

It is not hard to obtain some information about the degree of the function 
f(z) of Theorem 3. We find from (4.6), 


(2 — a1)(z — ae) - (2 — ay) 


| 
| 
| 
no 
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The degree of F(z) is less than yw, and the degree of r(z) is precisely u. When 
the two fractions in the right-hand member are reduced to a common denom- 
inator, the new fraction is of degree less than 2u. But the function f(z) has 
no singularities interior to C, so the factors z—a; are common to numerator 
and denominator, and the actual degree of f(z) is less than yp. 

The simplest case of Theorem 3 is for approximation to the function 


1 
= —, k>0O. 


Here the proof of the theorem can be given by elementary methods, and of 
course the function f(z) is identically zero. 

5. Some inequalities. It is reasonable to suppose that there exist ine- 
qualities, more explicit than Theorem 2, which give an upper limit for 
|F,,(2) —F(z) | in terms of {{bound F(z), |z|<1]—M}, indicating the fact that 
approach to zero of the latter quantity implies approach to zero of the former, 
if z is properly restricted. Theorem 2 itself can be used to establish the exis- 
tence of such inequalities, but we use the direct method based on the formulas 
of Nevanlinna. We shall treat in full detail only a special case, but shall 
indicate later the modifications necessary to treat the general case. 

We state for reference what is essentially a particular case of the ine- 
qualities we propose to establish: 


CaraTHEoDoRY’s Lemma.” If the function F(z) is analytic and in absolute 
value not greater than N for |z| <1, then we have 


N?—|F(O) |? 
N —|F(0)|-|2| 


(5.1) | F(z) — F(0)| 


If we set V = |F(0) |+», this inequality can be written 
viv + 2| F(0) | 
v+|F(O)| (1 


It follows from (5.2) that if we have a sequence of functions F,,(z) having the 
common value F(0) for z=0, and if we have for |z| <1 


S|FO)|+», lim», = 0, 


no 


(5.2) | F(z) — F(0)| S| 


then we have lim,../,(z) =F (0) uniformly for |z|<p<1. This is a special 
case of Theorem 2, which together with the corresponding special case of 


* Mathematische Annalen, vol. 72 (1912), p. 107. Pélya und Szegé, Aufgaben und Lehrsdtze 
aus der Analysis, vol. I, pp. 139, 323. The Lemma there has the hypothesis |F (z)| <N, instead of 
|F (z) | <N, but since it holds in the one case it holds also in the other. 
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Theorem 1 can easily be proved without the aid of Carathéodory’s Lemma. 
Nevertheless (5.2) is more explicit and for some purposes more useful, as we 
shall see, than Theorem 2. 

We treat now the special situation of Theorem 2 where k =1, and P is the 
origin. The function F(z) of Theorem 2 may be defined by the recurrent 
process of setting (Nevanlinna, loc. cit. p. 37; the formulas for this special 
case are those of Gronwall and Schur) 

2 

2 M* — 

where ¢,(z) is a constant of modulus M and where is the kp of Theorem 1.* 
In exceptional cases it may occur that ¢,(z) is a constant (necessarily of 
modulus M) for some g<p. This involves a change in the notation but no 
essential change in the reasoning; the corresponding modifications here and 
below are left to the reader. 

If we have now the functions F,(z) of Theorem 2 with the present 
auxiliary conditions, we set likewise 

M*  $n,1-1(%) — $n,1-1(0) 


(5.4) = — ¢no(z) = F,(z). 
M?* — $n ,t-1(0) bn ,r-1(2) 


It follows that we have 
$:(0) = 2=1,2,--+, ppm =1,2,---; 
| ¢(z)| S M for |z| <1, 
Direct computation yields 
[M? — ][M? — 


(5.5) dni(z) — o:(2)= — 


Under our present hypothesis we have |¢,(0) | <M, for /=0, 1, -- - 
so all of the factors M?—¢,_,(0) $::(0), M?—¢:-:(0) (0) 
-n,1-1(Z) are bounded from zero, except possibly the last, and this is bounded 
from zero if m is sufficiently great. We remark too that by virtue of the 
equation ¢p,:-1(0) =¢:_1(0), the function 

$n,1-1(2) — $i-1(2) 


is analytic for |z| <1, and hence has the upper limit of its modulus in |z| <1 
not for z=0 but for |z|—1. 


* We write, here and below, $;(z) to cenote the conjugate of ¢,(z). 


| 
| 
| 
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Equations (5.5) for /=1, 2,---, p are to be used twice in deriving the 
inequalities we desire. Moreover it is the nature of the inequalities rather 
than their precise form that interests us, although the precise form can be 
readily obtained by the reader. We introduce the notation, under the 
hypothesis of Theorem 2, 


(5.6) M + «, = bound|F,(z)| for |z| <1, 


from which it follows that lim,..€,=0. 
By studying the transformation involved in (5.4), it is easily shown that 
the inequality |¢,,:-1(z) | Sma,.-1 implies 


mr 1-1 — | dr-1(0) | 
M? — 1-1 | $1-1(0) | 
if m,,1-1 is sufficiently near to M, and we apply this formula to each of the 
functions $n1(Z), n2(z), , dap(2) in turn. It is obvious that the right-hand 
member of (5.7) approaches M, as m,,11 approaches M, and also that the 
derivative of the right-hand member with respect to m,,.1 for the value 
M~,1-1=M is finite, from which it follows that we have 


| | S$ M + — M), for|z| < 1, 


» for|z| <1, 


(5.7) | dni(z) | S M? 


where M;, is a suitably chosen number independent of n. 
We use this inequality for /=1, 2,---, p in succession, setting m,.= 
M+Mi(m,11—M), mao=M+e,, and derive 


| dnp(s)| S M+ M’e, 


where M’ is a suitably chosen number independent of m. Finally Carathéo- 
dory’s Lemma informs us that we have 


(5.8) | bap(z) — $p(2)| S Me, for |z| S p< 1, 


where M’’ depends on p but not on »; for it is true that ¢,(z) =¢,(0). Imme- 
diate use of equation (5.5) for /=p, p—1,---, 1 then gives inequalities 
similar to (5.8) where p is replaced successively by p—1, p—2, ---, 0, 
and finally we have 


(5.9) | Fa(z) — F(z)| S Mien, for |z| Sp <1, 


where My depends on p but not on ¢,. All of these inequalities have been 
established only if €, is sufficiently small, but do hold under such restrictions, 
provided merely that e, is defined by (5.6). 

We have given the derivation of (5.9) not for the most general situation 
of Theorem 2, but under the assumption that only the values of F,(z) and 
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of its first derivatives are assigned at the origin. In the general case, the 
formulas given are to be used, and followed by others of the form 


Yo(z) — _ 
M? — Yo(zo¥o(2) — 
Wno(Z) — Wno(Zo) _ 3 — 
M? — 1 — Zoe 
which correspond to (5.3) and (5.4) respectively. We have 
Yo(z) = F(z) or $p(0), = F,(z) or dnp(z), 


(5.10) vi(z) = M? 


(5.11) = M 


and of course we have Wo(Z0) =Wno(Z0). We compute now the analogue of (5.5): 
M? [Yno(z) — Yo(z) — 


1 — Zo2 


¥ni(z) — = 
A 


By reasoning similar to that already given we now obtain (5.9) as before, 
provided that ¢, is sufficiently small. This holds whether we have a single 
application of formulas (5.10) and (5.11), or repeated application, and also 
with or without further repeated application of formulas of the type (5.3) 
and (5.4). : 

This gives us indeed the most general situation under Theorem 2, for we 
can first transform an arbitrary point P to the origin, and use (5.3) and (5.4) 
to account for prescribed values of function and derivatives at P; then we can 
transform a second point P to the origin and account for the prescribed values 
at this new point by means of (5.10) and (5.11) followed if necessary by (5.3) 
and (5.4), and so on. The inequalities we are using and deriving are in 
character unaltered by transformations of the types used. 

Inequality (5.9) contains the essence of Theorem 2. 

Julia has recently used* a special case of (5.9) in a study to which more 
detailed reference will be made later. 

The discussion just given can be applied with ease by the methods of §4 
to the situation of Theorem 3. We introduce the notation 


M + = bound | r(z) — fa(z)| for |z] > 1,|2| <1. 
The functions F,,(z) are defined as in (4.6): 
Z— ai)(z — ae) -- + (2 — a,) 


— &2)(1 — Gz) --- (1 a2)’ 


(5.12)  Fr(z) = [r(z) — f,(z)] = 


* Annales de l’Ecole Normale Supérieure, (3), vol. 44 (1927), pp. 289-316. 


| 

| 
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thus (5.6) may equally well be used as a definition of ¢,. For €, sufficiently 
small, we have shown (5.9) to be valid. Direct computation by means of 
(4.6) and (5.12) then implies 


(5.13) | — f(z) | S Mien for |z| Sp <1. 


Inequality (5.13) follows from (4.6) and (5.12) first for |z| =p, where |a;|<p, 
but holding on the circle |z| =p holds also within this circle as well. 
6. Tchebycheff polynomials. A special sequence of approximating func- 
tions {f,(z)} or {F,(z)} which has interesting properties will now be studied. 
If #(z) is a continuous function defined on the closed limited point set C 
of the z-plane, then there exists* a unique polynomial 7,,(z) of degree} m such 
that 


(6.1) max | ¢(z) — m,(z)| , zonC, 
is less than the corresponding expression 
(6.2) max | $(z) — pa(z)|, zonC, 


for any other polynomial p,(z) of degree m. The polynomial 7,(z) is called 
the Tchebycheff polynomial of degree n for approximation to ¢(z) on C, and 
has many important and well known properties. The following theorem, 
whose various parts are due to various writers,{ will yield us the results on 
Tchebycheff polynomials contained in Theorems A and B. 


THeoreM 4. Let C be a closed limited point set (not a single point) of the 
z-plane whose complementary set with respect to the entire plane is simply 
connected. Denote by Cr the image in the z-plane of the circle |w|=R>1 when 
the set complementary to C is mapped onto the exterior of the unit circle in the 
w-plane so that the points at infinity correspond to each other. Then if f(z) is 
analytic in the closed interior of Cr, there exist polynomials p,(z) of respective 
degrees n=0,1,2,--- , such that we have 


(6.3) pale) | C, 041,20, 


where K is independent of n and z. 


* See §10 below. The theorem (due to Tonelli) assumes that C contains at least n+1 distinct 
points. 

That is, z,(z) can be written in the form ++ +an. 

t References are given by Walsh, Miinchner Berichte, 1926, pp. 223-229. In this theorem and 
below we tacitly assume that if the function f(z) is not defined on the entire point set considered, then 
the function is to be defined on the new points by analytic extension, or (what amounts to the same 
thing) by the convergent sequence of polynomials. 
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If the polynomials p,(z) are given so that (6.3) is valid for z on C, where 
f(z) is defined merely on C, then the sequence { p,(z)} converges interior to Cr, 
R>1, uniformly on any closed point set interior to Cr, and f(z) is analytic 
interior to Cr. Moreover, an inequality of the form 


is valid for z on and within an arbitrary Cr,, Ri<R. 


In particular, if f(z) is an entire function, the polynomials p,(z) exist so 
that for an arbitrary R>1 and for suitable K (depending on R), the inequality 
(6.3) holds, and the sequence {,(z)} converges over the entire plane, uni- 
formly on any closed point set. 

If in Theorem 4 the polynomials p,(z) are given so that (6.3) holds merely 
for n sufficiently large, say n= N, then arbitrary polynomials can be chosen as 
the p,(z), »<N, if those polynomials are not already defined, and for a 
suitably modified K the inequality (6.3) will hold for all values of . That is, 
it is still true that the sequence { p,(z)} converges interior to Cr, uniformly on 
an arbitrary point set interior to Cr. 

With the same notation as in Theorem 4, we can now prove* easily 


THeoreM 5. If f(z) is analytic interior to Cr and if m,(2) is the Tchebycheff 
polynomial for approximation to f(z) on C, then we have 


K 
(6.4) | f(2) — a(z)| zonC, Ri <R, 
1 


and the sequence 1,(2) converges throughout the interior of Cr, uniformly on 
any closed point set interior to Cr. 
Theorem 5 is a direct consequence of Theorem 4. For if an arbitrary 
<R is given, there exist polynomials p,(z) of respective degrees  =0, 1, 2, 
-++, such that we have 


Ki 
| f(z) — pa(z)| S —> zonc. 
Rr 
Since this inequality is valid for the polynomials ,(z) it is likewise valid for 


the Tchebycheff polynomials 7,,(z), so that (6.4) holds. By virtue of Theorem 
4, Theorem 5 now follows as stated. We note that if f(z) has a singularity 


* Theorem 5 was proved by Faber in the special case that C is a region bounded by an analytic 
Jordan curve, by a method quite different from the present one, Crelle’s Journal, vol. 150 (1920), 
pp. 79-106; p. 105. The present method applies also in the case of harmonic functions and harmonic 
polynomials; see Walsh, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544; 
p. 513. 


| 
| 
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on Cp, then (6.4) can hold for z on C and with R,>R for no sequence of poly- 
nomials {7,(z)}. 

When the function f(z) is analytic on C, it is immaterial whether we con- 
sider the Tchebycheff polynomial for approximation to f(z) on C or merely 
on the boundary of C. For the functions whose absolute values appear in (6.1) 
and (6.2) take on their greatest moduli on the boundary. It is natural, then, 
to restrict ourselves to point sets C which are boundaries of regions, and 
this is forced upon us if we consider, as we shall now do, functions with 
singularities interior to those regions. 


THEOREM 6. Let r(z) be a rational function of z with all of its singularities 
interior to C: |z|=1, and let x,(2) be the Tchebycheff polynomial of degree n 
for approximation to r(z) on C. Let the function f(z) (of Theorem 3) be analytic 
for |z|<R>1 but have a pole on the circle |z|=R. Then the sequence {x,(z)} 
converges to the limit f(z) for |z|<R, uniformly for |z|<Ri:<R. 


It is to be noted that f(z) is analytic for |z|=1, having on that circle the 
modulus M, and hence is analytic for |z| less than some R which is greater 
than unity. The Tchebycheff polynomials z,/ (z) for approximation to f(z) 
on C satisfy the inequality 

K 
| f(z) — zoncC, 


1 
by Theorem 5. Thus we can write 


K 


for z on C. This inequality, holding for the polynomial 7,/ (z), yields us 
the inequality 


K 
| r(z) — zonC, 
1 
which by (5.13) for ¢,=K/Rf yields 
| f(z) — ma(z)| S Re 


for z on the circle C’: |z|=p, where p is less than unity but is otherwise 
arbitrary. We apply Theorem 4 to the sequence {7,(z)} and to this circle 
C’, which yields the convergence of the sequence {7,(z)} for |z|<pRi, 
uniformly for |z|<p’<pR;. The numbers p and R; are arbitrary, subject 
merely to the restriction of being respectively less than 1 and R, so Theorem 6 
follows in.its entirety. 

Theorem 6 is obviously related to Theorem 3, but gives a more specific 
result concerning a more specific sequence of functions. There is an analogous 
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result related to Theorem 2, which involves the notion of Tchebycheff poly- 
nomials with auxiliary conditions. 

We consider as before a function ¢(z) continuous on a closed limited point 
set C. We consider all polynomials »,(z) of degree m which take on prescribed 
values at m points P not belonging to C; such polynomials surely exist if m 
is not greater than »+1. If the number of points of C is sufficiently large (see 
§10) it can be shown that there exists a unique polynomial 7,(z) belonging 
to this set of polynomials such that (6.1) is less than the expression (6.2) 
for any other polynomial p,(z) of the set. We shall call z,(z) the Tchebycheff 
polynomial for approximation to ¢(z) on C with the prescribed auxiliary con- 
ditions. It is permitted to consider the points P not to be all distinct, that is, 
the auxiliary conditions may involve not merely the values of the poly- 
nomials p,(z) and 7,(z) at the given points P, but also the values of the 
polynomials and their first kp derivatives at the points P. 

The situation of Theorem 2 corresponds to approximation on the circle C 
to the function ¢(z) =0, with the prescribed auxiliary conditions. 


THEOREM 7. Let the function F(z) of Theorem 1 be analytic for |z|<R>1, 
but have a pole for which |z|=R. Then the sequence of Tchebycheff polynomials 
1n(2) (for approximation on C to the function zero with the prescribed auxiliary 
conditions) converges to the function F(z) for |z|<R, uniformly for \z|<Ri<R. 


There exist, by Theorem 4, polynomials p,(z) of respective degrees n =0, 
1,---+, such that we have 
| F(z) — par(z)| zon C, 
Rt 
where Ri <R is arbitrary. For m sufficiently large there exist polynomials 
gn(z) of respective degrees n, equal in the prescribed points P to the functions 
F(z) — pn(z), and such that* 


n\Z = zon ‘ 
q 


* See Walsh, these Transactions, vol. 30 (1928), pp. 307-332; Lemma, p. 319. The proof is there 
given only for the case kp =O, but the general case can be treated inthe same way. This same proof of 
(6.6) holds also for approximation to the real function F(x) of the real variable x on an interval 
a<x3b, and shows that the introduction of auxiliary conditions, requiring that the approximating 
polynomials 2,(x) take on values of the function to be approximated at a finite number of preas- 
signed points of the interval (a, b), does not alter the degree of convergence of the sequence of Tche- 
bycheff polynomials, if that is of the form corresponding to an inequality 

| F(x) — ma(x)| S M> e(n), 
where M is independent of and ¢(m) approaches zero with 1/n. Compare Jackson, Bulletin of the 
American Mathematical Society, vol. 32 (1926), pp. 259-262, who proves the corresponding fact for 
approximation to continuous functions by trigonometric polynomials with auxiliary conditions. 
If it is a question merely of establishing (6.6) in the present case, the treatment given in §12.2 of the 
present paper suffices. 
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Hence we have for sufficiently large 
(6.5) | F(z) — [Pa(z) + gn(z)]| S 


at each point P we have 


» gonC; 


F(z) = pn(2) + , 


so the polynomial p,(z) + 9,(z), like the function F(z), satisfies the prescribed 
auxiliary conditions. Thus we have for the Tchebycheff polynomials 


+ K’ 


(6.6) | F(z) — w,(z)| »zonc, 


and Theorem 7 follows from Theorem 4. 

The notion of Tchebycheff polynomial is of course far more general than 
we have considered here. Let C be any point set, and F(z) a function defined 
on C, to be approximated on C by linear combinations of functions of the 
given set { xn(z)}. The function of the form 


(6.7) Zn(2) @1x1(2) OnXn(2) 
such that 
(6.8) bound | F(z) — 2,(z)| , z onC, 


is least is called the Tchebycheff polynomial 2,’ (z) of order m for approxima- 
tion to F(z) on C. It is also possible not to admit all functions of form 
(6.7) into consideration, but to require for instance auxiliary conditions as 
in the present paragraph. 

The Tchebycheff polynomial =,,(z) may or may not exist, and if it exists 
may or may not be unique.* It is always true, however, that the sequence 


M,, = bound | F(z) — 2, (z)| , z on C, 


decreases monotonically and hence approaches a limit, for the function 
>,/ (z) may also be considered a function 2,4:(z). It is also true that if the 
lower limit of (6.8) for all admissible functions 2,(z), m=1, 2,---,is a 
number M, then we have 


lim M, = M. 

For lim,.. M, can be greater than no expression (6.8). 
7. Regions more general than circles; approximation with auxiliary con- 

ditions. Theorems 1-3 hold with only obvious changes for simply connected 

regions} other than circles. The new theorems are proved from the old ones 

by means of conformal mapping of the new regions on the circle. 


* Compare Haar, Mathematische Annalen, vol. 78 (1918), pp. 294-311. 
¢ A region is an open connected point set. 
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THEOREM 8. Let B be an arbitrary simply connected region of the w-plane 
with the boundary C. Among all functions analytic interior to B each of which at 
k given points P of B takes on preassigned values for itself and its first kp 
derivatives, there exists a unique function G(w) which has the smallest least upper 
bound for its modulus in B. The modulus of this function G(w) approaches a 
constant value M as w remaining in B approaches C. 

If the functions G,(w) analytic in B satisfy the auxiliary conditions at the 
k points P, then 

lim [boundG,(w), win B] = M 
implies lim... G,(w) =G(w) for w in B, uniformly for w on any closed point set 
interior to B. 


Theorem 8 follows directly from Theorems 1 and 2, for under conformal 
mapping of B onto the unit circle in the z-plane, a function which takes on 
prescribed values at definite points of B corresponds to a function which takes 
on prescribed values at definite points in the interior of the unit circle, and 
conversely. Prescription of a certain number of derivatives at a point in the 
w-plane implies prescription of the same number of derivatives at the corres- 
ponding point of the z-plane, and conversely. Moreover, if w in B approaches 
C, then z, lying in the unit circle, approaches the circumference, and con- 
versely. 

A degenerate case occurs here if the region B is the entire w-plane, or the 
entire plane except for a single point. In this case the conformal map is 
impossible. If there exists a constant satisfying the prescribed auxiliary 
conditions, Theorem 8 is valid as stated, M being the absolute value of this 
constant. If no such constant exists, there is no function which satisfies the 
auxiliary conditions whose modulus in B has a finite upper bound. 

If the region B is bounded by an analytic Jordan curve C, a more explicit 
result than Theorem 8 can be established for the Tchebycheff polynomials 
with the prescribed auxiliary conditions; this new result is a generalization of 
Theorem 7, 


THEOREM 9. If in Theorem 8 the region B is the interior of an analytic Jor- 
dan curve C, then there exists some Cr such that the function G(w) is analytic 
for w interior to Cr but has a singularity on Cr. Then the sequence of Tchebycheff 
polynomials {7,(w)} (for approximation on C to the function zero with the 
prescribed auxiliary conditions) converges to the function G(w) for w interior 
to Cr, uniformly for w on an arbitrary closed point set interior to Cr. 


The proof here follows directly the proof of Theorem 7 and is omitted. 
A less explicit result can be obtained for much more general regions. 
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THEOREM 10. I/ in Theorem 8 the finite region B is such that its boundary is 
also the boundary of an infinite region, then the sequence {r,(w)} of Tchebycheff 
polynomials for approximation to the function zero on C with the given auxiliary 
conditions converges to the function G(w) in B, uniformly on any closed point set 
interior to B. 


Let B, be a sequence of closed regions bounded by analytic Jordan curves 
C, converging monotonically to C. That is, B and C,,4: are interior to C,, 
and no point not belonging to the closed region B lies interior to all the C, 
unless such a point cannot be joined to the point at infinity by a broken line 
which does not meet C. Let 7,.(w) be the Tchebycheff polynomial of degree 
n for the region B,, that is, having the least maximum modulus in that closed 
region and satisfying the given auxiliary conditions; these auxiliary condi- 
tions are simply that the polynomial should take on certain values at the 
given points P interior to B and do not depend on uw. Let M,, denote the 
maximum modulus of t,,(w) in B,—that is, on C,. 


We have the relation 


for Tyn(w) is a polynomial of degree m which satisfies the given auxiliary con- 
ditions, and its maximum modulus on C,,4: is less than or equal to M,,, its 
maximum modulus on C,, since C,4: is interior to C,; the equality can occur 
only if 7,,(w) is a constant. Hence the maximum modulus of 7,4:,,(w) on 
C,41 is less than M,n, or in case T,+41,n(w) is the same as7,,(w) and a constant, 
is equal to M,,. We have also the relation 


(7.2) My s Myn, 


for t,n(w) can be considered a polynomial of degree +1, and satisfies the 
auxiliary conditions. 

The region B is the kernel of the regions B,, and it follows* from the 
properties of the conformal map and from §3 that as uw becomes infinite the 
functions G,(w) (of Theorem 8) corresponding to the regions B, approach the 
function G(w) throughout B, uniformly on any closed point set interior to B. 
For map both B and B, onto the unit circle in the z-plane so that a definite 
point and direction in the w-plane correspond to one and the same point and 
direction in the z-plane. The difference between the mapping functions is 
small, uniformly in an arbitrary closed region interior to B, and can be 


* Carathéodory, Mathematische Annalen, vol. 72 (1912), pp. 107-144, chapter III. 
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made as small as desired by choosing yu sufficiently large,* and the same is 
true of the derivatives of the mapping functions. The auxiliary conditions 
for the Tchebycheff polynomials thus differ only slightly in the two cases, 
approximation in B and in B,, when we interpret the problem in the z-plane 
after mapping these respective regions on the unit circle. We now obtain 
the functions G(w) and G,(w) by mapping the unit circle on B and B, re- 
spectively, and these mapping functions differ but little from each other on an 
arbitrary closed point set interior to the unit circle; the difference can be 
made uniformly and arbitrarily small by choosing yp sufficiently large. Hence 
by §3 the difference between the functions G(w) and G,(w) can be made as 
small as desired on an arbitrary closed point set interior to B, by choosing yu 
sufficiently large. It follows likewise from §3 that 

(7.3) lim M, = M, 


where M and M, are respectively the maximum moduli of G(w) and G,(w) 
in B and in B,,. 

By virtue of the two relations (7.1) and (7.2), it follows that lim, n.oMyn 
exists, and that this limit is equal to 


(7.4) lim [ lim M,n]. 


By the method of proof of Theorem 9 we have lim,..M,.=M,, so by (7.3) 
we have (7.4) equal to M. Hence, by the monotonic character of the se- 
quence M,,, we have also 


(7.5) lim [ lim M,,] = M. 


n+ 00 


* The condition that the boundary of B should also be the boundary of an infinite region is 
precisely the form of condition necessary for the application of Carathéodory’s theorem, when we 
approximate B externally, as here with the regions B,. The region B may still be fairly complicated 
and in particular its boundary may separate the plane into more than two regions. The region B may 
be, for example, a strip which is closed at one end and approaches a circle by winding about it 
externally infinitely often. It is because the boundary of B may separate the plane into more than 
two regions and because of the corresponding difficulties after conformal mapping that the function 
f(z) of Theorem A is so restricted as to have no singularities except in B and in the infinite region of 
which C is the boundary; compare Theorem 15 below. 

Compare Julia, loc. cit., chapter ITI. 

The Tchebycheff polynomial with auxiliary conditions for approximation on an arbitrary closed 
limited point set C, to a function F(z) continuous on C and analytic in the interior points of C, is 
precisely the same as the Tchebycheff polynomial with those auxiliary conditions for approximation 
on the boundary C’ of the infinite region B’ consisting of all points which can be joined with the point 
at infinity by broken lines not meetingC. For the maximum on C of such a function as |F (z)—n (z)| 5 
where 7,(z) is the Tchebycheff polynomial, occurs on C’. Special cases of this fact are indicated by 
Julia for his particular auxiliary conditions. 
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The quantity M,’ here in square brackets is equal to the maximum modulus 
Mi’ on C of r,(w). For if we had <M,!, we should be able to find some 
region B, for which the Tchebycheff polynomial 7,,(w) =7,(w) likewise had 
in B, a maximum modulus less than M,,/, in contradiction with (7.1). The 
relation M,)<M,!' is likewise impossible, for the maximum modulus of 


Tun(w) in B is less than or equal to M,,, for B is interior to C,, hence M,/’ : 
is less than or equal to Myn. : 
The relation (7.5) can be written i 
lim M,’ = M, 

2 


which by virtue of Theorem 8 gives now Theorem 10. We might well state 
a more general result, for we have 


lim My, = M, 


so that we have proved the existence of the double limit 


lim tyn(w) = G(w) 


une 


throughout B, uniformly on any closed point set interior to B. a 
The most interesting auxiliary conditions in connection with Theorems a 

8-10 are 

(7.6) ™(0) = 0, (0) = 1, 


where the origin w=0 is interior to C. Map the region B onto the interior of 
the unit circle |z| <1 by means of the function w= ¢(z), s=y(w), so that w=0 
corresponds to z=0; the auxiliary conditions are equivalent to 7,[¢(0)]=0, 4 
7 [¢(0)]=1. This second relation is, by the formula 


dt, drt, dz 


dw dz dw 


equivalent to 


dtn 
dz 


= a, some constant not zero. 


The problem of approximation in B is equivalent to the problem of ap- 
proximation in the unit circle of the z-plane by functions of the form 
F,,(z) =az+a22?+a;2*+ ---, where a is prescribed but the values a; are not 
prescribed; the modulus of F,,(z) for |z|<1 is not greater than 


bound | a + + ase? + -| 
z\< 


whose minimum value (compare Carathéodory’s Lemma) is of course |a|. 
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The corresponding function F(z) is az, and the function G(w) is az=ay(w), 
which maps B onto a circle in the w-plane. 

Our general problem of Theorems 8-10 for the particular auxiliary con- 
ditions (7.6) has been studied in detail by Julia (loc. cit.), who has obtained 
for that case the principal results, with the exception of Theorem 9, that we 
have obtained in the more general case. 

8. Regions more general than circles; approximation to a rational func- 
tion. Just as we have extended Theorems 1 and 2 to the case of regions more 
general than circles, we shall now similarly extend Theorem 3: 


THEOREM 11. Let B be an arbitrary simply connected region of the w-plane 
with the boundary C, and let s(w) be a rational function of w with all of its 
singularities interior to B. Of all functions g(w) analytic interior to B, there 
exists a unique function g(w) such that 


(8.1) bound | s(w) — g(w) | for w in B approaching C 


is least; the function s(w) —g(w) is of constant modulus M on C,—that is, the 
modulus of s(w)—g(w) approaches a constant value as w in B approaches C. 
If the functions g,(w) are analytic for w in B, then 
(8.2) lim [bound | s(w) — ga(w)|] = M 


implies 


lim gn(w) = g(w) 


for w in B, uniformly for w on any closed point set in B. 


This theorem follows without difficulty from Theorem 3 by conformal 
mapping of the interior of B onto the interior of the unit circle in the z-plane. 
Under the map the rational function s(w) corresponds to a function of z: 


(8.3) s(w) = r(z) — si(z), 


where r(z) is a rational function of z and s,(z) is analytic for |z|<1. There 
exists a function f(z) for which 

bound | r(z) — f(z) | 

<1 
is least. Under the conformal map, a function analytic interior to B corre- 


sponds to a function analytic for |z|<1 and conversely, and |z|—1 implies 
w—C and conversely, so this upper bound is the same as (8.1), if we set 


(8.4) $i(z) + g(w) = f(z). 
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A unique minimizing function f(z) leads to a unique minimizing function 
g(w) and conversely. We can similarly identify (4.4) and (8.2) by setting 


si(z) + gn(w) = fa(z); 


equation (8.2) implies lim,..f,(2)=f(z), which implies lim,..g,(w) =g(w), 
uniformly as stated, so Theorem 11 is completely established. 

A degenerate case of Theorem 11 deserves special mention, when B is 
the entire w-plane or the entire plane except for a single point w=a. The first 
case has no meaning, for (8.1) of necessity refers to the boundary C and here 
C is non-existent. The second case is not difficult if we interpret (8.1) 
literally. All the functions g(w) which concern us are constants, and the least 
(8.1) is given by setting g(w)=s(a), so that (8.1) is zero. The second part 
of the theorem is also exact. In the future we shall not mention the possibility 
of the degeneracy of the region B; the reader can easily treat the new situa- 
tion, for instance in Theorem 14. 

In a special case we have a result more specific than Theorem 11: 


THEOREM 12. If in Theorem 11 the region B is the interior of an analytic 
Jordan curve C, the function g(w) is analytic for w interior to some Cr, but has 
a singularity on Cr. Then the sequence of Tchebycheff polynomials w,(w) for 
approximation on C to the function s(w) converges to the function g(w) for w 
interior to Cr, uniformly for w on an arbitrary closed point set interior to Cr. 


In the notation just used, we have by Theorem 4 the existence of a set 
of polynomials w,’ (w) of respective degrees m such that 


M 
| g(w) — wn (w)| S for won B+C, 
1 


where R;, is an arbitrary positive number less than R. The equation 


| r(z) — f(2)| = M, wonC, 


implies then 


M 
| s(w) — of (w)| $< M+—, 
Ry 


for s(w) =r(z) —f(z) ++g(w). We may obviously write, then, by the definition 
of the Tchebycheff polynomials w,(w), 


| s(w) — wa(w)| M+ 


Re 


we rewrite this inequality in the form 
| r(z) — [f(2) — g(w) + wn(w)]| M+ 
1 
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which holds for w in B approaching C, and hence for |z|<1, |z|—1. This 
inequality implies, by (5.13), 


M 
| Lf(z) — g(w) + wn(w)] — f(z)| 


for |z|=p<1, which is the same as 


| g(w) wn(w) | RP 
for w on an arbitrary Jordan curve C’ interior to C, where of course M’’ 
depends on C’. The fact that this inequality holds for an arbitrary Ri<R 
and an arbitrary curve C’ interior to C yields, by virtue of Theorem 4, 
Theorem 12 as stated. For when the curve C’ approaches the curve C uni- 
formly, then the curve Cz, (image in the w-plane of the circle |z|=R>1 if 
the exterior of C’ is mapped onto the exterior of |z|=1 so that the points at 
infinity correspond to each other) approaches the curve Cr, uniformly. This 
follows from Carathéodory’s results on conformal mapping. 
The analogue of Theorem 10 will now be proved. 


THEOREM 13. If in Theorem 11 the finite region B is such that its boundary 
C is also the boundary of an infinite region, then the sequence {w,(w)} of 
Tchebycheff polynomials for approximation on C to the function s(w) converges 
throughout B to the function g(w), uniformly on any closed point set interior to B. 


We consider the sequence of analytic Jordan curves C, exterior to B used in 
the proof of Theorem 10. The problem of approximation to s(w) on C, will be 
studied in connection with the problem of approximation to s(w) on C. Let 
g™(w) denote the function g(w) of Theorem 11 which corresponds to the 
former problem, and r(z) the rational function of z which gives the equiva- 
lent problem of approximation in the unit circle in the z-plane: 


(8.5) s(w) = 7(z) — s(w) — g(w) = r(z) — f(z), 
where w=¢,(z), the function which maps B, onto |z| <1 and has auxiliary 


conditions independent of yu. 
The singularities of the function 


(8.6) r(z) — f(z) = s(w) — g(w) 


(where w=¢(z), the function which maps B onto |z|<1 and has the same 
auxiliary conditions as the ¢,(z)) for |z| <1 differ but slightly from those of 
the function r(z)—f(z). For these singularities depend merely on the 
singularities of s(w) and on the values of the mapping functions and their 
derivatives in the neighborhoods of those singularities. The singularities 
vary continuously with the mapping functions (that is, the coefficients of 


= 
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the Laurent series for development about the singularities vary continuously) 
and so does r“)(z) —f(z), by §3 and equation (4.6). In fact we have 

lim [r™(z) — f(z)] = r(z) — f(z) 


uniformly for |z|<1, except in the neighborhoods of the singularities of 
r(z), for it is true that lim,.. ¢,(2)=$(z) uniformly for |z|<p<1. 
Let an arbitrary positive e be given. Choose uw so large that we have 


Me <M+— 


where M™ = |r(z) —f(z) | for |z|=1. Choose u so large that we have also 


| s(w) — g(w) | < Mo + — 


for w on C and hence for w in some neighborhood of C. This choice is possible, 
for we have as uw becomes infinite 


r(2) — f(z) = s(w) — g™(w) — f(2) 


uniformly in the neighborhood of the circle |z|=1 (indeed throughout |z| <1 
except in the neighborhood of the singularities of r(z)), where the second 
member of the equality is transformed by w=¢,(z). Under the transforma- 
tion, it is to be noticed, the point set C corresponds to a closed point set in 
the neighborhood of |z|=1, and this closed point set approaches |z|=1 
uniformly when yz becomes infinite. 

It is now possible, by Theorem 12, to choose the polynomial r(w) so 
that for a particular » (but sufficiently large to ensure the two inequalities 
just written) we have 


€ 
| g™(w) — r(w)| < 


for w in some neighborhood of C; in fact this inequality can be satisfied on 
and within C,. That is to say, we have 


(8.7) | s(w) — r(w) |< 
for w in the neighborhood of C. 
Inequality (8.7) informs us that there exists some polynomial 7(w) such 


that the left-hand member is less than M+e. It follows that the mono- 
tonically decreasing sequence 


max | s(w) — wn(w)|, for wonC, 
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which approaches a limit, can approach no limit greater than M. This se- 
quence can obviously, by Theorem 11, approach no limit less than M. Hence 
the limit of the sequence is M, and Theorem 13 is a consequence of Theorem 
11. 

The general problem of Theorem 11 is especially interesting if s(w) is of 
the form a/w, where a is a constant not zero. Under the transformation 
w=¢(z) we find that the function r(z) of (8.3) is of the form b/z, if (0) =0, 
so we refer to the problem of Theorem 3 where r{z) =b/z, #0. In this case 
we have f(z) =0, so 


b 
s(w) — g(w) = — fl) = — 


is a function which maps B onto the exterior of a circle of radius |5| in the 
z-plane, in such a manner that the point w=0 corresponds to the point z= 0. 
9. Approximation to more general functions. Certain generalizations of 
the results previously obtained are entirely obvious. Let the function 1;(z) 
have no singularities interior to C: |z| =1 other than a finite number of poles, 
ri(z) = r(z) + r2(z), 
where r(z) is a rational function of z with all of its singularities interior to C, 
and where r2(z) is analytic interior to C. Then the reader can easily prove 
(compare Theorem 3): Among all functions f'(z) analytic for |z|<1, there 
exists a unique function such that 
<1 
is least; this function f'(2) can be written f(2z)+12(z), where f(z) is rational. 
The function r;(z) —f'(z) is of constant modulus M on C. If the functions f, (2) 
are analytic for |z|<1, then 


lim [bound | ri(z) — fi(z)|] = M 


<1 


implies limn.. fi (2) =f'(z) for |z|<1, uniformly for |z|<p<1. 

Later theorems of §8 likewise have analogues in this new situation; we 
sketch the modifications to be made. We assume (compare Theorem 11) 
$5:(w) to have no singularities in B other than a finite number of poles: 

5i(w) = s(w) + s2(w), 
where s(w) is a rational function of w with all of its singularities in B and 
$2(w) is analytic in B. Of all functions g'(w) analytic interior to B, there exists 
a unique function such that 
bound | si(w) — g’(w) | 


win 
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is least; the function s,(w) —g'(w) is of constant modulus M on C—that is, the 
modulus of s:(w)—g'(w) approaches a constant value M as w in B approaches 
C. If the functions g,! (w) are analytic for w in B, then 


lim [bound | si(w) — (w)|] = M 

implies limn.o gn (w) =g’(w) for w in B, uniformly for w on any closed point 
set in B. 

Theorem 12 holds unchanged if s(w) and g(w) are replaced by s’(w) and 
g'(w) respectively. Theorem 13 holds also if, in our present notation, the 
function s2(w) can be uniformly approximated in B+C as closely as desired 
by a polynomial in w, and thus holds in particular if B is a Jordan region and 
so(w) is analytic in B, continuous in B+C. 

The situation of Theorem 1 is also easy to generalize. Let the function 
#(z) be given analytic interior to C: |z| <1; we consider the problem of de- 
termining the function ¢(z) also analytic for |z|<1, which takes on pre- 
scribed values at preassigned points ai, a2, --- , a, interior to C, and such 
that 


(9.1) bound | ®(z) — ¢(z)| , for|z| < 1, 


is least. Any function F(z) analytic for |z|<1 which takes on the values 
&(a;)—¢(a;) at the points a; can be written in the form 


(9.2) F(z) = ®(z) — $(z), 


where this equation defines ¢(z). Conversely, if ¢(z) is given, a corresponding 
function F(z) analytic for |z|<1 and taking on the values ®(a;)—¢(a;) at 
the points a; can be considered defined by (9.2). The entire problem of the 
existence, uniqueness, and determination of ¢(z) is equivalent to the problem 
of the existence, uniqueness, and determination of the function F(z) of 
Theorem 1 and can then be considered solved. The reader should have no 
difficulty in writing down the analogues of Theorems 1, 2, 7, 8, 9, 10. 

Suppose the function ®(z) is an arbitrary function of z with not more than 
a finite number of poles and no other singularities interior to C: |z| =1; we 
consider as in Theorem B the problem of determining the function ¢(z) 
analytic interior to C which takes on prescribed values at preassigned points 
Qi, Qe, - ~~ , a, interior to C and is such that 


(9.3) bound | b(z) — (z) | 


js} <1 


is least. Let 81, 82, - - - , 8: denote the poles of #(z) interior to C, each pole 
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enumerated the number of times corresponding to its multiplicity; then 
(9.3) is precisely the same as 


(z — Bi)(2 — - - - (2 — Bi) 
(1 — Biz)(1 — Boz) - - - (1 — Bis) 


(9.4) bound | [®(z) — ¢(2)] 
jel <1 
This last expression shows that our problem is equivalent to the problem of 
approximating the function 
(z — Bi)(z — Be) -- + (2 — Bi) 
(1 — Biz)(1 — Boz) -- - (1 — Bz) 
which is analytic interior to C, by the function 
(2 — Bi)(z — Bs) - (2 — By) 
(1 — Biz)(1 — B22) -- - (1 — Bz) 
also analytic interior to C, a problem of the type just considered. Deter- 
mination of the function ¢(z) with the prescribed auxiliary conditions leads 
to the determination of ¢,(z) with the conditions 
(as — Bi)(ai — Bo) - + (as — Bi) 
= 
(1 — — - - (1 — Bias) 

and reciprocally, determination of ¢,(z) with these auxiliary conditions leads 
to the determination of $(z) satisfying the prescribed conditions. Obvious 
alterations in these conditions are here necessary if the 8; are not all distinct, 
or if derivatives of ¢(z) are prescribed as well as functional values. The 
usual conventions suffice, however, even if some of the a; coincide with some 
of the Bj. 

We add a remark on the degrees of the functions involved. The function 
F(z) =,(z)—¢,(z) is the minimizing function (as in Theorem 1) corre- 
sponding to k+/ auxiliary conditions and hence is of degree less than k+/. 
We have 


= $(2) 


(¢=1,2,---, 


1— Bz)(1 — 
6) ~ « (1 — Biz)(1 — Baz) - ( 
(2 — B1)(2 — Bx) -- - (2 — Bi) 
which is therefore of degree less than k+21. 

We state the result as a theorem not in the z-plane but after conformal 
mapping onto the w-plane; the detailed reasoning involved is already 
familiar to the reader. 

THEOREM 14. Let B be an arbitrary simply connected region of the w-plane, 


with the boundary C. Let V(w) be analytic in B except possibly for a finite 
number of poles. Let y(w) denote generically a function analytic in B which at 
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k given points P of B has preassigned values for itself and its first kp derivatives. 
Then a unique function p(w) exists so that 
bound | — ¥(w) | 
win B 
is least. The modulus of V(w)—y(w) approaches a constant value M as w re- 


maining in B approaches C. 
If the functions p,(w) analytic in B satisfy the auxiliary conditions, then 


lim [bound | ¥(w) —¥,(w)|] = M 


implies 


lim ¥n(w) = ¥(w) 


for w in B, uniformly on any closed point set interior to B. 


Theorem 14 can be interpreted as a direct extension of Theorem 1, where 
not only finite but also infinite values of the function may be assigned at the 
k’ points P (i.e., analogous to the points P of Theorem 8) interior to B. These 
k’ points P are of course the k points P of Theorem 14 plus the poles of ¥(w) 
interior to B. That is to say, we consider the class of functions ¥(w) —y(w) 
of the form 
a_q(w— p)-*+ a_gyi(w— + ---+ao+ai(w— 

+ an(w — p)™ + bmii(w — 
where at each of the k’ given points P: w= p, the numbers a; (depending on P) 
are prescribed and the numbers 3; are not prescribed; the restriction m>0 
or m=0 is not made. We naturally consider as a measure of the modulus of 
F(z) =V(w) —y(w) not the upper limit in B of the modulus of the function, 
but as in Theorem 11, 
bound | ¥(w) — ¥(w)| . 

win B 
There is no difference in these measures of the modulus of F(z) if F(z) is 
analytic interior to B (mapped on the unit circle in the z-plane) but of course 
there is a difference if the auxiliary conditions involve poles of F(z). There 
exists a unique function F(z) =V(w)—y(w) of this class whose least upper 
bound for w in B approaching C is less than the least upper bound for w in B 
approaching C for any other function of the class. This function is rational 
in z (that is, when B is mapped on the unit circle in the z-plane) and of con- 
stant modulus M on C, in the sense that 

Tim, | — | = 


win B 
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An arbitrary rational function r(z) of constant modulus on y: |z| =1 can 
be written in the form 


(2 — — a2) - — a,)(1 — Biz)(1 — Bez) - - - (1 — Bz) 
(1 — az)(1 — --- (1 — a2)(2 — Bi)(z — Br) --- (2 —B,) 
Let r(z) not be identically zero and let a1, a2, - - - , a, denote the zeros of 


r(z) interior to y and fj, Be, - - - , B, the poles of r(z) interior to y. Then the 
function 


r(z) = K 


(1 — az) --- (1 — a,2)(z — Bi) - - - (@ — B,) 
(2 — a) +++ (2 — @,)(1 — Biz) -- - (1 — 


is analytic and different from zero on and within y and of constant modulus 
on ¥, hence is a constant. 

It is perhaps worth while to give the details of the proof of the following 
addition to Theorem 14: 


THEOREM 15. Suppose B is a finite region whose boundary C is also the 

boundary of an infinite region; and suppose when we write 
V(w) = Vi(w) + ¥2(w), 

where V,(w) is a rational function of w and has in B precisely the singularities 
of Y(w) and is analytic on and exterior to C, the function ¥.(w) can be uniformly 
approximated on B+C as closely as desired by a polynomial in w; then the 
sequence {w,(w)} of Tchebycheff polynomials for approximation on C to the 
function V(w) with arbitrary given auxiliary conditions, converges to the func- 
tion ~(w) of Theorem 14 throughout B, uniformly on any closed point set in- 
terior to B. 

If moreover C is an analytic Jordan curve, and if the function Y(w) is an- 
alytic on and interior to Cr, then the sequence {w,(w)} converges uniformly on 
and within Cr. 


We prove first the second part of Theorem 15. We have by Theorem 4 


the existence of a sequence of polynomials w,/(w) of respective degrees n 
such that 


r(z) 


M' 
| ¥(w) — wn (w) | for won B+C. 


These polynomials w, (w) are chosen also to satisfy the given auxiliary con- 
ditions; the function ¥(w) satisfies those conditions and hence (as in the proof 
of Theorem 7) the polynomials w,’ (w) can likewise be chosen to satisfy them. 


We have also 
Jim, | Y(w) — ¥(w)| = M, 


win B 
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and thus derive 


M 
| ¥(w) — ws (w)| M+ for w on C. 


It follows by the definition of the Tchebycheff polynomial w,(w) that we have 


7 


M 
| — wn(w)| S M for w on C; 


the result as stated in the theorem now follows as in the proof of Theorem 12. 
It will be noticed that by (9.4) an inequality of type (5.13) holds indiffer- 
ently for approximation to functions of type ®(z) as used in (9.3) by a se- 
quence of functions of type ¢(z), or for approximation to functions of type 
#,(z) by a sequence of functions of type ¢,(z). 

We turn now to the proof of the first part of Theorem 15. Consider new 
auxiliary conditions, so that the prescribed values for the new polynomial 
w’’(w) now to be introduced differ from those of w,(w) by the values of 
W.(w) in the respective points: 


w'’(w) + V2(w) = w,(w), when w is a point P. 


It follows from the proof of Theorem 13 by the use of the reasoning used in 
the proof of Theorem 7, that a polynomial w’’(w) of some degree m exists 
which satisfies the new auxiliary conditions and is such that we have 


(9.5) | — V2(w)] — | M+ for w on C, 


where ¢€ is arbitrary but preassigned. For it is obvious that if in Theorem 14 
the function ¥(w) is replaced by Wi(w) =W(w) —¥2(w), and the auxiliary 
conditions satisfied by ¥(w) are replaced by the values of ¥(w)—W.2(w) at 
the points P, then ¥(w) is replaced by ¥(w) —W.(w) and M is unchanged. 

There exists by the hypothesis on Y.(w) and by the use of an auxiliary 
theorem,* a polynomial w(w) which takes on the same values as ¥2(w) in 
the points P and is such that 


| Wo(w) — w(w) | ‘> for w on B+C. 


There results by means of (9.5) the inequality 
| — [w(w) + w’(w)]| S M+e, for wonC, 


* Walsh, these Transactions, vol. 30 (1928), pp. 307-332; Theorem X, p. 319. See also the proof 
of Theorem 7 of the present paper. 
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and the polynomial w(w)+w’’(w) satisfies the given auxiliary conditions 
for the w,(w). That is, the greatest lower bound of 


| — x(w)| , for wonC, 


for all polynomials +(w) satisfying the auxiliary conditions, is not greater 
than M, so we have 

lim [bound | ¥(w) — w,(w)|, w on C] = M, 
and the desired result is a consequence of Theorem 14. 

We mention explicitly that if an arbitrary function ¥,(w) has no singulari- 
ties other than in the infinite region of which C is the boundary, then on 
B+C the function ¥.(w) can be uniformly approximated as closely as de- 
sired by a polynomial in w* and hence satisfies the conditions of Theorem 15. 

It would be interesting to study the approximation on C by polynomials 
of a function with singularities other than in B and in the infinite region 
of which C is the boundary; this problem arises only when C separates the 
plane into more than two regions, and for the present the problem must 
remain unsolved. 

There are evidently other questions that are left unanswered by the pres- 
ent treatment. Is it true? that if the region B in Theorem 15 is a Jordan 
region the sequence-{w,(w)} converges uniformly to the function ¥(w) in 
the closed region? What can be said if in Theorem 15 the function ¥(w) 
is simply an arbitrary function continuous on C? What are the facts if in 
Theorem 14 we do not require the number of points P to be finite? Under 
suitable restrictions much of the reasoning we have given can be extended 
with ease—for instance the proof of the existence of the minimizing function 
in Theorem 1 holds for approximation on C to an arbitrary limited function 
(continuous or not) defined on C—but under other conditions it may happen 
(compare Nevanlinna, loc. cit., Abschnitt II) that the discussion given re- 
quires substantial modification. 

10. Existence and uniqueness of the Tchebycheff polynomial with 
auxiliary conditions. For the situation of Theorem 15, the existence of the 
Tchebycheff polynomial with auxiliary conditions follows (in case the degree 
of the polynomial is so large that it is possible to make the polynomial satisfy 
the auxiliary conditions) from Montel’s theory of normal families of func- 
tions. For the class of all polynomials w,(w) of a given degree n satisfying 
the auxiliary conditions, the number 


* Walsh, Mathematische Annalen, vol. 96 (1926), pp. 437-450; footnote, p. 441. 
+ The corresponding question is raised by Julia (loc. cit.) for the special problem treated by him, 
but is not answered. 
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@, = max| — w,(w)| , for w onC, 


has a greatest lower bound b. There exists a sequence of polynomials w,{* (w) 
all of degree m such that 


lim [max | ¥(w) — wn‘ (w)| , for won C] = b. 


From this sequence can be extracted a subsequence which converges in B, 
uniformly on an arbitrary point set interior to B. The limit of this subse- 
quence is then a polynomial w,(w) of degree m which satisfies the auxiliary 
conditions, the convergence is uniform in B+C, and we have for this par- 
ticular polynomial 


b = max| — wn(w)| , for w onC. 


The existence of the Tchebycheff polynomial with auxiliary conditions 
can, however, be established under much more general conditions.* We do 
not dwell on this point, but turn to the proof of the uniqueness of the 
Tchebycheff polynomial. 

It is worth remarking that the proofs we have given for the convergence 
properties of the sequence of Tchebycheff polynomials do not depend in 
any way on the uniqueness of those polynomials, so that the material about 
to be given is not logivally necessary by way of justification. 


Let f(z) be an arbitrary function of 2 continuous on a closed limited point set 
C containing at least n+-2 points.| Then the Tchebycheff polynomial r,(z) of 
degree n for approximation to f(z) on C with the auxiliary conditions 


(10.1) n(ai) = Yi (¢=1,2,---, 
is unique provided n=k—1 and provided that y;=f(a:) if a; is a point of C. 


Special cases occur here if some of the points a; coincide with each other, 
so that (10.1) is considered to restrict not merely 7,(a;) but also one or more 
derivatives of the polynomial for the value z=a;; we use k to denote the 
total number of equations (10.1), not the number of distinct points a;. It is 
not necessary for the truth of this theorem so to restrict the values of these 
derivatives of the Tchebycheff polynomials, if any are prescribed, that they 
coincide with the derivatives (if any exist) of f(z), even if a; is a point of C. 

The proof which follows is, except for minor changes due to the introduc- 
tion of the auxiliary conditions (10.1), precisely the proof given by Tonelli 
for the case k=0.{ For that reason, we give the proof merely in outline and 


* By the methods used by de la Vallée Poussin, Approximation des Fonctions, Paris, 1919, p. 75. 
t The proof holds, with only minor modifications, if we have but +1 points in C. 
t Annali di Matematica, (3), vol. 15 (1908), pp. 108-113. 
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refer to Tonelli for the details.* 

Let 7,(z) denote a Tchebycheff polynomial of degree u, and consider the 

difference 

— = Y(2), 
which is likewise continuous on C and has on C a maximum modulus u. 
We shall prove first that the number of distinct points of C in which Y (2) reaches 
its maximum absolute value is greater than n—k-+1. 

We suppose the contrary, that |Y(z) | reaches its maximum absolute value 
in the points 2, %,---, 2, of C, where ySn—k+1. It will be noticed that 
no point z; coincides with an a;. Let P(z) be a polynomial of degree m (i.e. 
in the sense of §5) such that 

P(z;) = (¢=1,2,---,»), 

P(a;) = 0 (¢=1,2,---,&), 
where the second equation is to be interpreted as requiring the suitable 
derivatives of P(z) to vanish if the a; are not all distinct. Such a polynomial 
P(z) of degree n always exists. 

Let an arbitrary positive «<yu/2 be given. By the continuity of the 
functions Y(z) and P(z) on C, there exists a 5 so that |z’—z’’| <6 implies 


| — V(2")| | P(2’) — <e. 
Denote by C’ the point set common to C and the circles 
(10.2) |z—2;| <4, 


and by C’’ the complementary set with respect to C. On C’’ the function 
Y(z) has a maximum absolute value p’’ <p: 


|¥(z)| Su”. 
On C, the polynomial P(z) has some maximum modulus M. 
If the positive number w is chosen less than (u—p’’)/(2M), we have 
| wP(z)| < (u — 
for zon C. If w is chosen sufficiently small, still less than (u—y’’)/(2M), we 
have (Tonelli, loc. cit., pp. 110-111) 


(10.3) | V(z) — wP(z)| <p’ <u 


for z on C’; this inequality is proved first for each individual circle (10.2), 
where y’ depends on the circle, and hence follows for the entire point set C’. 


* The present writer takes exception to the corresponding discussion given by Julia, in particular 
to the statement (loc. cit., pp. 291-292) “en tout point od |x,| atteint son maximum, |Q,| atteint 
aussi son maximum.” The fact is of course true, but one cannot conclude a priori without further 
demonstration that |Q,| attains its maximum in more than a single point in which | x,| attains its 
maximum. 
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But we have for z on C’”’ 
| f(z) — [wn(z) + wP(2)]| = | — wP(2)| S| ¥(2)| +] oP(2) | 
pop” 
2 


We have thus exhibited a new polynomial 7,,(z)-+wP(z) of degree » which 
satisfies the auxiliary conditions and which by (10.3) and (10.4) deviates 
from f(z) on C by a quantity in absolute value less than uw, which contradicts 
the assumption that 7,(z) is a Tchebycheff polynomial. 

The uniqueness of the Tchebycheff polynomial will now be established 
from the fact just proved, that the difference Y(z) reaches its maximum 
absolute value in more than m — k+1 points. Assume two Tchebycheff poly- 
nomials of degree to exist, 7,(z) and 7, (z), and let u have the same signi- 
ficance as before. Then we have for z on C 


+ (2)| _ | f(@) | (2) | 


(10.5) | f(z) = 


(10.4) 


so that [1,(z)+7,/ (z)]/2 is likewise a Tchebycheff polynomial of degree 
n which satisfies the given auxiliary conditions. The left-hand member of 
(10.5) can equal yw for a particular value of z only if both of the two terms 
in the next member have the value »/2, and indeed only if the two expressions 


S(2) — — (2) 


are equal for this particular value of z. There are, as we have just shown, at 
least n—k+2 distinct values of z (necessarily distinct from the a;) at which 
the left-hand member of (10.5) has the value y, so there are at least n—k+2 
distinct values of z different from the a; at which 7,(z) and 7,/ (z) are equal. 
The difference of these two polynomials has at least n+2 common roots, if 
possible multiple roots at the a; are counted according to their multiplicities, 
so this difference vanishes identically, the polynomials 7,(z) and 7,/ (z) are 
identical, and the theorem is completely established. 

The simplest possible examples show that the theorem fails if there is 
omitted the restriction y;=f(a:) when a; is a point of C. 

11. Convergence and divergence of approximating sequence on the 
boundary. We are not in a position to give a complete discussion of the 
convergence on the circumference C of the sequence {F,(z)} of Theorem 2, 
but we shall give here certain positive and negative results concerning this 
convergence. We have already given (§4) an example to show that lim,.. 
F,(z) =F(z) may fail at a single point of C, even when the functions F,,(z) 
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are analytic on as well as within C. At exceptional points it may occur that 
we have lim,.. F,(z)=0. Indeed, if we choose 


2 2 
F,,(z) = (2-1) —1]+n/(n +1), 


we have fulfilled the requirements (in particular F,(0) =1) of the functions 
considered in §4 with reference to Theorem 2, and in addition we have 


lim F,(z) = 0 for z = 1. 


We shall now give an example to show that in Theorem 2 the equation 
lim, F(z) =F (z) may fail at every point of C. We make use of the function 
considered in §4: 

®,,(z) = —1)+1/( n+1) 
so! that {we have ®,,(1) >1; &,(—1) > 1, 
There exists a positive quantity 6, such that for |@|<0, we have 


| ®,,(e**) | < 


and for |@—7|<6, we have 
| | > 1. 


Choose NV, such that 1/N,,<0,/(27). We shall use an N,th root of unity: 


= 


Consider the sequence {F,(z)}: 
P3(ws2), Ps(wPz), , 


where the rows of functions ®,(w,'z) are taken in order. The conditions of 
Theorem 2 (in particular F,(0)=1) are satisfied, the functions F,(z) are 
analytic even for |z|=1, yet lim,... F,(z) exists for no value of z on C. 
Indeed if an arbitrary z=z on C is chosen and an arbitrary N, then there 
exist NV’ and N”’ such that 


| Fy’(zo) | < N’>N, 
| Fw*(zo) | > 1, >N. 


We shall find it convenient to introduce some new terminology. Given 
the function f(z) and the sequence of functions {f,(z)} defined on a certain 
point set Z. Suppose that when an arbitrary e>0 is given there exists V 


such that 
—f(2)|<e, n2N, 


n+ 2 
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except perhaps on a point set £, of measure less than e. Then we shall say 
that the sequence {f,(z)} is guasiconvergent or quasiconverges to the function 
f(z) on the given point set, and we write 

qm fn(2) = f(z). 
Actual convergence need not take place—in fact it will appear later that 
the sequence of functions F,(z) defined above in terms of the functions 
®,(w,'z) quasiconverges on the circumference C to the function unity. 

The notion just introduced is related to Weyl’s essentially uniform con- 
vergence. The sequence ¢,(z) converges essentially uniformly on E to the 
function ¢(z) if, when an arbitrary e>0 is given, the sequence ¢,(z) converges 
uniformly on E to ¢(z) except perhaps on a point set of measure less than e. 


If the sequence {f,(z)} quasiconverges on E to the function f(z), then from 
every subsequence of the {f,(z)} can be extracted a new subsequence which 
converges on E essentially uniformly to f(z), and conversely, if from every subse- 
quence of the functions {f,(z)} can be extracted a new subsequence which 
converges on E essentially uniformly to f(z), then the original sequence quasi- 
converges on E to the function f(z). 


We prove first the direct theorem. Let e€>0 be given and let Ni, No, - - - 
be the numbers in the definition of quasiconvergence corresponding to the 
values €/2, €/4, €/8,---. Let fu,(z), Mi2=Ni, be a function of the given 
subsequence. Then the new subsequence is to be {fu,(z)} and we have 


€ € 
| fu,(z) — f(z) | < except perhaps on a set of measure < 


€ € 
| fu (z) — f(z) | < except perhaps on a set E, of measure < = 


Thus the sequence {fx,(z)} converges on E uniformly to the function f(z) 
except perhaps on the point set Z,,:+2£,42+ ---, whose measure is less 
than €/2”. 

Let us prove now the converse theorem. If the theorem is not true, there 
exists an e>0O and an infinity of indices m, m2, - - - , such that 

| — f(z)| 

on a point set of measure not less than e. Then from the sequence {f,,(z)} 
can be extracted no subsequence which converges on E essentially uniformly 
to f(z), which contradicts our hypothesis. 

A theorem due to Egorofi* is of interest here. 


* Paris Comptes Rendus, vol. 152 (1911), p. 244. 


i 

ig 
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If E be a measurable set of finite measure, a necessary and sufficient condition 
that a sequence {f,(z)} of measurable functions should converge to a function 
f(z) almost everywhere on E is that the sequence {f,(z)} converge essentially 
uniformly to f(z) on E. 


In the present paper we are concerned only with measurable functions. 
We combine Egoroff’s theorem with the preceding one: 


If E be a measurable set of finite measure, a necessary and sufficient condition 
that a sequence {f,(z)} of measurable functions should quasiconverge to f(z) on 
E is that from every subsequence of the {f,(z)} can be extracted a new subsequence 
which converges almost everywhere to f(z) on E. 


We use the concept of quasiconvergence in a preliminary theorem: 


Let the single auxiliary condition of Theorem 2 be F,(0)=1. Then we have 
for the sequence {F,(z)} of Theorem 2 in the sense of quasiconvergence on the 
circumference C, 

qlim F,,(z) = 1. 

Each function F,,(z) is, at least for » sufficiently large, uniformly bounded 

interior to C. It follows from a well known theorem due to Fatou that 


lim F,(pe*) , = pe, 
pol 


exists for almost all values of ¢. These values are the values of F,(z) to 
which we refer in the theorem to be proved. 
If C’ is the circle |z|=p<1, then we have Cauchy’s integral 
1 F,,(z) 1 
F,(0) = 1 = — ds=— ff 
2rd 

for on C’ it is true that z=pe*, dz =ipe**d¢ =iz dd. If in this formula we take 
the limit as a sequence of values p approaches unity, the function F,,(z) on C’ 
approaches the limit F,(z) on C almost everywhere (i.e. for all values of 
except at most a set of measure zero), and the functions F,,(pe**) are uniformly 
bounded with respect to p and ¢ for each value of n. It follows from a theorem 
due to Lebesgue that we may integrate term by term: 


1 
1= — 


Our theorem is now intuitively obvious. The values F,(z) can be plotted 
in the complex plane. If the values are suitably weighted, their average is 
unity, for the integral taken over C can be interpreted as an average. This 
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average lies on or within the smallest convex polygon which contains all 
the points F,(z), and lies on the polygon itself only in case the polygon 
degenerates. If lim,... [max|F,(z)|] =1, and if the average of the points 
F,(z) is always unity, then the values of F,(z) itself can differ but little from 
unity; if 7 is sufficiently large this difference must be small except on a point 
set of small measure. In considering the average, values F,(z) which are 
taken on only on a set of points of zero measure may be neglected, and the 
theorem does not regard such values in the conclusion. 

The intuitive proof just given can be expressed in more rigorous terms. 
We show that if an arbitrary »>0 be given, then WN exists such that 


|F,(z) Sn, forn N, 


except perhaps for z on a point set of C of measure less than or equal to 7. 
If this statement is not exact, then there exists a positive 7 such that 


| Fn(z) 1| 


for z on a point set EZ, of C of measure greater than 7 and for an infinity of 
subscripts m. We use our original notation F,(z) for the functions of this 
subsequence and shall reach a contradiction. Choose ¢€ so small that 
|F,(2) |<1+e together with |F,(z)—1|>7 implies 


R[Fr(2)] <a’ <1, or R[1 — > 7’, 
for some n’>0, where the symbol ® denotes the real part of the quantity 
which follows it. Such an ¢ exists, as is obvious geometrically; it is sufficient 


to choose «<(1-++7?)'/2—1. Choose € so small also that we have 


nn’ 


e< 
2x — 7 


On the one hand it follows that 


1 
J [1 = 0, 


and on the other hand that 


1 1 
=— | —F,(z)]do + — R[ 1 — 
z, ) 


~ 


0, 


q 
4 
| 
4 
| 
4 
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which is a contradiction. In the proof, C(Z,) denotes the set complementary 
to E,, whose measure is not greater than 27—7, and we have used the fact, 
obvious geometrically, that if |F,(z)|<1+e, then R[1—F,(z)]>—e. 

Our preliminary theorem is now established, and leads to another pre- 
liminary theorem: 

Let the single auxiliary condition of Theorem 2 be F,(0)=1. Then we have 
on the circumference C 


lim | — 1] dd = 0. 
no 0 
Indeed we can easily establish the following: 


If the uniformly bounded sequence of measurable functions {F,(z)} quasi- 
converges to the function F(z) on the point set E of finite measure, then we have 


lim | |F,(z) — F(z)|?|dz| =0, p>0. 


Assume |F,(z) | <M, and let m be the measure of E. Then if an arbitrary 
positive ¢ be given, there exists NV so that we have, forn=N, 


| — F(2)| <e 


except perhaps on a point set E, of measure less than e. Let C(Z,) denote the 
set complementary (with respect to £) to E,. There follows 


f | Fa(s) — F(2) || do | 
E C(E,) 


+ | F(z) — F(z) |? | dz| < me? + 


E, 


which approaches zero with ¢, and the theorem is proved. 
It is interesting to notice that the single condition 


lim |F.(s) p>odO, 
0 


no 


for z on C implies the result, in the sense of quasiconvergence on C, 


qlim F,(z) = 1. 


n+ 


In fact, the corresponding condition in the general case 


lim | F(z) — F(z) =0, p>d, 
Cc 
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implies, in the sense of quasiconvergence on C, 
qlim F,(z) = F(z). 


Otherwise we should have, for some e>0 and for an infinity of indices n, 
| Fx(z) — F(z)| 


on a point set of measure greater than or equal to e, and hence for those 
indices 


c 


which is impossible. 
The results we have now established lead directly to the following: 


In Theorems 2 and 3 we have, in the sense of quasiconvergence on the cir- 
cumference C, 
qlim F,(z) = F(z), — qlim f,(z) = f(z). 


no 


We have also 


lim | |Fa(2) — F(z) |"de=0, lim | | falz) — fle) = 0, p>O. 
JC JC 

Transform the functions F(z) and F,(z) as in §5, using formulas (5.3), 
(5.4), (5.10), (5.11), repeated as often as necessary and in the proper order. 
In the last stage we have a situation of type 

Gni(2) ¢i(2), | | < 1, 

where ¢;(z) is identically a constant ¢; of modulus M, and where the auxiliary 
conditions to which the ¢,;(z) are subjected are of the form ¢,;(z’) =, where 
z’ is a particular point interior to C. At this stage the theorem is true, as is 
obvious by considering the functions ¢,;(z)/¢;, and by transforming with the 
substitution w=(z—z’)/(1—2’z). For these transformed functions, the 
theorem reduces to the special case already considered. Hence by trans- 
forming again by the inverses of the previous transformations, in the inverse 
order, we see that the result stated is valid for F(z) and F,(z) and therefore 
for f(z) and f,(z). 

It is conceivable that there should be difficulty in this application, due to 
the fact that the normal to C does not remain the normal to C under trans- 
formations of the form w=(z—z’)/(1—2’z). This difficulty is apparent rather 
than actual, however, for Fatou’s theorem applies to approach to C not 


no 
| 
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merely along the normal to C but also in any way in a triangle interior 
(except for a single vertex) to C.* 

The result on quasiconvergence just proved can, by conformal mapping, 
be extended to an arbitrary simply connected region B in the situation of 
Theorem 14, provided that the boundary values of the functions y,(w) are 
suitably defined—let us say by normal approach to the boundary after B 
is mapped onto a circle—and provided that the term measure on C is also 
properly interpreted, perhaps by measure on the unit circle when B is mapped 
onto its interior. If B is the interior of a rectifiable Jordan curve, however, the 
boundary values can be taken by approach along the normal to C, and the 
definition of measure can be taken in terms of arc length on C. For a point 
set of zero measure on the curve C corresponds to a point set of zero measure 
on the unit circle, and conversely. Moreover, approach almost everywhere 
to the boundary C of B in a triangle in B means approach almost everywhere 
to the boundary of the unit circle in a triangle in that unit circle, and recipro- 
cally, for if B is mapped onto the interior of the unit circle, the mapping is 
conformal almost everywhere on the boundary.{ The result 


lim |F,(z) — F(z) |"ds = 0, p>O, 
c 


also naturally persists under the present circumstances, that B is bounded by 


a rectifiable Jordan curve C. 

In the numerous cases we have considered of approximation by Tcheby- 
cheff polynomials on the boundary C of a region B in the w-plane, the question 
of boundary values of the approximating functions F,(z) is automatically 
answered. For the Tchebycheff polynomials are continuous on and within 
the boundary C, and under conformal mapping approach to the unit circle 
7 in the z-plane corresponds to approach to the boundary C in the w-plane. If 
z approaches along the radius a point of 7 so that the corresponding point w 
approaches an accessible point of C, then a unique limit for the corresponding 
functional values of the approximating functions obviously exists in the 


* It is not intended to imply, nor is it essential to our argument, that whenever the limit for radial 
approach exists, then the limit in this new sense also exists. It is sufficient for our purpose that the 
limit in this new sense exists almost everywhere. 

t This theorem is due to Lusin. See Lusin and Privaloff, Annales de l’Ecole Normale Supérieure, 
(3), vol. 42 (1925), p. 156. 

t Carathéodory, Schwarz Festschrift, Berlin, 1914, pp. 19-41; pp. 40-41. It is there shown that 
the existence of a tangent implies conformality on the boundary, but for a rectifiable curve a tangent 
is known to exist almost everywhere. The method of proof used here gives a proof of Denjoy’s exten- 
sion of Fatou’s theorem, to regions B bounded by arbitrary rectifiable Jordan curves. Compare 
Denjoy, Paris Comptes Rendus, vol. 168 (1919), p. 387. 
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w-plane and hence also in the z-plane. By Fatou’s theorem, w can fail to 
approach a limit when z approaches y along a radius at most on a set of 
measure zero on 7, so almost everywhere on C the actual boundary values of 
the Tchebycheff polynomials are the boundary values in the sense of Fatou in 
the z-plane, provided “almost everywhere” is interpreted in terms of measure 
on the unit circle y in the z-plane. 

It is interesting to note that the result we have proved for quasiconver- 
gence on the boundary C implies convergence in the interior of B. We prove 
the general result in the z-plane, which implies the result also in the w-plane. 


If the sequence of functions {F,(z)} each analytic and bounded interior to 
C: |z|=1 is uniformly bounded almost everywhere on C (that is, the sequence of 
boundary values taken on almost everywhere is uniformly bounded) and ap- 
proaches on C in the sense of quasiconvergence the function F(z), the boundary 
values* (taken on almost everywhere on C) of a function F(z) analytic and 
bounded interior to C, then we have 


lim F,(z) = F(z) 


throughout the interior of C, uniformly on any closed point set interior to C. 


In this theorem, boundary value means naturally boundary value in the 
sense of Fatou. 

We have by the boundedness of the individual functions F,(z) and F(z) 
as above, by integrating first over the circle C’: |z| =p <1 and then allowing 
a sequence of values p to approach _— 


F,(t) — F 
Fal) FG) =f 


The function 1/(¢—2z) is uniformly bounded in ¢ and z if we have |z|<p<1: 


1 f F,(t) — F(d) 
df 


the last integral approaches zero, so we have 
lim F,(z) = F(z) 


no 


interior to C, uniformly on any closed point set interior to C. 


* The equation 
qlim F,(z) = F(z) 


for z on C under the present hypothesis on the sequence {F,(z)} implies the fact that F(z) is the 
boundary values of a function analytic and bounded interior to C. 


+ 
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In this same order of ideas we can prove the following: 
Let f(z) be analytic and bounded for |\z| <1: 
| f(z) | 
If we have almost everywhere (i.e. for almost all values of $) 
bound S(pe*) M, constant, 


then we have 
| f(z)| S M for|z| <1. 


We have Cauchy’s integral 
1 (z)dz 1 
=— f f pave, 
Jo’ 


where C’ is the circle |z|=p<1. If we take the limit as p approaches unity, 
we have 


1 


where this integral refers as usual to the boundary values of f(z), namely 
lim, .f(pe**); this limit is almost everywhere not greater than M in absolute 
value, so we have 

| f(0)| = M. 

Let 2 be any other point interior toC. We transform by setting w= (z—2) 
- [1—Zoz]", so that C is transformed into itself and 2) intow=0. By Fatou’s 
theorem, the boundary values of f(z) in the w-plane for radial approach to C 
are equal almost everywhere to the boundary values of f(z) in the z-plane for 
radial approach to C. Then we have in the w-plane almost everywhere on 
|w|=1, for the boundary values obtained by radial approach, |f(z)|<M, 
from which it follows that the functional value for w=0 is also not greater 
than M in absolute value: 

| f(zo) | = M, 
and the proof is complete. 

12. Miscellaneous problems. We shall consider in this section various 
problems, some solved and others unsolved, and make a few additional re- 
marks relative to the problems already treated in detail. 

12.1. Asa first problem, we compare the two measures of approximation, 
least squares and that of Tchebycheff. For the sake of simplicity* we restrict 


* The results on approximation by least squares hold with some changes also for much more 
general curves and functions; see Szegé, Muthematische Zeitschrift, vol. 9 (1921), pp. 218-270. 
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ourselves to the case of approximation on the unit circle C to a rational 
function r(z) with no singularities on C. 

The least-squares method of approximation to r(z) on C by polynomials 
in z is to study the sequence of polynomials p,(z) of respective degrees m 
which make the integral 


pale) eas 
c 


a minimum. If we set r(z) =7:(z)+72(z), where 7:(z) is analytic on and within 
C and where r2(z) is analytic on and exterior to C and vanishes at infinity, 
then the approximating polynomials »,(z) for approximation to r(z) are the 
successive convergents of the Taylor expansion of r;(z): 


= do + + +---, 
= do + ayz + +--+ + 4,2"; 


this determination of »,(z) follows from the formulas for the coefficients of 


d 


f = — f 
=— r(z)z"ds = — riz 
2ridec 


If we approximate r(z) on C by means of polynomials p_,(z) in 1/z which 
vanish at infinity, then the method of least squares yields as the polynomials 
p-n(z) the successive convergents of the Taylor expansion at infinity of r2(z): 


ro(z) = ays? + age ?+---, 
p-n(z) = + + --- + 


Thus we have the simple formulas lim, ..f.(z) =1:(z), for |z| less than some 
R>1, uniformly for |z|<R,<R; =r2(z), for |z| greater than 
some R’<1, uniformly for |z|=R{/>R’. There results from these two equa- 


tions 
r(z) = lim p,(z) + lim p_,(z), 
uniformly for z on C. ’ 

The circumstances are not nearly so simple for approximation by the 
method of Tchebycheff. Let {7,(z)} be the sequence of polynomials in z for 
approximation on C to r(z), and {r_,(z)} the sequence of polynomials in 1/z 
for approximation on C to r(z), subject to the restriction* r_,(#)=0. We 


* This restriction is not essential either here or above, but is a matter of convenience here, not 
merely to afford an analogy with the method of least squares, but to avoid complication in the 
present formulas. If the restriction is not made, the number ap enters in an extraneous manner. 


z 
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now have, if f(z) denotes the minimizing function of Theorem 3 for 1,(z), 
lim, .«Tn(2) =f(z)+r:(z), for |z| less than some R>1, uniformly for |z| 
<R,<R; =fi(z)+r2(z), for |z| greater than some R’<1, uni- 
formly for |z|=R/ >R’; here the function f,(z) corresponds to approximation 
to r:(z) on C by functions analytic exterior to C, with the auxiliary condition 
fi(*) =0. Each of these two limits depends on both 7;(z) and r2(z)—of course 
r:(z) and r2(z) can be chosen independently of each other—and hence, in 
contrast to the limits with the method of least squares, there is no simple 
obvious relation connecting with r(z) the sum of the two limits. 

It would be interesting to study approximation in the sense of least 
squares of an arbitrary function (continuous or not) f(z) defined on a rectifi- 
able Jordan curve, to determine as we have done for simple functions in the 
corresponding case of Tchebycheff approximation, the properties of the 
sequences {p,(z)}, {p-n(z)} defined as above.* It will be noticed that for 
the circle C and for a function f(z) analytic on C, the sequence { p,(z)} has the 
limit 

1 ¢ 


In the more general case, too, there is intimate connection with Cauchy’s 
integral and with Fourier’s series. The present writer hopes soon to publish 
some results on this general topic. 

12.2. We consider now some of the cases of approximation already 
treated, modified so that the auxiliary conditions refer to points some of 
which may be outside of the point set on which the given function is ap- 
proximated. To be sure, we have ordinarily considered approximation on 
the boundary C of a region, and auxiliary conditions not on C but interior to 
C, but if the functions involved have no singularities interior to C, this is not 
essentially different from approximation in the corresponding closed region 
with the same auxiliary conditions. In the present case the auxiliary condi- 
tions refer to points entirely without restriction as to location. The simplest 
situation is a generalization of Theorem 4: 


Let the function f(z) be analytic on the closed limited point set C, not a single 
point, whose complementary set with respect to the entire plane is simply con- 
nected. Let { x,(z)} be the sequence of Tchebycheff polynomials for approximation 
to f(z) on C with the auxiliary conditions 


* Szegé (loc. cit., p. 239, footnote) also contrasts the two measures of approximation, least 
squares and that of Tchebycheff, but for less general cases: (1) where the given function is analytic 
in the closed region considered, (2) where the given function is z* and the approximating polynomial 
of degree n—1., 


1930) BOUNDARY VALUES AND TCHEBYCHEFF APPROXIMATION 387 


= f(ai), a: onC (¢=1,2,---, R), 
1n(Bi) Fie Bi not on C (i 1,2, k’). 


Let Cr denote the largest curve of the family C, which contains within it no singu- 
lar point of f(z) and no point B; at which the assigned value y; differs from the 
value f(B;) of the analytic extension of f(z). Then the sequence { r,(z)} converges 
everywhere interior to Cr, uniformly on any closed point set interior to Cr; 
interior to Cp the limit of the sequence is naturally the function f(z) or an analytic 
extension of that function. 


In this theorem we require the suitable derivatives of 7,(z) to coincide 


with those of f(z), in case not all of the points a; are distinct, and we also 


require the suitable derivatives 7(8,) to coincide with the derivatives of 


f(8,) at multiple points 8; interior to Cr. 
Let us introduce the notation 


= — ai) -- — — Bi) - - (2 — Be), 
and let p(z) be a polynomial of degree k+k’ —1 such that 
p(a:) f(a) 
= vi 


The function 


is analytic everywhere within Cr, so by Theorem 4 there exist polynomials 
P,,(z) of respective degrees m such that 


M 
| F(z) — P,(z)| forzonC, Ri < R. 
1 


It follows, since 2(z) is uniformly bounded on C, that we have 


| [f(2) — p(z)] — x(2)P,(2)| for z onC, 


1 
which we write in the form 
| f(z) — [p(z) + x(z)P,(2)]| =" for z onC. 
1 


The quantity in square brackets can be considered a polynomial of degree 
which we indicate by m=n+k+k’, so the inequality can be written 


a(z) 
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M 
(12.1) | f(z) — pa(z)| for zonC, where pm(z) = p(z) + r(z)P,(z). 


To be sure, this inequality and the remark on the degree of ,,(z) have been 
established not for all m but merely for m sufficiently large, but the intro- 
duction of suitable polynomials for the lacking values of m presents no 
difficulty. 

We have exhibited a set of polynomials which satisfy inequality (12.1) 
and for m sufficiently large satisfy the prescribed auxiliary conditions; the 
Tchebycheff polynomials must therefore likewise satisfy this inequality for 
m sufficiently large, so that the theorem follows from Theorem 4. 

It will be noted that the sequence {7,(z)} can converge uniformly in no 
region Cr,, with Ri>R. 

It is clear from the reasoning just given what modifications are to be 
made in Theorems 10, 13, 15, if auxiliary conditions for points exterior to C 
are introduced; we leave the results to the reader. If auxiliary conditions for 
points exterior to C are introduced in these theorems, there are of course no 
modifications in the conclusions of the theorems to be made so far as con- 
cerns the general regions B not assumed bounded by analytic curves.* 

12.3. Another problem related to those discussed in detail is that of 
approximation by functions other than rational polynomials. We take up the 
situation of Theorem 13 by way of illustration. Let {x,(w)} be a set of func- 
tions continuous on C; compare the latter part of §6. Let F(w) be an arbitrary 
function continuous on C. The function 2,(w) of the form 


(12.2) (w) = aixi(w) + + anxn(w) 


such that 
max | ,/(w) — F(w)| , wonC, 

has the least possible value, m being fixed, may be called the Tchebycheff 
polynomial ~,(w) of order » for approximation to F(w) on C. When the 
functions 2,(w) exist—this need not be the case—the questions naturally 
arise: What is 
(12.3) lim [max | 2,(w) — F(w)| , wonC]? 
What can be said of the convergence of the sequence { 2, (w)} on C and inter- 
ior to C? What is the limit of this sequence? 

Whenever the set {x,(w)} forms a basis for B, that is, if the functions 
xn(w) are analytic in B, continuous on B+C, and if an arbitrary function 


* Compare Walsh, these Transactions, vol. 31 (1929), pp. 477-502, §7. This illustrates other 
restrictions on the sequence { s)} 
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analytic on and within C can be uniformly approximated on B+C as closely 
as desired by a function of type (12.2), and if each function x,(w) can be so 
approximated on B+C by a rational polynomial, then for any function F(w) 
the limit (12.3) is the same for the functions 2,(w) as for the rational Tcheby- 
cheff polynomials. In particular if F(w) is the function s(w) of Theorem 13, 
this limit is M and we have 


lim Z,(w) = g(w), 


uniformly on any closed point set interior to B. This result obviously 
requires the existence of the Tchebycheff polynomial (12.2), but does not re- 
quire its uniqueness. For special sets of functions {x,(w)}, more explicit 
results are obtainable. 

The study of a basis for a given region should be interesting also in the 
case that the given region is not simply connected. So far as the writer is 
aware, even the analogue of Theorem 1 has not been established in this case, 
although most of the reasoning for simply connected regions, with only minor 
modifications, would seem to carry over. 

12.4. We mention a few other problems suggested by and related to the 
present discussion. Most obvious is perhaps the study of the rational Tcheby- 
cheff polynomial with auxiliary conditions, for approximation to a real 
function f(x) on an interval or other linear point set C, where the auxiliary 
conditions refer to points of C and also to points not belonging to C, where 
f(x) is or is not continuous on C, and when the auxiliary conditions on C do or 
do not coincide with the values of f(x). Much of the discussion already given 
in the present paper applies to real polynomials, and many of the classical 
properties of the Tchebycheff polynomial can be readily extended to the new 
case.* 

The present problems (e.g. of Theorem 10) should also be interesting if C 
is a Jordan arc or more general point set, particularly where the given points 
P lie on C. What can be said of the sequence of functions corresponding to the 
regions C,? What occurs in Theorem 15 if some of the points a; lie on C 
itself? 

Approximation is ordinarily considered, moreover, in the sense of addition 
or subtraction, as in the present paper, but related questions are easily 
framed. Let f(z) be a given rational function of z. What function ¢(z), per- 
haps satisfying certain auxiliary conditions, is such that 


bound | ¢(z) f(z) | 


* Compare de la Vallée Poussin, loc. cit. In particular the proof of the existence of the Tcheby- 
cheff polynomial does not require the continuity of f(x). 
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for |z|—+1 is least? is such that this upper bound for |z|<1 is least? Does a 
polynomial @,(z) of given degree m exist which satisfies the auxiliary con- 
ditions and for which this upper bound is unique? Is it true that lim,.. 
¢.(2) =(z) uniformly for |z|<1? Some of the methods of the present paper 
serve to answer these questions and others, at least in part, and the writer 
hopes to consider these problems on another occasion. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 


ON POWER CHARACTERS OF SINGULAR INTEGERS IN 
A PROPERLY IRREGULAR CYCLOTOMIC FIELD* 


BY 
H. S. VANDIVER 


Let 
= 
where / is an odd prime and Jet p be a prime ideal in the field k(¢) and w an 
integer in the field with p and w prime to/. Then there exists an integer a 
such that, if N(p) is the norm of p, 
= (mod p), 


and we write 


{w/p} = 


The symbol on the left is termed a power character. The integer w is con- 
gruent to the /th power of an integer in the field k(£) modulo » if, and only if, 


= pips Pe 


pid Up. 

For the case where w is a unit in k(¢) these power characters were considered 
by Kummert who gave among other results the relation (1) below. Kummer 
alsot gave the following theorem: 


If p and q are different from each other and from \=(1—¢) and are both 
prime ideals in the regular cyclotomic field k(¢), then 


The symbol { p/q} is defined as follows: 
pa = (x), 


* Presented to the Society, August 29, 1929; received by the editors in January, 1930. 

t Journal fiir Mathematik, vol. 44 (1852), pp. 121-130; Vandiver, Annals of Mathematics, 
vol. 30 (1929), pp. 487 -491. 

t Berichte der Akademie der Wissenschaften zu Berlin, 1858, 1859, 1861; Hilbert, Bericht iiber 
die Theorie der Algebraischen Zahlkorper, p. 471. 
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where  i;=1 (mod /) and z is an integer in k(¢), 4 being the class number of 


k(¢); then 


Further z is selected to be primary. A regular cyclotomic field is one in which 
h is prime to /. 
In 1909 Furtwangler proved that 


where a and @ are integers in a field K prime to each other and to /, at least 
one being primary, the said field K including the field k(£). 

Takagi* proved that the value of the symbol {u/r} depends only upon 
the ideal class modulo f to which the ideal r belongs, where f'—! is the relative 
discriminant of the field K, with respect to k. In the above theorem y is 
an integer in a field which contains k({) and r is an arbitrary ideal prime 
to / in this field. Two ideals a, and a2 are said to belong to the same 
class modulo f if, and only if, two integers 7; and 2 exist such that yia1 =7202 
with y:=72 (mod f). Other theorems concerning power characters have been 
given, but reference to the above will be sufficient to indicate the character 
of the results given in the present paper. 

In the first place we may note that Furtwangler’s result is not a direct 
generalization of Kummer’s law of reciprocity, as the symbol { p/q} is not 
employed in the general field; in fact it is not defined when p belongs to an 
exponent which is a multiple of /. Furtwiangler’s result may be deduced 
from Takagi’s, quoted above, the latter result obviously giving us informa- 
tion concerning the power character of {u/r} when r belongs to an exponent 
which is a multiple of /, as well as all other types of ideals. 

The proofs of the results of Furtwingler and Takagi are extremely long 
and complicated. It seems to me possible that simpler proofs might be ob- 
tained for the cyclotomic field at least by introducing new points of view 
into the theory of the power characters in the cyclotomic field itself. Having 
this in view, in the present paper I shall show how the value of the symbol 
{u/c} may be completely determined where yu is an integer and r any ideal 
in the field k(£), the integer u being singular and &(¢) being properly irregular. 
A cyclotomic field k(¢) is said to be properly irregular if it is irregular and 
none of the units Z;, i=1, 2,---, (J—3)/2, is the /th power of a unit in 
k(¢), where E, 


* Journal of the College of Science of Tokio University, 1922, §5, p. 39. 
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R=(1+ sr" + (1-8) yl? 


the symbol s representing the substitution (¢/f") in the notation of the 
Kronecker-Hilbert symbolic powers; r is a primitive root of / and 


Also the integer w in k(¢) is said to be singular, if and only if (w) is the /th 
power of an ideal j in k(£) but j is not a principal ideal. 

In this type of field it will first be necessary to determine the value of the 
symbol {w/p} where w is a unit in k(¢) and p is an arbitrary ideal in k(¢) 
prime to/. The germ of the method I shall employ to accomplish this is due 
to Kummer who, in his 1857 Memoir on Fermat’s last theorem,* found the 
value of 


where the class number of &(¢) was divisible by / and not by /* and B, was 
the single Bernoulli number in the set B,, Bs, ---, Bis) which was 
divisible by /; B:=1/6, B.=1/30, etc.; p was an arbitrary ideal in the field. 
However, during the course of this proof Kummer employed without 
proof or reference the relation 


dj" log $(e”) dg" log ¢1(e*) 


(mod 


where m is not a multiple of /—1 and the subscript zero of d indicates that 
v=0 is substituted in the result after the operations are performed. Also 
and are polynomials in e* with rational integral coefficients and ¢$(¢) 
= ¢:(f).f 

I encountered the principal difficulty in carrying through this investiga- 
tion in connection with this unproved statement of Kummer; in fact, I 
have been able to establish it only under restrictions (cf. Lemma 2). 

Concerning properly irregular cyclotomic fields, it should be noted that 
through some computations carried out recently by Miss E. T. Stafford 
and the writer it was found that the fields defined by / = 37, 59, 67, 101, 103, 


* Berlin Abhandlungen, Mathematisch-Physikalische Klasse, 1857, pp. 41-74. 
t Several of the devices employed in my method for deriving this result, under restrictions, are 
not used by Kummer in any of his papers and I have no idea of the method he used if he really 
possessed a proof. It is possible that he employed the erroneous formula obtained by him and quoted 
on page 45, (7a), of the report on Algebraic Numbers, II, Bulletin, National Research Council, Febru- 
ary, 1928, as differential coefficients, of the type used in the theorem under discussion, appear therein. 
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131, 149 and 157 are properly irregular. The work was carried through for 
all primes / less than 200. No irregular fields other than properly irregular 


fields were discovered. 
The theorem of Kummer’s, given in the first article of his quoted in the 


present paper, is as follows: 
— 1 log 
2(1 + q'-2n (a 1)'-2”) dyv'-2" 


{=\ = 
q 


a is a rational integer, 0<a</—1;,7 is a primitive root of /, 
Vo(x) = (ot) 
h 
x is arbitrary, q is an ideal prime in k(¢) whose norm is q‘, g is a primitive 
root of q, 4 ranges over the integers 0, 1, 2, - - - , g‘—2, excepting (g'—1)/2 
if g is odd and excepting zero if g is even. The primitive root g is selected 
so that 


(mod /) ; 


(1) ind E, = 


where 


(mod q). 


If 
g*+1=g* (mod q), 


0<k<gq‘—1, then we write 
ind (g* + 1) = k. 
dj-*" log ale") 


The symbol 


means that the (/—2m)th derivative of log y.(e’) is taken with respect to 
v and v=0 substituted in the result, e being the Napierian base. Further a 
is selected so that 

1 + q'-2" (a + 1)'-2" 


is prime to/. It is known that 
(2) va(S) =I 


where ¢ ranges over the integers 


= 1 (mod J), 
and 
| ac; | > 
|x| is the least positive residue of x modulo /, and c: is in the set 1, 2, - - - , 


1—1. Also, the q. represents the ideal obtained from q by the substitution 
(¢/¢*). Assume that q belongs to the exponent j/‘“!, where 7 is prime to / 
and i>1, so that gi") =(w), where w is an integer in &(¢) such that 


z 
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w=1 (mod (1—£)). Raising both sides of (2) to the power jl‘-1(J—1) we 
obtain 


= 


where 1 is a unit in k(f). Let ¢ be a positive integer such that x«*y.(x) = (x) 


is a polynomial in x. Then 
ety ind (oh+1) ++ 
h 


is a polynomial in ¢, and if w, is obtained from w by the substitution ({/f*) 
then 


(2a) EY = TT 


Now w,=1 (mod (1—£)) and if 
we = dot dig +---+ 
with the d’s rational integers, we write 
= do + dix +--+ + 


1— (do tdi+---+di2) x'-1 
+ 
z-1 


(2b) 


Raise both sides of (2a) to the power/. We may then apply Lemma 2 (which 
is proved later) to the resulting relation, noting that (y/(1))#“¢-=1 
(mod /**+1); w-(1)=1 and if m40 (mod (/—1)) we obtain, after 
dividing through by /, 


d mit v d mit 1 
dy™ dy™ 
(3) ag log w,(e”) 
= (mod /*), 
dy™' 


and using a relation which I have proved in another paper* we obtain 


mi We iJ v 
(3a) > dy” log w-(e”) "log w(e”) (mod I‘). 


d 
‘ 

= om 
dv™™ 


The expression }..c™* may be reduced as follows. Consider 


h=1 l 
* These Transactions, vol. 31 (1929), p. 619, relation (3e). 
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which is readily seen to equal }\c:"'’ where ci: ranges over those integers 
satisfying |aci|+ |ci:|>/ in the set 1, 2,---,/—1. Now 


| ah| = ah+lw, 


where w is a rational integer and 


(ah)"™ =| ah|"™ (mod 
whence 
him = | gh| hm (mod , 
Similarly we have 
Hence 
him = (a + (g + (mod 


Writing b =/‘(/—1) —l'm, we obtain from the last two relations after dividing 
through by / and noting that 


| ah] =14+24+---+0-1) 


and similarly for |h| and |(a+1)h|, 
a+1—(a+1)> 


L= ; > (mod /*). 
n=1 
Set 
= ml'+ 1. 
We shall now prove the relation 
(3b) Sa()) = (— (mod /‘+*), 1 > 3, 
where 
Sal) = 144+ 24+---+ — 1)4. 
We have 
d d(d 1) 
Sa(l) = lbg + i( + (Ib 4-2) 
2 2-3 
)+ 
r+i1\r 
where 


b2a = (- 1)*-'B,, = 0, a>o0O. 
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Consider the general term in this expansion. The numerator in the binomial 
coefficient is divisible by /‘. We shall now show that 


]r-1 
(r+ 1)! 


is a fraction whose numerator is divisible by /, for, by a known result, if /* 
is the highest power of the prime / which divides factorial r+1 then 


where s=do+ - - - +a, is the sum of the digits of r+1 to the base /, 
r+1 = al" + a, (05a <)). 
Hence we have to show that 
r+i-s 


We have (J—2)r>/—s. Transposing —r to the right hand member and 
also adding 1—/ to each member, we obtain our results after dividing through 
by /—1. Hence (3b) follows if we note that the second term in the ex- 
pansion is zero and />3, and also by the von-Staudt-Clausen theorem /b*_, 
is a fraction whose denominator is prime to /; and applying (3b) to the 
congruence involving L we obtain 


L = ((a+ 1)® — a® — 1)(— 1) "Bayo (mod 
We have 
cc, =1 (mod /). 
Write 
=1+ wil, 
hence 
(mod J+), 
cm 
and 
cml’ = (¢,)? (mod 
hence 


= ((a + 1)™" — — 1)(— 1) (mod 


Consider (3a) and substitute the value which is obtained for }>.c™"*. We have 


| 
| 
ip) 
4 
| 
5 
| 
4 
| 
m 
| 
7 
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dyn" log w, (e”) 
(4) 


= ((a + — — 1) 


dom" log w(e”) 


(— 1) 


(mod /*). 
The writer has proved that 


p 


where 7 is an arbitrary integer, m is an integer prime to the prime p and 
not unity, and 


= (mod) (0S ya <n). 
Put i=(b+1) in this relation; we obtain, as in the proof of (3b), if p= 


(n>+! — 1) 


Using (3b) in this relation, we obtain 
(5) (n+! — 1)(— MP Baye = (mod /*). 
In a similar way we have, using (3b) and setting - 
s = — 1) — I'm, 
l-1 


— 1)(— 1)°P = (s + 1) (mod /*). 


a=1 


Subtracting this relation from (5) we obtain 
1)@-)/2B neti — 1) 
(s + 1)(n*! — 1) 
Using (4) in connection with the above relation and noting that n*+!—1 
=n>+!—1 (mod /‘) we obtain 
log Yale”) _ (a+ 
dy™™ j 


(Sa) Bees log w(e*) 
od log wie" 
(= (mod 1). 


t Annals of Mathematics, vol. 18 (1917), p. 112, relation (7a). 
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In this relation set i+1 in place of 7. Now if we put 
dw(e”) 
dv 


= 
then 


dm og w(e") 


dym dymt 
We shall consider 


mith w 
23) 


Carrying out the differentiation of this fraction considered as a product, by 
Leibnitz’s theorem, we have 


d*(w(e*) ) 
| dv* (mod 
and therefore, since [w(e*) 1), 


The expression in the large parenthesis on the right is a polynomial in e* 
with rational integral coefficients, say 


fot fie” + fae fre™, 


hence the right hand member may be written 


+ is, +- 4+ 


[= log 
dym* 
is congruent (mod /‘+!) to 
ht 


and since if s is a rational integer 


Hence 


s+1 
gmt = —1 (mod 


we have 


dom log w(e ) dym ) (mod 
dym! dym 


\ 
4 
a 
i 
| 
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In a similar way we find 
log Wa(e”) dg” log Wa(e”) 


mod /). 
dym'" dv™ ¢ 
Using these relations together with (1) and (5a) we have the 
THEOREM. We have the relation 
—1 log w(e*) 
j = (s—1)/2 
(6) ind E, = (mod /) 
where 


=a pied En, 
q 


r is a primitive root of 1, q is a prime ideal in the field k(f) belonging to the 
exponent jl‘; s=(2n—1)l‘; 7 prime to 1; 
= 
w =1(modaA); A= (1-9); 
the B’s are the Bernoulli numbers, B:=1/6, B2=1/30 etc. The symbol 
do*f(e’) 
dv* 


indicates that v=0 is substituted in the ath derivative of f(e*) with respect tov, 
and w(e”) is defined as in (2b). 

The case where 7 =0 is disposed of in the first paper of Kummer’s referred 
to in the present article. By means of these several results we may determine 
the value of the symbol {7/q} where 7 is any unit in k(f) and q is any ideal 
prime to / in k(¢), since the units e;, i=1, 2, - - - , (/—3)/2, constitute an 
independent system of units, that is, there exists an integer ¢ such that 7 
can be expressed as the products of integral powers of the E’s. Since the field 
k(¢) is properly irregular we may select ¢ to be prime to /. Hence (6) enables 
us to determine the value of the symbol. 

Suppose now that @ is a singular integer in k(¢) which is not necessarily 
aunit. Since the field is properly irregular, the second factor of the class num- 
ber is prime to / so that if q is a prime ideal in k(¢) prime to 6 and /, then 


(qq-1)” (é) 


where £ is an integer in k(¢) and g is a rational integer prime to /. Hence by 
Furtwangler’s law of reciprocity we have, if 1=(1—$), 
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{ 1 


we note that this may be written as 


But since 
66_; = nr! 


where 7 is a unit in k({) and X an integer in that field, we have 
= 


q q 
and the last symbol on the right hand side is determined by means of (6); 


hence {0/q} is completely determined. 
We now consider 


so that (7) gives 


Lemma I. If A, represents the sum of terms of the type 
, 
where a, b and c are rational integers, p is a prime integer, then 
(u + = Ait pAiit pido, 
where i and s are rational integers. 
We may prove this result by means of the following theorem given by 
Kummer*: 
The highest power p* of p dividing the binomial coefficient 
(A + B)! 


A!B! 
is given by 


* Journal fiir Mathematik, vol. 9 (1832), p. 73; cf. also Stern, vol. 12 (1834), p. 288; Dickson, 
History of the Theory of Numbers, vol. I, p. 270-71; proof of Kummer corrected by Mitchell, these 
Transactions, vol. 17 (1916), pp. 170-72. 


A 


4, 
To reduce the symbol 
qi lq a 
4 
| 
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where the e’s are determined as follows. Set 
B=bot+ bip +--+ + dip’, 


where the A’s and B’s belong to the set 0, 1,---, p—1. We may find ce: 
in this set and e;=0 or 1 such that 


ao + bo = eof + Co, 
otath=apta, 


€1 + d2 + be = + 
Whence 


Applying Kummer’s theorem to Lemma I, let d)#0, and 
pis = + + 
the d’s in the set 0, 1,---,p—1. Consider with 
o #0, 
the e’s in the set 0,1,---,p—1. Thenin 


(A + B)! 
A!B! 
we have 
A = ptt, 
and we also have 
B= pis — pt 


or 
B= — + — + 1)) 


+ +++ + pp — + 1)) + Epi 
where £ is a rational integer >0. Hence by Kummer’s result 
A+B 
A!B! 


is divisible by 
prt pith, 


where / is a rational integer =0, since 


= = = 1. 


Kummer’s argument for the proof of the theorem on which the above proof 
depends is very complicated, however, so I shall give another proof of 
Lemma I. 
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We have 


(u + v)? = A, + pAo, 
(u + v)” = (Ai + pAo)? = Ad + pAl + 


403 


where the (A’)’s, (A’’)’s have similar properties to the A’s. Now assume 
the theorem is true for the exponent p‘. We shall then prove it true for the 
exponent p‘+!, Raising both sides of the equation mentioned in the lemma 


for s=1, to the power #, obviously the result may be written 

Also, the term involving the parenthesis may be written 


Proceeding in this manner the lemma is proved for the exponent p‘+!, hence 
is true for any exponent which is a power of p. Using this expression for 


(w+)? and raising to the power s the result may be written 
(Ai + + pido. 


Proceeding in this manner the lemma is established. 
We now prove 


Lemma II. Suppose 
a = 
p an odd prime; 
= do + aia + + --- + aga? 
where the a’s are rational integers, and 
d an arbitrary positive rational integer, the a's rational integers; 
= 
(x) = do + ayx + +--+ + 
and similarly for $:(x); i is a rational integer =0; 
$(1) = ¢:(1) 
¢i(1) 0 
m a positive integer such that m#0 (mod p—1). Then 
log ¢(e”) log ¢1(e”) 


(mod ; 
(mod ); 


(mod p*+), 


7 
4 
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As shown in a previous article (these Transactions, 1929, pp. 617-8) 
we obtain from ¢=¢: the following identity in e’: 


—1 


o(e") = gile”) +(e"? — 1)V + 


where ¢: is a rational integer. Setting »=0 in this relation we obtain, since 


o(1) = ¢:(1) (mod 
the relation 
per = 0 (mod p*), 
whence 


where c is a rational integer. The resulting relation may be written in the 
form 


(8) 
gi(e")(e” — 1) 
Set 
—1 
y = -1)W + Z, 
e’—1 
where 
V 
W = 
and 
__ 
¢:1(e") 
We have 
dlog(1+y)  dy/dv 
dv i+y 
and 


d™?'log(1+y) 1 4 


4 y dv 
1 d 1 
= —— + (mp - 
1+y dv” dv\1+ y/ 
1 
y/ do 
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doy 


and if k0, 
d* 1 \ a* 1 
do*\1 + y/dv™'-* dv®¥\1+ y/ 


x = — 1)W. 


Now if &=0, we note that 


if 


= od pit? 
since m40 (mod (p—1)). Hence 
dv™?* 
We have 
dlog (1 + x) - dx/dv 
dv +x 
d™” log (1 + x) (==) 
whence 
1+ <x dv 
Differentiating the left hand member as a product we obtain 
dv™?" dv dv Ldv 
(mod p‘t') if v=0, since 
dx 
[=] =0 (mod p) 
dv v=0 


and 


[(1 + = 1 (mod 


| 

| 
| 

Also | 
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We also have 


(pf — 1)(p* — 2) = 7) = (= (mod 
Hence 
and since dx/dv for v=0 is divisible by p we have 
gur-t [= ] gut [= dx dx 


dv dv dv 


0 dv 


dx , 
cece + —xP (mod 


Since 


it follows that the right hand member of the above reduces to 


[eon 


n=l nN dv 


Now take logarithms of (8) and differentiate mp‘ times. We then obtain, 
from what precedes, 


[ «pet i ] 08 o(¢ ) (mod 
n=l dv dymp* dump 


It will now be shown that the left hand member of the above is congruent 
to zero (mod p‘t'). We have 


a” = ((e*? — 1)W)*. 


Assume that is prime to 


Then 
1)) 
= — 1) 
dy™”* 
(9) 
dle’? — 1) W — 1) 


dv dv?'™ 


where 


Wile’? — 1) = W(e"? — 1)". 


| 

1 dx” dx 

2 

n dv dv 
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We have obviously 


d*(e*? — 1) 
(10) = pkerr, 


Consider the general term in the above expression, namely 
di(e*? — 1) 
j dvi dyrim—i 


(7) 

j 

is divisible by p‘-*, if j7=qp*; s=0. Using (10) for v=0 the general term be- 
comes a fraction whose denominator is prime to » and whose numerator 
is divisible by p*-*t2”*. Hence it is divisible by p*+! since i—s+qp*2i+1. 
Consequently our term x*/m in the original expansion becomes after the 
differentiation and subsfitution of »=0 a fraction whose denominator is 
prime to p and whose numerator is divisible by p‘+!. Now consider the term 
in the original expansion x?**/p*h where p*h<p‘m and h is prime to p. Put 
the expression (W(e*?—1))?** in the form W2(e*?—1)?*. We have 


According to Lemma I, 


(e*? 1)” a + (7) erp(m—2) — — |, 


Consider the general term of this expansion, namely 


Jj 


where j=qp’, g being prime to p. Also consider from this the general term 
obtained in 
d*(e’? — 1)” 
dv® ‘ 
that is, 
Jj 


( ) 
j 


is divisible by p*-". Hence this general term becomes after substituting 
v=0 an integer divisible by 


p*- (p* qp’)*, 
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or is divisible by 


This exponent is obviously greater than or equal to a+s for s>0 so that we 


have, for s20, 
dy'(e”? 1)” 
(11) =0 (mod p*+*). 


Now consider 
— 


dv?*'™ 
Expand by Leibnitz’s theorem and consider the general term: 
(rm) 


p*n dy*" 
when k20. For v=0 it is divisible by 


which is divisible by p‘*!** since kh is prime to p and p*n—k21. 
Hence all terms in the original expansion of the right hand member of (8), 
after differentiation p‘m times and substituting »=0, become fractions whose 
denominators are prime to p and whose numerators are all divisible by p*t'. 
Hence the lemma is established. 

We shall close this ‘article by extending to higher powers of / the criterion 
of Kummer and Takagi* that a principal ideal be the /th power of an ideal 
in k(¢). Assume that 

(w) = al 
where a is an ideal in k(¢) and w is an integer in that field. Hence from (2) 
and the formulas following it, 


where 0=1 (mod A); A=(1—$); also cc:=1 (mod /) and c; ranges over the in- 
tegers which satisfy |ac:|+|c:|>1. Replace this relation by means of an 
identity in e” as usual and differentiate ml‘ times; apply Lemma II and 
substitute v=0. We obtain, as in the proof of our main theorem, 
dy‘'-2™)"" log w(e”) 
dy 


0 (mod /**), 


where s = (2n—1)l/'. 


* Kummer, Berlin Abhandlungen, Mathematisch-Physikalische Klasse, 1857, p. 65; Takagi, 
Proceedings of the Physico-Mathematical Society of Japan, (3), vol. 4 (1922), pp. 170-182; Journal 
fiir die reine und angewandte Mathematik, vol. 157 (1927), pp. 230-8. 
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ON GIBBS’S PHENOMENON FOR THE DEVELOPMENTS 
IN BESSEL’S FUNCTIONS* 


BY 
CHARLES N. MOORE 


Introduction. Several investigations have recently been publishedf con- 
cerning Gibbs’s phenomenon in the case of the developments in Bessel’s 
functions. As we should expect, the behavior of the developments in the 
neighborhood of the origin presented special difficulty, and the investigators 
limited themselves to very special types of functions{ in dealing with this 
particular situation. It is the purpose of the present note to point out that 
the asymptotic formulas§ for the coefficients of the developments in Bessel’s 
functions that have been obtained in two of my previous papers on this 
subject furnish a simple method of attacking the point in question. From 
these formulas the nature of Gibbs’s phenomenon at the origin can be readily 
derived for general classes of functions. The same formulas also serve to 
establish the facts with regard to Gibbs’s phenomenon at interior points of 
the interval (0, 1) and at the end point 1. 

1. The cause of Gibbs’s phenomenon at the origin. I will illustrate the 
application of these formulas to the discussion of Gibbs’s phenomenon by 
dealing with the point x =0 and the class of functions considered in the earlier 
paper. This class includes functions which in the interval (0, 1) have a 
second derivative that is finite and integrable, except perhaps for a finite 
number of points at which the function itself or its first derivative has a 
finite jump. For such functions we have{ for the coefficient of the general 
term of the development in Bessel’s functions the following asymptotic 


* Presented to the Society, April 7, 1928, and November 30, 1929; received by the editors in 
September, 1929, and February, 1930. 

+ Cf. R. G. Cooke, Proceedings of the London Mathematical Society, (2), vol. 27 (1928), pp. 
171-192; J. R. Wilton, Journal fiir die reine und angewandte Mathematik, vol. 159 (1928), pp. 144— 
153. 

t Cooke considers only the case where the function developed is a constant in the interval 
(0Sx1); Wilton requires that in the neighborhood of the origin the function developed be of the 
form /+-Ax”*/2+-0(x"*1/2), where / and A are constants and » is the index of the Bessel’s function,and 
he further restricts his discussion to the case where v does not exceed 3/2. 

§ Cf. these Transactions, vol. 12 (1911), p. 183, formula (8); vol.21 (1920), p.110, formula (15). 
The papers quoted here will be subsequently referred to as Transactions II and Transactions III 
respectively. An earlier paper (vol. 10 (1909), pp. 391-435) will be referred to as Transactions I. 

{| Loc. cit., Transactions II. 
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expression: 
m=k Man 1 

(1) > 008 (ne + g)ém — —(2v + 
m=1 4 


Mf(1) 
nil2 


»Kf(0) 


1 
cos +q- + + fa, 
where the c’s are the points of discontinuity of the function developed, r,, is 
the general term of an absolutely convergent series, and the M’s, K, and g 
are constants. The precise value of K is readily determined. From (34) and 
(29) of Transactions II we have 


K' = f at. 
0 


From*(38) of Transactions II we have K =2K’/A?=2/(2/m) =z, since from 
(44) of Transactions I we have A = (2/)"/2. 

It was shown in Lemma 2 of Transactions II that the first and second 
terms of (1), multiplied by J,(A,x), yield series uniformly convergent in the 
neighborhood of the origin, and the same is obviously true of the fourth term. 
Hence the Gibbs’s phenomenon cannot occur if the third term is missing, 
and therefore there will be none in case y=0 or f(0)=0. If neither of these 
conditions holds, the presence of Gibbs’s phenomenon can be readily inferred 
from the lemma of the following section. 

2. We prove the following lemma: 


Lemma. The series whose general term is 


J, 
(2) n= 


u Mn 


is absolutely and uniformly convergent in the interval (0Sx 31). 
We have 


By the law of the mean the integrand in (3) is equal to 
(xu) — 


u2 


(u = An + 0, O < Angi — An) 


(4) 


= (rn [An +0 ]x) [rn 


(An + 0)? (An + 8)? 


[July 
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and by the asymptotic expansion for Bessel’s functions the expression follow- 
ing the sign of equality does not exceed a constant multiple of 1/A,°/? for 
0<x 31, the constant multiplier being independent of m, x and u. 

3. The measure of Gibbs’s phenomenon. We prove the following 
theorem: 

THEOREM. For functions of the class defined in §1 and their corresponding 
developments in Bessel’s functions of order v>O, the height of the first wave in 
the approximation curve, y=S,(x), will for sufficiently large values of n be as 
near as we choose to the value* 


nN Jy 


t 


where y; is the first positive root of the equation J,(t) =0. 
As pointed out in §1, the developments in Bessel’s functions of a function 
of the class considered will differ from a series whose general term is 


Js(Anx) 
vrf(0 
(6) 


by a series which is uniformly convergent in the neighborhood of the origin. 
Furthermore the latter series defines in this neighborhood a continuous 
function which vanishes at the origin. Therefore, for the purpose of studying 
Gibbs’s phenomenon at the origin, the developments in Bessel’s functions 
may be replaced{ by the series whose general term is (6). It follows from 
Theorem I of Transactions I that this latter series may be replaced by the 
series whose general term is 


(7) — 


From the lemma of §2 and the fact that the a, there defined is for each n 
a continuous function vanishing at the origin, it follows that if we first 
choose x in a sufficiently small interval extending to the right of the origin, 


* If the function f(x) has an artificial singularity at the origin, we remove it by defining (0) = 
(+0). In order to infer from (5) that there is actually a Gibbs’s phenomenon, we need to be certain 
that the value of (5) exceeds f(0). That this is the case may be inferred as follows. The sequence 


| 


where the yn’s are the successive positive roots of J,(#)=0, is steadily decreasing for increasing n 
(see Cooke, loc. cit., p. 178). Hence the value of % [J,(t) /t]dt exceeds the value, 1/», of im [7,(¢)/t]de. 


t See Bécher, Annals of Mathematics, (2), vol. 7 (1906), p. 130. 
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the sum of m terms of the series whose general term is (7) can by a proper 
choice of m for an x in this interval be made as near as we please to 


Antiz Je 
(8) yf(0) = ¥f(0) O 


u t 


Our theorem follows from the fact that the maximum value of the integral 
for values of y20 is (see first footnote of this 
section). 

4. Extension to a more general class of functions and to other points of 
the interval (0,1). If we add to the conditions of Lemma 1 of Transactions III 
the requirement that in an interval including the origin f(x) has a first 
derivative that is integrable (Lebesgue) and approaches a finite limit as x 
approaches +0, it may be shown by means of formula (15) of Transactions 
III that for y=0 or f(0)=0 the development in Bessel’s functions of f(x) 
converges uniformly in the neighborhood of the origin.* For »>0, f(0) 0, 
the development is no longer uniformly convergent on account of the non- 
vanishing of the fourth term on the right hand side of the formula in question, 
and since this term is identical with the third term of (1), Gibbs’s phenomenon 
in the neighborhood of the origin is seen to be of the same nature for the more 
general class of functions considered here. 

By combining (1), or (15) of Transactions III, with the asymptotic 
expansion of the Bessel’s function J,(A,,x), it is readily shown that Gibbs’s 
phenomenon at interior points of the interval (0, 1) is identical with the 
Gibbs’s phenomenon of Fourier’s cosine development of the same function 
in the interval (0, 1), the interval of periodicity of the function being of 
length 2. This will also be the case at the end point x =1, if the / of equation 
(1) of Transactions I is zero; this of course implies that there will be no Gibbs’s 
phenomenon if f(1) =0, since the function f(x), defined for all values of x by 
the periodic property, is then continuous at x=1. Also, if 1#0, there will 
be no Gibbs’s phenomenon, since in this case the Bessel’s development is 
uniformly convergent in the neighborhood of x =1, as was shown in Theorem 
I of Transactions IT. 

5. Extension to series summed by Rieszian or Ceséro means. We find it 
more convenient to use in our discussion a Rieszian mean equivalent to the 
Cesdro mean of order k(0<k <1), and to consider therefore sums of the type 


* This result was contained in a paper presented to the Society in 1917. See Bulletin of the 
American Mathematical Society, vol. 24 (1918), p. 282. 

t The only previous results in this connection are due to Wilton, who shows that in case the 
index »v lies in the interval (0, 1/2) the (C1) sums do not exhibit Gibbs’s phenomenon. (Loc.cit.,p.152.) 
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m=1 n 


On account of the relationship between the two means in question, the 
results obtained hold equally well for either of them. 
We begin by proving a lemma. 


Lemma. The sum from m=1 tom=n-—1 of terms of the form 


approaches a limit uniformly in the interval (0Sx<1) as n becomes infinite. 


By the law of the mean the expression in the integrand of the above 
integral may be written in the form 


=(1 - + - (xv) — (1 = 2) 


n n n 


v 


For 1<m<n-?2 it follows from the asymptotic expansion for Bessel’s func- 
tions that the above expression is less in absolute value than a constant 
multiple of 1/A,?/? for 0<«*<1, the constant multiple being independent of 
m,x,and t. For m=n-—1 it is readily seen that if H represents the maximum 
absolute value of J,(u) for u>0, the term a(x) is less in absolute value 
than 2H(A,—An-1)/An—1. Combining these results and the fact that a,(0) 
=0(m=1, 2, 3,---) with the inequalities in (23) of Transactions I, we 
readily infer that for any positive € we can so choose q; that |}°"=}~'am(x) | 
(O<x<1) for any 

By a similar application of the law of the mean to the integrand of 


and the use of the asymptotic expansion of J,(u), we readily infer that b,,(x) 
is the general term of a series uniformly convergent in (0<*<1) and hence, 
since b,,(0)=0, in (OSx<1). Therefore we may choose q: sufficiently large 
to make in (0<x<1) for 

Taking g as the greater of g, and gz and holding g fixed, we can then 
choose a p >q+1 so that differs by less than from 
for all m=. Thus our lemma is established. 

For the class of functions considered in the previous section it was the 


| 
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presence of the term (6) in the general term of the development in Bessel’s 
functions that caused the failure of uniform convergence and hence the 
appearance of Gibbs’s phenomenon in the case v>0, f(0) #0. Consequently, 
if we sum the development of a function of the same class by Cesdro means 
of positive order, the presence or absence of Gibbs’s phenomenon and its 
amount will be determined by using the same method of summation on 
the series whose general term is (6). Since the term (6) differs from the term 


Jin 


by the general term of a series that is absolutely and uniformly convergent 
in the interval (0<x<1), it is evident that we need only to consider the 
nature of Gibbs’s phenomenon in the following sum: 


Fim 
(11) (1 -=) vf(O)(Am+1 — Xm) 


m=1 n ™ 


But since the limit, }>%_,b,(x), approached by }°*=T~'an(x) as m becomes 
infinite, is continuous for x20 and equal to zero for x=0, it follows from 
our lemma that the sum (11) will for values of x sufficiently small be as 


near as we choose to 


when 1 is chosen sufficiently large. 

Hence the presence or absence of Gibbs’s phenomenon in the case of 
summation by Rieszian or Cesdro means of order k>0 will depend; on the 
behavior of the function ¢;(A) defined by 


If for all positive values of \, (A) remains less than or equal to its limiting 
value as \ becomes infinite, 1/v, there will be no Gibbs’s phenomenon. If 
for certain positive values of \ it rises above this limit, there will be a Gibbs’s 
phenomenon and the measure of this phenomenon will be determined by the 
maximum value of ¢:(A). 

Consider first the case k=1. We have 
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$i (x) = — (tx)dt = J,(tx)dt 


1 ¢? 1 
J Atx)dt = J(u)du. 


Since {°J,(u)du is positive for all positive values of x (see reference in first 
footnote of §3), it is apparent that ¢:(x) is a steadily increasing function 
of x for such values and that therefore there is no Gibbs’s phenomenon when 
we sum the developments in Bessel’s functions by Rieszian or Cesdro means of 
order 1. 

Consider now values of & in the interval 0<k<1. The function ¢,(x) 
is a continuous function of x and k for x>0, k20. Hence, for sufficiently 
small values of & it will oscillate about its limiting value, 1/v, just as @o(x) 
does. Therefore we have the Gibbs’s phenomenon for values of k near zero. 

That this is not the case for values of k near 1 we prove as follows. 
We have 


E 


(x) = f — t)*J/ (tx)dt = =f (1 — #)*-Y,(tx)dt 


(12) 


It can readily be shown that for values of k>} the integral on the right 
hand side of (21) approaches {J ,(u)du =1 as « becomes infinite. 

We divide the interval of integration into four parts (0, 1), (J, x/2), 
(x/2,x—1), x) and write 


l z—1 z 
-~) = f +f +f +f 
x 0 2/2 z—1 


Applying the second law of the mean to J; and J; and the first law of the 
mean of J,, we obtain 


I, = f™ J,(u)du (y > I; = f J,(u)du (é > $x), 


J A(x — 
I,= (0<@<1). 
I, obviously approaches zero as / becomes infinite, and it follows from 
the asymptotic expansion of J,(u) that, if k>4, J; and I, approach zero as 


415 
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|| 
k z k-1 q 

J,(u)du. 

x? 0 x 
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x becomes infinite. If we now allow x and / to become infinite in such a 
manner that x/] becomes infinite, J; approaches /¢J,(u)du, and therefore 
we have 
z u\*-1 

lim (1 “) = f TAu)du = 1 (k> }). 

0 0 x 0 
It follows from the above relationship that we can find an X such that 
Sa —u/x)*-'J,(u)du remains positive for x=>X when k>}. Moreover, for 
values of x<X, we can choose & sufficiently near 1 to make /. : (1—u/x)*-! 
- J,(u)du differ from { ’ »(u)du by as small a quantity as we please through- 
out the interval 0<«*<X. But /.J,(u)du is positive for all x>0 and ap- 
proaches 1 as x becomes infinite. Hence it has a lower limit p>0O for all 
x2=6>0. Consequently, for near enough to 1, —u/x)*—J,(u)du will 
also remain positive for x=6, where 6 is any given positive quantity. But 
for a 6 less than the first positive root of J,(u) =0, this integral is obviously 
positive for 0<x<6 and any k>0O. Thus for values of k sufficiently near 1 
the function $,(x) steadily increases with x and there is no Gibbs’s phenomenon. 
We wish finally to show that there is a value r between 0 and 1 such that 
Gibbs’s phenomenon occurs for k<r and does not occur for k2r. Let usset 


m=n—1 mn k J, Xm 
Mi(x,n) = y (1 *) (Am+1 Xm) *) 


Combining the lemma of this section with the fact that the a,,(x) defined 
by (9) is zero for x =0, we obtain 


h(k) = lim sup M;(x,m) = lim sup ¢:(x). 
z—0 z>0 


But if we write M;4;(x, m) in the form 


m=n—1 Xn 6 k 
it follows from Abel’s lemma that h(k+6)<h(k). Hence h(k) isa monotonic 
decreasing function of & in the interval 0<k<1. Moreover, since ¢;(x) is 
a continuous function of x and & for x >0, k=0, h(k) is a continuous function 
of k for k=0. But A(k)=1/» for values of k near 1 and A(0)>1/». Con- 
sequently there is a value r of k between 0 and 1 such that h(k) =1/»(r Sk <1) 
and h(k)>1/v (0<k<r). Thus Gibbs’s phenomenon will occur for k<r and 
will not occur for k=r. 
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SURFACE TRANSFORMATIONS* 


BY 
F. R. BAMFORTHf 


In a paper written by Birkhoff{ on the Problem of Three Bodies, he 
reduced the study of a certain phase of this celebrated problem to the study 
of a surface transformation which was the product of two surface trans- 
formations each of which represented the reflection, in a curve lying in a 
surface, of the surface into itself. It is the purpose of this paper to make 
a start on the study of such surface transformations in general. 

In the first section are studied surface transformations of period two, 
and it is shown that when a suitable codrdinate system has been chosen, 
any such transformation may be represented by one and but one of the 
following systems of equations: 

= U, = = u, 


(1) 


M1 = 0; =— 9; 


in which the point (m, 2:) denotes the transform of the point (x, v). 
In the remaining sections, surface transformations are discussed which 


are the product of two transformations, each of which, when a suitable 
coérdinate system has been selected, can be represented by equations of 
the third type in (1). 


I. TRANSFORMATIONS OF PERIOD TWO 


This section will be concerned with real, one-to-one, analytic transforma- 
tions of a surface Z into itself, of such a character that after the same trans- 
formation has been performed twice in succession all the points of the 
surface are in the same positions with respect to fixed axes as they were before. 
These transformations are called transformations of period two, and we shall 
study the movement under such transformations of the points of the surface Z 
in a neighborhood of a point which is invariant. 

In a neighborhood of such an invariant point the equations representing 
the transformation may be written in the form 


(2) 1 =cu+dv+-:-:-, ad — bc #0, 


* Presented to the Society, December 27, 1929; received by the editors February 28, 1930. 
} This paper was partially prepared while the author was a National Research Fellow. 
t G. D. Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 39. 
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after a proper choice of codrdinate system has been made. For this system 
of coédrdinates the origin is the invariant point and the series on the right 
hand sides of the equations (2) are convergent for u and » sufficiently small 
in absolute value. By means of a real, linear change of variables, the equa- 
tions (2) of the transformation are equivalent to equations which will have 
one of the following forms: 

where the dots indicate terms of degree greater than one. 

Let us now discuss transformations which may be represented by equa- 
tions of the form (3). If we denote the transform of (u, 21) by (us, v2), from 
the fact that the transformation is of period two, it follows that 
Ug 
whence a=+1. Suppose first that a=1. The transformation may be 
represented by 

= U + + ayuv + ado? +---, 
= 0 + daou? + + bow? +--+. 


Since the transformation is of period two 


U = = Uy + + + +--- 
= u + 2dequ? + + 2adoov? +--+. 


From this identity it follows that all the a,; are zero, and from the corre- 
sponding one in v it follows that all the 5;; are also zero. Hence, when a 
transformation of period two can be represented by equations of the form 
(3) with a=1, it is the identity transformation. 

Transformations represented by equations of the form (3) with a= —1 
will be called “rotation transformations” on account of the fact that the 
simplest example of equations of this form, i.e., —u, 1, = —v, represents 
a rotation through 180° when the codrdinate system is rectangular. We shall 
now reduce the equations (3) of a rotation transformation to a simpler form. 
To this end let us write these equations in the form 


(5) uy = —u+ U(u,r), Vi = — 0+ V(u,2), 
where U(u, v) and V(u, v) have no terms of first degree in u and v. On account 
of the’ periodicity of the transformation, 

= = — + = u — U(u,v) + U(u,n), 

= — = — V(u,v) + 
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whence 
U(u,v) = (u,v) = 

Hence the equations (5) are equivalent to the equations 

uy — = — u + 3U(u,»), 

0, — = — + 
Under the change of variables 

u* = u — 4U(u,»), v* = — 4V(u,»), 

these equations are evidently transformed into 


* _ 
uy = — u*, = 


from which form the structure of the transformation is evident. 
If a transformation of period two is represented by equations of the 
form (4), 
v= = Bu, + +--+ = 
whence 8=1 and 6=0. The equations representing such a transformation, 


by means of a suitable change of codrdinate system, may be of either of 
the two forms 


(6) 
or 


The equivalence is readily seen if the codrdinates are considered as rectangu- 
lar codrdinates in the plane and a rotation of axes through an angle of 45° 
is performed. Since the simplest example of equations of the form (7) 
representing such a transformation of period two, i.e., =u, 1: = —v, repre- 
sents a reflection in the u axis, we shall call any transformation of period 
two which can be represented by equations of the form (6) or (7), a “reflec- 
tion transformation.” 
Let us write the equations (7) in the form 


(8) = u+ U(u,»), 1 = —v+V(u,2). 

Here, on account of the periodicity of the transformation, 
U(u,v) = — U(us,0), V(u,v) = V(uy,01). 

Hence the equations (8) are equivalent to the equations 


| 
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+ = u + ZU (u,v), 
= $V (1,01) + 3V(u,»), 


from which it follows immediately that this transformation may be repre- 
sented by the equations 


(9) 
where 


u* =u+4U(u,v), v* = — 4V(u,2). 


Here, as in the case of rotation transformations, the form (9) tells us every- 
thing that we wish to know about the transformation. 

When a transformation of the reflection type is represented in a neighbor- 
hood of an invariant point by equations of the form (9), we shall say that 
the u*v* system of codrdinates is a “normal system” for the transformation. 
Now it is evident that there are infinitely many normal coérdinate systems 
for any one such transformation. In fact, if we make a reversible change of 
coérdinates defined by the equations 


(10) u* = f(w,2), g(w,z), 


a sufficient condition that the new system of coérdinates be a normal system 
for this transformation is that 


(11) z) f(w,2), g(w, — 2) = = g(w,z). 


This is a consequence of the fact that if (11) be true, w=w, z.=—z is a 
solution of the pair of equations 


f (1,21) f(w,2), g(W1,21) g(w,z). 


By way of summarizing this first section, we may say that every transfor- 
mation of period two, in a neighborhood of an invariant point, after a suitable 
choice of coérdinate system has been made, may be represented by one and but 
one of the following systems of equations: 


“= u, = 


= 0; —v. 


II. PropucT TRANSFORMATIONS 


In Birkhoff’s paper on the Problem of Three Bodies, a transformation 
of a surface into itself arose which was the product of two transformations 
each of which was of the reflection type. The object of this and the succeeding 
sections of this paper is to study such transformations in the neighborhood 
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of a point which is invariant under each of the component transformations 
of period two. 

In the notation we shall use, the script letters R and § will stand for 
transformations of the reflection type of a surface Z into itself, and the script 
letter G will stand for the product transformation G=R§. In a neighbor- 
hood of a point which is invariant under the transformation § , by choosing 
a normal system of coérdinates for this transformation, it may be represented 
by the equations 


(12) Soo 


Here, Sp is interpreted as symbolical of the equations (12). If we make a 
reversible change of codrdinates defined by 


(13) Vi y=f(w,2), «= g(w,2), 
the equations (12) are equivalent to the equations 
(14) S(wi,21) = f(w,2), g(wi,zi) = — g(w,z). 
Since we have denoted the equations (13) symbolically by V, let us denote 
the equations obtained by solving them for w and z in terms of y and x 
by i.e., 
VO: w= foly,«), x). 
On solving (14) for w, and z, we obtain 


w= fol f(w,z) g(w,z) 
= gol f(w,z) g(w,z)] 
These equations may be represented symbolically by V-'S,V when this 


symbol is interpreted according to the law which will now be stated. If 
A, Band C denote the systems of equations 


then AB and ABC denote, respectively, the systems of equations 


filfe(é,n), g2(E,n)], 


AB 
B = gilfelE,n), go(é,n)]; 


Thus we have the result that if a transformation § of a surface Z into 


ABC: 


| 
4 
{ 
i 

| 
i 

| 

| 
| 

and 
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itself be denoted by the equations So of (12), and if a change of codrdinate 

systems denoted by the equations V of (13) takes place, the transformation 

S is denoted in the new system of coérdinates by the equations V-!SoV. 
Let us suppose now that the transformation R is represented by the 

system of equations 

(15) R: m=u, 

and let the yx and the wv systems of codrdinates be related by means of 

the equations 

(16) U: y=F(u,v), «=G(u,»), 

where F and G are analytic functions of their arguments in a neighborhood 

of the point (uw, v) =(0, 0), the jacobian 

OF/du odF/dv 

OG/du | (u,v)—(0,0) 

is greater than zero, and F(0, 0)=G(0, 0)=0. The condition that the 

jacobian (17) be greater than zero is not so strong as one might imagine. 

If we have a correspondence between the two systems of codrdinates which 

fulfills the other conditions named above but which is such that the jacobian 

(17) is negative, we may change our yx codrdinate system to another by 

means of the equations 


(17) 


y=u, x= 


The wz system of coérdinates will be normal for § and the analogue of the 
negative jacobian will be positive. 

Since the yx normal coérdinate system can be replaced by another by 
means of the equations (10), where f and g satisfy the relations (11), it 
it evident that we may assume that the determinant of the coefficients 
of the linear terms of the functions F and G in (16) has the value 1, and that, 
if the linear term in u (or the linear term in 2) is lacking either in F or in G, 
the coefficient of the linear term in v (or the linear term in wu) is unity in 
absolute value. Thus there exist what may be termed certain canonical 
forms for the equations (16) which are characterized by the linear terms of 
F and G. These may be listed as: 


y=u+tav+---, a#0, 


(18) I(A): 


I(B): 
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au+v+-:-:- 


y 

x 

x=—ut-:::; 
x=au+o+:-:- 
y 
x 
y 
x 
x 


=—u—av+- 
+ anv +--- 
bigot + +--- 
210% + + 
= bigot + +--- 


VI: 


, 


@€#0; 


@#0; 


» 20401b10b01 > 0; 


? 


» < 0. 


The equations I(B), II(B), III and IV may be assumed to be in a still 
simpler form. Consider, for example, the equations I(B), and make use of 
the change of codrdinates 

u=u*, 

v = v*/(2a). 


y=y"*, 
= x*/(2a); 


Evidently the transformed equations of I(B) have the form 
y* = u*¥ + 


= y¥+.--, 


Since analogous transformations may be employed in the other cases, it is 
evident that we may assume that wherever “a” appears in the equations (18) 
we may write 4. This choice of constant “a” gives a particularly simple 
form to the canonical forms which will be given later of the equations re- 
presenting transformations ©. 

Let us now consider the transformation G of the surface Z into itself 
which is the product of the transformations R and §, i.e., G=R§, which is 
to mean that the transformation § is followed by the transformation R. 
We shall first discuss one of the properties of this transformation G which 
can be readily proved out of the fact that each of the transformations R 
and § is of period two. Let the symbol S represent the equations of the trans- 
formation § in the uv system of codrdinates which is normal for the trans- 
formation R represented by the equations (15). On account of the equations 
(16) we see that symbolically S=U-'S,U, where Sy is given in (12). If T 
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represents the equations of the transformation T in the uv system of codrdi- 
nates, evidently T=RS. If we denote the identity transformation by J, 
we have symbolically 
SS =I, S=S-', R= Ro, T= RS, TSR = RSSR =I, 
T— = SR = SRSS“! = RRSR = STS“! = R“TR. 

It is this last equation, T7-'= R-'TR, which we wish to examine more closely. 
Since a change of codrdinate systems denoted by V changes the equations 
T into V-'TV we see that the inverse transformation of G is represented in 
the uv system of codrdinates by the same equations as the transformation G 
after the change of codrdinate systems denoted by R has taken place. Thus, 
if the equations T are 


=au+av+:--, 
1 
and if we perform a change of codrdinates denoted by 


(20) R: u=s, 


(19) 


obtaining thereby 
$1 = QS — det +---, 


4= —ds+bt+---, 


in the wv system of codrdinates G- is given by 


(21) R'TR: 


= — a, +°-:, 
v= — + boy 


Thus, observing the movement of the points of the surface Z under the 
transformation G-' is equivalent to observing the movement of the points 
of the reflection of the surface Z under G in a mirror which is plane for 
the uv system of codrdinates. We shal] make use of this fact later on in the 
discussion. 

Let us now return to a further consideration of the normal forms (18) 
of the equations of the change of coérdinate systems. The transformation § 
in the uv system is given by 


(23) F (1,01) F(u,v), G(u1,01) G(u,v). 


(22) 


Hence the transformation G is given by 
(24) = 21) = F(u,v), G(u;, = G(u,v). 


The normal forms for the equations T which correspond to the normal forms 
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(18) are the following: 


Wm 
I(A): 

(A) 
1(B): wm =utot+ 
; 

II(B): 

(25) 
n: 

Utot+:::; 

IV: 

V: =au+ 

VI: 


= yutavt::-, By <0; 


where a= 410091 + B = 2anba, 7,= 2arob10, a? — By = 1. Evidently, each 
of the type sets of equation in (25) is but an example of 


(26) 
1 = 


where a, 6 or y may have the value zero. 

Thus we have obtained the result that every transformation which is the 
product of two transformations of the reflection type, in a neighborhood of a 
point which is invariant under each of the component transformations, can be 
represented in one and only one way by equations which are of one of the types 
displayed in (25). 


III. INVARIANT DIRECTIONS AND SIMPLE EXAMPLES 


Let us now inquire into the possibility of there being directions through 
the origin which are either invariant under T or are rotated through 180°. 
From (26) when ay 0 we obtain at (u, v) = (0, 0) for du/dv finite and differ- 
ent from —a/y 


i} 
| 
{ 
il 
if 
| 
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du adu+fBdv du 


Hence du/dv remains unchanged by T if and only if 
(27) B(dv)? — y(du)? = 0. 
Now consider the case where a=0. Then Sy 0, and 
du, B dv 


when dv/du is finite and 


when du/dyv is finite. Thus the invariant values of du/dv are given by (27). 
In a similar manner it can readily be shown that the invariant values of 
du/dv for 8 =0 or y=0 are also given by (27). 

Thus we find that for all transformations of the types I(A) and II(A), 
all slopes through the origin are invariant; for all transformations of the types 
I(B), II(B), III and IV there are two coincident invariant slopes which are 
the only ones; for all transformations of the type V there are two distinct in- 
variant slopes which are the only ones; and for transformations of the type VI 
there is no invariant slope. 

It would, perhaps, be useful in clarifying our ideas to give at this point 
a short discussion of transformations of the different fundamental types in 
which only linear terms appear on the right hand sides of the equations (25). 
Each of these transformations is area preserving since the jacobian of the 
functions on the right hand sides of each pair of these equations is 1. 

The transformation u;=, 2;=v, which is of type I(A), is evidently the 
identity transformation under which every point is an invariant point. 

For the transformation 


(28) 1 =2, 
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du, dv ydutadv dv du 
dv 
If du/dv= —a/y or is infinite, then dv/du¥ —a/B, since and 
dv, dv du 
du, du 7 dv 
a + B— 
du 
dn y du 
dv, du 
du; ° B dv 
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of type I(B), the u and y axes are coincident while the equation of the 
x-axis in the uv-system of coérdinates is given by u+}v=0. The only in- 
variant curve for this transformation which passes through the origin is 
the u-axis, and since v is an invariant function, the points move parallel to 
the u-axis under the transformation G. Moreover, this invariant curve is 
made up of invariant points. It is easily verified that this transformation 
has the origin as a hyperbolic, unstable,f invariant point, since for v>0, 
u,—u>O0, and for »<0,u,—u<0. In fact, if any neighborhood of the origin 
be taken, it is evident that the only points which remain in the neighborhood 
under the indefinite iteration of T and of T- are those lying on the u-axis 
which are invariant points. 

The transformation “= —u, 2: = —v, of type II(A), is a rotation through 
180°. Thus every straight line through the origin is invariant and the 
points on it are reflected in the origin, which is an isolated, hyperbolic, 
stable, invariant point for ©. The x and the wu axes are coincident, as are also 
the y and the ». 

For the transformation u,=—u, 7:= —u—v, of type II(B), the y and » 
axes are coincident and the equation of the x-axis in the uv-system of coérdi- 
nates is given by 4u-+v=0. The only invariant curve through the origin 
is the v-axis on which all the points are reflected in the origin by ©. The 
origin is a hyperbolic, unstable, invariant point. 

For the transformation “:=4, 1:=u+2, of type III, the x and v axes are 
coincident and the equation of the y axis is 3u-++-v=0. The origin is a hyper- 
bolic, unstable, invariant point, and the only invariant curve through it is 
the v axis. The discussion of the simple transformation of type IV is obviously 
similar to that of type III. 

For the transformation 
(29) = au + = yu+av, a>O0, B>O0, 
of type V, 6v?—~yw? is an invariant function which is zero on the two in- 
variant lines 6v?—-yu? =0 through the origin, which is therefore a hyperbolic, 
invariant point. The u axis bisects the angle between these two invariant 
lines. Let us examine the movement under G of the points on these invariant 
lines. Let (u, v) be any point on the invariant line u=0(8/y)'/?. Then 

uy = au + Bv = (a + (By)"*)u, 
= yu + av = ((By)'/? + a)o. 


t Definitions of certain technical terms used in the discussion of this paper will be found in a 
paper by G. D. Birkhoff, Acta Mathematica, vol. 43: conservative transformation, p. 2; formal con- 
servative transformation, p.22; quasi-invariant function, p.2; stable and unstable invariant points, 
p. 5; formal invariant curve through origin, p. 26; hypercontinuous invariant curve, p. 67; elliptic 
and hyperbolic invariant points, p. 26. This paper will be referred to hereafter as B. 


| 

ij 
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Now (a+(6y)"/?) (a—(By)'/2)=1. Hence is positive and either 
is greater than 1 or less than 1. If a+(@y)"/?>1, the points on this invariant 
line will recede from the origin on iteration of G and if a+(@y)/?<1 the 
points will approach the origin on iteration of G. But if a+(@y)/?<1, 
a—(@y)'/?>1, and hence the points on one of the invariant lines recede from 
the origin on iteration of G and the points on the other invariant line ap- 
proach the origin on iteration of G. This shows that the origin is an unstable 
invariant point. 

Suppose that for the transformation represented by (29) we make a 
change of coérdinates which takes these invariant curves into the axes. 
Then the equations (29) become = bia, b>1, 0<c <1, which shows 
that no other invariant curves exist for the transformation (29) than those 
already mentioned. 

The transformation which is the same as (29) with the exception that 
a <0, can be discussed in a manner similar to that in which we have discussed 
(29). In this transformation the points on one of the invariant lines recede 
from the origin on iteration of G but oscillate about the origin in so doing. 
By this is meant that the origin always separates a point on this invariant 
line from its image under G. The points on the other invariant line approach 
the origin under iteration of G but also oscillate with respect to it. 

For the transformation u,=au+6v, 1;=yu+av, B>0, y<0, which is of 
the type VI, as has already been proved there is no invariant slope through 
the origin. Hence there is no invariant curve through it and the origin is an 
elliptic, invariant point. In this case the function 6v?—-yw? is an invariant 
function which shows that the origin is a stable invariant point. 

Since all the simple transformations which we have just been discussing 
preserve areas and hence have invariant integrals, it would seem that it 
would be advantageous to link that classification which we have given for 
transformations G=R§ with that given by Birkhoff in his paper in the Acta 
Mathematica. It will be assumed that the reader has this paper before 
him; the classification is on page 4. We shall designate the types of problems 
which we are studying by I(A), I(B), etc., and those which Birkhoff studied 
by I’, I’’, etc., as he did. With this notation in mind, it is evident that we 
have the following correspondence based upon the coefficients of the linear 
terms in the equations of the transformations: I(A)~II’’, I(B)~III’, 
WI~III’, IV~III’’, Via>0)~I’, Via<0)~I”, 
VI(a=0)~II'"’, VI(a¥0)~II’ or II’’’.. Reference will be made to this 
correspondence from time to time. When interpreting this correspondence 
we should remember the properties of the u and v axes of codrdinates as used 
in this paper, made clear by the equations (15). 
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IV. FORMAL INVARIANT SERIES 


The question of the existence of real, formal series which are invariant 
under the equations representing a transformation © is important for at 
least two reasons. If there is such a series which is convergent, by setting 
it equal to a constant we obtain a curve which is invariant under G. Hence 
we can study the transformation by studying the totality of such invariant 
curves. On the other hand, if there does not exist any series which is con- 
vergent, but there does exist one that is divergent for all sets of values of 
the variables different from (0,0), it can be used in many cases to reduce the 
equations representing the transformation to a simpler form and to prove 
the existence or non-existence of real invariant curves through the origin 
which is assumed to be an invariant point of the transformation. Hence 
we shall search for series which are formally invariant under T=RS. 

Let us now recall that T-'= R-!'TR=S-'TS, which means that the equa- 
tions giving the inverse transformation G-! are the same in form as those 
for the transformation © itself after a change of variables has taken place 
in which the equations of the change of variables are those of the transforma- 
tion R or of the transformation §. In this connection, let us return to the 
consideration of the equations (19), (20), (21) and (22), and the discussion 
given concerning them. Thus we see that, if H(u, v) is a formal invariant 
series under (19), H(s,—#) is invariant under (21) and hence H(u,—v) is 
invariant under (22). Thus, if the series H(u, v) is invariant under 7, the 
series H(u,—v), H(u, v) +H(u,—v) and H(u, v) —H(u,—v) are too; and every 
series which is invariant under T is the sum of an invariant series which is 
even in v and an invariant series which is odd in v. This follows immediately 
from the fact that if a series is invariant under T it is also invariant under 

Furthermore, if the transformation © is written in the variables y and x 
by means of the equations (16) it is readily seen that every series that is 
formally invariant is the sum of an invariant series which is even in x and 
an invariant series which is odd in x. 

Now let us consider the equations (24) for the transformation G. These 
equations may be written in the form 


F(u,v) = ao(u) + ay(u)v + ae(u)v? + a3(u)v? + --- 
(30) = do(u1) — + — +---, 
G(u,v) = bo(u) + + bo(u)v? + b3(u)v? + --- 


bo( 1) + bi om es 
From the reasoning given in the preceding paragraph it is evident that if 
there is a formal series which is invariant under T there is one, K(y, x), 


§ 
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in the variables y and x which is invariant under T and is even in x and con- 
sequently in G(u, v) when the variables y and x are replaced by the functions 
F(u, v) and G(u, v) of (16). Hence from (24), 


K [F(u1,01), G(u1,2:)] = K[F(u,v), G(u,v)] = K[F(u:, — 1), —G(m, — 
But XK is an even function of G by hypothesis. Hence 
K [F(u1, 01), G(u1,0:) | K[F(u:, G(u1, 


whence K is even in 2, and hence, when it is expressed in terms of u and 2, 
even inv. In an analogous manner it can easily be proved that any invariant 
series which is odd in x in the yx-system of codrdinates is odd in » when 
written in the uv-system of coérdinates. Since the square of an invariant 
series which is odd in 2 is an invariant series which is even in v we see that 
there exists a series which is formally invariant under T if and only if there 
exists such a series which is even in 2. 

We shall now examine transformations G to find out whether formally 
invariant series can exist, and we shall limit the discussion at first to the cases 
in which the transformations are of the type V, or VI with a0. Since 
we have shown that there exists a formally invariant series for such a 
transformation if and only if there exists one which is even in x, and hence, 
as has been shown, even in 2, we shall try to show that, for the cases under 
consideration, there exists a formally invariant series which is even in x and, 
when expressed in terms of u and 2, is even in 2. 

It is readily provable that if there exists an invariant series it can not 
have any terms of the first degree in u or in v. Hence we shall start with 
second degree terms. Let us write the equations (30) in the form 


F(u,v) = + + + + + 
G(u,v) = bio + dow + boou? + + bo? + 


Now from the way in which the series F(u, v) and G(u, v) are transformed 
_by T we see that our invariant series which is to be even in x and consequently 
in G must be such that when F and G are expanded in terms of wu and v no 
term of odd degree in v appears. In so far as the second degree terms are 
concerned, except for a constant factor, there is only one combination of 
F and G which is even in v and invariant under T up to terms of degree three, 
and this is 


(32) 


(31) 


bioby 
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This expression transforms under T in the same manner as do F and G?, and 
has no term of the second degree in u and v which is odd in v. The method 
which we shall use to build up our formally invariant series consists in adding 
to the function (32) a function of the third degree in F and G which is even 
in G and which is such that the resulting sum contains no term of the third 
degree in u and v which is odd in 2; and then adding to this sum a function 
of the fourth degree in F and G which is even in G and which is such that 
this last sum will contain no term of the fourth degree in u and v which is 
odd in 2; this process being continued so long as any terms of odd degree 
in v remain in the sum. Now the series (32) is invariant up to its terms of 
the third order; the series obtained from (32), after the first addition has 
been made to it, will be invariant up to terms of the fourth order; and so on. 
Thus, if we can prove that at no stage does the above outlined process of 
adding functions break down, we shall have established the fact that there 
exists an invariant series for transformations G of the types V and VI 
with 

Let us now investigate what we need to prove in order to show that this 
process does not break down at any stage. Suppose we wish to eliminate 
terms of odd order in 2 in the group of terms of the rth degree in u and v. 
To do this we may employ a sum of the form 


(33) adG? + + + 
if r is even, and of the form 
(34) F + BG Ft + + 
if r is odd. 
Let us first consider the case when r is odd. When a sum of the form (34) 
is employed, we see that to determine the (r+1)/2 multipliers ao, Bo, - - - , no, 


we shall have (r+1)/2 linear algebraic equations. Hence, if we are to show 
that in every case we shall be able to solve these equations we shall have to 
show that the determinant of the coefficients of ao, - - - , no in these equations 
is different from zero. Proving this is equivalent to proving that if the func- 
tion (34) is even in v up to terms of the (r+1)th order, aa=Bo= - =o =0. 
Evidently, in this proof only the linear terms of F and G will be involved. 
Hence let us define 


Fo(u,v) = + ao, 


35 
( ) Go(u,v) = biou boi, 


where Fy and Gy» are thus the linear terms of F and G, respectively. Hence 
410601 — 201519 may be assumed to be 1. Consequently the transformation Go, 
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which is defined by 


(36) To: uy, = au+ Bv, = ayobo + aoibio, B = 2aoibo1, 
1 => yu + av, Y= 2410610, 


and hence is the transformation obtained by using only the first degree terms 
in the equations T of (26), is the transformation defined by 

Fo(u1, — v1) = Fo(u,v), 
(37) o( 1 ») o( ) 

Go(u1, 0) Go(u,v). 


Since we are considering only transformations G of the types V and VI in 
which aBy+0, by means of a linear change of variables, 


w = — = 4 
the equations of (36) may be written as 
1 


(38) Wi = pw, = 
p 


where now imaginary quantities may occur. For the argument to follow, it is 
necessary that 6, where p=e*, be not a rational multiple of 27. 

Any series which is invariant under the transformation (38) must be 
of the form 


r 


Hence, any series which is invariant under 7) must be of the form 


> — yu?)*, 


which is the same as 


This shows first of all that any series that is invariant under T, has only 
terms of even order in u and v; and secondly, it shows that the terms of any 
degree form an integral power of (b:obul’? —aianG?). Thus any linear 
combination of terms of even degree in Fy and Gy such as 


(40) + BoGo Fe + --- + noFo’, 


r being an odd integer, can not be invariant under 7) unless ag=fo= - - - 
=7o=0, which, on account of the definition of T) by the equations (36), 
means that if the function (40) is even in v7, a= - - - =0=0, since if it is 
even in v it is invariant under JT». Hence the process described above rel- 
ative to adding functions of F and G to the function (32) to form an in- 
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variant series will never fail when we wish to eliminate terms of odd degree 
in uw and v which are odd in v. 

Now consider the case when the terms to be eliminated are of even degree 
in u and v and a series of the form (33) is employed. We see that to determine 
the ao, - - - , 70, we shall have to solve a system of r/2 linear algebraic equa- 
tions in the (r+2)/2 unknowns ao, ---, mo. If we choose a»=0 we shall 
have r/2 equations to solve for r/2 unknowns and it is evident from the 
reasoning for the case when r is odd that the determinant of the coefficients 
of the unknowns will be always different from zero and that the equations 
can always be solved. This completes the proof that the process of building 
up a series which is formally invariant under T when T is of the type V or VI 
with a0, and the condition following (38) satisfied, never fails. 

Thus we may assert that when the transformation T is of the type V 
or of the type VI with a0 and the condition following (38) satisfied, 
there exists a series, H*(u, v), whose initial terms are Bv?—-yu?, which is 
formally invariant under T. 

Let us now examine transformations G of the type I(B) for invariant 
series, and let us use the same general plan that we used when © was of 
the type V or VI. In this case we may choose F and G so that 


F(u,v) =u+ 
G(u,v) =v+---, 
as has already been shown. Evidently the only quadratic function which 
is invariant under T up to terms of the third order is a multiple of G’. 
Define Fp =u+4v, Go=v, and the corresponding transformation Gy has 
as its equations 
u=uty, 
2, 
and the only series which is formally invariant under T, is evidently a series 


in v alone, and hence a series in Gp alone. Thus, an argument similar to that 
given when T was of the type V or VI shows that any series of the form 


(40) adGo’! Fo + BoGo*F* + --- + noFo’, 

where r is an odd positive integer, is an even function of v only if ao= - - - 
=no=0; and any series of the form 

(41) + + noFo’, 


where 7 is an even positive integer, is an even function of v only if 
Bo= - ++ =no=0. Hence, from reasoning similar to that given when G was 
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of the type V or VI, it follows that every transformation of the type I(B) 
possesses a formally invariant series whose initial term is v. 

Let us now consider transformations of the type II(B). The only series 
invariant under the corresponding 7, are series in —w, i.e., Go. Thus it is 
evident, from the type of reasoning given above, that for any transformation 
of this type there exists an invariant series whose first and second degree 
terms are all zero except the one involving u?, which is not zero. 

Now consider the possibility of invariant series for the cases where G 
can be represented by equations of the form I(A), II(A), III or IV. Since 
series invariant under the corresponding equations T, may be series in Fo 
only, we see that our method of proving the existence of invariant series fails 
since a series of the form (40) or (41) may be an even function of v and still 
not have ao= -- +: =m .=0. However, on making use of the fact that our 
method does fail, we can actually set up transformations of these types which 
possess no formally invariant series. This is due to the fact that, for these 
cases, the determinant of the coefficients in the equations which determine 
the ao, - - - , mo of (33) and (34) may now be zero, and by a proper choice of 
the coefficients of the F and the G these equations will be inconsistent. Hence 
we can only say that transformations of the types I(A), II(A), III and IV 
may or may not have formal invariant series. 

We may say by way of summary that for equations T of the types I(B), 
II(B), V and VI (a0, and 0 satisfying the condition mentioned after (38)), 
there always exist formal invariant series; but for equations of the other types 
such series need not exist. 


V. TOTALITY OF INVARIANT SERIES 


For certain types of transformations G we have proved the existence of 
formal invariant series and have given rules for finding particular ones. We 
now wish to prove that for any given transformation every formal invariant 
series is a formal series in powers of a particular one. 

Let us first consider those transformations of types V and VI for which 
we proved the existence of invariant series. As we have seen, there is no 
invariant series with any terms of degree less than two. Hence, in every 
invariant series, the terms of lowest degree are of at least the second degree. 
Now suppose that the degree of the lowest degree terms of a formal invariant 
series is r=>2, and suppose that these terms do not form a multiple of some 
power of 


bobo? — 


of (32). Since the invariancy of these terms is due entirely to their properties 
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as functions of Fy and Gy it follows from the discussion relative to the equa- 
tions (37), (38) and (39) that we have a contradiction. Hence every formal 
series invariant for a transformation of the type V, or of the type VI in which 
a0 and @ satisfies the condition mentioned after the equation (38), is a 
formal series in the one whose existence was proved in the last section. 
This is seen as follows. Let us denote the invariant series whose existence 
was proved in the last section by F*, and denote any other invariant series 
by F. Let F,* and F,, be the terms of minimum degree in F* and in F, 
respectively. Then we have that F,,=c(F,*)" for some positive integerr 
and some constant c. Then is F—c(F*)* an invariant series, and its terms 
of minimum degree have a degree greater than r and form a multiple of a 
power of F,,*. This series may now take the place of F in the argument just 
given and that argument may be repeated. 

Now consider transformations of the type I(B). We have shown that 
there exists a formal invariant series whose only term of degree two or less 
is v*. On the other hand, if there exists a formal invariant series which has 
terms odd in 2, it follows from the argument of the last section that there 
exists a formal invariant series which contains v as a factor. In this case 
the line v=0 is an invariant curve, which, on account of the fact that the 
transformation © is of the form RS, is a line of invariant points. 

Conversely, if v=0 is a line of invariant points, the u and the y axes 
coincide, which implies that the function G(u, v) of (16) has the form 


(42) G(u,v) = o[1 + G,(u,v)], 


where G; has no constant term. We wish now to show that in this case every 
invariant series has v as a factor. An invariant series contains v as a factor 
if and only if it contains G as a factor since G contains v as a factor, so we shall 
have proved what we wish to prove if we can show that every invariant series 
has G as a factor. 

We shall prove first of all that there exists an invariant series which is 
odd in v by using a method similar to that used in proving the existence of 
invariant series which are even in v. The function G(u, v) is invariant under 
T up to terms of the second degree and every term contains » as a factor. 
Now under 7, G(u, v) and F(u, v) are transformed according to the equations 
(31) where b;>=0,i=1, 2, - - -. Furthermore, every series in F and G which 
is odd in G transforms under T as G itself does and contains »v as a factor. 
Hence we wish to add tc G a multiple of FG so that the resulting sum up to 
terms of the third degree is invariant under 7, and odd in v; then add a multi- 
ple of F’G so that the result will be invariant under T up to terms of the 
fourth degree, and will be odd in 7; and so on. At no stage do we introduce 
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terms in u alone. When we add terms of the rth degree they are of the form 
(43) ago + Bo + - - - + no 


where 7* is r—1 if r is even, and is r—2 if r is odd. Hence there are in (43) 
r/2 coefficients to determine if r is even, and (r—1)/2 if r is odd. But these 
coefficients are to be determined so that there will be no terms of degree r 
in the series which are of even degree in v. Hence there will be 7/2 linear 
algebraic equations to determine these coefficients if 7 is even, and (r—1)/2 
ifr isodd. From the reasoning given in the preceding section, it follows that 
the determinant of the coefficients of the ao, - - - , 79 in these equations is 
always different from zero so that they can be solved. Hence the above 
process of building up an invariant series having a linear term in v and having 
v as a factor fails at no stage. Hence there exists such a series which we shall 
denote by S*. 

Now consider any other series which is invariant under T. There is 
only one term of minimum degree and that is a multiple of a power of 2. 
This follows at once from the form of the linear terms in the equations repre- 
senting the transformation, 7. Hence this formal invariant series is a formal 
series in S*, for if it were not, we could add to it a formal series in S* 
and obtain a formal invariant series which has a term of minimum 
degree containing u only, which is impossible. Hence, if v=0 is a curve of 
invariant points for a transformation of the type I(B), every formal invariant 
series contains v as a factor as many times as the degree of its terms of lowest 
degree. 

Thus we have shown that for transformations of type I(B), if there exists 
an invariant series which is odd in v, there exists one which is odd in v and 
has a linear term in v, and has the further property that every other invariant 
series is a formal power series in this one. On the other hand, if there exists 
no invariant series which is odd in 2, we still have existing one which is even 
in v and has as initial term v?. In this case, also, it can be shown that every 
other invariant series is a power series in this one. 

In a similar manner it can be shown that for every transformation of 
the type II(B) every invariant series is a formal series in the one whose 
initial term is “?. 

Now let us turn our attention to transformations of the types I(A), 
II(A), III, IV and VI (cases not included in the argument at the first of the 
section). As has been noted, a transformation may be of one of these types 
and not have a formal invariant series. If a transformation is of one of these 
types and possesses an invariant series, it possesses one whose terms of 
minimum degree have a degree less than or equal to that of every other 
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invariant series. Then it can be proved by means of methods other than those 
used above that every formal invariant series is a formal series in one such 
as has just been described.{ 


VI. INVARIANT CURVES 


Let us fix our attention on any particular transformation G=R§, and 
consider any curve C which passes through the origin. It is reflected by S 
in the y axis into a curve C, and C, is reflected by R in the u axis into a curve 
C=C; If the curve C is invariant under ©, it is the same as C;. But C; 
and C, are, in the uv system of codrdinates, the reflection images of one 
another in the u axis. Hence, if C=C,, we see that C and C, are the reflection 
images of one another in the u axis in the uv system of codrdinates as well as 
the reflection images of one another in the yx system of codrdinates. Hence, 
if C is invariant under ©, C, is also, and thus we see that invariant curves 
occur in pairs, each curve of every pair being the reflection of the other curve 
of the same pair in the y axis under § and in the uw axis under R. We shall 
call such a pair of invariant curves a “pair of conjugate curves.” It may 
happen, of course, that a pair of conjugate invariant curves consists of only 
one curve counted twice. 

Let us now discuss the possibility of there being curves of invariant points 
through the origin. If such curves exist, it follows from the equations (24) 
for the transformation G that the codrdinates of their points must satisfy 
the equations 


F(u, v) = F(u,v), G(u, v) — G(u,v), 


which implies that such curves are analytic. The above equations also show 
that either the origin is an isolated invariant point or there exists a curve 
of invariant points passing through it. 

It is of interest to note that if the points on an invariant curve through 
the origin are not invariant, they either approach the origin under the trans- 
formation G or recede from it. If the points on one invariant curve approach 
the origin under the transformation, the points on its conjugate recede from 
the origin. But a proof of this latter fact will be omitted since it is not used 
in any of the discussion to follow. 

We now wish to discuss the relationships existing among formal invariant 
series, formal invariant curves through the origin, and actual invariant 
curves through the origin. In case there exists a formal invariant series,f 


1 B, p. 25. Reference is to the first part of the theorem only. To prove our statements are 
correct for transformations of the types II(A) and IV, note that every series formally invariant under 
T is also invariant under T°. 

t B, pp. 18-33. 
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F(u, v), then every real formal curve which makes a factor of this series 
vanish is a formal invariant curve, and conversely, every formal invariant 
curve which is not made up of invariant points makes one of the factors of 
F vanish. That a formal invariant curve consisting of invariant points does 
not necessarily make a factor of F vanish will be shown to be the case by 
means of an example in the next section. It will be shown in this same section 
that there may exist formal invariant curves and yet no invariant series. 
This illustrates some of the radical differences between transformations of 
the type discussed in this paper and those of the type discussed by Birkhoff, 
for when a transformation is represented by equations whose linear terms are 
those of the type I(A), it possesses an invariant series if it is conservative, 
and every formal invariant curve, whether made up of invariant points 
or not, makes one of the factors of this series vanish. 

It has been shown,} in an ingenious manner, that to every real formal 
invariant curve of a conservative transformation of any one of a number 
of types there corresponds one and only one actual invariant curve, which, 
moreover, is hypercontinuous at the origin which is the invariant point 
under consideration, and has the formal invariant curve as its asymptotic 
representation. 

Furthermore, in any sector of a neighborhood of the origin, sufficiently 
small, which does not contain any invariant curve which has a formal in- 
variant curve as its asymptotic representation at the origin, and which is 
bounded by two such invariant curves which are not curves of invariant 
points, no point remains on indefinite iteration of the transformation or of 
its inverse. 

We wish now to outline proofs of analogous statements concerning 
general transformations whose representing equations are of the form 


(44) 


where the dots indicate terms of degree greater than one. It will be assumed 
that the equations (44) possess formal invariant series. The formal invariant 
series used in the discussion is one whose leading terms are of degree not 
greater than that of the leading terms of every other formal invariant series. 
It will be recalled that every formal invariant series is a power series in such 
a one. A comparatively simple case will be treated first in order to illustrate 
the method, which is a modification of that used by Birkhoff to prove the 
theorems just mentioned. We shall not consider the case where the formal 
invariant curves are curves of invariant points since such curves are analytic. 


+ B, Chapter IT. 
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We shall suppose that the real formal invariant curve under consideration 
is regular at the origin, i.e., can be represented in the form u =a power series 
in v, or in the form v=a power series in wu. Let us suppose that our curve is 
given in the latter form and that its equation is 


(45) v= p(u) = ayu+tau?+---. 
If we perform the formal change of codrdinates 
(46) u*=u, v* =0— p(u), 


the formal curve (45) is taken as the u* axis and the equations of the trans- 
formation are reduced to the form 


uf =u*¥+---, 

of =oX(1+ ---), 

and the transform of the formal invariant series used has v* as a factor, i.e., 
(48) F(u,v) ~v*(---). 


In the series on the right hand side of the first equation of (47) let au*? be 
the first term, other than u*, which does not contain v* as a factor. There is 
such a term, for otherwise v* =0 is a formal curve of invariant points which is 
contrary to supposition. For definiteness in argument we shall suppose 
that a>0. 

There are two distinct cases to consider, the first being where the formal 
invariant series of (48) in u* and v* contains a term containing u*, and the 
other the case where the formal invariant series contains no such term. We 
shall now consider the first case. 

Let the equations{ which represent the th iterate of this transformation 
be 


(47) 


ut = > ¢, my 
m+n=1 
v= 
m+n=1 
and define 
Ove 
(49) 
OR Ok 


whence 6u* and 6v* are formal series in u* and v*. Now the formal series F 
satisfies the equation 


t B, p. 10. 
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OF OF = 0 
— Vv => 
du* dv* 
and the first term in 6u* which is independent of v* is au*. 
Let F contain v*' and no higher power of v* as a factor. Then 0F/du* 
can be factored into the form 
OF 
u 
where ¢; isa constant different from zero and the A ; are zero forv* =0. Using 
analogous notations we have 


OF 
= 


From the differential equation displayed after the equations (49) we have 
immediately that there is a term in 6v* of the form cv*u*?-! where ac <0, 
and there is no term in 6v* of lower degree in u* which does not contain at 
least v*?. But this implies that the series for vj contains the term co*u*?—! and 
there is no other term of this series of the form do*u*» where m<k—1. 
The formal invariant series contains a term bv*'u**. The change of codrdi- 
nates (46) is not analytic, but if we replace the series p(u) by p,(u) where n 
is arbitrarily large and larger than /+k+2p, the p,(u) being the sum of the 
first m terms of p(u), the new change of codrdinates is analytic and the 
new equations of the transformation agree with the formal equations (47) 
out to terms of the mth degree. Assuming such a transformation has been 
made, dropping the asterisks for simplicity in notation, we may write the 
equations of our transformation, and the formal invariant series, as 


= [wu 
(51) 


(50) 


where the expression inside the brackets in the first equation of (50) is a 
polynomial of degree at most, those inside the other brackets in (50) and 
(51) are polynomials of degree »—1 at most, and all the terms outside the 
brackets are of degree at least n+1. 

We have now the hypotheses necessary for the application of the results 
of Birkhoff. We shall quote them without going into the details of the proofs. 
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There exists a positive integer m such that for 7 >mp there exists a constant 
d and a closed set = of curves defined for « sufficiently small and positive, 
analytic for «>0, which is invariant under G and lies within the region de- 
fined by 
0<u<d, lv] < Eu™-™, 

where E is a positive constant depending on m and d. Define m=n—n), 
which is greater than p due to the choice of m. These curves have contact 
of order at least m at the origin with the u axis as chosen in (50). Now con- 
sider the region which is bounded by these curves of = and which contains 
all of them. The upper and lower boundaries of this region are invariant 
curves for the transformation under consideration and have an order of 
contact of at least m at the origin with the u axis. We wish now to show that 
these are one and the same curve, and hence, that = consists of only one curve. 

Since the distance of any point (u, v) on either of these boundary curves 
from the u axis is of the order |x |™, by making a transformation which takes 
one of them and its analogue for «<0 into the new u axis, we may write the 
transform of (50) as 


uy, 


[u + au? + ¢i(u,2), 
o{ [1 + + g2(u,0)}, 
where ¢:(u, v) =O(u*) and ¢2(u, v) =O(u*-*), for some positive integer g>p 
if |v|<co|w?|, where co is an arbitrary constant. From these facts and the 
equations (52) it follows that for « small enough in absolute value, and 
|v|<co|u?|, the ratio (v,:—v)/(w:—u) is negative if « and » are positive, 
positive if « is positive and v is negative, etc., since ac<0. This shows that 
there can not be another invariant curve passing through the origin in this 
restricted region, besides that which we have chosen as our new wu axis. 
Hence = consists of exactly one curve and is analytic except possibly at the 
origin. 

But this « axis has contact of at least the mth order with the original 
one used in (50). Hence any curve which has contact of order greater than 
m with the u axis of (50) has contact of order m at least with the u axis as 
chosen in the equations (52), and, since m > p, must lie in the above mentioned 
region for « small enough in absolute value, and for some value of c. Hence 
the invariant curve that we have shown is the only curve of 2, is analytic 
for (u, v) (0, 0), and has contact of at least order m with the u axis of the 
equations (50), is that which will be obtained if we choose higher and higher 
values for 2 mentioned in connection with the equations (50). This completes 
the proof that if F of (48) contains a term having u* as a factor, to each real 
formal invariant curve which is regular at the origin there corresponds exactly 


(52) 


v1 
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one actual invariant curve which has this formal invariant curve as its asymp- 
totic representation at the origin. 

Let us now consider what can be said about the series for 7; in case the 
formal invariant series F in (48) contains no term in u*. In this case there is 
only one real formal invariant curve which is not a curve of invariant 
points, and when that has been transformed formally into the u* axis the 
expression for vi" is a power series in v* alone. But if the series F has no term 
involving u* its term of minimum degree is a multiple of a power of 2%, 
and, since the degree of this term is not greater than that of the corresponding 
term in every other formal invariant series, it is one. But if there is a formal 
invariant series whose leading term is »* which contains no term involving u*, 
there is one whose only term is v*. Hence there is a formal invariant series 
for the transformation represented by the equations (44) of the form v— p(x) 
where p(u) is a power series in wu. 

Let us now recall that we intend to apply the discussion of this section 
to transformations of the type G=R§S where R and § are each of the reflec- 
tion type, and we shall assume that the codrdinate system used is a normal 
one for the transformation R. Under these assumptions, if there exists a 
formal invariant series of the form v—p(u) there exists one of the form 
v+p(u) which is implied by the discussion of Section IV, and this implies 
that v is an invariant function which, in turn, implies that the second equation 
of (44) has the form 7;=v. In this case v=0 is an invariant curve. Hence, 
when a transformation G=R§S is represented by equations of the form (44) 
where the uv system of coérdinates is normal for R, and if there is a formal 
invariant series for this transformation which can be formally reduced to a 
formal series in v* alone by means of a change of variables of the form (46), v=0 
is an invariant curve and, on account of the fundamental properties of © as 
the product of R and §, it follows that v=0 is a curve of invariant points. 

Now let us consider the transformations whose representative equations 
have the form (44) but whose formal invariant curves have “cusps” at the 
origin. By use of transformations of the type 


(53) u=u*y*, c= 0%, 


such formal invariant curves are taken into ones of the first type considered 
in the above argument, i.e., the reduced equations representing the trans- 
formation have not a formal invariant series of the form v*—p(u*). This is 
due to the fact that on account of the nature of the change of variables (53) 
there is one formal invariant series F* which contains either u* or v* as a 
factor, and to the fact that, according to Section V, every other formal in- 
variant series is either a root or a formal power series in F*. 
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Hence, if there exists a real, formal, invariant series, to every real formal 
invariant “cusp,” there corresponds one and but one real invariant curve which 
has this formal invariant curve as its asymptotic representation. 

Finally, concerning the stability of the invariant point (u, v) =(0, 0) 
under a transformation represented by equations of the form (44), it may 
be said that im case a formal invariant series exists, in any sector of a suffi- 
ciently small neighborhood of the origin, which does not contain any invariant 
curve which has a formal invariant curve as its asymptotic representation at the 
origin, and which is bounded by two such invariant curves which are not curves 
of invariant points, no point remains on indefinite iteration of the transformation 
or of its inverse. The proof of this statement is omitted here since it is almost 
exactly that given in the discussion of conservative transformations which 
has been mentioned before. 


VII. TRANSFORMATIONS OF TYPE I(A) 


One of the chief differences between conservative transformations and | 


those of the type studied in this paper is that for conservative transforma- 
tions? of type II’’, which correspond to transformations of the type I(A), 
there always exist real formal invariant series, while such series need not exist 
for transformations of the type I(A). Due partially to the fact that formal 
invariant series need not exist, a wide variety of situations occur which are 
interesting in comparison with the facts known concerning conservative 
transformations of the type II’’. These situations will now be studied in 
some detail, while the analogous ones which arise for the other types of trans- 
formations for which there may not be any formal invariant series will 
hardly be mentioned since the discussion for type I(A) will be typical of 
that which could be given for them too. 

We shall confine our attention to a neighborhood of the origin of codrdi- 
nates which is supposed to be an invariant point. Questions which have to 
be answered are those relative to the existence of invariant curves through 
the origin, existence of invariant integrals, existence of invariant series, and 
stability. 

Let us first note that in Section III we have already shown that all 
directions through the origin are invariant under a transformation of the 
type I(A). We shall now show that for transformations of type I(A), (i) 
the existence of a formal invariant integral implies the existence of a formal in- 
variant series; (ii) the existence of a formal invariant series’ does not imply 
the existence of a formal invariant integral; (iii) the existence of invariant curves 
does not imply the existence of formal invariant series; and (iv) the existence 


t See last of Section IT. 
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of formal invariant series which possess real factors} implies the existence of 
real invariant curves through the origin. The proof of (i) is already in the 


literature.f 
We shall prove (ii) by means of an example. Consider the transformation 


defined by the following equations: 


4, 


(54) 


T = RS: 


Uv. 
Each of the transformations defined by the equations R and*S is of the 
reflection type and it is evident that any series in v is formally invariant 
under JT. We need only show that there exists no quasi-invariant series. 


Evidently 
8(u1,%) 


O(u,v) +9 
Now if Q(w, v) is a quasi-invariant series we have 
O(u1, 01) 


= 05) 


O(u,v) 
and we must remember that Q(0, 0) is different from zero. Let 


Q(u,v) = goo + qi + 
Then 


O(u,v) 


Q(t1, 01) = (goo + + + )( 


i+zv 
= goo + + (Go1 — 2goo)v+---. 


Since goo#0, this equation shows that no formal quasi-invariant series Q 
can exist for the transformation represented by (54). 

We shall now show by an example that a transformation of the type I(A) 
may possess an invariant curve through the origin and yet possess no formal 
invariant series. Consider the transformation for which the equations (16) are 


(55) x=04+ 

B,p. 18. 

1B, p. 16. In this paper, the assumption is made that the transformation possess an actual 
invariant integral, but for the proof,of (i) no use is made of the fact that the quasi-invariant series Q 
is convergent. 


1-—v 
1 
R: S: 
| | 
1-—v 
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Evidently 
x? — y? = (v? — u*)(1 — 2uv — — — 


Hence x?—y?=0 is equivalent to v?—u?=0. But the curves x?—y?=0 are 
the images of one another under § and the same curves v?—u?=0 are the 
images of one another under R. Hence the curves x?—y?=0, which are the 
same as the curves v?—xw?=0, are a pair of conjugate invariant curves 
through the origin for the transformation G=RS. 

Now turn to the equations (55) and investigate the possibility of the 
existence of a formal invariant series. We have seen that if such a series 
exists at all, there exists one that is even in v+* and which, when expanded 
in terms of u and 2, is even in v. Furthermore, if there exists such a series, 
there exists one whose lowest degree terms are of even degree in (v+1?) 
and (u+v*). Let the lowest degree terms of such a series be 


(56) + u®)" + a,_o(v + + v3)? +--+ + + 0)", 


where r is an even positive integer. In this series (56) there exists no term of 
degree r+1in «and v. Furthermore, in our invariant series, when the terms 
of degree r+1 in (v+m*) and (u+v*) are expanded, there will be no terms of 
degree r+2. Hence the terms of (56) which are of degree r+2 in u and »v 
but odd in v have to be counterbalanced as in Section IV, by the addition 
of a sum of the form 


(57) bo(v + u8)rt+? + bo(v + + v8)? + + 


But there exist no terms in this series of degree r+2 which are of odd degree 
in v, and since the terms of (56) of degree r+2 which are of odd degree in 
v are 


+ + (r — 
+ + (r — 


+ ofp 


it is evident that -- =0 and ra,+4a,.,=0, (r—4)ay_4 
+8a,.=0,---. But since a,4.=0 where 4a is the largest multiple of 4 
which is not greater than 7, we see that each of this last set of a, is also zero, 
and hence there can exist no invariant series, although there exist analytic 
invariant curves through the origin. 
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In connection with transformations of the type I(A) it is of interest to 
know when there are curves of invariant points through the origin. Let the 
equations (16) be denoted by 


y= ut f(u,v), x=v0+ g(u,r), 


where f and g are convergent series in « and v which have no terms of degree 
less than two. Then the transformation G is represented by the equations 


uy + f(u1, — 1) = u + f(u,»), 
— 1 + g(u, — 1) = — 0 — g(u,v). 
The points that are invariant under G are given by 
u+f(u,—v =ut+f(u,v), —v+tg(u, = —v— 


i.e., f(u,—v) =f(u, v), g(u,—v) = —g(u, v). This means that f is an even func- 
tion of v and g is an odd function of v for (u, v) an invariant point. Hence, 
if f and g are such that for curves passing through the origin these equations 
are satisfied, these curves are curves of invariant points. 

We have given examples of transformations under which certain curves 
passing through the origin are invariant. On the other hand, there exist 
transformations of the type I(A) under which no curve through the origin 
is invariant. An example of such a one is the transformation for which the 
equations (16) are 


y=utv, 


but we shall not pause to prove this fact. 

In the study of conservative transformations the fact was discovered 
that, for each transformation of type II’’, every invariant curve that passes 
through the origin and is hypercontinuous there has an asymptotic expansion 
at the origin which formally makes every formal invariant series zero, and 
formal invariant series always exist. We have already shown that for the 
analogous transformations of type I(A) there may exist analytic invariant 
curves through the origin and yet no formal invariant series; now we shall 
give an example of a transformation of type I(A) which has an invariant 
series and an analytic invariant curve through the origin along which the 
series is not formally zero. This invariant curve is necessarily a curve of 
invariant points. 

Consider again the transformation represented by 


uw =ui-—v/(1+), n=. 


T B, pp. 31-32. 
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Any formal series in v is a formal invariant series. Yet «=0 is a line of in- 
variant points and wu is not a factor of any formal invariant series. 

Finally, in connection with the questions relative to actual invariant 
curves corresponding to real factors of a formal invariant series, and questions 
of stability, we sha!! merely draw attention to the fact that the discussion 
of Section VI is applicable in this one. 


VIII. TRANSFORMATIONS OF TYPE I(B) 


We have already shown that for such transformations there always 
exists a formal invariant series which is even in v, whose only term of degree 
less than three is v*. Hence this formal invariant series can be factored in 
the form 

+ f(u))(1+---) 
where f(u) is a formal series in « whose term of lowest degree we shall denote 
by au? in case f(u) is not identically zero. As has already been seen in Sec- 
tion IV, f(u) is identically zero if and only if v=0 is a line of invariant points. 

On the other hand, if f(u) is not identically zero, v*+f(u) =0 represents 
a real, formal, invariant curve with a “cusp” at the origin if p is odd, and 
two real, formal, invariant curves tangent at the origin if a<0 and is even. 
If a>0 and # is even, there is no real, formal, invariant curve through the 
origin. 

A change of codrdinates of the type u =u*, v=u*v* reduces the equations 
representing a transformation of the type I(B) to equations of the type (44), 
and hence the methods of Section VI show that, when there is a formal invari- 
ant “cusp,” there is a unique actual invariant curve having this formal “cusp” 
as its asymptotic representation at the origin, and when there are two real 
formal invariant curves through the origin there are exactly two actual 
invariant curves tangent to the uw axis at the origin and having these formal 
curves as their asymptotic representations. 

Furthermore, when invariant curves through the origin exist, the origin 
is an unstable hyperbolic point, and the argument at the end of Section VI 
shows that if a sufficiently small neighborhood of the origin be chosen, points 
not on the invariant curves in this neighborhood do not remain in it on 
iteration of the transformation or of its inverse. 

With transformations of the type I(B) there are connected formal differ- 
ential equations of the type (49) which were used in the discussion of equa- 
tions of the type (44). But for such a transformation the highest common 
factor of 5u and 6v is v, and there is a curve of invariant points only if there 
exists an invariant series having v? as a factor. Hence,} transformations of 
the type I(B) are formally conservative. 


T B, p. 19 et seq. 
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IX. TRANSFORMATIONS OF TYPES II(A) «+ - IV 


For all these transformations, except those of type II(B), there may or 
may not exist formal invariant series. For transformations of the type II(B), 
a discussion analogous to that given for transformations of type I(B) can 
be given. It may be noted, however, that in this case there can be no curve 
of invariant points through the origin. There may, however, exist a curve 
through the origin which is invariant under the transformation and which 
consists of points all of which are invariant under G*. 

As has already been mentioned, a discussion similar to that given for 
transformations of the type I(A) may be given here for each of the other 
transformations named in this section. This we shall not do, but shall con- 
tent ourselves with merely pointing out a few of the main distinctions. 

For transformations of the type II(A) the origin is an isolated invariant 
point, and the points on every invariant curve through the origin transform 
under G into points, each of which is separated on the invariant curve 
from its image by the origin. This is a direct consequence of the form of the 
linear terms in the equations for T in (25). The discussion of Section VI 
is evidently applicable to the second iterate of a transformation of the 
type II(A). 

If a transformation is of the type ITI, the origin is an isolated invariant 
point unless there is a-single curve of invariant points through it. This is 
shown as follows. Let the equations (16) be denoted by 


y= ut f(u,v), x= g(u,v), 
where all the terms of f and g are of degree higher than two. The invariant 
points are given by 
S(u, — = f(u,v), —u = — v) + g(u,»). 

The form of these equations at once proves that the statement above is 
correct. 

The origin, for transformations represented by equations of the types 
II(B), III and IV of (25), is an unstable invariant point, and may be either 
hyperbolic or elliptic. 


X. TRANSFORMATIONS OF TYPE V 


If a transformation is of type V, by means of a real linear change of vari- 
ables, equations representing it may be chosen which have the form 
(S8) =put+t---, n= p= at (a? — 1)? 40, 
where now the uv system of codrdinates is not normal forR. Any transforma- 
tion represented by equations of this form in which the right hand members 
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are analytic possesses} two real analytic invariant curves through the origin 
whose equations may be written in the form u=f(v), v=g(u). When these 
curves are taken as axes, it can be readily shown that the points on one of 
these curves in a neighborhood of the origin move into the origin on iteration 
of the transformation, while the points on the other curve move away from 
the origin. In the case where p <0 the origin always lies between a point and 
its image when these points lie on one of the invariant curves through the 
origin.{ Furthermore, a neighborhood of the origin can be taken so small that 
any point in it not on one of these invariant curves through the origin moves 
out of it on iteration of the transformation or of its inverse. Hence, trans- 
formations of the type V are hyperbolic and unstable. 

We now wish to point out the interesting facts that there is a formal 
equivalence existing between transformations of the type V and conservative 
transformations of the types 1’ and I’’. We shall first prove that every 
transformation of the type I’ or of the type I’’ is formally of the type V 
and hence is formally the product of two transformations each of the reflec- 
tion type.§ Now the equations representing a conservative transformation 
of the type I’ or of the type I’’, by a formal change of variables, may be given 
either the form] 


1 
(59) U, = Vy = ¢ #0, 
p 
or the form 
1 
(60) U,=pU, Vi=—V. 
p 


But the equations (59) are the product RS of the two systems 


U; = pVev'v'" Uu=V, 
R: 1 S: 
V; = V; = U, 


each of which is of the “reflection” type. Evidently the equations (60) are 
also the product of two systems each of the “reflection” type. 

We shall now prove that, conversely, the equations representing a trans- 
formation of type V are, by a formal change of variables, equivalent to equa- 
tions of the form (59) or (60), and that every transformation of type V is 


Poincaré, Euvres, vol. I, p. 202. 

t Cf. Section III. 

§ This fact was kindly pointed out to the author by Professor Birkhoff. 
4 B, pp. 34, 55. 
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formally conservative. Let us assume that the equations representing the 
transformation of type V under consideration are in the form (58). From 
our previous discussion we know that there exists a formal invariant series 
whose only term of degree less than three is cuv where c is a constant different 
from zero. When p>0, we know that there exists? a formal quasi-invariant 
series and hence that our transformation is formally conservative and that 
its representative equations may be formally reduced to the form (59) or 
to the form (60). When p<0, the equations for G* are of the same form as 
(58) with p replaced by p’, and hence represent a formal conservative trans- 
formation. Hence they can be reduced to the form (59) or to the form (60) 
and hencef the transformed equations of G have the same form. 


XI. TRANSFORMATIONS OF TYPE VI 


Transformations of type VI where p satisfies the condition mentioned 
after the equations (38) are formally conservative, and transformations 
which are conservative and of the type II’ are formally the product of two 
transformations each of the reflection type. We shall not give proofs of these 
statements since they are wholly similar to those of the analogous statements 
made in the previous section. 

On account of the form of the initial terms in the invariant series which we 
proved to exist for transformations of this type, it is evident that no formal 
invariant curves exist through the origin. In fact, the discussion given in 
Section III shows that there can exist no invariant curve of any kind through 
the origin since no slope through the origin is invariant. Hence the origin is 
an elliptic invariant point which raises many important and interesting ques- 
tions. It will have been observed that the questions answered in the latter 
part of this paper have been, to a great extent, concerned with hyperbolic 
invariant points. The author hopes to study the elliptic cases in the near 
future. 


Tt B, pp. 19-20. 
B,p.55. 
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ON GALOIS FIELDS OF CERTAIN TYPES* 


BY 
LEONARD CARLITZ 


1. INTRODUCTION 


Several writers have considered the relations between the ¢-functions of 
an algebraic field and some of its subfields. Thus Artin? has, in a particular 
case, considered the question of the divisibility of the ¢-function of a field 
by that of a subfield. In another paper{ he has shown how all possible 
f-relations can be found. Explicit results of a general nature are however 
not arrived at. Herglotz§ has investigated fields formed by the composition 
of several quadratic fields, thus generalizing a well known result of Dirich- 
let’s.§] Pollaczek|| has obtained results of a similar kind for Abelian fields 
with group of type (1, 1). 

In all the cases cited, use is made of Hecke’s** functional equation for 
the ¢-function in an arbitrary field. Thus, for example, in Artin’s first paper, 
a ¢-relation is proved, except for a finite number of factors, by quite ele- 
mentary methods; employing the functional equation, it is seen to hold in 
its entirety. Again, Herglotz and Pollaczek deduce discriminantal relation- 
ships by means of the functional equation. 

In the following an explicit relation between ¢-functions is deduced. The 
fields considered include as special cases those of Artin (first paper), Herglotz, 
and Pollaczek. No use is made of the Hecke functional equation; instead a 
method of an elementary nature is employed. Relations between discrim- 
inants also are easily proved by direct means. The first result of interest may 
be formulated thus: 

Let K be an (absolute) Galois field of degree m and group Gm.tt We make 

* Presented to the Society, April 18, 1930; received by the editors in March, 1930. 

} Ueber die Zetafunktionen gewisser algebraischer Zahlkiérper, Mathematische Annalen, vol. 89 
(1923), p. 147. 

t Ueber eine neue Art von L-Reihen, Abhandlungen aus dem Mathematischen Seminar der Ham- 
burgischen Universitit, vol. 3 (1924), p. 88. 

§ Ueber einen Dirichletschen Satz, Mathematische Zeitschrift, vol. 12 (1922), p. 255. 

{ Werke, vol. 1, p. 533. 

|| Ueber die Einheiten relativ-abelscher Zahlkiérper, Mathematische Zeitschrift, vol. 30 (1929), 
p. 520. 

** Ueber eine neue Anwendung der Zetafunktionen auf die Arithmetik der Zahlkérper, Gottinger 
Nachrichten, 1917, p. 90. 


tt Hilbert, DieTheorie der algebraischen Zahlkér per, Jahresbericht der Deutschen Mathematiker- 
Vereinigung, vol. 4 (1894-95), p. 248. 
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the following assumptions concerning G,,: G, is an invariant subgroup of 
index a, m=la. The complex (G,,—G,+1-I), J representing the identity, 
may be exhibited as the sum of / non-overlapping conjugate groups. Further 
let ka be the Galois field corresponding* to G;. To the / groups of order a 
mentioned above, let there correspond the / conjugate fields of degree 


Lkiky-+:, ui. With the above definitions and assumptions we shall 
prove (§3) 
(1) = 


If we next suppose that K is a relative Galois field, the base field being some 
F, while all the remaining assumptions on K are taken over for K/F, then 
(1) becomes 

(1a) = 

(It should be noted that all our {-relations are proved only for a half-plane.) 


The second general result concerns the discriminants of the fields defined. 
If by d(k) we denote the discriminant of any field k, we find (§4) 


(2) d(K) =+ d(ka)d*(ki), 


when K is absolute Galoisian. In the more general case, we may suppose 
that each d in (2) is a relative with respect to the field F. We then readily 
derive 

(2a) d*(F)d(K) = + d(ka)d*(ki), 

where each d is now an absolute discriminant. 

In §5 are sketched the proof of formulas like (1) and (2) for the case of 
Abelian fields of type (1, 1, ---, 1); in particular might be mentioned (18) 
and (19). 

In §§6, 7, (1) and (2) and their analogs of §5 are applied to prove results 
that appear new. The results of the first section are contained in (30) and 
(31). A typical though particular result of §7 follows: 

Let kd =k([a+b"?]"2), =k([2a-+2(a?—b*)"/2] 2), 
where neither a*—b nor (a?—b)b is a square. Then K, the field compounded 
of k}, k?, ke is readily seen to be Galoisian of degree eight,{ and we shall 
prove 


= 
d(K) = + d(ko)d(k#)d(k?). 


and 


* Hilbert, loc. cit., p. 250. 
t Seidelmann, Die Gesamtheit der kubischen und biquadratischen Gleichungen mit Affekt bei 
beliebigem Rationalitdtsbereich, Mathematische Annalen, vol. 78 (1918), p. 232. 
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By means of (1) and (2) a ratio of class numbers is transformed into a 
corresponding ratio of regulators. In §8 this ratio of regulators is considered 
and, in a particular case, an upper and a lower bound of a simple sort are 
determined. 

I wish to take this opportunity to acknowledge my indebtedness to 
Professor H. H. Mitchell for his valuable suggestions and his very helpful 
criticism. 

2. PROPERTIES OF Gy, 
Let G, be one of the / subgroups of G, contained in (G,—G;,+4+1-J). 


Its operators will be denoted by 7;,---,7.. The operators of G; will be 
taken as S;,---,5S,. We may suppose S;=7,=/. 

Lemoa 1. 
(3) Gm = Gi Ti = Gi Ga, 


and the factor group Gm/Gi=Ga. 

To prove this, we observe first that the number of elements in 
GiTi+ ---+G.:-T, isla=m. Further, no two complexes G,T., G:Ts have 
an element in common. For suppose 

SiTa = (Si,S; in G); 
then 
= TsTr'. 
But G, and G, have only J in common; accordingly 
i =S§; and 7, = Ts; 


which shows that all the elements in the sum are distinct. 


LEMMA 2. 
(4) (mod a). 


1. Let S;(2<is/) be any element of (G:—J). Then the set 
(a=1,---, a) consists of a distinct elements of G. For from 7,S;T77!=7;S;T;? 
we have S;7z7'T,S7!=Tz'T,. But this implies T,=Ts. 

2. Let now S; be any element of (G;—J) not in the set T7.S;7z7!. Then 
the sets 7,S;T7z! and T,S;Tz! have no element in common. For from 
TS we should have which would mean 
that S; belongs to the set T.S;Tz1. 

We see then that the /—1 elements S;(i=2, - - - , 2) fall into sets each con- 
taining a elements, and that no two of these sets have an element in com- 
mon. Hence the truth of (4). 
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Suppose now that Gy is any subgroup of G,,. Let 
G, = DGu,G)), 


that is, the group common to Gy and G;. We easily recognize that Gy is 
invariant under Gy. The nature of the factor group Gu/Gz is described by 
Lemmas 3 and 4. 


Lemma 3. The factor group Gu/G_z is isomorphic with a subgroup of Ga. 
The lemma follows immediately from a known theorem.* 


Lemma 4. The factor group Gu/Gz is isomorphic with Ga, a subgroup of 
Gu having only the identity in common with G_. 


If G; does not exhaust Gy let us take as G, one of the / isomorphic sub- 
groups that has in common with Gy at least one element other than the 
identity. 

By (3), Gu=Gi-Tit ---+G:-Ta; Ga=(Ti1---T.). Let us suppose 
that Gy is contained in the first A complexes G;-7,+ - - - +G:-T,4 and that 
the 7’s are so numbered that each complex actually contains at least one 
element of Gy. Comparison with the proof of Lemma 3 shows that the com- 
plex (7, -- 74) forms a subgroup G4 of Gy isomorphic with Gy/Gz, thus 
establishing the lemma. 

From Lemma 4 follows without difficulty 


Lemma 5. The complex (Gu—Gri+L-I) may be exhibited as the sum of L 
non-overlapping conjugate groups each isomorphic with Gu/Gt. 


Lemma 6. Let Gy be an invariant subgroup of Gm, such that Gn/Gu is 
cyclic of order uw. Then, either 
(I) 1=L and a= 4A; or 
(II) l= pl anda=A =1. 


(S) 


1. Assume (I) does not hold, and that A >1. 

Now the LZ subgroups G, of Gy are contained in L of the / subgroups G,. 
Let S (of G,) transform one of these last groups into a G, having only the 
identity in common with the set of Z groups. Then the G, it contains is 
transformed into a group necessarily different from any of the L subgroups 
G, contained in Gy. Hence, when/>L and A>1, Gy cannot be invariant 
under G,,. 

2. Suppose then that />Z, A =1, but a>A. 

Then 


* Cf. Fricke, Algebra, 1924, vol. 1, p. 277 
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1/L a 


= > 


i=l j=1 


= > GuV?. 
i=0 
But V=ST(T+#I) is an element of (G,,—G,) and therefore of order <a. 
But u=/a/L ><a; (6) is then impossible. 
3. DERIVATION OF THE {-RELATION 


Dedekind* has shown how to derive the decomposition of a rational 
prime in a subfield of a Galois field when its decomposition in the larger 
field is assumed: 

Let K be a Galois field of degree m and group H». Let k be a subfield of 
K of degree u corresponding to a subgroup H, of order », m=yv. Suppose 
that in K 


(7) = (Pi-- Pi of degree g. 
Then in k, 

= --- pi of degree g/ ; 
and 


pi = (Ba --- Biz of relative degree gi. 


The quantities 7, a;, pi, gi, g/ , 4; must now be determined. 

Let H, be the “Zerlegungsgruppe”{ of any prime ideal § in the right 
member of (7). Let H,, be decomposed with respect to the two subgroups 


Hm = Hy-Vi-Het+ + Ve 


the number of complexes is precisely 7; no two complexes have an element 
in common; the number of elements in the ith complex is xp;, where o,p;=” 
and 

H,, = 
If H, denote the “Trigheitsgruppe”f of the ideal $, then \, is the order of 
the group 


* Zur Theorie der Ideale, Géttinger Nachrichten, 1894, p. 272; or Fricke, Algebra, 1928, vol. 3, 
p. 186. 

t Cf. Fricke, loc. cit., p. 171. 

t Fricke, loc. cit. 
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Hy, = D(V;- Vi", 
Other relationships to be noted are 
kK=gr, gdi=oi, Dips =e. 

To apply the Dedekind theory, suppose H,,=G,, as defined above. 
1. Let H,=G;: 

Gn = +--+ +Gi-V,- Hy. 
By Lemma 5, H,=Gz-Ga, Gx=D(H,, and since H, satisfies all the 

assumptions made on G,,, we have H,=G_z,--Ga-, where 
Gu = D(G,, Hy), = Ga. 


We have then 

D(V;:H,- Vz",G) = 
and 

D(V;- Hy: Vz",G) = V;-Gy-Vz'. 


Therefore, 
(8) p=lV/L, r= eL/l; 
g=L/L'’, gi=gl/L, 
2. Let H,=G.,: 
Gm = +--+ 


We may suppose G, is that one of the / conjugates that contains G4(A >1; 
when A =1, any G, will serve the purpose). Evidently 
Gy for i = 1, 
DVi- He = { 
G, for i> 1; 


whence 
1; 


= 


Ga, for i = 1, 


G, for i> 1; 


D(V;: Hy: Vi-",Ga) 


Ae 


£2 


a 
, A 
A 
=) = g; =}; 
1 A g g 1 A’ 2 
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Now in K we clearly have, using (7), 


1 
(10) 
P 1\° 
Let us fix our attention on a particular G,, and suppose it the Zerleg- 


ungsgruppe for some $, $/p. We then seek that factor of ¢;,(s) correspond- 
ing to p. By (8), the decomposition of # in &, is 
eL 


each p of degree gL’/L. Therefore the factor in question is 
1 


As for the factor in k,, we have, by (9), that » decomposes in k; thus: 
1 


(11) 


é 
a A 


degree of pi=gA’/A; degree of p;(i=2,---,7)=g. We find then 
1 


1 1 


To prove (1) we must then verify that the product of the expression (11) 
by the ath power of (12) is (using (10)) 


1 


We notice first that G,, necessarily a subgroup of G,,, has the same pro- 
perties as G,, (Lemma 5). Further it is known that G, is invariant under 
G, and that the factor group G,/G, is cyclic.* Lemma 6 may then be applied, 


(12) 


* Fricke, loc. cit., p. 175. 


|g 
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and we find that either 

(I) L=L' and A = gA’; or 

(11) L = gL and A =A’ =1. 
(1) We must show that 


which is correct, since 
eL a eLA — la 


(II) Here we are to prove 


This follows immediately from 
eL eLA 


l 


The proof of (1) is then complete. 
It is unnecessary to give the proof of (1a) since the Dedekind theory 


holds (with one obvious modification) for relative Galois fields.* 


4. Proor oF (2) 
Let 2 be the fundamental form{ of K, and let » be the “differente” of K. 
Evidently 


(13) = JJ (@-UQ). 
U in Gn 
If k be any subfield of K, we shall let }(&) and D(k) denote respectively the 
differente of k and the differente of K relative to k. As is well knownt 
(14) d = d(k)D(R). 
If we suppose that & corresponds to the subgroup Gy of G,,, then 
(15) D(k)= TI (Q—UQ). 


UinGyu 


* See, for example, Weber, Algebra, 1899, vol. 2, p. 657. 
Tt Cf. Hilbert, loc. cit., p. 195. 
t Hilbert, loc. cit., Satz 41. 
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Applying (15) we find that 
= UN), VinG—-N, 
= VinG.— J), 
D(Seki) = UO), U in (SGSz*— 1), 


D(Sik.) = T](Q— VQ), VU in (S,G,S7 — I). 


Multiplying together the corresponding members of these /+1 equations 
we get (using (13)) 


(16) d = - O(Siks); 


or, by (14), 


But 
d(k1) = d( ,* 


so that (16) may be written 
(17) = b(ka)d(ki). 


Now in a Galois field (of degree m) the discriminant is the mth power of the 
differente.t Hence, from (17) we infer 


(2) d = d(k,)d*(ki). 


It seems scarcely necessary to go into the proof of (2a); the remark made 
in the Introduction indicates how it may be readily derived from (2). 


5. ABELIAN FIELDS OF TYPE (1, 1, - - - , 1) 

We shall now briefly consider Abelian fields that are compounded of 
cyclic fields of equal prime degree. Assume then K an Abelian field with 
group G, of type (1, 1, - - -, tof units), ga prime. G,/ contains (g/ —1)/(q¢—1) 
subgroups of order g/-!;f hence K contains (¢/—1)/(q—1) cyclic fields. If 
these fields be denoted by k!,.-- , ks, where r;=(g/—1)/(qg—1), then we 
shall prove 


(19) d(K) = d(k) --- d(k%).§ 


* Hilbert, loc. cit., Satz 37. 

t Hilbert, loc. cit., Satz 68. 

t Cf. Burnside, Theory of Groups, 1912, p. 60. 
§ Cf. Pollaczek, loc. cit., p. 534. 
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(I) Proof of (18). Assume that in K, p=(1--- $.)', each B of degree 
g. We employ Dedekind’s method (§3). Let G, be the Zerlegungsgruppe 
of 3, (and therefore of each of the remaining $’s). Since G,/G, is cyclic, there 
are but two cases to consider: (1) k=; (2) k=gn. 

(1) k=A=q'. Put Gy=G,-Vi-G.+ --- +G,-V,-G,, where G, is one of 
the r; subgroups of G, of order g. (Corresponding to G, is then a field of 
degree g/-!.) 


Now 
G, for r, choices of G,, 


DG,,G,) = { 
G, for (r; — rz) choices of G,; 
D(Gy,, G,) = D(G,, G,). 
For r, choices of G,, then, r=e, g/ =1; for the remaining (r;—r,) choices, 
7t=e/q, g{ =1. Typical factors of the associated ¢{-functions are then 


respectively. 


Since 
er, + e(ry — = ity, 


we may conclude that in this case (x =)) 


3) 


the products extending only to primes f for which x=. 
(2) A=q*!. Again put Gy=G,-Vi-G,+ --- +G,-Vi-G,. Then 
D(G,, G,) =G, for r; choices of G,; and for these choices of G,, 


G, 71-1 times; 
DG,G,) = 
G, the remaining q‘~ times. 


D(G,, G,)=G: for (r;—r,) choices of G,; and for each such choice 
D(G, G,) =G). 


Therefore, 
for choices of G,, = e, gf = q; 


for g*-! choices of G,, r = e, gi = 1; 


Cy 
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for (r; — r:) choices of G,, r = e/g, gi =. 
Factors of the corresponding ¢’s are then 
1 1 


From this we may write, since e-g*-!=q/—', and 


» respectively. 


+ — rie/q = er’, 


the products extending only to primes p for which x=gy. 
From (20) and (21) follows immediately 
(22) = 
k 
the product extending over the r; fields of degree g/-!. Making use of (22), 


(18) follows easily by induction on f. 
(II) Proof of (19). We notice, to begin with, that 


Gv 


the sum extending over the r; subgroups G, of Gy. 
Then, if )(%) and D(k) have the same significance as in §4, 


(23) b= 0(K) = 


the product extending over the r; subfields of K of degree g/-!. Equations 
(23) together with )=0(k)D(k) imply 


pv-1 = 


Raising both members of this equality to the g’—'th power, we find 


(24) dv-(K) = + JJ d(k), of degree 
1 


Then, exactly as in proving (18), we may prove (19) by induction, making 
use of (24). 
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We may put (19) in a more general form that will be seen to include 
(24) as well. The proof consists of an easy induction so that we shall state 
the result only: 


(25) = + J d(k), 


where the product extends over all the subfields of K of degree g™, and r;,m 
is the number of subgroups of G,s of order g”: 


A similar generalization holds for (18): 


"fm 


(26) = 
1 


the product being taken as in (25). 

Finally, if we suppose K relative Abelian, the base field being some F, 
while everything else remains unchanged, then we may rewrite (25) and 
(26) thus: 

(25a) dt = + d(k), 
(26a) = If, 


the products being taken as in (25). 
6. SEVERAL ILLUSTRATIONS AND AN APPLICATION 


It may be of interest at this point to give several examples illustrating 
the group G,, defined in §1. 

(I) We mention first the case treated by Artin.* The group G,, may be 
defined as a group of transformations 


x =ax+8, 
a and @ being marks of a finite (Galois) field of degree 1=g’. The subgroup 
G, consists of the transformations 

= 2+ B; 


a particular G, is defined by x’ =ax, so that it is in this case cyclic. 
(II) In this example, G; and G, are Abelian but / may be divisible by more 
than one prime. 


* Mathematische Annalen, vol. 89 (1923), p. 147. 


1 
q-1 os 
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Let /=p,% - - - (e;=1); let @ be chosen so that mod let u; 
appertain to a, mod p;*; choose u to satisfy w=u,;, mod p,*; then we define 
G, as the group generated by S and T, S;=J=T7T*, TST-!=S*. The group 
G, is generated by S; and G, may be taken as T and its powers. 

(III) For the third instance,* we use a subgroup Gz of the Hessian group 
Gass. 

The Gz is generated by S;, S2, T1, Tz, where 


S$ =S3=T1, S2S1 = S182; 
Ti=TA=1, TR=TPAI, T3T3; 
= SS2, 
T2SiTz* = S?S2, = SiS2. 


G, consists of S;, S:, and products of powers of these elements; G; is evi- 
dently Abelian of type (1,1). 

For a particular G, we take the group of order eight generated by 7; and 
Tz. This group is not Abelian; it is indeed the quaternion group. 

Returning to the first example, let K be a Galois field with group G,, as 
described (J=q‘). Let k, be the field corresponding to G;; it is evidently 
Abelian. Let ; be one of the / conjugate fields of degree /. Suppose it possible 
to choose m so that 0<m<f,q"=1, mod a. Then it is easily seen that any 
subfield of K of degree ga is Galoisian; furthermore its structure is exactly 
like that of K if we merely replace f by m. 

To begin with, let us think of K as relative Galoisian to k,; the relative 
group is Abelian of type (1, 1,---,1). By (26a), if F=ka,, 


Tim 


(27) ml = Its, 
the product extending over all subfields of K that are of degree g™ relative 
to k, (that is, to F). Now, by (1), 


(28) = 


and k; denoting one of the subfields of degree j =q™ of some & (k as in (27)), 
for each k. Substituting (28) and (29) in (27), we get 


(30) = Il 


* This was suggested by Professor Mitchell. 


| 
| 

| 
| 
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the product on the right extending over all fields of degree 7 =g™ (each set 
of j conjugate fields but one representative, namely, the one contained in k;). 

We may in exactly the same way derive a relation like (30) for dis- 
criminants: 


(31) = + d(kj). 


7. A SECOND APPLICATION 


We consider again the group G,, of §1, but we shall now make an addi- 
tional restriction: @ is some prime, g. Let us define a group Gi, of order lq? 
as the direct product of G,, and H,, a group of order g. The group Gi then 
contains g invariant subgroups isomorphic with G,,: If G, be generated by 
T,i.e., G,={T}, and H,={U}, then the g subgroups are 


G,- {U'T} @). 


Suppose now K is an absolute Galois field with group G,,2 as defined 
above. ToeachG, -{U‘T} corresponds a cyclic field kj of degree q; K isa 
relative Galois field of relative degree m with respect to kj ; the relative group 
isG, -{U‘T},i.e. G,. Accordingly, if in (1a) we let F=k{, 


(32) = (i=1,---,9), 


where Kj is of relative degree g, and K;‘ is of relative degree /. The field 
K is then of absolute degree g; if we think of K as an absolute Galois field, 
then, since G,,2 has but one subgroup of order /, evidently all the symbols 
Kj denote the same field, K,, say. Further G; is invariant under G;, and 
the factor group is Abelian of type (1, 1); therefore K, is Abelian with group 
of the same type. The gq fields kj are of course subfields of K,; it must contain 
one other; namely, the field corresponding to the subgroup G;x H, (X means 
direct product); this field will be called k,. By (18), 


(33) = ts, 
t=1 


Multiplying together the g equations (32), we find 


Sx = Sx, I 
int 


Applying (33), this may be written 


(34) = Ivey. 


1 
qd 
4 
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For the discriminants we prove without any change in method 
(35) d(k¢)d(K) = + d(K,)d(Ki'), 


and 
(36) d(K) = + d(kg) 


corresponding to (32) and (34) respectively. 

The special case mentioned in the Introduction does not fall under the 
above, but may be handled in much the same way. The group of K (using 
the notation of §1) is Gs: 


G.={S,T}, St=I=T7?, TST=S-. 


To {T} corresponds k?; to {ST},k2?; to {S}, ks. Let k2, k? correspond 
to {S?, T}, {S?, ST}, respectively. To the invariant subgroup {S?} corre- 
sponds an Abelian A,, of type (1, 1), containing ke, k, k?. Now with respect 
to k# (i=1, 2), K is relative Abelian of type (1, 1): The three relative fields 
are kg (counted twice) and Ay. Then, by (26a), if F=k', and m=1, f=2, 


= Sa 
= 


whence 


But 


therefore, finally, 
= 


8. COMPARISON OF REGULATORS 


After the fundamental Dirichlet-Dedekind expression, h, the class number 
of a field k, may be evaluated thus: 


(37) hu = lim (s — 1)f4(3), 


R 


r,=number of real fields conjugate to k, 
r2=number of pairs of imaginary fields conjugate to k, 
w=number of roots of unity in , 
R=regulator in k.* 
Let us return to the (absolute) Galois field K with group G,, as defined 
in §1. We shall assume in what follows that K is real; we see then that 


* See, for example, Hecke, Die Theorie der Algebraischen Zahlen, p. 156. 
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2'-1R(ki) 2°-1R( ka) 


Hence, by (1), (2), and (37) 


u(K) = 


h(K) 
h(ke)  R(K) 


(38) 


We shall now consider the quotient of regulators in the right member of (38). 

Let -- +, €a-1 be a set of fundamental units in ka; m, - - - , m:-1 a set 
of fundamental units in k;. It will be convenient to employ the following 
abbreviations: 


TE; = log| Tie; | 

SiH; = log| Sin;| 

where, as in §2, G,=(Si,---, S:), Ga=(Ti1,---, Ta), Si=Ti=I. We 

construct the set of a distinct elements T;S:7;-"(i=1,---, a). It will be 
convenient to denote the members of this set by Ui, --- , Ua. 

We now consider the set of (m—1) units «;, Uan; (i=1,---,a—-1; 


j=1,---,l-—1;a=1,---, a). Our object is to prove that at least when | 
is a prime, they form a set of independent units in K. Since much of the work 
goes through in the general case, we shall make no assumption about the 
nature of / until it is necessary. The regulator of the units in question will 
be called Ro; it will be formed thus: 


2d row: S2(1st row) 
+ | rows; 
ith row: S,(ist row) ) 
(1 + 1)st row: T2(1st row) ) 
(1 + 2)d row: S2((i + 1)st row) 
> | rows; 
(2))th row S,((l + 1)st row) 
((a — 1)} + 1)st row: T7,(1st row) 
(al — 1)st row: Sis[(a@ — 1)1 + 1]st row 


A first simplification of this determinant can be effected by noticing that 
(i) (ii) S\H; + =0. 
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Let us add the Ist, 2d, - - - , ((—1)st rows to the /th row; it will become 
LE, - - - - (al — a zeros). 


Similarly, if we add the (7+1)st, - - - , (2/—1)st rows to the (2/)th row, it 
will become 


And so on. It is clear that R) becomes 


(39) -A = + R(k,)A, 


where 
--- TU;Hin 
S2T;U;H, - 
A=| Mal, 
SiaTU;j Hi 
Now from the definition of U; it is clear that the set of matrices M;; (2 fixed; 
j=1,---, a@) is identical except for order with the set M,;. Furthermore 


the set of permutations 

Mia Miz--+ Mia 
form a group isomorphic with G,. 
Let us write 
R = || SH; || =1,---,8—1). 

Then 

A =|Ni;|-| Rs 


(40) = + | 


The determinant |N;,;| is a generalization of the class of determinants known 
as circulants. When G, is Abelian the determinant may be transformed into 
a product of determinants of the (/—1)st order; this is a direct generalization 
of a known result.* 

Assuming then that G, is Abelian, let x.(T) (a=1, - - - , a) represent the 


* Burnside, Messenger of Mathematics, vol. 23, p. 112. 


| 
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a characters of the group.* Let 


Xo =| | (i,j =1,---, 
then 
| Xol? | =| | 
=| | = a*. 
Therefore 


| Xo| = at? #0. 
Let now X = |x,(7;)E|, where E is the (J—1)-rowed unit matrix; clearly, 
X =X,'-!. Therefore 
(41) X £0. 
Returning to |N,;|, we have 
| Mig] -X =| Nis] xd TIE| =| 


=| =| x77) Doxi (Ta) Nie | 


Therefore, by (41), 
(42) | Viz| = II| DxTa)Nial 


in absolute value. 

Now exactly the same result obtains when N,, is an ordinary (rather 
than a matric) quantity. We see then that a determinant like |N;;| may be 
reduced to a product of determinants of order 1—1 by treating its matric ele- 
ments as if they were ordinary numbers. 

We suppose in the following that G,, is a “congruence group, modulo /,” 
that is, a group that may be defined as the set of transformationst 


x =ax+ 8B (mod /). 
Let r appertain to the index a, mod /; then, if we define a matrix A of order 
(/-1) by 


1 0 0 
0 oO 0 

0 0 4 


* Weber, loc. cit., p. 49. 
t Fricke, loc. cit., vol. 1, p. 443 ff. 


a 
a a 
v a 
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it is easily seen that the set of matrices Ni. is now replaced by A” (i=0, -- - , 
a—1). It should be noticed that 
(44) A‘=E, E+A+---+AM=0. 


Also, since G, is now cyclic, its characters may be expressed in terms of p, a 
primitive root of unity of index a. 
From the above it readily follows that (42) becomes 


i 


The determinants in the right member may be evaluated by substituting 
for A a primitive /th root of unity, ¢. Now, >>,’ is not zero; this follows 
from Kronecker’s theorem on the irreducibility of the cyclotomic equation. 
We may then assert that |N;;|0. Therefore, by (39) and (40), Ry is not 
zero, so that the statement made at the beginning of this section is substan- 
tiated: €;, Uan; form a set of independent units in K. 

Explicit results may be obtained very easily in two extreme cases: 
(I) a=l—1; (II) a=2. 

(I) a=/—1. To evaluate the right member of (45) we note that 
dsjZit"’ is now the familiar Lagrange resolvent generally denoted by 
(p', ¢). For the resolvent we have 


(0°,f) = — 1 and =( — 14 (¢=1,---,4—2). 
Hence, in this case, 


| Ni;| = 1-2/2 in absolute value. 


Therefore 
(46) Ry = 0-/2R(k,) R(k;). 
(II) a=2. |Ni;| is here 
A A 
But, from (43), |A | =1. 
Secondly, 
=1, 
whence |A+E|=1, |A?+E£|=1. 
Thirdly, 


| 

i 

i 
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therefore 
=. 


Finally, then, 
Ro = PR(k,)R*(ki). 
Returning to (46), we shall now show that the ratio of Ry to R(K) is a 
power (20) of I. 
Assume R,>R(K); then there exist a positive integer m, and a unit B 
of K, such that 


(47) + = nlog| Bl, 
where — 
Os <n, <n; , bee, bu, bean) = 1. 
Putting (47) in exponential form, applying TJ“, and reverting to the 
logarithmic form (TST-!=S*), 
(48) + =nlog|T*B| (wu =1,---,4—2). 
Adding (47) to the (/—2) equations (48), we have 


(49) = nlog| B-TB--- T*B| = nloglal, 


aa unit in 
Now 


= 


= (since 1 S$ i — 1) 


so that (49) becomes 


— = nlog|a| ; 
7 


But since the n; form a fundamental set in k;, this last equation implies 


(50) n | Libis. 


that is 


We return again to (47) and begin by applying S-!: 


[July 
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(51) + = nlog| . 
The double summation can be transformed thus: 


i, j=l im? 


i j i=l 


65; = bir; for 1s 


bi; = — bi; for i=/—1. 

(51) may now be written as 

(52) + = nlog| B| (B = S-'B). 
But (52) is exactly like (47); therefore from (50) 


n | 


(Note that in proving (50) no use is made of the auxiliary relations in (47).) 
This may be written, in terms of b;;, in the following way: 


(53) n | ( ts). 
In the same way, we may extend (53) to 


(54) n | ( 


or, making use of (50), 
(55) n | 1b;; 


that is, by, bi-1,1-1). 
Put (bu, dis, - - - , br-1,-1), and assume 


(n,o) =7r>1. 
Then (47) may be written 
= log | B,| 


bi bis 
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By one of the conditions in (47), (7, b:, - - - , bs-2) =1, so that € is not the 
rth power of a unit in &,.. It remains to show that e= Bj is impossible for 
any B, of K. Since k, is a maximal proper subfield of K, 7 must be a multiple 
of 1. Hence we need only consider the possibility of 


But as K does not (under our assumptions) contain the /th roots of unity, 
this equality cannot hold. 
We see then that 7 is unity, and therefore 


(56) n|l. 
Taking this in conjunction with (47), we see that our assertion on the ratio 
of R, to R(K) is proved. 

It is natural to enquire as to the number of independent relations like 
(47) actually existing in a field K. An exact answer apparently entails great 
difficulties; however it is easy to determine the maximum number of such 
relations. Making use of (50), this number is seen to be (J—1) (/—2). There- 
fore, we have at once 


Ro 


R( K) 


(46) may then be written 


(57) = 2 R(R,) (OSA —2)). 


If (57) be compared with (36), we obtain the following class-number re- 
lationship (a=/—1): 

(58) h(K) = 

It is of course rather obvious that the methods of this section may be 
applied to the other types of fields considered above. It does not however 
seem possible (using only these methods) to go as far as (57). On the other 
hand, Pollaczek, in the paper referred to above, obtains interesting results 
in the Abelian case (§5). 
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A CANONICAL FORM OF GREEN’S PROJECTIVE ANA- 
LOGUE OF THE GAUSS DIFFERENTIAL EQUATIONS* 


BY 
V. G. GROVE 


1. INTRODUCTION 


The projective differential geometry of a surface in space of three dimen- 
sions may be founded upon Green’s projective analogue of the Gauss differ- 
ential equations.f In this paper we assume for the parametric curves any 
non-asymptotic system, and derive a canonical form for Green’s equations. 
The method used is an adaptation of the method used by Lane in deriving 
a canonical form{ for the defining differential equations of a conjugate net. 
By specializing the parametric curves to be conjugate, we may obtain the 
equivalent of Lane’s canonical form. Again by assuming the parametric 
curves to be non-conjugate we obtain a canonical form for Green’s differential 
equations§ defining a non-conjugate net. These canonical forms may be 
written with covariant derivatives. 


2. AN INTERMEDIATE FORM OF GREEN’S EQUATIONS 


Let the homogeneous coérdinates y™, y®, y, y of a point y of a non- 
degenerate surface S, be given as analytic functions of two independent 
variables Let also 2, be the homogeneous coérdinates of a 
point not in the tangent plane to S, at y. The four pairs of functions (y, z) 
are solutions of a system of differential equations of the form] 


Yuu = + BY» + py + Lz, 
Yuo = 2¥u + by, + cy + Mz, 
You = + + + Nz, 
Zu = Myu + S¥o + fy + Az, 
Zy = tyy + ny, + gy + Bz. 
Since system (1) is a symmetrical system, the formulas appear in pairs. 


* Presented to the Society, December 31, 1928; received by the editors January 25, 1930. 

¢ G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, these Transac- 
tions, vol. 20 (1919), p. 148. Hereafter referred to as Green, Surfaces. 

t E. P. Lane, Contributions to the theory of conjugate nets, American Journal of Mathematics, vol. 
49 (1927), pp. 565-576. Hereafter referred to as Lane, Nets. 

§ G. M. Green, Nets of space curves, these Transactions, vol. 21 (1920), p. 207. 

4] Green, Surfaces, p. 149. 
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We shall give one of each pair; the other is obtained from the one given by 
the transformation scheme | 
ji & th & 
any symbol being replaced by the one immediately above or below it. 


The integrability conditions of system (1) are given by the following 
equations* and by the scheme S: 


ad — a,+ab+ Py+c=Li— Mm, 

by — By + + — a) — — p = Ln— Mss, 
Cu — Pv tap +c(b — a) — Bg = Lg — Mf, 
M, — L, + aL + M(b — a) — BN = LB — MA; 


(2a) 


ty — m, + at + a(n — m) — sy + g = At — Bm, 
(2b) gu — fo + pt + c(n — m) — sq = Ag — Bf, 
By —A,+Lt+ M(n —m) — sN = 0. 


Green has shownj from these conditions that 


(3) (@+6+A), = (b+a+ B),. 
If we transform the independent variables by the transformation 
(4) = o(u,v), = ¥(u,2), 
where 
(5) du = — Wr = — why, Ow —10, 


we make the integral curves of 
(@du — dv)(wdv — du) = 0 


parametric. Transformation (4) changes system (1) into a system of like 
form, six of whose coefficients are given by S and the formulas 


1 
a= + 2bw + + 2aw + 7) 
(6) + + — 2)w6,] — 
B = ae” + 2aw + ¥ — w(Bw? + 2bw + 5) + wou + wo, 


* Green, Surfaces, p. 150. 
t Green, Surfaces, p. 152. 
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1 

L + 2Mw + NJ. 

Since the asymptotic curves are not parametric, we may make L=0 by 
taking 
(7) w = (du? — M)/L, d = M?—LN. 
For this choice of w, the coefficient 8 assumes the form 


Yuw 


wherein Q™ and Q™ are defined by S and the formula 
2aN —yM) =] —BM) 
N L L L N 


L 
— — log — - 
L/y N 


Q™ =2 


From (8) and S we find readily that 


LNR 
16d(d"? — 


(10) By = 


wherein 
(11) R = LN(LQ™* — 2MQ™Q + NQ)/d. 


Hence the surface S, is ruled if and only if R=0. 
If we make the transformation 


(12) y= rn" 
on system (1), we obtain a new system of the same form with the following 
coefficients: 
=a—2d/d, B= B, p+ ads/d + Bdo/d — Aw/d, L = L/d, 
€=C+ard/A+ — M = M/.. 
The remaining coefficients are either obtainable by S or unnecessary for 


our purposes. The functions d, Q, Q™, and R are transformed by (12) 
into d, etc. defined by the formulas 


(14) d=d/, Q=Q™, R=R/d. 


It follows therefore from (3) and (14) that there exists a function F(u, v) 
such that 
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Fy =a+b+A —2R,/R + (3/2)d,/d, 
»o=5+a+ B— 2R,/R + (3/2)d,/d. 

Transformation (12) transforms the functions F., F, into 


(16) F,=F,—4\,/s, F, =F, — 


(15) 


Hence if we choose \ =e/)", we make F,, =F, =0. The resulting differential 
equations with coefficients (13) for this choice of \ will be called the inter- 
mediate form of (1). 

The transformation 
(17) = o(u), = 


changes system (1) into another system whose coefficients are defined by S 
and by 


a € = M = 
m =m, 5 = f = Yu; A = A/du.- 


The invariants d, 0, Q, and R are transformed according to the formulas 
d= d/(o), OM =QM/bu, R= 


Hence the conditions F, =F,=0, characterizing the intermediate form, are 
unchanged by the transformation (17). 

The polar reciprocal of the projective normal with respect to the quadric 
of Lie of the surface S, at y intersects the asymptotic tangents in the 


(18) 


dy 
00 


1 a 
+ = log $= 


wherein #, 6 are the asymptotic parameters, and @, 5, 8, 7 are defined by (6) 
and S. By means of (6) we may show that the reciprocal of the projective 
normal intersects the tangents to the parametric curves in the points 

uy, 

iF 
The points y, and y, of the intermediate form are therefore characterized 


geometrically as the intersections of the reciprocal of the projective normal with 
the parametric tangents. 


* Green, Surfaces, p. 128. 


™ 
points* 
19) 
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3. THE PROJECTIVE NORMAL. THE CANONICAL FORM 

The Darboux curves of the surface S, are defined by the differential 
equation 
(20) Bda® + = 0, 
wherein # and 7¥ are defined by means of (6) and by S, and a and 6 are 
asymptotic parameters. In terms of the coefficients and variables of system 
(1) equation (20) may be written in the form 
— 2MQ™)du® — 3L2NQ™dutdo 

— 3LN°Q0™dudv? + N*(LO™ — 2MQ)do = 0. 
The asymptotic curves on S, are defined by the differential equation 
Ldu? + 2Mdudv + Ndv? = 0. 


Consider now the two forms 
= R(Ldu? + 2Mdudo + Ndv’)/d, 
(21) ¢3 = — 2MQ™)du — 2L°NQ™dutdo 
— 3LN°Q0 dude? + N° LQ™ — 2MQ)dv®|/d?. 
The ratio of the discriminant of $3 to the cube of the discriminant of ¢2 
is a constant. Hence these forms are the forms ¢2 and ¢; of Fubini.* 
Since, for the intermediate form, y, and y, are the points in which the 


reciprocal of the projective normal intersects the parametric tangents, it 
follows that the projective normal joins y to the pointt 


= Nyu — 2M + Lyre, 
wherein the y,, are the second covariant derivatives of the scalar y with 
respect to the form ¢2. 


The Christoffel symbols of the second kind for the quadratic form ¢, 
are readily calculated to be defined by the formulas 


2a = 2LM(M/L)«+ (2M? — LW) [log(LR/d) ],— LM [log(LR/d) ]., 


(22) = MN [log (NR/d)], — LN [log (LR/d) 


= L*[log (LR/d)]» — LM [log (LR/d)], — 2L°(M/L)., 


* Fubini and Cech, Geometria Proiettiva Differenziale, Bologna, Zanichelli, 1926, pp. 84-87. 
{ Ibid., p. 87. 
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and by the substitution S. 
In terms of the ordinary derivatives and the coefficients and variables 
of the intermediate form, the expression for £ may be written 
= Agu + + ( — 
wherein \ and yu are defined by S and the formula 
2dd = 2d(aN — 2aM + yL) + N(LN — 2M?)[log L/N], 
— LMN [log L/N], — 2LMN(M/L), + 2LN*(M/N),. 
The point Z defined by the expression 
2dZ = — A¥u — BYe + 2dz 
is evidently on the projective normal. If we make the transformation 
(23) 2=Z+ tryu/d + 
on the intermediate form, we find that (y, Z) are the solutions of differential 
equations of the form 
Yuu = Ayu + By. + py + LZ, 
Yuv = Ayu + by, + cy + MZ, 
You = Yu + by, + gy + NZ, 
Ly = my, + + fy + AZ, 
Zy = + + By + BZ, 
wherein the new coefficients a, 6, y, 5, a, b are defined by the formulas 
2d’a = — 4L2N20) + d(2M? — LN) [log (R/N) 
— dLM [log (R/L)], — M*(2M? — LN) [log (L/N) Ju 
— LM(2M?—LN) [log 
(25) = 4L°LN — 2M2)0™ + 1L2MNQ® — dLM [log (R/N)]u 
— dL*[log (R/L)], + LM?[log (L/N)}u 
— L*(LN — 2M?) [log (L/N)], + 2L°N(M/L), — 2L?°MN(M/N),, 
2da = 1L°NQ™ — 1LMN*0©) + dMN[log(R/N)]. — dL N[log (R/L)]» 
+ MN(LN — 2M?)[log (L/N)]u + LN(LN — 2M?) [log (L/N)]. 
— 2LM*N(M/L)y + 2LMN*(M/N),, 


and by S. The coefficients p, c, g, L, M, N are unchanged by (23). The 
remaining eight coefficients may be found in terms of the twelve thus de- 
fined by solving the proper equations of (2a) for the system (24). 
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If, as the point y describes the curve v=v(u), the line yZ generates a 
developable, the function o(w) must satisfy the following differential equa- 
tion: 

(26) Sdu2 + (n — m)dudv — idv? = 0. 
If Z+dy is the point of contact of yZ with the edge of regression of the de- 
velopable, the function \ must satisfy the quadratic equation 
(27) (m+ + mn — St = 0. 
From (27) we see that the harmonic conjugate of y with respect to the focal 
points of yZ is the point z defined by 

If on system (24) we make the transformation 
(28) Z=2z+3(m+ 
the coefficients p, c, 7, f are transformed according to the formulas 
p=p+i3m+n), c=c+ 
m= imi —n), f=f+4AM+ a) — Au. 

The coefficients g, n are obtained from (29) by S. The coefficients L, M, N, 


A, B are unchanged by (28). 
Since the projective lines of curvature defined by (26) form a conjugate 


system, it follows that 
Lt+(n-—-m)M —sN =0. 


(29) 


Therefore from the last of the integrability conditions (2b), we find that 
A, — B, = 0. 
If we now make the transformation 
z= eZ, 
wherein 
(30) wu =A, w= B, 
the new system of equations will have A=B=0. Hence system (1) may 
be reduced to the following canonical form: 
Yuv = Ayu + By, + py + Lz, 
Yur = Au + by, + cy + Mz, 
You = + + + Nz, 
Zu = Myu + Sy¥v + fy, 
= tyn + + BY. 


| 
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The coefficients of this system are expressible in terms of the coefficients 
and variables of system (1) by equations (13), (16), (25), (29) and (30), 
and by solving the proper equations of (2a). The system (31) is characterized 
analytically by the following conditions: 
(a) Fi, =F, =0, 
(b) 2d(aN — 2aM+ yL) + N(LN — 2M”) [log (L/N) 
(32) — LMN[log (L/N)], — 2LMN(M/L), + 2LN*(M/N)., 
(c) m+n=0, 
A=B=0, 
and by the counter part of (b) in S. 

Conditions (a) imply that the line y, y, is the reciprocal of the projective 
normal; the conditions (b) and (a) imply that yz is the projective normal; 
condition (c) implies that z is the harmonic conjugate of y with respect to 
the focal points on the projective normal; and the conditions (d) imply 
that the line of intersection of the tangent planes at y and z to S, and S, 
respectively is the line z,2,. It is therefore evident geometrically that the system 
(31) characterized by (32) is unchanged in form by the transformation 

provided the transforms of L and N are not zero. 
We may write system (31) with covariant derivatives as follows: 
= Ay: + Bye + py + Lz, 
= ay bye cy + Mz; 
Cy: + Dye + + Nz, 
= myi + sy2 + fy, 
tyi — + 
wherein the new coefficients UI, B etc. are defined by the following equations 


and by S: 
= L?N(MO™ — NO), 


(34) = + L° LN — 2M2)Q0™, 
8d’a = — LMNOQ. 


4. GEOMETRICAL INTERPRETATION OF THE INVARIANT COEFFICIENTS OF 
THE CANONICAL FORM 


We shall now give geometrical interpretations of the invariant coefficients 
of system (31). We see readily that if 6=0(y=0) the curve » = const. 


4g 
“a 
¥ 
4 
a 
a 
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(w=const.) is a union curve of the congruence of projective normals. If 
$= y=0 the axis congruence of the given parametric net coincides with the 
projective normal congruence. If p=0 (qg=0) the tangent to v=const. 
(w=const.) on the surface S,u(S,,) generated by y. (y,) intersects the line 
joining y, (y,) to z. 

The point y.,. is the point of intersection of the tangents to u=const. 
on S,, and the tangent to »=const. on S,,. Hence if a=0 (6=0) the point 
Yuv lies in the plane determined by the tangent to w=const. (v=const.) and 
the projective normal. If the parametric net is non-conjugate, the projective 
normal and its reciprocal with respect to the quadric of Lie will be in Green’s 
relation R with respect to the given parametric net if and only if a=b=0. 
In case M=0, the parametric net is conjugate and the vanishing of a and b 
imply that the ray of the point y with respect to the parametric net is the 
reciprocal of the projective normal.* 

If m=0 the tangents to w=const. and v=const. on S, intersect respec- 
tively the tangents to v=const. and u=const. on S,. If s=0 (t=0) the 
tangent to v=const. (w=const.) on S, intersects the tangent to »=const. 
(w=const.) on Sy. If s=t=M=0, the developables of the projective normal 
congruence intersect S, in the parametric curves. If s=t=0, MXO, the 
projective normals pass through a point. If f=0 (g=0), the tangent to v= 
const. (w=const.) on S, intersects the reciprocal of the projective normal. 

We may easily show that the developables of the reciprocal of the pro- 
jective normal congruence correspond to the curves defined by the differ- 
ential equation 


(35) (cL — pM)du? + (qL — pN)dudv + (qM — cN)dv? = 0. 
These curves have been called the reciprocal projective lines of curvature. 


The focal points of the reciprocal of the projective normal are defined by 
the expression y,+Ay, where X satisfies the equation 


(36) (cN — pM)d? + (pN — qL)A + pM — cL = 0. 


The associate conjugate net of the parametric net is defined by the differ- 
ential equation 


(37) Ldu? — Ndv? = 0. 


The reciprocal projective lines of curvature therefore coincide with the 
associate conjugate curves if and only if 


* Lane, Nets, p. 570. 
t Lane, Nets, p. 570. 


4 
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(38) qL=0, 


that is, if and only if the focal points of the reciprocal of the projective 
normal separate the points y, and y, harmonically. 

Necessary and sufficient conditions that the ray of the point y with re- 
spect to the parametric net coincide with the reciprocal of the projective 
normal are* 


(39) u=a—yM/N=0, \¥=b—6M/L=0. 
The condition that the ray tangents separate the parametric tangents 
harmonically is the vanishing of a certain invariantt D defined by the 
formula 

ND = Np — Lq + Ly? — Nd? + Ly, — MA, 


(40) 
+ (GN — — (yL — @N)\ + — 2.)- 


Hence if conditions (38) and (39) are satisfied, the invariant D vanishes. 
Therefore if the associate conjugate net of the given net is the reciprocal projec- 
tive lines of curvature, and if the ray of the given net is the reciprocal of the 
projective normal, the given net has equal point invariants of the first kindt 
and the ray tangents separate the tangents to the curves of the given net harmon- 
ically. In case the given net is conjugate we have the theorem of Lane:§ 


If the associate of the given (conjugate) net is the reciprocal projective 
lines of curvature, and if the ray of the given net is the reciprocal of the 
projective normal, the given net has equal Laplace-Darboux invariants and 
is moreover harmonic. 


5. A CANONICAL FORM FOR THE DEFINING DIFFERENTIAL EQUATIONS OF 
A NON-CONJUGATE NET 


Let us consider a non-conjugate net. Since M0, we may eliminate z 
from the first three of (31), obtaining the following system: 
Yuu = + + Cy, + Dy, 
Yoo = yuo + B’ yu + + 
wherein the coefficients %, B,--- are defined by the formulas 
=L/M, B=a-at, D=p-—cA, 
= N/M, al’, C’ bY, D=q-—c’. 


(41) 


(42) 


* V. G. Grove, Transformations of nets, these Transactions, vol. 30 (1928), p. 489. 

+ V. G. Grove, Nets with equal W invariants, these Transactions, vol. 31 (1929), pp. 846-847. 
t Ibid., p. 847. 

§ Lane, Nets, pp. 570-571. 
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The coefficients written with German letters are invariants of the net. 
The functions (15) in terms of the coefficients (42) are 


Ri 


Fa = fe 


(1 — AY’) 


Fy = fe 


+ a log (1 — 2%’) 
2 dv 
wherein 
R' = R/M 

and the functions f, and f, are the same as the like named functions used 
by Green.* 

The conditions (32b) may be written in terms of the coefficients (42) 
as follows: 

21 — AN )a = WB+ AV’ + AY 


1 
+ —AU’| — log (1 — AA’) — A’— log (1 — AN’) 
2 0 Ou 


LOU 


(43) 
2(1 — AY’)b = AC’ + WE + A, 


— 


+ 
2 


0 0 
— log (1 — AN’) — A— — AA’) |. 
og ( log (1 — AA 


If therefore the points y., y, are the points in which the reciprocal of the pro- 
jective normal intersects the parametric tangents, the projective normal 
joins the point y to the point ¢ defined by 


(44) Yur — a¥u — 
In terms of covariant derivatives, system (41) assumes the form 
yu = 8(1 — 22’) 
— 200) 


+ 8 — Aq’) nat — + Dy 


yo + Dy, 
(45) 


The invariant coefficients of system (41) are readily interpreted. The 
line joining y to yu, is the line in Green’s relation R to the reciprocal of the 
projective normal. Hence if €=0 (8’=0) the osculating plane of » =const. 
(u=const.) passes through the line yy... If 8’ = €=0 the projective normal 
and its reciprocal are the axis and ray of the point y with respect to the given 


* G. M. Green, Nets of space curves, these Transactions, vol. 21 (1920), p. 212. 
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net and are therefore in Green’s relation R to that net. If D=0 (D’=0) 
the tangent to v=const. (w=const.) on the surface generated by y, (y,) 
intersects the the tangent to v=const. (w =const.) on the surface generated by 
¥» (yu). If D=D’=0, the reciprocals of the projective normals lie in a fixed 
plane. 


MICHIGAN STATE COLLEGE, 
East Lansinc, Mica. 


ON IRREDUCIBLE POLYNOMIALS IN SEVERAL VARI- 
ABLES WHICH BECOME REDUCIBLE WHEN THE 
VARIABLES ARE REPLACED BY POWERS 
OF THEMSELVES* 


BY 
ELI GOURIN 


Let Q(x, - - - , x.) be a polynomial in x, - - - , x,, irreducible in the field 
of all constants. There exist, in certain cases, integers 4,,--- , ¢, such that 
the polynomial Q(x;", - - - , is reducible. 

The determination of the integers ¢ for which reducibility occurs is a 
problem which arose in an investigation of J. F. Ritt on the factorization 
of exponential forms.f The case of real interest is that in which Q has at 
least three terms. We shall, in this introduction, limit ourselves to the dis- 
cussion of the results for this case. The relatively simple case of two terms 
is treated in Part III. 

For a fairly general, but not perfectly general, type of polynomial Q, 
consisting of more than two terms, Ritt proved that the sets ¢ break up into 
a finite number of classes, the sets of any one class being, from a certain 
point of view, equivalent. 


In the present paper, we obtain information relative to the sets ¢ which, 
in certain respects, is final. Our results are embodied in the following 
theorems, in which each #; is understood to be a positive integer. 


THeoreM I. Let Q(x, - +--+, xs) be an absolutely irreducible polynomial, 
consisting of more than two terms. Suppose that at least one set th, - - - , t, exists 
such that QO(xit1,---, xf) is reducible. Then there exists one and only one 
finite aggregate of sets 
(a) 
which fulfill the following conditions: 

(1) For every i, O(ait, - , is reducible. 

(2) If O(a", - - , is reducible, there exists one and only one sett, -- - , tis 
such that each t, is an integral multiple of tj, and such that if t,=ayt jx 
(k=1,---+, 5), then the irreducible factors of Q(x'',---, x£*) are found by 
replacing each x; by in the irreducible factors of - , 


* Presented to the Society, February 23, 1929; received by the editors in February, 1930. 

t A factorization theory for functions >, .,a:e%*, these Transactions, vol. 29 (1927), pp. 584-596. 

t That is, if in any irreducible factor of Q(x; ‘i, - xs‘is) each x, is replaced by the result- 
ing polynomial will be irreducible. 


485 


| 
| 


486 ELI GOURIN [July 


We shall call each of the m sets of (a) a basic set.* With respect to such 
sets we obtain 


THEOREM II. Let M=max(Mi,---, M,.), where M; is the degree of 
O(a, +--+, %.) in x; For any element t;; of any of the basic sets of Q we have 

Furthermore, the bound M? is the smallest possible bound. We construct 
polynomials Q for which this bound is actually attained. 

The above results are stronger than those of Ritt in the following respects. 
Ritt deals with a type of polynomial Q which he calls primary (see §1), 
and supposes that one of the terms of Q is unity. In our case, Q is any 
polynomial with more than two terms. But the chief advance of the present 
paper is the determination of the best upper bound, M2, for the elements 
of the basic sets. The bound given by Ritt for the case with which he deals 
is 6*+4, where 6 is the degree of Q. It may be remarked that our method 
of proof is essentially simpler than that of Ritt. His complicated first 
lemma is eliminated entirely. 

In Part II, we define a set 4, ---, ¢, as minimal if 
is reducible, but if no Q(x", ---, x,%) with each 7; a submultiple of ¢;, 
at least one 7; a proper submultiple of its ¢;, is reducible. 

We prove, for a polynomial Q consistipg of more than two terms, 


TuHeoREM III. Those elements of a minimal set which are distinct from 
unity are equal to each other, and their common value is a prime number which 
does not exceed the greatest prime less than M?. 


Furthermore we construct polynomials for which the upper bound given 
in Theorem III is actually attained. 


I. BASIc SETS 

1. We shall say that two polynomials, neither identically zero, are equiva- 
lent if their ratio is a constant. 

Let it be understood that no term of the polynomial Q(m,---, 2.) 
has a zero coefficient and that each x is present in some term of Q with an 
exponent greater than 0. Following Ritt, we shall say that Q is primary 
in x, if the highest common factor of the exponents of x; in all the terms of Q 
is unity. If Q is primary in each of its variables, we say, simply, that Q 
is primary. 

Let 4h, - - - , t, be positive integers. Consider the group G of substitutions 
which replace the variables x,---, x, by respectively, 


* Assuming the existence of these sets, it is easy to conclude that no infinite system of distinct 
sets satisfying the conditions (1) and (2) of the theorem can exist. See also §6. 


1930] POLYNOMIALS WHICH CAN BE MADE REDUCIBLE 487 


where ¢; is a primitive ¢;th root of unity and &; is an arbitrary integer. G 
is of order tite - 

The 44 - - - t, transforms of a given polynomial by means of G can be 
grouped into classes of equivalent polynomials. A set of transforms obtained 
by choosing one polynomial from each such class will be referred to as a 
complete set of transforms. 

2. We shall prove the following lemma: 


Lemma I. Jf is irreducible and =Q(x'1,---, 
is reducible, then the irreducible factors Q:,---,Qw of Q™ form a complete 
set of transforms obtained from any one of them. 


Because Q is irreducible, no monomial can be a factor of Q. Hence 
Q can have no monomial factor, either. Thus Q; contains at least two 
terms. 

It is obvious that every substitution of G leaves Q“) invariant. Con- 
sequently, any polynomial obtained from Q, by means of G is, like Q,, an 
irreducible factor of Q“. 

Let Q:,---, Qi: be a complete set of transforms obtained from Q. 
The product P =Q; - - - Qi, for any substitution of G, goes over into a poly- 
nomial equivalent to P. Furthermore, as the Q,’s are irreducible, and rela- 
tively prime, P must be a factor of Q“. Accordingly, let 


(1) Q = P-R, 


We shall prove that R is a constant. 

Consider any single variable, say x1. Not every term of P can contain 
%, else P, and therefore Q“), would have a monomial factor. Hence the 
substitution of G which replaces x; by «x, and leaves all other variables 
unchanged must leave P invariant. Consequently, P is a rational function 
of x;': and, similarly, of x‘, for every 7. If, in (1), R were not a constant, 
it would certainly be, as the quotient of Q“ by P, a rational and, con- 
sequently, an integral rational function of every x;. Thus R must be a 
constant, else Q would be reducible. 

We may assume that R is unity. Where this is not so at the start, it 
can be brought about by multiplying Q, by 1/R'”. 

Our lemma is thus proved. 


Corotitary. Each Q; in the identity Q=Q,---Qwn involves every 
variable x ;. 


3. We assume now that the irreducible factor Q, of Q“ is primary and 
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contains at least three terms. Because Q, is irreducible, it must contain at 
east one term independent of x. Suppose, then, that 


(2) = A x? 1x2: AoxPixoh eee 


where the A’s are constants and the last term does not contain x. 
From (2) we find 


where 

+++ + A,. 


Lemma II. Jf Q; contains at least three terms and is primary, then, for 
at least one variable x ;(i#1) the exponents au, Bi, - - - , uw, in U will not be pro- 
portional to the corresponding exponents a;—v;, Bi—Vi, Vie 


Suppose that this is not true. Then, since the exponents of x, in the 
various terms of U are all non-negative integers, the exponents of any 
other variable x; must be either all non-positive or all non-negative. Let D; 
be the greatest common factor of the exponents of x; in U (if they are 
non-positive, we shall understand by D; their common negative divisor of 
maximum absolute value). 

The exponents of x; in U will, accordingly, be of the form a,;D;,---, 
a,;D;, where the a’s are relatively prime non-negative integers. When 
j=1, D=1, because U has the same exponents for x; as Q;. From this fact and 
the assumed proportionality of the exponents it follows immediately that, for 
any j, the set of integers a,;, - - - , @,; is identical with the set a, - ~~, m1. 
Consequently, U is a polynomial in the product z=x,72?? --- 22+. Then 


(5) U = + + + 
with constant C’s and >1. 


If 21, -- +, %, are the zeros of this latter polynomial, we find, as a con- 
sequence from (3) and (5), 


(6) = Coxe” — 21) +++ (2 — Sp). 


The product z=x;%2?? - - - x,2* must involve negative powers; otherwise, 
by (6), Q would be reducible. Fixing our ideas, let us assume that Dz, 
D3, - - -, Dx, but no other D’s, are negative. Because the exponents of Q; are 
non-negative, we conclude from (6) that in the expressions 
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(7) dz = ve + Don, dz; = vg + Dyn,---, dy = + Dyn 


the d’s are non-negative integers. 
From (6) and (7) we have that 


Each of the factors x7??- - - x¢?*(z—z,) is a binomial in which the 
variables involved have positive exponents. Because m is greater than unity, 
there are at least two such factors. This result is, however, an absurdity, 
since is irreducible. 

Thus in U, for some x;, the exponents are not proportional to those 
of x. 

4. We shall prove the following lemma: 


Lemna III. an irreducible factor Q, of - - - , consists 
of at least three terms, and is primary, then each t;, where j is among the numbers 
1,2,-- +, 58, satisfies the relation t;< M?. 

It follows from Lemma I that, if Q“ =Q, - - - Qy, and Q; consists of 
more than two terms and is primary, then each of the Q,’s contains, likewise, 
more than two terms and is primary. 

We conclude further from Lemma II, and from the expression of Q; as 
given in (2), that there exists a subscript 7 such that at least two numbers 
in the set a, 61, - - - , #1 are not proportional to two corresponding numbers 
in the set a;—v;, Bi; —vi, - - - ,i—v;. Changing, if necessary, the subscripts 
of the variables as well as the notation of the exponents in (2), we may 
assume that the numbers au, 6; are not proportional to az—v2, B2—v2 and 
that the determinant a;(82—v2) —6:(a2—2) is positive. 

Let m, be the degree of Q; in x; and mz the degree in x2. Let m, and mz 
be, respectively, the degrees of Q in the same variables. Because Q; is 
primary, there will be no two equivalent polynomials among the ¢, poly- 

Suppose, indeed, that, for distinct values p and g of k,, the corresponding 
polynomials Q;, and Q,, satisfy a relation 


=cQiq ’ 
where c is a constant. It is easy to see from (2) that c must be unity and that 


ty ty 


or 
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where the J’s are integers. Because a, - -- , # are relatively prime, p—g 
must be divisible by #,, which implies that p=gq. 

It follows therefore from Lemma I that N is at least equal to 4. By 
comparing the degrees in x; of both sides of the identity 


(9) = Qn, 
we find that 


(10) tym, S tym, or m Sm. 


Similarly, we find that 


(11) tome S OF M2 S mz. 


Let us now denote by Q,,. any of the polynomials which are obtained 
from Q; by placing «:“x: for x; and €2°%2 for x2, where u is among the numbers 
0,1, --+,4-—1andv among the numbers 0,1, - - - ,#2—1. 

These #,2 polynomials may form several sets of equivalent polynomials. 
Suppose, therefore, that, for two pairs of integers (%#, 2:) and (ws, v2), the 
corresponding polynomials Q,,., and Qu,», are equivalent. It follows then 
from (2) by considering the first two and the last terms, that the following 
relations must be satisfied: 


where c is a constant. This implies that 


(12) — + — 01) 


ty te 


Bi — B2(v2 — v1) 


ti te 


=I,+¢e, 


(13) 


vo(v2 — 01) 
(14) = +e, 
te 
where the /’s are integers and ¢ is a rational fraction. 


Subtracting (14) from (12) and (13), we find that 


— (a2 — v2)(v2 — 01) 


ty te 


= 


u) (B2 — — 01) 


= 
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and, solving for (w2—1)/t, and (ve—1)/t2, we have 


(15) 
ty 
— 

(16) 
te 


where J,,---, Zz are integers and A is the determinant a:(82—v2) 


—Bi(a2—v2). 
Let d;(i=1, 2) be the highest common factor of A and #;(i=1, 2). Then 


A = = d252, ty = di71, te = dere, 


where 6;, 52, 71, T2 are positive integers. 
Substituting these expressions in (15) and (16) we find that 


Uy 


(17) 51 Is, 


(18) 


Since the pairs (61, 71) and (62, r2) are relatively prime, the relations (17) 
and (18) can be satisfied only if (w2—1) is divisible by 71 and (v2—7) by T2. 
It follows immediately that these relations will surely not be satisfied 


if wu, and uz are both among the numbers 0, 1, - - - , 4:—1, and 2, and 22 both 
among the numbers 0, 1, - - - , 7.—1. Thus we can obtain from Q;, by means 
of the substitutions of G, at least ¢:rz polynomials no two of which are equiva- 
lent. This implies that V2472. Comparing the degrees in x2 of both sides 
of the identity (9), we find that 


(19) S tyme, 
or, since Tz =t2/d2, 
mod 
(20) 


Now A stands for the expression a;(82—v2) —61(a2—v2), which is positive. 
If, therefore, both B2—v2 and are non-negative, then A <a:(82—v2) 
Samz. If they are both non-positive, then A<i(v2—az)<fim2. Finally, 
if B2—vz is positive and a2:—vz is negative, then 


A = a;(B2 — v2) + Bilve — a2) S mi(B2 — v2) + mi(ve — a2) S — a2) S MMe. 


We find, thus, that in all cases AS mz. Hence, it follows from (20) that 
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(21) ais M2N\, 
and, from (10), that 
(22) S mm, S M*. 


This result we obtained by considering a particular variable x, We can 
apply the same reasoning to any other variable x; and prove that, in general, 


(23) t; = M?. 


Lemma III is proved. 
5. We assume, next, that the irreducible polynomial Q(m,---, 4%.) 
consists of at least three terms and prove 


Lemma IV. Jf Q consists of at least three terms and if the irreducible factor 
QO; of QO is primary, then Q, consists, likewise, of at least three terms. 


Suppose that Q; contains just two terms. 

Because (Q, is irreducible, a given variable x; can be present only in one 
of the two terms. Further, since Q; is primary, it can involve only first 
powers of the variables. Let us assume, therefore, since we are free to inter- 
change the subscripts, that 


where a and b are constants. 

We denote by g the ratio - - - sothat Qi=am--- x, 
* where c:=b/a. 

It follows from Lemma I that, if 0“ =Q,Q2 - - - Qw, then each Q; will 
be of the form Q;=d,ax, - - - x.(1+c.q), where d; and c; are constants and 
di=1. 

We find, in this way, the following expression for 0“: 


(25) = + + Bog +--+ + Bag’), 


where D=d,d, - - - dy and the last factor is the product of the N binomials 
(1+c,q). 

Since Q“ does not change when x,(i=1,---, k) is replaced by €,x,, 
it is easy to see that NV and each a; must be divisible by #;. 

Similarly we conclude that N and each of the a’s must be divisible by #;, 
where 7 is among the numbers k+1,---, s. Consequently, N=vT and 
a;=7,;T, where T is the least common multiple of the numbers h, - - - , é,, 
and v and 7; are positive integers. Denoting g? by qi, we find from (25) 


(26) = DaN(x,- ++ + + + + Baqr’). 
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The exponent v is greater than unity. Otherwise Q“ and, consequently, 
Q would contain only two terms. Then, the last factor of Q“ in (26), as a 
polynomial in one variable of degree higher than unity, is reducible. Let 
be the zeros of this polynomial. 

We find from (26), substituting for g; its expression in the x’s, 


(27) 


which contradicts the assumption that Q is irreducible. Hence Q,, and, 
consequently, each Q;, consists of at least three terms. 

6. An immediate consequence of the last two lemmas is the following 
result: Given an irreducible polynomial Q(«, - - - , x,) consisting of more 
than two terms, there can exist only a finite number of sets 


such that the irreducible factors of Q(x", ---, x,%) (¢=1,---+, m) are 
primary. 

We assume that all sets of such nature are present among the m sets of 
(8) and, furthermore, that no two sets of (8) are identical. 

We shall prove that if Q is primary, then the sets (8) are the basic sets 
of Q referred to in the introduction. Let, indeed, th, - - - , t, be a set of ex- 
ponents for which Q“ is reducible, and let P(x, ---, x.) be one of the 
irreducible factors of OQ“. If a; is the greatest common factor of the ex- 
ponents of x;in P, so that 


, %) =Qilxf',--- , 
where Q(m, - - - , x.) is primary, we conclude from Lemma I that 


This implies that Q“ is an integral rational function in x*i(j =1, - - - , s). 
Because Q is primary, each ¢; must be divisible by the corresponding 
a;. If, therefore, ¢;=a,7;, we find from (28) that 


where the Qs are primary. 

Consequently, the set 7:, - - - , 7, must be one of the sets (@). 

Hence, given any set of #’s for which Q“ is reducible, there always exists, 
among the sets (8), one and only one set, say tx, - ~~, tes, such that, for 
every i, t;=a,t,; and such that the irreducible factors of Q“ are obtained 
by replacing in the irreducible factors of Q(x, - - - , x,"**) each x; by x. 
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Furthermore, any other aggregate (y) of sets having the two properties 
just stated must be identical with the aggregate (8). We shall prove, first, 
that any set of (8) belongs to (vy). Otherwise, we must conclude that there 
exists in (8) a set, say ti, ---, ti,, whose elements are integral multiples 
of the corresponding elements of some set of (vy), one element, at least, a 
proper multiple. Let 7, - - - , 7, be the elements of this latter set. Each 7; 
is, in its turn, a multiple of the corresponding element in some set, say 
ti, ++ +, tks, Of (8), distinct from the set ty, - - - , tz. The elements of the 
two chosen sets of (8) satisfy, therefore, relations of the form ¢;;=a,t;;, at 
least one of the a’s being greater than unity. Moreover, the irreducible 
factors of Q(x:#,- --, x,‘*) can be found by replacing in the irreducible 
factors of - - - , x.) each x; by which is an absurdity. Hence 
each set of (8) belongs to (y). Similarly it can be shown that each set of 
(y) belongs to (8). The two aggregates are therefore identical. 

The sets (8) are thus the basic sets of Q. 

7. Suppose, next, that the polynomial Q is not primary. Let i; be the 
greatest common factor of the exponents of x; in Q. We have, then, that 


where - - - , x.) is primary. 

Consider the basic sets (8) of Q’. In any of these sets, say ta, - - - , tis, 
we replace each #;; by 7;;, where 7;;=¢,;/d;; and d;; is the greatest common 
factor of ¢;;and ;. We obtain in this way, say, sets 


We shall prove that the sets (8’) have the qualities necessary for them to 
be a system of basic sets of Q. 

We verify, first, that, for any i(i=1, - - - , m), the polynomial Q(x,"*, - 
x,"**) is reducible. We have, indeed, denoting \,/d;; by \,;, that 


The latter polynomial is obviously reducible. 
Further, if, for a given set of #’s, 0“ is reducible, we find from (28) that 


This implies that, for every 7, ¢;A; must be divisible by a;. Hence, if 
t;\;=a,;7; we find from (30) that 


where all the Q,’s are primary. 
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Consequently, the r’s form one of the sets (8), say the set tu, ---, tke 
For every j we have, therefore, 


Because 7;; and A,; are relatively prime, a; must be divisible by \,x;. 
Accordingly, let a;=6jAx;, so that ¢;=6;7;,;. 
Replacing now in (30) each x,*i by x;, we find that 


Hence, given a set of ?’s for which Q“*) is reducible, there exists always 
in (6’) one and only one set, say , Such that, for every j, 
and such that the irreducible factors of Q“ are obtained by replacing in 
the irreducible factors of Q(a:"#, - - - , x,"**) each x; by x;6;. 

We know already that there can exist no other system of sets having 
the same two properties. 

The sets (6’) are, therefore, the basic sets of Q. 

8. The results obtained in §§6 and 7 verify thus Theorem I, announced 
in the introduction. We conclude, further, on the basis of Lemma III, 
that Theorem II of the introduction is likewise true for a primary poly- 
nomial Q. If Q is not primary, the upper kound for the elements of its basic 
sets, as we have seen, cannot exceed the corresponding bound for the basic 
sets of a primary polynomial whose degrees in the individual variables never 
exceed the degrees of Q in the same variables. Hence, if ¢ is any element of 
any of the basic sets of Q, we have, a fortiori, that =< M*. Theorem II is, 
therefore, true for any polynomial Q. 

9. We shall show now that the bound of Theorem II is the smallest 
possible bound. We shall construct a class of polynomials for which ¢ actually 
reaches the value M?. 

Consider the polynomial 


(33) %) = 1+ ++ x", 


where m is a positive integer greater than unity. 

We shall prove that P is irreducible for any m. For, if Po=P, - P2, it is 
clear that x, must be present in both polynomials P; and P2; otherwise, the 
coefficient of the last term in Py would be distinct from unity. This implies, 
however, that the polynomial 


R(%1,%2) = 1 + x™ 


obtained from P by replacing x3, x4, - - - , x, by unity, is also reducible. If, 


AiTki 
tj 
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therefore, R= R, - R2, we conclude, for the same reason as before, that x; 
must be present in both R; and Rz. Because R is linear in x2, this variable 
can be present only in one of the factors, say R:. Hence. 


Any root a of the equation R2=0 must be distinct from zero. Replacing 
in (34) a, by a, we find that 


1+ ma+ta"=0, 


where x2 is arbitrary, which is, of course, an absurdity. Consequently, Po 
is irreducible. 

Consider the m polynomials Po, Pi,---, obtained from by 
substituting ¢«,"x, for x,, where & is a primitive m*th root of unity and ki 
ranges over the numbers 0, 1, - - - , m?—1. Because Po is a primary poly- 
nomial, there will be no pair of equivalent polynomials in the set thus ob- 
tained. On the other hand, it is easy to verify that any polynomial obtained 
from Po by replacing x; by ¢*'x:, where €, and k; have the same meanings 
as above, and by replacing, further, any other variable x; by €;*ix;, where 
€; is a primitive mth root of unity and k;=0, - - - , m—1, is identical with 
one of the polynomials P;. The index z is the smallest non-negative number 
satisfying the congruence 


y = [kit miko t ks t---+h,)] (mod m?). 


The product II (x, - - - , x.) of the m polynomials P;, therefore, remains 
invariant for any of the substitutions of the group G described above and, 
consequently, is an integral rational function in - - , x. 

Consider now the polynomial II;(x, - - - , x.) obtained from I(x, - - - , x.) 
by replacing x" by and by x,(7=2,---, s). The polynomial Il, is 
irreducible. For, if 


then 
Il = A(x, x2", xf") B(x", af), 


a relation which is absurd, considering that the group G is transitive with 
respect to any of the polynomials P; the product of which is II. 

Now, the degree of II in x; is m*, and in any of the remaining variables 
is m*. Consequently, the degrees of II, in the same variables are all equal to 
m=M. Furthermore, replacing in II, the variable x, by x/“° and every other 
variable x; by x/‘, we find that 


» 

¢ 

& 
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where the P,’s are primary. 

Hence II, has, at least, one basic set in which one of the elements, namely 
i, actually attains the value M*. This proves that the bound of Theorem II 
is the smallest possible bound. 


II. MINIMAL SETS 


10. From the definition of a minimal set, as given in the introduction, 
it follows easily that every minimal set of an irreducible polynomial con- 
sisting of more than two terms is necessarily a basic set. For its elements 
must be integral multiples of the corresponding elements of a particular 
basic set; no element, however, can be a proper multiple. Hence the minimal 
sets are finite in number. 

11. Let 4,---, ¢, be the elements of a minimal set belonging to a 
primary irreducible polynomial Q. Then, in the identity 


QO =Q,---Qn, 


each Q; is primary. It is obvious, further, that not every /; is unity. Fixing 
our ideas, let us assume that 4=t2= -- - =¢;..=1 and that the remaining 
t;,-+-, # are all greater than unity. Consider the ¢; polynomials 
Oi(mi, ++, We have shown above (§4) 
that, because Q is primary, no two among these polynomials are equivalent. 
Denoting their product by P, we find that 


(35) , x's) = P-R, 


where P and R are integral rational functions in x;4. However, R must be 
a constant; else the polynomial 


t; 


would be reducible and the set 1, - - - , 1, ¢;, - - - , 4, would not be a minima 
set. Hence N=#;. Similarly we find that N=¢,, for k=j, j7+1,---, Ss. 
Consequently, t;=tj4= =t,=1. 

12. Suppose, now, that t=q-r, where g and r are positive integers 
and g is greater than unity. The product of the ¢ polynomials Q:(m, - --, 
€;"ix;, +++, can then be decomposed into g products Po, Pi, 
where the factors of P; are the r polynomials obtained by assigning to k; 
the r values i, i+g,---,i+(r—1)g. The polynomial P;, therefore, will 
be invariant for any substitution which replaces x; by 7*x;, where 7 =e?**/" 
and k=0, 1,---,r-—1. Consequently, P; is a rational integral function 
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. We have, then, that 
or 


which is a contradiction, unless r= 1 and g=2. 

Consequently /is a prime number. Hence, if Q is primary, those elements 
in a minimal set which are distinct from unity are all equal to one and the 
same prime number. 

13. We shall consider now the case when Q is not primary. Referring 
to §7, we shall recall that the basic sets of Q are obtained from the basic 
sets (8) of a certain primary polynomial by substituting for any element in 
each set (8) a properly chosen factor of the element. It is clear, further, from 
the way these substitutions were defined, that all minimal sets of Q will be 
found by effecting the indicated substitutions only in the minimal sets of 
(8). The elements in each of the latter sets being equal either to unity or 
to one and the same prime number, it is obvious that the minimal sets of 
Q will, thus, necessarily have the same structure. 

14. Let p be the common value of those elements in a minimal set which 
are distinct from unity. Because a minimal set is a basic set, and p is a prime 
number, it follows from Theorem II that p<P, where P is the largest 
prime less than M?. 

The results obtained in §§12, 13, and 14 of this section verify thus 
Theorem III of the introduction. 

15. We shall show now that the bound P, as defined in §14, is the smallest 
possible bound. 

Consider, indeed, the polynomial 


where m is any integer greater than unity, P is the largest prime less than 
m*, and q is the positive integer satisfying the inequalities 
m* — (q+ 1)m < P < — qm. 
We prove, first, that the polynomial Q> is primary in all its variables. 


This is obvious with regard to the variables x2, x3, ---,2,. If, on the other 
hand, d is the greatest common divisor of the exponents in x, then d must 
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be a factor of both m—g and P; consequently, if d is distinct from unity, P 
must be a factor of m—g. As m—q<P, we have d=1.* 

We show, next, that Qo is irreducible. For, if Q>=(Q1-Qz, it is clear that 
x; must be present in both Q; and Q2. The polynomial 


R(x1,%2) = 1 + Pym, 


obtained from Q by replacing each of the variables x3, ---, x, by unity, 
is also reducible. Consider the equation R(x, x2)=0. Treating x2 as a 
function of x;, we find, by means of Newton’s polygon, that for the neighbor- 
hood of x, =0 
Xe = exp 

where ¢ is an mth root of unity. Consequently, if x, describes a small circle 
in the complex plane about x,=0, the m branches of x2 will be permuted 
in a single cycle. These m branches thus hang together. Hence R(x, x2) 
cannot be reducible, which implies that Qo is irreducible. 

Consider the P polynomials Qo, Qi, -- +, Qp-1, obtained from Q» by 
substituting n*'x, for x,, where 7 is a Pth root of unity and k=0,1, -- - ,P—1. 
No two among these polynomials are equivalent. Furthermore, any poly- 
nomial obtained from Qo by replacing x; by n*x, and every other variable 
x; by n*ix;, where k; ranges over the same values as f;, will be identical with 
one of the polynomials Q;, say Qx. The index k is, namely, the smallest 
non-negative number which satisfies the congruence 


y(m — = (mod P). 


We conclude, also, from the fact that Q is primary in all its variables, 
that the same set of polynomials Q; will be obtained from Q» by means of 
every subgroup g; of substitutions which replace x; by n*ix;, k; and n having 
the same meanings as before, and leave all other variables unchanged. 

This implies, first, that the product of the P polynomials Q;, which 
remains invariant for any substitution of our group, is an integral rational 
function R(x?,---, x?) in x?, for every x;. Moreover, since any of the 
substitutions of the subgroup g; simply permutes the Q,’s, with respect to 
which g; is transitive, we conclude that R(x”, - - , Xju1, 
for every j less than s, is irreducible. For, if such a polynomial were a product 


then 


* According to Tchebycheff, given an integer a, greater than unity, there exists always a prime 
number between a and 2a—1. If, therefore, P is the greatest prime contained in m*, then P>m?*/2 
and, consequently, P>m, considering that m>1. 
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P P 


and none of the subgroups g.(k=j+1, - - - , s) could, therefore, be transi- 
tive with respect to the polynomials Q;. 

The polynomial R(x, ---, x,) obtained from R(x?,---, x,?) by re- 
placing each x;? by x;, is, therefore, also irreducible. If m; is the degree of Qo 
in x;, then m,P is the corresponding degree of R(x”, - - - , x”). Hence, the 
degree of R(x, ---,,) in x; is m; Because --- =m,=m and 
both numbers m—g and (m—q)m—P are less than m, we see that max 
(m, ---,m,)=M=m. The irreducible polynomial R(x, - - - , x.) becomes 
reducible when each x; is replaced by x;?. Hence the set4;=P,---.t,=P is 
either a minimal set of R(x, - - - , x,), or is obtained from a minimal set 
whose elements are, then, necessarily equal either to unity or to P. Suppose, 
fixing our ideas, that its elements - - - =7;=P and - 
=7T,=1. This implies that R(x”, - - - , xj41,---, %s) is reducible. We 
have seen, however, that a polynomial of this type is always irreducible unless 
j=s. 

The polynomial R(x, - - - , x.) has, therefore, a minimal set all the ele- 
ments of which are equal to P, where P is the largest prime less than M?. 


III. POLYNOMIALS OF TWO TERMS 
16. We shall, for the sake of completeness, investigate the case in which 
the irreducible polynomial Q has two terms. Changing subscripts, if necessary, 
we assume that 


Let 4, - - - , t, be a set of positive integers for which Q“ is reducible. We 
shall prove that in the identity 


(38) 


Q;, and, on the basis of Lemma I*, each Q,, contains only two terms. 

Let A; be the greatest common factor of the exponents of x; in Qi. We 
conclude from (37) and (38) that a; must be divisible by \;. Hence if 
a?t;= 7; and if P; is the polynomial obtained from Q; by replacing each 
xi by x;, we find that 


(39) Gx," + . 


where all the P,;’s are primary. 


* In the proof of this lemma, as well as Lemma III, no restriction was made with regard to the 
number of terms in the irreducible polynomial Q. 
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If each Q;, and, consequently, each P;, consisted of more than two terms, 
then, as a consequence of Lemma III, 7;= M?*. Because M is unity, eachr; 
is unity, which is an absurdity. Hence, each Q; contains only two terms. 

Since P; is primary and consists of only two terms, its degree in x; is unity. 
Comparing the degrees in x; of both sides of the identity (39) we find that 
7;=N, for every j. 

Consider the infinite system of sets 


where t,;=k/d;; and d;,; is the greatest common factor of a; and k. 

We easily verify that, for any set of (y), the corresponding Q“ is reduc- 
ible. 

Further, if, for a given set of #’s, 0‘ is reducible, then there exists in (vy) 
one and only one set, say ti, - - - , tie, such that each #; is an integral multiple 
of ¢;; and such that if ¢;=6,t;;, the irreducible factors of Q‘ are found by 
replacing in the irreducible factors of Q(x,'#, - - - , x.) each x; by x°i. 

Finally, it can be shown that there exists no other system of sets satis fyin 
the two condition s just stated. 
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FUNCTIONAL PROPERTIES OF THE SOLUTIONS OF 
DIFFERENTIAL SYSTEMS* 


BY 
WILLIAM M. WHYBURN 


Numerous contributions have recently been made to the subject of func- 
tionals. The applications of work in this field are found in many branches of 
pure mathematics and mathematical physics. Bliss{ developed functional 
properties of the solutions of a system of differential equations and made use of 
these properties in his work on ballistics. In the new field of wave mechanics 
a tool that is of extreme usefulness is a method of perturbations based entirely 
upon underlying functional properties of the solutions of differential equa- 
tions. An investigation of stability in dynamical systems, especially stability 
of the perturbative type,f is essentially a study of the functional properties 
of a class of differential systems. Recently W. L. Hart§ has developed the 
notion of continuity for a functional of arguments that are summable func- 
tions of their variables. 

The present paper considers a general class of systems of non-linear 
differential equations of the first order and shows that the solutions of these 
systems are uniformly continuous functionals of the non-linear functions and 
the initial values in a stronger sense than is ordinarily considered. Estimates 
are given for the magnitudes of the variations in the solutions in terms of the 
variations of the quantities upon which they depend. All of the variables 
and functions in the paper are supposed real. 

Consider the system of ordinary differential equations 


j=n 


(1) dy/dx = fi(x,%1, Yn) + Yn) Vi (i 1, 
i= 
where the following conditions are imposed :{ 
A. For each fixed x on X: a<xb, the functions f;(x, y) and A,;(x, y) 
are continuous in (y, - - - , yn) for all real values of yi, - + - , yn. 
B. For each fixed (yi, - - , the functions A;;(x, y) and f;(x, y) are 
summable in x on X. 


* Presented to the Society, June 21, 1929; received by the editors September 3, 1929. 
t These Transactions, vol. 21 (1920), pp. 79-92, and p. 92ff. 

t See Birkhoff, American Journal of Mathematics, vol. 49 (1927), pp. 1-38. 

§ Annals of Mathematics, (2), vol. 24 (1922-23), pp. 23-38. 

4q A;;(x, y) = Aj;(x, Yn), Silx, y) =fi(x, Yn); etc. 
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C. There exist summable functions M(x) and L(x) on X such that for 
all on X and for all real - - - , yn), (21, , Sn) 


\ < M(2), 


| Ai,(x, y) | 
{ | Ais(x,y) — Aij(x,2) | 
| f(x,y) fi(x,2) | 

The author has recently shown* that if T is an arbitrarily given constant 
and if a1, - - + , Qn, @1, , are constants such that 

D. |a;|<T,i=1, - - -, , and the points x=a;, i=1, - - - , all lie on 
a single sub-interval I of X of lengthy 6, 
then there exists a unique solution of (1) which satisfies 
(2) yi(ai) = m) 
where by a solution of (1) we understand a set of absolutely continuous 
functions y;(x), - - - , ¥a(x) that satisfies (1) almost everywhere on X. This 
existence theorem is quite general and includes the usual existence and 
uniqueness theorems for systems of the type ordinarily considered, i.e., 
where A;;=0, a:=a@2= - +--+ =a@,, as special cases and in addition covers 
other systems, e.g., the linear system. We treat this more general system 
(1), (2) in such a way that the results for the ordinary systems occur as 
special cases of our results. 

For a given M(x), L(x), and T let Q denote the class of functions A ;;(x,y), 
Si(x, y), a, a:, 7, 7=1, +--+, that satisfy conditions A, B, C, D. Let R 
denote the sub-class of Q for which a;:=a2= +--+ =a,=C. 


THEOREM I. For given M(x), L(x), and T, there exists a constant H such 
that if fi, ai, , , are any functionst of Q and y,(x),---, 
yn(x) is the unique solution of (1), (2), then 

ly(x)| 


An examination of the author’s paper§ shows that the quantity G there 
determined depends only on T, L, and M—the constants r and R having 
previously assigned constant values—and is therefore a constant for all 
fi, in When we choose a point x =c of I’ and examine the lemma 
of Theorem I of our previous paper, we see that if K of that lemma is chosen 


* Annals of Mathematics, (2), vol. 30 (1928), pp. 31-38. 

t dis expressed in terms of L, M, and T in the paper referred to. 

tIn case Ayj=0, i, j=1,--+, n, =dn, this theorem follows directly from an 
application of Theorem IV of the present paper. 

§ Loc. cit., p. 35, Lemma 2 of Theorem II. 

4] Loc. cit., p. 32. 
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greater than nG+/'M(i)dt, we obtain a constant H=K exp[nf-M(2)dt] 
such that for any given set of quantities A ;;, f;, a;, ai,in Q, we have 


| yi(x)| 


Since y,(x) is the limit of the sequence of functions y;"(x), k=0,1,---, it 
follows that |y,(x)|<H,i=1, ---,n,a<x<b. Theorem I follows from the 
observation that H is independent of the particular set of quantities A,,, 
fi, ai, a;, of Q that is used. 


TueoreEM II. Let mj(x),---, unj(x), 7=1,---, m, be the solutions of 


(¢=1,---,), 


(3) du;/dx = DOF ij(x)u;, = 
j=1 
where x=c is a point of X, F;;(x) is summable on X, and let J(x) be a summable 
function of x on X such that \Fj;(x)|<J(x),i,j7=1,---,n. Let W(x) be the 
determinant whose element in the ith row and jth column is uj;(x) and let B;; 
be the cofactor of u;;in W. There exists a quantity N which is a constant for a 
given J(x) and is such that if K;;=Bi;/W, then |Ki;|<N (i, 7=1,---, n), 
a<x<b, and for all summable functions F ;;(x) such that \1 ;;(x)|<J(x) on X. 
A well known theorem gives W(x)=exp[ fe >>, 1 Fy(é)dt]. Since 
\Fi(t)|<J() on X, we have Applying 
Theorem I to ;;(x), we get it less than a constant S, independent of F;;, and 
hence each element of the determinant §;; is less than S. An application of 
Hadamard’s theorem* yields (nS*)"/?, hence |K;;(x) | <N, where 


N = (S*n)"/2 [oa]. 


TueoreM III. Let F(x), fi(x), gi(x), i=1,---, , be finite-valued and 
measurable functions on the measurable point set E and let 0S F(x)S 
filx)gi(x) hold on E. There exist measurable functions y(x),--- , n(x) such 
that \hi(x)|< |gi(x)| and F(x) = fi(x)hi(x) on E. 


Let Ko be the subset of EZ on which F(x) =0 and let K;, i=1,---, n, 
be the subset of EZ on which 0, figi, figitfoge, Dix figs < F(x) < 
fig;. The sets K; and K;, i¥j, have no common points, g;(x)f,(«) is positive 
on K;foreachi=1, ---,,and E= Let Ko, m=F(x) 
‘[fi(x)J on Ki, and on K;. Let be zero on Kj, 
hy=[F(x) — figi|/filx) on Ki, and h,(x)=gi(x) on K; 


* See Lovitt, Linear Integral Equations, New York, 1924, p. 31. 
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The construction shows immediately that |h,(x)|< |gi(x)| and F(x) 
= >°7.1 fit; on E. Each of the point sets K; is measurable since Ko is 
measurable and the measurability of K; follows from that of Ko,---, 
K;.1. For K; is the subset of the measurable set E— pe K; on which the 
measurable function fig:—F(x) is positive or zero. Since f;(x) 0 on 
K;, we may apply a well known theorem* concerning products and quotients 
of measurable functions to get that /; is measurable on K;. On oj ais: Kj, 
h; is equal to the measurable function g;(x) while 4;=0 on )-i=5 K;. Hence 
h; is measurable on £. 


Corottary 1. If F(x)=|A(x)|, where A(x) is measurable on E, then 
A(x) = Hilx)fi(x), where H (x) = +hi(x) or —h;(x) according as A(x) =0 
or A(x) <0. Hence H;(x) is measurable and |H,(x) | < |g:(x) | on E. 


Corottary 2. If the functions g;(x) are summable on E, the functions 
h(x) and H (x) of Theorem III and Corollary 1 are summable on E.t 


THEOREM IV. Let f(x) be defined on any interval X and let M denote the 
subset of X on which df/dx exists (either finite or infinite with definite sign); 
then with the possible exception of a countable set of points d | f(x) |/dx exists and 
|f(x) |/dx | = |df(x)/de|. 

Let x=p be any point of M for which f(p)#0. Since f’(p) exists, f(x) is 
continuous at x= and there exists a neighborhood of x= throughout 
which f(x)f(p)>0. Throughout this neighborhood we have either |f(x)| 
=f(x) or |f(x) |= —f(x). In either case d|f(p) |/dx exists and is numerically 
equal to |f’(p) |. 

Let x= be a point of M at which f(x)=0. From the existence of f’(p) 
we have and hence lim,.,-|f(z) |/(h—p) = 
— |f'(p) |, |f(2) |/(A—p) = |f’(p) |. Hence both the left-hand and 
right-hand derivatives of |f(x)| exist at every point of M. A theorem of 
G. C. Youngt may now be applied to show that these two derivatives differ 
from each other at most at a countable set of points of M. 


Corottary. There does not exist a function that is defined on an interval 
and vanishes at more than a countable set of points at each of which its derivative 
exists (either finite or infinite with definite sign) and is different from zero.§ 


* See Carathéodory, Vorlesungen ueber reelle Funktionen, Leipzig, 1928, p. 378. 

+ This follows since these functions are measurable and bounded numerically by the summable 
functions | gs(x)| . See Carathéodory, loc. cit., p. 442. 

t For a statement of this theorem, see Hobson, Theory of Functions of a Real Variable, Cam- 
bridge University Press, second edition, vol. I, pp. 368 and 369. The consequence of Young’s theorem 
that applies directly in the above proof is stated at the bottom of p. 369. 

§ This corollary follows from Theorem IV and its proof when we observe that the derivative'of 
| f(x) | does not exist at a point where f(x) vanishes and has a derivative that is different from zero. 
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Equations (1), (2) define y:(x),---, ya(x) as functionals of f:(x, y), 
Ai;(x, y), ai, a; (¢,7 =1, - - - , m), in QX in the sense that for each set of func- 
tions in Q, the system (1), (2) determines unique absolutely continuous 
functions 1, - - - , y, on X that satisfy (2) and satisfy (1) almost everywhere. 

Following the definitions given by W. L. Hart,* we say that the functions 
y-(%) (r=1,---+, are continuous functionals of fi, ai, a; at Bi;, gi, 
B;, b; of Q if for every given positive number e, there exists a positive number 
such that if fi, ai, a; belong to Q and |a;—b;|<&, |a:—B;|<&, 
S. u) —gilx, u) |dx | u) u) |dx <6, for all absolutely 
continuous functions u(x), - - - , #,(x) that are bounded numerically on X 
by H, the constant determined in Theorem I, i, 7=1,---, m, then |y,(x) 
—2z,(x) for every x on X, where y;(x), - , yn(x) and 2:(x), - , n(x), 
fespectively, are the solutions of system (1), (2) corresponding to A,4, 
r;, a;, a;, and B,;, g;:, B;, b; The continuity is said to be uniform in Q if the 
number 6, can be chosen independent of the functions B;;, g;, B;, b:, so long 
as they belong to Q. 


Tueorem V. The solution functions, y,(x), - ++ , Yn(x), of system (1) and 
(4) yilc) = ai, ascxsb (i=1,---, m), 
are uniformly continuous functionals of Ai;, fi, ai, in XR. 

Let a positive number ¢ be assigned and choose 6, so that 

5. S ¢/[nS{1+nN(1 + H)}], 


where N and S are the constants whose existence was demonstrated in 
Theorem II for F,;(x)=L(x)+M(x)+nHL(x) and H is the constant whose 
existence is proved in Theorem I. Let A;;, fi, ai, and B;;, gi, Bi, be two sets 
of functions in R and meeting the requirements of our definition of continuity 
with respect to 5,.. Let y,(x) and 2;(x), respectively, be the corresponding 
solutions of (1), (4), and let u(x) =y,(x) —2,(x), i=1, - - -,. Almost every- 
where on X we have 
ul = f(x,y) — gilx,2) + x,y) — 


j=1 


(5) [fi(x,y) fix,2)] + [fi(x,2) — gi(x,2)] + [Aij(x, 9) 


j=1 


— Bi(x,y) yx) + [Bis(x, y) — Bij(x,2)] + Bis(x,2)[y; 2s) } 


Taking absolute values and making use of the inequalities of condition C 
and Theorem I, we have 


* Loc. cit., p. 25. 


¥ 
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| uf | (L(x) + M(x) + HnL(x)] (i= 
where 
$62) = | files) — | — Bedl2,9)| 


j=l 


and y,(x) and 2,(x) are absolutely continuous functions of x on X. Replacing 
|u;| by U; and making use of Theorem IV, we have 


| Uf | + M(x) + nBL(x)] + ¢:(x), 


almost everywhere on X. Application of Theorem III and its corollaries 
yields 


(6) U{ = C,(x) Sv, +6(x), =|a:— 


almost everywhere on X, where C;(x) and 6,(x) are summable on X and 
[L+ M+ nHL], | 0(x)| S 


Solving (6) by a generalization of the method of variation of parameters 
yields 


U(x) > > f + | ay — B; | (i = 1, n), 


c 


where u;;(x) and K;;(x) are the quantities that occur in Theorem II. Ap- 
plying Theorem II 


U,(x) SnN “0,(t)dt + S > | ar — | 
r=1 


j=1 c 
< [1 + nH], + S Sn[1 + mN(1 + nH) ]e/{Sn[1 + nN(1+ nH)]} 
<€, 


which establishes the desired uniform continuity of y,(x),i=1,---, m. 


CoroLtarY. The conclusions of Theorem V are valid for any solution of 
(1), (4) since T may be chosen as large as one desires. 


In applications of functional properties of the solutions of (1), (4) it is 
of fundamental importance to be able to estimate the magnitude of the 
change in the solution functions, y;(x), that is produced by a change of known 
magnitude in A;;, f;, a; The following theorem which is established im- 
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mediately by an examination of the proof of Theorem V gives such an 
estimate :* 

TuHeoreM VI. Let Aij;, fi, a; and Bj;, gi, B; be two sets of functions in R 
such that \a;—B;| <8, Si u) —Bi,(x, u) \dx <6, | fix, u) —gi(x, u) | dx 
<5, for all absolutely continuous functions u;(x) on X, that are bounded numeri- 
cally by H, i, 7=1,---,m, and let yi(x),---, yn(x) and 2(x),-- +, 2n(x), 
respectively, denote the corresponding solutions of (1), (4); then 


| — | < Sn[1 + nN(1 + j ym), 
on X, where S, N, and H have the same significance as in the proof of Theorem V. 


A combination of Theorem V with the results of our former papery 
yields the following more general theorem: 


THEOREM VII. The solution functions y,(x),---, yn(x) of system (1), 
(2) are uniformly continuous functionals of fi, ai, 7=1,--- , ‘n, in 
OX. 

By Theorem V and its corollary, y,(x) is a uniformly continuous func- 
tional on X of A;;, fi, yi, where y; is the value of y,(x) at a point x=c of I. 
By our former theorem,{ ¥; is a continuous function of (a1, - - ,@n,@i,° °°, 
an) for a;on T (i,7=1, ---,m). It follows from this (by an argument that 
is entirely analogous to the well known proof that a continuous function of a 
continuous function is a continuous function) that y,(x) (r=1,---,m)isa 
continuous functional of A;;, fi, a:, a:;, in QX. It also follows from this 
argument and from the observation that our former theorem{ yields uni- 
formity of our type for y, as a functional of (a1, - - @n, di, Gn) that 
the continuity of the functionals y,(«) is uniform. 


* It is to be noted that this estimate can be improved if some of the quantities A;;, fi, a; are fixed. 
Obvious modifications of the proofs of the paper yield the results here. 

t Whyburn, W. M.., loc. cit., p. 37, Theorem ITI. 

t Loc. cit., p. 37, Theorem III. 
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AN INVERSE PROBLEM OF THE CALCULUS OF 
VARIATIONS FOR MULTIPLE INTEGRALS* 


BY 
LINCOLN La PAZt 


1. INTRODUCTION 


Hirschf has proved that if the equation of variation of the second-order 
partial differential equation 


(1.1) =0, z(x,y), = b= By, 


is self-adjoint, then the equation (1.1) has the form 
(1.2) M(rt — s*) + Rr + 2Ss+ Ti+ N =0, 


where M, R,S,7T, N are functions of x, y, 2, ,q alone; and he has shown that 
in this case there exists a function f, itself of the second order, of the form§ 


(1.3) = + 


such that the equation (1.2) is the Lagrange partial differential equation of 
a problem of minimizing the double integral 


(1.4) r= 


A function f thus related to a given partial differential equation with 
self-adjoint equation of variation will for brevity be referred to as associated 


with the given equation. 
Kiirschak,§ utilizing the method of Hirsch, extended the latter’s theorem 


to partial differential equations of the form 
F(x, Pi, °° * Pir, Pi2, »Pnn) =0, 
pi = pi; = 


(1.5) 


Neither Hirsch nor Kiirsch4k attempted to find either the most general 


* Presented to the Society, August 29, 1929, and February 22, 1930; received by the editors 
January 14, 1930. 

+ National Research Fellow in Mathematics, 1928-1929. 

t A. Hirsch, Mathematische Annalen, vol. 49 (1897), p. 49. Loc. cit., §9. 

§ The functions g and c in (1.3) must satisfy certain partial differential equations of the second 
order involving the coefficients of the equation (1.2). 

4 J. Kiirsch4k, Mathematische Annalen, vol. 60 (1905), p. 157. 
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function of the second order associated with a given equation or the most 
general first-order function associated with a given equation linear (neces- 
sarily) in the second partial derivatives. Koenigsberger,* without the use 
of the self-adjoint theory, obtained a formula for the integrand function f 
of a problem 


having a given partial differential equation (1.1), linear in 7, s, ¢, as its La- 
grange equation; but his formula does not give the most general such func- 
tion. 

The determination of the most general second-order function associated 
with a given equation (1.5) is rendered irregular by the fact that an initial 
restriction must be placed on the form of such a function in order to insure 
the degeneration of the corresponding Lagrange partial differential equation 
from the fourth to the second order. This case is not treated in the present 
paper which is devoted to a determination of the most general first-order 
integrand function f(*,---, %n, 2, ~Pi,-++, pn) associated with a partial 
differential equation (1.5) linear in the p,;;. The argument of §3 leading to 
this determination is based on the self-adjoint theory and is in part similar 
to that employed by Davis in connection with an analogous question for 
simple integrals 

(1.7) I= 

having as their Euler equations a given pair of ordinary differential equations 
with self-adjoint equations of variation. 

In the last two sections application of the results obtained is made to 
secure a generalization of Dirichlet’s principle and to treat the problem of 
plane geometries in which straight lines are shortest. 


2. PROPERTIES OF THE LAGRANGE EQUATION 
For a problem of minimizing the multiple integral 
(2.1) I= S(%1, pr, ++ dxn, 
(n) 


the Lagrange partial differential equation has the form 
(2.2) + + fo», a — fs = 0. 


* L. Koenigsberger, Sitzungsberichte der Akademie der Wissenschaften, Berlin, 1905, p. 250. 
Tt D. R. Davis, these Transactions, vol. 30 (1928), p. 717. 
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Here, as elsewhere in this paper, the repeated subscripts a and } are umbral 
indices with the ranges 1 to n. 

Consider a one-parameter family of integral surfaces, z=2(x1, - - - , Xn, R), 
of the partial differential equation (2.2). The quantity wu defined by 
u=02(%1, ---, Xn, k)/Ok is called the variation of the family on the surface 
corresponding to the value k of the parameter. On this surface u satisfies the 
equation of variation of (2.2) which can be put in the form 


(2.3) A(u) = (Ofp +> (Ofp + = 0, 


where the differentiations with respect to the x; are partial when z and its 
derivatives are considered as functions of the x’s, and where u,=0u/dx,, 
Uap =0°u/Ox,0%». From (2.3) it can be shown that A(mu) and its adjoint 
A’(u)* are identical. 

The Lagrange partial differential equation of a problem (2.1) is therefore 
an equation of the form 


(2.4) Aafa+ B=0, 


with an equation of variation which is self-adjoint on every hypersurface 
z=2(x1,---,2%n,). In (2.4), A;;, B are functions of the variables x;, z, p; alone 
and Ayj=Aji. 

A first necessary condition for the equation of variation of a partial 
differential equation (1.5) to be self-adjoint is that F satisfy the relations 


(K) 2aF/ap. — +8) =0 (i=1,-+-, 


where 6; is the Kronecker delta. When F has the special form (2.4) these 
conditions become 


(2.5) (Ais) 2, + (A + (Aat)»,} Par = Bp, =0 (i i, n). 


Hence, since these relations are required to hold on every hypersurface 
Xn), we have 


* The notation is that of Frobenius, Crelle’s Journal, vol. 85, p. 207. The actual computation 
of A’(u) can be avoided by the following artifice similar to one used by Hadamard (Legons sur le 
Calcul des Variations, p. 319) in connection with ordinary linear differential expressions of the second 
order. Introduce a quantity w defined by the equation 

2w + 
then it can be shown that 
uA(v)—vA(u) =a(udw/dvd —vdw/dud )/dxa. 


t Kiirsch4k, loc. cit., p. 160. The writer has found that the conditions (K) are also sufficient 
conditions for self-adjointness. 
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THEOREM I. An equation (1.5) which as it stands is to be the Lagrange par- 
tial differential equation of a problem (2.1) must necessarily be of the form 
(2.4) with coefficients A ;;, B satisfying the conditions 
Ajj A ii; (Axi) (i,j,k 1, n), k# i, 


2.6 
(Aiv)2, + (Ainepo Bp, = 0 (4 = 1, Nn), 


identically in the variables x;, 2, pi. 


3. DETERMINATION OF THE MOST GENERAL FIRST-ORDER 
INTEGRAND FUNCTION 


Suppose that an equation (2.4) with coefficients satisfying the conditions 
(2.6) is given. In view of the relations in the first row of (2.6) we can define 
a function g(1, ---,%n, 2, Pi, -- -, Pn) by means of the system of equations 


(3.1) = Aj; (i,j =1,2,--- n), 


and the function g thus defined can be expressed as a line integral 


P 

(3.2) g= 
0 

where 


Pp 
(3.3) He= 9). 
0 


In (3.2) and (3.3), the symbols 0 and #, used as limits, represent n-partite 
variables. It is clear that if G is a particular solution of (3.1) then the most 
general solution of this system is of the form 
(3.4) g =G(x1,°+*, Pn) 
+ C(x, %n,2) + D(x, 
If, now, the given equation (2.4) is to be the Lagrange equation of a 


problem (2.1) formed with the function g in (3.4) as the integrand of the 
multiple integral, then the following relation must hold identically in the 


variables x;, 2, Pi, Pir: 
(3.5) Og» /IXa + B. 


Reduction of (3.5)jby means of (3.1) shows that the relation below must 
hold identically in'the variables x;, 2, p;: 


(3.6) C.- Daz, Gps + Gy —G,— B. 


If there are to exist functions C, D; ({=1,---,m) of m,---,x, and z alone 
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satisfying (3.6), then the right member of this equation must be independent 
of p; (t=1,---, m). That this condition is actually fulfilled is seen by 
differentiating the right side of (3.6) with respect to p; and referring to the 
set of relations in the second row of (2.6). 

Solutions of (3.6) for C, D; as functions of x, - - - , %,, 2 alone therefore 
always exist, and if the set (C, D,) gives a particular solution of this equation 
then the most general solution is given by the set (C +c, D;+d,) where 
(c, d;) are functions of %,--- , %,, 2 satisfying the equation 


(3.7) C: — daz, = 0, 


but otherwise arbitrary. 
The relation (3.7) is a necessary and sufficient condition for the Lagrange 
partial differential equation of a problem of minimizing the multiple integral 


(3.8) (c+ dapa)dx, 
(n) 

to be identically satisfied. From this it follows, in view ofa theorem of 
Koenigsberger* on the conditions under which the Lagrange equation can 
be identically satisfied, that the quantity c +d.p. is representable as a sum 
of partialt derivatives with respect to the x; of arbitrary functions w; of 
2 alone 
(3.9) C+ dopa = + 

This completes the proof of 

THEOREM II. If an equation F(x, - - ,%n,2, Pny Pu, ** Pan) 
is linear in the p;; and has an equation of variation which is self-adjoint on every 
hypersurface 2=2(%1,---, Xn) then there is always a multiple integral of the 
form 

I= f(x, °° 5 Pi, pn)dx, +++ 
(n) 

having F=0 as its Lagrange partial differential equation. The most general 
such integral has an integrand function of the form 


(3. 10) f =G+CH+ Depa t+ +--+ + 


where G(x1, +++, Xn, Z, pi, +, Pn) is particular solution of (3.1), where the 
set 2), Di(ar,--- , Xn, 2)} is particular solution of (3.6)and 
where the w; occurring in the partial derivatives with respect to x; are arbitrary 
functions of , Xn, alone. 


* Koenigsberger, Mathematische Annalen, vol. 62, p. 123. 
Tt When z is regarded as a function of the x’s. 
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As an immediate corollary we have a theorem analogous to one stated 
by Hirsch for simple integrals :* 


THEOREM III. If the Lagrange partial differential equation of a problem of 
minimizing a multiple integral with second-order integrand function 


(n) 


degenerates into a partial differential equation, L=0, of the second order and 
linear in the pi;, then by means of quadratures a first-order integrand function 
(a1, +++, Xn, 2, Pry Pn) can be determined such that a problem of mini- 
mizing the integral 
(n) 

leads to the same partial differential equation, L=0. 

4. A GENERALIZATION OF DIRICHLET’S PRINCIPLE 

The partial differential equation 

(4.1) F = 0°2/dx? + 0°2/dx? + ---+ 0°2/dx?2 =0 


satisfies the conditions of Theorem II of the last section. The system (3.1) 
is in this case 


(4.2) = 
Hence we may take for the G function in (3.10) 
(4.3) G= + pe). 
By means of (4.1) the relation (3.6) reduces to 
(4.4) C, — 0. 


Hence the sum C +D., in (3.10) can itself be represented in the form (3.9). 
We conclude that the most general m-fold integral which has (4.1) as it 
stands as its Lagrange equation has an integrand function of the form 


(4.5) f= +---+ + + --- + 


where the functions W; are arbitrary functions of x, - - - , x, and z. 
The expression in parentheses can be written in the form 


(4.6) (x1, 5 Pn) + W,,/2)? + (Wiz, Wi/4). 
s=1 


* Hirsch, loc. cit., pp. 52-53. 
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A generalization of Dirichlet’s principle would now assert that if the func- 
tion § is never negative in a region S which consists of all sets of values 


(a1, Xn, 2, Pry pn) where (%,---, Xa, 2) is a point in a certain 
domain D of (*,---, %n,, 2)-space and where have arbitrary 
finite values, then there actually exists a hypersurface z=2(%,---, Xn) 


minimizing the n-fold integral 
(4.7) 


at least in D. 

For n=2 the partial differential equation (4.1) becomes the Laplacian, 
and there is thus established an interesting relation between the class of 
analytic functions of a complex variable and the class of real functions 2(x, ) 
which furnish solutions of a problem of minimizing double integrals of the 
form 


(4.8) f f + + + oW2/ay)dxdy. 


The author hopes to investigate in a later paper the corresponding relation- 
ships for problems of the calculus of variations having as their Lagrange 
equation the generalized Laplace equation by means of which Hedrick and 
others have classified functions in the plane.* 


5. GEOMETRIES IN WHICH STRAIGHT LINES ARE THE CURVES OF SHORTEST 
LENGTH 


As a further application of the results obtained in Theorems I and II, 
we consider the problem, first treated by Hamel in his Dissertation, of de- 
termining the most general geometry in the plane for which straight lines 
are the curves of shortest length joining two given points.f It will be shown 
that Hamel did not obtain the most general such geometry. 

Denote by R the region which consists of all sets of values (x, z, 2’) where 
(x, 2) is a point in the xz-plane and 2’ has an arbitrary finite value. Denote 
by H the class of real functions h(x, 2, 2’) which are positive and single-valued 
in R and which together with their partial derivatives of the first three orders 
are continuous in this region. 

Then formulated as an inverse problem of the calculus of variations 
Hamel’s problem requires the determination of the most general function, 


* Hedrick, Ingold and Westfall, Journal de Mathématiques, (9), vol. 2 (1923), p. 338, §10. 

+ Hamel, Mathematische Annalen, vol. 57 (1903), pp. 235-244. 

t Functions of class H satisfy all of the conditions imposed by the geometric axioms chosen by 
Hamel and the definition of length adopted by him. In Bolza’s terminology the functions h(x, z, 2’) 
are of class C’’’ in R. See Vorlesungen tiber V ariationsrechnung, p. 13. 
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g(x, z, 2’), in the class H such that the straight line segment Ey joining the 
arbitrary but fixed points 2:) and 2: (a2, 2), renders the length 
integral 


(5.1) g(x,2,2')dx 


a proper,* absolute minimum with respect to all other admissiblef arcs, 
z=2(x), joining these two points. 

If the integral (5.1) is to have even a strong relative minimum on the 
straight line segment Ey», then Ey» must satisfy the necessary conditions of 
Euler, Weierstrass and Legendre.f{ Since the minimizing arcs are now pre- 
scribed these conditions must be regarded as necessary conditions on the 
integrand function g(x, z, 2’) in (5.1). Thus the first or Euler condition is 
seen to require that the function g(x, 2, 2’) be so specialized that the two- 
parameter family of straight lines in the xz-plane is the extremal system of 
(5.1). Our Theorem I, written for 7 =1, shows that the most general equation 
F(x, z, 2’, 2’’)=0, linear in 2’’, with an equation of variation self-adjoint 
on every curve z=2(«), which is equivalent to an equation of the form 


(5.2) 2” = G(x,2,2'), 

is of the form 

(5.3) , F = Pz — PG =0, 

where the multiplier P(x, z, z’) of class C’ is 40 and satisfies the relation 
(5.4) Pi+ Pa’ + PG, = 0. 


The straight lines in question satisfy (5.2) with G=0. The most general 
solution of (5.4), when G=0, is P=P(z’, z—xz’), where P, except for the 
restrictions just mentioned, is an arbitrary function of its arguments. Hence 
our problem requires the determination of the most general integrand func- 
tion g(x, z, 2’) such that the Euler equation of (5.1) is 


(5.5) P(2’ — x2’)z” = 0. 
From Theorem II with »=1 the most general such function is seen to be 


(S.6) g = C(x,2,2’) + D(x,2) + E(x,z)2’ + du(x,2)/dx, 


* Compare Hilbert, Bulletin of the American Mathematical Society, vol. 8 ( 1902), p. 450. 

ft For the meaning of this term and the significance of the region R introduced above, see Bliss, 
Calculus of Variations, 1925, pp. 128-129. 

t Bliss, loc. cit., pp. 130-132. The field condition is automatically satisfied since the limits of 
integration are fixed and the one-parameter family of straight lines through a point has no second 
envelope. 
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where C is a particular solution of 

(5.7) Cue = P(2',2 — x2’), 

where the set (D, E) is a particular solution of 

(5.8) D, — Ez = + Crt’ — Cy, 

and where wu is an arbitrary function of x and z. The value for C determined 
from (5.7) and the relation (5.4) written for G=0, enable us to show that the 


right side of (5.8) is identically zero. Therefore D + 2’E is itself the derivative 
of an arbitrary function of x and z. Hence 


(5.9) g(x,2,2') = f f P(2',z = x2')dz'dz’ + dw/dx, 
% 


where it is understood that the arbitrary elements 2/, P(z’, z—xz’) and 
w(x, z) are to be so chosen that g is a member of the class H.* 

For functions P(z’, z—xz’) such that the vanishing of P implies the re- 
lation z’’=0, the argument now proceeds in the original region R; for func- 
tions not of this character the argument is made in the largest subregion 
R, of R in which P#0 and in which the sets (x, z, 2’) with 2/ <z’<z/ are 
admissible if the sets (x, z, 2/) and (x, 2, 2/) possess this property. The con- 
ditions of Weierstrass and Legendre, since they must hold for arbitrary line 
segments Ew, require respectively 


(5.10) E(x,z,2',Z’) 2 0, 

at every admissible elementf (x, 2, 2’), for every admissible element 
(x, 2, Z’)#(x, 2, 2’), and 

(5.11) gee 20, 


at every admissible element (x, 2, 2’). In view of the nature of the regions 
R and R,, it is clear that we may in every case employ the relationt 


(5.12) E(x,2,2',Z’) 3(Z’ 2,2" + z’)), 0 < < 1, 


* Such an agreement is necessary since the integral (5.1) formed with an integrand g(x, z, 2’) 
determined out of (5.9) may be minimized by the straight lines in the xz-plane without g belonging 
to H. This fact is shown by the following example which exhibits a function g not a member of H 
for which (5.1) is minimized by the lines in question: Choose z,=0, P=1, w= —xz; then from (5 9) 
g=}[s'(2’—2z) —2z:]. Hence in every point on a parabola of the family 2—a=x*, a>0, g has the 
value —z and is therefore <0. Hamel, who obtained for g(x, z, s’) the same formula (5.9) by the 
method of Darboux, imposes no condition on 2¢ , P, or w which excludes the geometry corresponding 
to the above example, in which arcs of the parabolas specified have a negative length. 

+ Compare second footnote p. 516. 

t Bliss, loc. cit., p. 139, formula (13). 
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to show that the condition (5.11) implies the condition (5.10). Consequently 
if g is so specialized that (5:11) is satisfied it will follow that the E-function 
is =0 in the field* F consisting of the straight lines parallel to Ey. and this is 
sufficient to insure that AL=L(Cy)—L(Ew)>O0 on every admissible arc 
CwA#LEy unless the E-function can vanish otherwise than ordinarily in F.f 
Hence, sufficient conditions that every straight line segment Ey in the plane 
with an equation of the form z=2(x) shall furnish a strong, proper, relative 
minimum with respect to all admissible arcs Cy joining the points 1 and 2 
are that g have the form (5.9) and that in the region under consideration 


(5.13) = P(z’,z — x2‘) 20, 


where functions P for which the equality sign holds in (5.13) are to be ex- 
cluded if and only if the E-function computed for the corresponding inte- 
grand function (5.9) can vanish for Z’#z’. Since every pair of points 1 and 
2, %1 #2, in the plane can be joined by one and only one straight line segment 
Ey, the above conditions are also sufficient{ conditions for (5.1) to have a 
proper, absolute minimum on every Ey of the type described. We thus reach 


THEOREM IV. If a geometry in which length is defined by the integral (5.1) 
has an arc element of the form 


(5.14) dL = f f ,2 — x2’)dz'dz’ + 


where the arbitrary elements 2) , P(z', z—xz'), w(x, 2) are such that the quantity 
in brackets belongs to the class H and where P is never negative, with the under- 
standing that functions P which vanish are to be excluded if and only if the 
corresponding E-function vanishes extraordinarily; then the geometry is one 
for which straight lines are the curves of shortest length. 

A simple example now shows that Hamel did not obtain the most general 
geometry in which straight lines are shortest. Choose 2/ =0, P=12z’2, and 
w(x, z)=x. Then from (5.9) g=1+2’4. This function belongs to the class H. 
Furthermore it is readily verified that the corresponding Z-function 


(5.15) E(x,2,2',Z’) = Z'4* — 2/4 — 4(Z’ — 2’)z’8 


is always 20 and vanishes for Z’=z’ and for no other real value of 2’. 
Hence the geometry for which the element of arc is dL =(1 +2’*)dx is one of 


* Compare Bliss, loc. cit., pp. 27-30. 

+ Kneser, Lehrbuch der V ariationsrechnung, 1900, §22. Bolza, Vorlesungen tiber V ariationsrech- 
nung, pp. 120-121. Bliss, loc. cit., p. 133, p. 153. 

t Sets of conditions at once necessary and sufficient are exceptional in the calculus of variations. 
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the geometries satisfying the assumptions of Hamel, since for it the function 
g belongs to the class H and since for this geometry every straight line seg- 
ment Ey in the plane with an equation z=2(x) is shorter than every other 
admissible arc joining the points 1 and 2. However, the geometry here 
described would have to be excluded if we argued incorrectly with Hamel* 
that a necessary condition for a minimum is that the Z-function be always 
>0 and therefore that the condition g,-,,>0 must always be satisfied. For 
the special geometry just described P =g,,,,=12z’? and vanishes for 2’ =0. 


UNIVERSITY OF CHICAGO, 
CuIcaco, ILLINOIS. 


* Hamel, loc. cit., p. 243. Hamel’s E is the negative of our E-function. He writes “ - + - E muss 
stets ein negatives Vorzeichen besitzen.” 


POSTULATES FOR THE INVERSE OPERATIONS 
IN A GROUP* 


BY 
MORGAN WARD 


1. Introduction. Suppose that we are given a collection of marks which 
we shall call “G-symbols,” and a rule which assigns to any two S-symbols 
x and y a unique third S-symbol z. We may then regard z as a one-valued 
“function” of x and y defined over the collection S and write 


(1) z = F(x,y). 


It may happen that the function F is of such a character that when the 
S-symbols z, x are given in (1), an S-symbol y is uniquely determined, and 
when the S-symbols y, z are given in (1), an@-symbol «x is uniquely deter- 
mined. In this case we may associate with the function F(x, y) two other 
one-valued functions y=G(z, x), x=H(y, z) defined over the collection S. 
These functions are called the first and second inverses of the function F. 
The primary object of this paper is to state the restrictions which must be 
imposed upon F in order that one of its inverses may define with S an 
abstract group. 

It is convenient, in developing the properties of the system {G;o0} 
consisting of the S-symbols, F, and one or more postulates, to replace (1) 
by the notationf 

Z=xoy. 
In any interpretation of the S, we may look upon o as an operation which 
we perform upon x and y to obtain z. We shall continue to call o an opera- 
tion even when no interpretation of theS-symbols is in mind, and we shall] 
similarly replace y=G(z, x) and «=H (y, z) by 


y=2hx and x= 


For example, suppose that the S-symbols stand for the rational integers, 
and that F(x, y)=x—y. Then z=x—y; y=—z+2; x=y+z, so that o is 
subtraction, 1, addition, and A, the negative of subtraction. Our problem 
in this instance would be first of all to frame a definition of “subtraction,” 
and then to define “addition” in terms of “subtraction.” 


* Presented to the Society, April 5, 1930; received by the editors of the Bulletin in January, 1929, 
and transferred to the Transactions. 
Tt Read “z equals x dot y.” 
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2. Postulates for the operation o. Consider first the system {S; 0} 
consisting of (i) a collection S of two or more distinct elements a, b,c, ---, 
(ii) a function F(x, y)=xoy defined over S, and (iii) the following four 
postulates: 


PosTULATE 1. Jf a, b are any elements of S, then aob is an element of S 
uniquely determined by a and b. 


PosTULATE 2. If a, b are any elements of S, then aoa=bob. 


PostutaTE 3. If a, b, c are any elements of S, and 1 is the element of 
definition 1 below, (aob)oc=ao0(co(1od)). 


PosTULATE 4. If a,b are any elements of S, and 1 is the element of Definition 
1 below, and if 1oa=10b, thena=b. 


THEOREM 1. There exists a unique element i of S such that io0i=1. 


By Postulate 1,a0a=7 is an element of S, and by Postulate 2, 7oi=ao0a 
=i. Moreover, if 7 were any second element such that joj7=j, then by 
Postulate 2, 

j=joj=ioi=i. 


DerFinition 1. The element i of Theorem 1 is called the “identity” of S 
and denoted by 1, so that Theorem | states that for any element a of S 


aqoa=1ol=1l. 


Postulates 1, 3 and 4 are true in any Abelian group, or any Abelian semi- 
group containing an identity. Postulate 4 is in fact a weakened form of 
Dickson’s third postulate for a semi-group.* Postulate 2 is far more drastic, 
and serves to give the system its peculiar character. 

3. Consistency and independence of postulates. The consistency and in- 
dependence of the four postulates given in §2 is proved by the following 
table, which gives examples of systems in which Postulates 1-4 are all true, 
Postulate 1 false and Postulates 2, 3, 4 true and so on. 

It should be noted that in order to prove that Postulate 1 is independent, 
we must change the statement of the remaining postulates slightly. Thus 
Postulate 2 should read Jf a, b are any two elements of S, and if aoa, bob 
are both inS, then aoa=bob. The similar emendations of Postulate 3 and 
Postulate 4 are left to the reader. 


*L. E. Dickson, On semi-groups and the general isomorphism between infinite groups, these 
Transactions, vol. 6 (1905), p. 205. Also see Theorem 5, §4, Theorem 10, §6. 
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TABLE I 


S 


Consistency 
All four true Rational integers 
All four true Rationals, 0 excluded 


Independence 
Postulate 1 false Rational integers, 2 excluded x«—y 
Postulate 2 false Rational integers x+y 
. Postulate 3 false Rational integers yx 
6. Postulate 4 false Rationals, 0 excluded la | + |y| 


4. Deductions from postulates. The five theorems which follow give im- 
portant properties of the system {S;0} defined in §2, and lead up to the 
fundamental theorem of the next section. The proofs of the theorems are 
given in some detail in order to bring out clearly the implications of the 
various postulates. 


THEOREM 2. If ais any element of S, thenao1=a. 


We have 1loa=(101)0a=10(a0(101))=10(a01) by Theorem 1 and 
Postulate 3. Therefore, by Postulate 4, a=a01. 


THEOREM 3. If a is any element of S, then 10 (10a) =a. 


We have loa=(loa)o1=10(1o(l1oa)), by Theorem 2 and Postulate 
3. Therefore, by Postulate 4, a=10(loa). 


TuHeoreEM 4. If a, b, c are any three elements of S, then ao(boc)=(ao 
(loc))ob. 


We have ao(boc)=ao [bo by Theorem 3 
and Postulate 3. 


THEOREM 4.1. If a, b are any elements of S, then 10(a0ob)=boa. 
We have 10 (a0b) =(10(10b))oa=boa by Theorem 4 and Theorem 3. 


THEOREM 5. [f a, b, c are any elements of S and if (i) boa=coa, then 
b=c; and if (ii) aob=aoc, then b=c. 


(i) is clear from Postulate 4, since by Theorem 4 and Postulate 2 
(10a)o(b0a) = =10); 
(10a)o0(coa) = [(loa)o(loa)]oc =1oc. 


(ii) follows from (i) and Theorem 4.1. 
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THEOREM 6. If a, b, c are any three elements of S, the three relations 
(2) aob=c, 
(3) b= (loc)o(loag), 
(4) a =co(1od) 
are all equivalent to one another. 


Note that in accordance with our definitions in §1, (3) and (4) give the 
first and second inverses of the operation o in terms of o itself. 
(2) implies (3); for if ao b=c, then by Theorem 4.1, 
loc=1o0(ao0b) =boa. 
Hence 


(10¢) 0(10a) = (boa) o(1oa) = bo[(10a) o (10a)] =bol=85, 


by Postulate 3, Postulate 4 and Theorem 2. Conversely, (3) implies (2); for 
all the steps in the reasoning above are reversible. 
(3) is equivalent to (4); for writing (1oc), (10a), b for a, b, c in (2), we 
see from what we have just proved that (3) is equivalent to 
Hence 


loa=(l10b)o¢c = 1lo(co(1od)) 


. by Theorem 3 and Postulate 3. Hence by Postulate 2, (3) is equivalent to 
(4), so that each of (2), (3) and (4) implies the other two. 

5. TheoperationZ. We shall now study the second inverse of o as defined 
by equation (4) of Theorem 6. 


DEFINITION 2. If x, y are any two elements of S, 
xOly=yo(loz). 
FUNDAMENTAL THEOREM. © forms a group with respect to the operation CJ. 


(i) By Definition 2, Theorem 1 and Postulate 1, if @ and 6 are any 
elements of S, ab is an element of S uniquely determined by a and b. 
(ii) If a, b, ¢ are any elements of S, then 


aO(bOc) = ec. 
For by Definition 2, 
(a0 b) Oc =col[lo(bo(1oa))]; 
(b01c) = [co(10b)]o(1oa). 
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[co(10b)]o(loa) = [(104a) 0(10(10b))] = co [(10a) od], 


by Postulate 3, Theorem 2. And by Theorem 4, Theorem 2, 
co[lo(bo(1oa))] 0b] = co [(104a) od]. 


(iii) The set contains an element 7 such that for any element a of the set, 
For by Definition 2, Theorems 1, 2, 4, S contains 1 and 
10 a=ao(1o0l1) =aol=a, 
=a, 


so that we may take i=1. 
(iv) If a is any element of S, the set also contains an element a’ such 


that =i. 
For by Definition 2, Postulate 2, 


(loa) = (10a) o(loa) =1. 


Hence we may take a’ =10a, and the system {S; (} satisfies the four postu- 
lates for a group.* 
Consider the inverses of C7 in their relation to the original operation o. 


THEOREM 7. Jf bOc=a, then c=(10b)Oa=aob, and b=aQ(l1oc) 
=(loc)o(loa). 

This is clear from Definition 2 and Theorem 6. 

Thus the first inverse of CJ is o, while the second inverse of C7 is, by 
equation (3), the same as the first inverse of o. 

6. The operation A. We shall now study the operation defined by equa- 
tion (3). 

DEFINITION 3. If x, y are any two elements of S, 

xAy = (lox)o(loy). 


Since as we might expect, the operation A is very similar to the original 
operation o, we shall merely state its more important properties. The 
following four theorems which correspond roughly to Theorems 1 to 6 may 
all be proved from Definition 3 and the results already given. 


THEOREM 8. (i) aAa=1; (ii) aA1=104; (iii) 1Aa@=a; (iv) (aA1)A1=a; 
(v) (aAb)A1 = bAa; (vi) 10 (aAb) = bAa. 


THEOREM 9. (i) aA(bAc) =((bA1)Aa)Ac; (ii) (aAb)Ac = bA((aA1) Ac). 


* Speiser, Die Theorie der Gruppen, Berlin, 1927, pp. 10-11. 
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THEOREM 10. Jf aAb=aAc, then b=c; if bAa=cAa, then b=c. 
THEOREM 11. Jf b=cAa, then aob=c, and bOc=a. 


For example, Theorem 9 (ii) may be proved as follows. 
By Definition 3, (@Ab)Ac=[10(aAb)]o(10c). Therefore, 


(aAb)Ac = [bAa] o (1 0c) = [(108) o(104a)] o(10c) 
=(lodb)o 
by Theorem 8 (vi), Definition 3, and Postulate 2. Hence by Theorem 3, 
Postulate 2, Definition 3, 
(aAb)Ac = (108) 0 [(10¢) oa] = (1058) 0 [1 o(ao(l1oc))]; 
(aAb)Ac = bA[ao(1o)]. 
Putting b=1 in this last result, 
(aA1)Ac = 1A[ao(190)] 
ao(loc) 
by Theorem 8 (iii). Hence 
(aAb)Ac = bA((aA1)Ac). 


7. Postulates for the operation A. It remains to give a set of postulates 
for the operation A which shall be consistent and independent. 


THEOREM 12. The system {S;A} satisfies the following four conditions: 


PostutaTE 1. If a, b are any elements of S, aAb is an element of S uniquely 
determined by a and b. 


PosTuLaTE 2. If a, b are any elements of S, aAa=bAb. 


PostutaTe 5. If a, b, c are any elements of S, and 1 is the element of 
Theorem 1 and Theorem 8, (aAb)Ac = bA((aA1)Ac). 


PostutaTE 6. If a,b are any elements of S, and 1 is the element of Theorem 1 
and Theorem 8, and if aAi=6A1, then a=b. 


The proof is clear from Theorems 8-11. 

Table I of §3 may easily be modified so as to show that these postulates 
are consistent and independent. 

8. Condition that (7 be commutative. We shall now give a condition 
that the operation (7 be commutative, so that {S ; 7} will form an Abelian 
group. 

THEOREM 13. A necessary and sufficient condition that the operation 17 
of Definition 2 be commutative is that, for every pair of elements a, b of S, 
aAb=boa. 
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The condition is necessary; for if () is commutative, and if a, b are any 
two elements of S, then 


(5) aOb=b0 a. 


Then by Definition 2, 
bo [bo (10a)] = bo[aOd] = bo = bo [ao(10d)]. 


But 
bo [bo(10a)] = (boa)ob; bol[ao(10b)] =104, 
by Theorem 4, Theorem 3 and Theorem 1. Hence (5) implies that 
(boa)ob=1oa. 
By Theorem 6 and Definition 3, this last equation is equivalent to 
boa = (loa) o(10b) = aAb. 


The condition is moreover sufficient, for all the steps in the reasoning 
just given are reversible. 
We close with a table giving the relations between the various operations 
and their inverses. 
TABLE II 
Operation © First Inverse Second Inverse 
z=xoy y =2Ax 
x=yOz z=xoy y =2zAx 
y=zAx Z=xoy 
I wish to express my thanks to the editors of this journal for some 
extremely helpful criticisms and suggestions. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIF. 


ON SEQUENCES OF CONTINUOUS FUNCTIONS HAVING 
CONTINUOUS LIMITS* 


BY 
D. C. GILLESPIE AND W. A. HURWITZ 


1. Introduction, notation and terminology. In order that the limit of a 
convergent sequence of continuous functions be a continuous function, 
it is sufficient, but not necessary, that the convergence be uniform; a neces- 
sary and sufficient condition is that the convergence be quasi-uniform. Con- 
sideration of the theory of summability leads to the observation that it is 
also sufficient that some sequence into which the given sequence can be 
transformed by a regular transformation should be uniformly convergent. 
It may happen that this condition is fulfilled when the original sequence 
converges non-uniformly. For example, let 


2—2s, 1/2? 1/27"; 


2"x, 1/2"; 
Sn(x) = 


0, 1/271 <x< 1. 


Then s,(x) is continuous, 0<x<1. Furthermore, s,(x)-0; for if 
Sn(x) =O for all and if 0<x<1, s,(x)=0 when n>1—(log x)/(log 2). 
The convergence is non-uniform, since s,(1/2")=1. For the first Cesaro 
mean, 


1 
on(x) = — + +---+5,(x)}, 


we have 

(ants —2)x, OSx8 1/2"; 

on,(x) = 

—(2— 22), 1/2" S281. 

It follows that 
0 S o,(x) 
and ¢,—0 uniformly. . 
It is natural to inquire whether every sequence { sa(x) }, bounded for all 


nm and x, having its elements continuous, and converging to a continuous 
limit, can be transformed by an appropriately chosen regular transformation 


* Presented to the Seciety, December 27, 1929; received by the editors November 22, 1929. 
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into a uniformly convergent sequence; the present paper gives an affirmative 
answer to this question.* The primary object was to establish the result 
for a bounded closed interval of ordinary one-dimensional euclidean space; 
but in the course of the proof it became necessary to replace the given inter- 
val by a closed subset, so that nothing was iost by starting at once with 
any bounded closed set. Cast in this form, the work was seen to apply 
to sets in an abstract metric space; we therefore give all our results in this 
form. The reader not interested in the general case will find that every 
step has its usual meaning in a euclidean space of one or more dimensions 
if the term compact is interpreted as bounded. 

Throughout, we denote by x a point of a metric space. We write AB 
for the greatest common subset, A+B for the union, of two point sets 
A and B, A for the complement (in the whole space) of A, and ¢ or > for 
the relation of inclusion. If A is a compact closed set and f(x) a function 
continuous in A, then f(x) possesses a maximum in A, which we denote 
by G(f; A). 

Let S represent a sequence 


(1) S: Si(x), So(x), Sa(x), 
of functions each continuous in A, such that, for some constant M, 
(2) 0<s,(x) <M, 


and such that 
(3) lim s,(x) = 0; 


new 
then we call S an §-sequence in A. 

2. The maximal function. Let x be a point of A. For every sequencef 
(x) of points of A having x as limit and every sequence (mx) of positive 
integers becoming infinite, form 
(4) lim sup Sn,(%%) = A; 

the least upper bound of all such numbers d is the value at x of the maximal 
functiont of S in A; it will be denoted by H(S; A; x). At every point of A, 

* It is evident that such a condition is more readily adapted to practical application than the 
Arzela condition of quasi-uniform convergence. For instance, it shows immediately that the sequence 
of integrals of the elements of a sequence of the stated character is summable to the integral of the 
limit function. 

It is not assumed that 

t Essentially the same concept was used by Osgood, American Journal of Mathematics, vol. 19 
(1897), p.166. Our formulation is identical with that of Hahn, Theorie der reellen Funktionen, 1921, 


p. 231. 


1930] SEQUENCES OF CONTINUOUS FUNCTIONS 529 


H(S; A; x) 20; at an isolated point of A, H(S; A; x)=0. For convenience 
we define H(S; A; x) =0 also at every point of A. 

I. If S is an S-sequence in the compact closed set A, H(S; A; x) is an 
upper semi-continuous function. If B is a closed subset of A, then H(S; A; x). 
>H(S; B; x). 

The semi-continuity is a standard result.* The inequality follows at 
once from the definition. 

II. If S is an § -sequence in a compact closed set A, h>0, and H(S; A; x) <h, 
then 


(5) lim sup G(s,; A) 


Suppose it were true that 
lim sup G(s,; A) > h. 


Then for a sequence of values (mx), G(s,,; A)>h. For each k there is a 
point x, of A for which s,, (x.) =G(sn,; A); hence 
(6) > h. 


The sequence of points (x,) has at least one limiting point ¢, which is a 
point of A. Let the notation be altered so that the indices & refer only to a 
subsequence (x,) having é as limit. Then (6) holds for all &, and 


(7) lim sup 2 h. 


The left side of (7) is one of the values \ of (4); thus H(S; A; &) 24, in con- 
tradiction to the hypothesis. 


III. If S is an §-sequence in a compact closed set A and h>O, then the 
set A’ of points at which H(S; A; x)=h is a closed proper subset of A, nowhere 
dense in A. 


A! is closedf on account of the upper semi-continuity of H(S; A; x). 
It is certainly a proper subset of A if it isnowheredensein A. To prove that 
A’ is nowhere dense in A we show that in each open set C which contains a 
point of A there is an open set which contains a point of A and no point of 
A', Suppose this were untrue for a given open set C containing a point xo 
of A. Then C itself contains a point of A'; that is, there is a point inC for 
which H2h>h/2. Thus there is an index m, and a point x, of AC such that 


* Hahn, loc. cit., chapter IV, §1, Theorem IX. 
+ Hahn, loc. cit., chapter II, §9, Theorem IV. 
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Sn,(%1) >h/2; and on account of the continuity of s,,(«) there is an open set 
C;, contained in C and containing x, such that s,,(x) >h/2 throughout AC,. 
As C, contains a point of A, it contains a point of A!, at which H2h>h/2; 
.there is an index mz >m, and a point x, of AC, such that s,,(x2) >#/2; and there 
is then an open set C2, contained in C, and containing 22, such that s,,(“>h/2) 
throughout AC,. Continuing thus, we obtain a sequence of open sets, 
C1, C2, C3, - - - , each contained in the preceding, and such that s,,(*x) >h/2 
throughout AC;. Let L; denote the set obtained by adjoining to AC; its 
limit points. Then each of the sequence of closéd sets Li, Ls, L3, +--+ con- 
tains the following, and s,,(xx.) 2/2 throughout L;. These sets have at least 
one point in common. At this point &, s,,(&)2h/2 for every k. If we let 
ko, we have 02//2, in contradiction to the hypothesis that h>0. We 
have thus shown that A! is nowhere dense in A. 


IV. Jf S is an §-sequence in a compact closed set A, B a closed subset of 
A, and h>0, and if A‘, B' denote respectively the sets for which H(S; A; x) 
=h, H(S; B; x)=h, then B'c A}. 


This follows from I. 

3. G-transformations. The transformations used to convert the sequence 
S into a uniformly convergent sequence will be of a particular type, which 
we now discuss. Write the transformation 


(8) 7: On = — 


k=1 
which carries the sequence S into the sequence =: 
(9) 2: ,o2(x),o3(x), 


in the abbreviated form 2=7(S). Such a transformation will be called a 
©-transformation provided the following conditions are satisfied: 


(10) = 0; = 1; 


there exist integers jin, Such that 

(11) 
and that 

(12) = 0 unless pn SRS rn. 


Obviously (12) makes it possible to write (8) in the form 


> On, Sky 
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so that each row of the matrix ||a,,|| contains a finite set of non-zero 
elements and each column contains at most one such element. 
It may be noted that the identity 


(13) I: On = Sn 
is a G-transformation, and that the product of two ©-transformations is a 
G-transformation. 


V. A G-transformation is regular. Furthermore if ©=T(S), where S is an 
S -sequence in the compact closed set A, then 


lim sup G(c,; A) S lim sup G(s,; A). 


noo 


From (10), (11), (12) it is clear that the conditions for regularity are 
satisfied. To prove the second statement, write 


lim sup G(s,; A) = 1. 


For each e>0 there is an index K such that when k>K, G(s;; A) <I+e. 
Therefore when n > N =yukx, 


On S Doan < +6) ane =I +6 


throughout A, so that 
lim supG(o,; A) +e. 


Since this result holds for arbitrary e>0, it follows that 
lim sup G(¢,;A) S 


A G-transformation, as defined, is not of the familiar form which possesses 
a triangular matrix; it is, however, equivalent to such a transformation. Let 
(14) { if Hm SRS Vm; 
0 otherwise. 
Then the transformation 
(15) = Diba Se 
k=l 
has a triangular matrix, and is related to (8) as follows: 
0 < V1; 


(16) = 
om, Vm S N < 
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Thus the sequence (r,) is obtained (for =v,) by appropriate repetition of the 
terms of (¢,). If either of these sequences converges, the other converges to 
the same value; if either converges uniformly, the other converges uniformly. 

4. Application of G-transformations to § -sequences. We now prove sev- 
eral lemmas to facilitate the work of §§6, 7. 


VI. Let h=0; let S be an § -sequence in the compact closed set A. If for each 
q>h there is a G-transformation =T ,(S) such that 


(17) lim supG(ox”; A) 


then there is a G-transformation & =T(S) such that 
(18) lim sup G(e,; A) Sh. 


Let 9, 9:, gz, : - - be a decreasing sequence of numbers having the limit 4. 
Since lim sup A) we can choose m so that G(o; A) <q. 
Again since lim sup G(o; A)<q2<q, it follows that for all sufficiently 
great n, G(o; A)<q:. Choose mz so great as to satisfy this condition and 
also so great that a involves only elements of S of greater subscript than 
those found in o”; this is possible since each T, is a G-transformation. 
Continuing thus, choose generally on” so that 
(19) A) < 
and so that —~? contains only elements of S of subscript greater than those 
found in Now define 


(qe) 
T: = On, 


This is a G-transformation. Also, by (19), 
G(ox; A) < 
and (18) follows at once. 
In VI replace h by 0, g by /; we state this special case: 


VII. Let S be an §-sequence in the compact closed set A. If for each h>0O 
there is a G-transformation =“ =T,(S) such that 


lim supG(on; A) sh, 


then there is a G-transformation 2 =T(S) such that ¢,—0 uniformly in A. 
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VIII. Let h>0; let S be an § -sequence in the compact closed set A, B aclosed 
subset of A. If 


(20) lim sup G(s,; B) < h, 
and if for each neighborhood* C of B in A there exists a G-transformation 
 =T©(S) such that 


(21) lim sup G ; AC) <h, 


then there exists a G-transformation = =T(S) such that 
(22) lim supG(o,; A) Sh. 


Denote an index m chosen at random (for example, »=1) by m, and 
define 


(23) 


This will be the first formula in the definition of T. 

On account of (20), for all sufficiently great , s,<h throughout B. Choose 
m2,,>M,, SO that Sm,, <4 throughout B. Since sm, , is continuous, there is 
a neighborhood C;, of B in A such thatf sm,,< throughout C2;,. Form 
the transformation T°»; by (21), for all sufficiently great n, 0” <h 
in Choose m2,2 so that <h in AC;,, and so that con- 
tains only elements of S of subscript greater than m,,. Define 


(24) o2= a4 Sm + 


We see that a2 involves elements of S of a finite set of indices of which the 
least is greater than m1. 

We continue the definition by induction. Suppose that a1, o2,--- , 0x1 
have been written so that each contains terms of S having a finite set of 
indices, of which the least in any row is greater than the greatest in the 
preceding row; we show how to form o;. Call v the greatest subscript of an 
element of S appearing in oi. As before choose m;,,>v and such that 
Sm,,, <4 throughout B; then choose a neighborhood C;,, of B in A such that 
Sm,,,< throughout Form choose so that ont <h 
in AC; and also o<* <h in B; then choose a neighborhood C;.2 of B in 


Cx. such that oY <h in Cx». Next form T‘¢+.2); choose m:,3>v so that 


m2 


* By a neighborhood of B in A we mean a subset of A open in A and containing B. 
t For each point b in B a neighborhood of 6 in A exists throughout which 5m, ,</; the union of all 
such point-neighborhoods will be a possible C2,1. 


no 
no 
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—~y <hin AC;.2 and also i <hin B; then choose a neighborhood C;,3 of 
B in Cx.2 such that o*” <h in C,,3. Continue thus, choosing the indices, 


m3 
neighborhoods, and transformations: 


so that 


(25) A> > Cx, 


<h in Cer; 
(26) in ACz,» (p =1,2,---,k— 1); 
<b in Cron (p=1,2,---,k—2). 


Mk 


The set A can be decomposed into the following parts having no points in 
common: 
In AC; (which is contained in AC;,, for pSk—1), by (2) and (26), 
Smear = M; <h for p>1. 


In Cx,,-1Cz,- (which is contained in AC;,, for p2r and in for p<r—1), 


by (2), (26), and (10), 


c 
< h; <h for p ¥ 1; =M. 


In Cx,x-1 (which is contained in C;,,, for p<k—1), 


< A; < hfor p# k; = M. 


Thus throughout A 


™k,2 


We now define the &th row of the transformation T as follows: 


1 


™k,3 ™k 


The transformation which has thus been defined is a G-transformation, 
since (10), (11), (12) are easily seen to hold. Also, from (27) and (28) we 
have throughout A 


T Ce; me,2, Cr,2, ; toes 


SEQUENCES OF CONTINUOUS FUNCTIONS 


M—h 
k ’ 


1 
Dh + M} =h+ 


M—h 
n 


and (22) follows at once. 


IX. Let h>0; let S be an § -sequence in the compact closed set A, B a closed 
subset of A. If 


lim sup G(sq; B) sh, 


and if for each neighborhood C of B in A there is a G-transformation [© = 
T‘©(S) such that 
lim sup G(o,©); AC) Sh, 


then there exists a G-transformation 2 =T(S) such that 
lim sup G(c,; A) Sh. 


Let g>h. Then q satisfies the conditions imposed on / in VIII; thus for 
each g>h, VIII furnishes a G-transformation 2‘ =T,(S) such that 


lim sup A) Sq. 
The conclusion of the present theorem then follows from VI. 

5. Definition and properties of h-sets and h-order. Let S be an 
S-sequence in the compact closed set A and let h>0. We define a set of 
sets A*, where a@ is any Cantor ordinal of the first or second class, by the 
following scheme of induction: 

(1) A°=4; 

(2) if a is not a limiting ordinal, then A* is the set of points at which 
H(S ; At"; x)Eh; 

(3) if wis a limiting ordinal, then A* is the greatest common subset of all 
A? for p<a. 

The sets thus defined we call the h-sets generated by (S; A). By the process 
of definition the set of h-sets is normally ordered. Several properties will be 
noted. 


X. If B is a closed subset of A and if B« denote the h-sets for (S; B), then 
Bec As. 
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thus 

G(on; A) <h + | 
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The statement holds, by the hypothesis, when a=0. We show that if it 
holds for each ordinal p<a, it holds also for a. Suppose that whenever 
p<a, Bec A’. If wis not a limiting ordinal, ¢ and by IV, Bec Ae. 
If a is a limiting ordinal, B* is the greatest common subset of all B? for 
p <a; each such B’ c A’; hence B is contained in the greatest common subset 
of all A’ for p<a, which is A*. 


XI. For (S ; A) each h-set is a closed subset of each preceding h-set; each 
h-set is a proper subset of each preceding non-empty h-set. 


That A’ is a closed proper subset of A° is stated in III. Suppose that for 
p <a, A” is a closed subset of every earlier h-set and a proper subset of each 
earlier non-empty h-set. If a is not a limiting ordinal it follows from III, with 
A replaced by A*-', that A? is a closed proper subset of A*—! (and hence of all 
earlier h-sets) unless A*-! is empty; if As! is empty, A* will also be empty, 
since H(S; A*-'; x) wil] then be zero throughout the space. If a is a limiting 
ordinal, and no preceding h-set is empty, let a,—a; then A* is the greatest 
common subset of all A, and any ordinal B<a is followed by some ay, 
so that A¢ is a subset of A™, which is a proper subset of A®; if a is a limiting 
ordinal and some preceding h-set is empty, A* is empty. 

XII. For (S; A) there is a non-limiting ordinal y such that A” and all 
following h-sets are empty, while all preceding h-sets are non-empty. 


If A* were non-empty for every a, the set of h-sets would constitute a 
normally ordered set of closed sets such that each is a proper subset of all its 
predecessors; such a set of sets must be countable;* but the set of ordinals 
of first and second classes is not countable,} so that we should have a contra- 
diction. Let y be the first ordinal for which A’ is empty; then y is not a limit- 
ing ordinal. For if y were a limiting ordinal, let y,—»y; then A’ would be the 
greatest common subset of the descending sequence of non-empty closed 
sets A™ and hence could not be empty.f 

Since y, as given by XII, is not a limiting ordinal, we may write a=y—1. 
Then A? and all preceding h-sets are non-empty, while all following h-sets are 
empty. We define the h-order of (S; A) as the greatest ordinal a for which A* 
is not empty. 

XIII. If a is the h-order of (S ; A) then 

lim sup G(s,; A%) Sh. 


* Hahn, loc. cit., chapter I, §7, Theorem XII. 
t Hahn, loc. cit., Introduction, §4, Theorem XIV. 
¢ Hahn, loc. cit., chapter I, §2, Theorem VIII. 


¢ 
| 
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Since A*+! (which is the set of points at which H(S; A*; x) =h) is empty, 
H(S; A*; x) <h; the conclusion follows from II with A replaced by A«. 

6. Transformation of an §-sequence into a uniformly convergent 
sequence. In this section we prove two theorems which imply the 
principal result given in the next section. 


XIV. Leth>0. If Sis an§ -sequence in the compact closed set A, there exists 
a G-transformation 2 =T(S) such that 
(29) lim sup G(o,; A) Sh. 

We prove this by ordinal induction on a, the h-order of (S; A). Ifa=0, 
then (29) holds, by XIII, since the identity is a G-transformation. It will be 
shown that if the conclusion holds for every closed compact set Q such that 
the h-order of (S; Q) is less than a, it holds for the set A such that the h-order 
of (S; A)isa. 

Let C be a neighborhood of A* in A. Since A*¢C, A*C is empty. Form 
Q=AC and let represent the h-sets generated by (S; Q). Then A?, 
by X, and QecQcC; hence Q?c Thus is empty, and the h-order 
of (S; Q) is some ordinal B<a. The hypothesis of our theorem must then 
hold with A replaced by Q and a by §; the conclusion yields a G-transforma- 
tion ©’ =T’(S) such that 


lim sup G(on ;Q) Sh. 


The transformation thus obtained depends on Q, and hence on the choice 
of C; indicating this by proper notation and replacing Q by AC, we see that 
for each neighborhood C of A* in A we have found a G-transformation 
= T©(S) such that 

lim sup G(on); AC) < h. 


But by XIII, 
lim sup G(s,; A*) Sh. 


The hypotheses of IX are then satisfied with B replaced by A+; the con- 
clusion of IX furnishes the conclusion of our theorem. 

XV. Let S be an § -sequence in the compact closed set A. Then there exists 
a G-transformation 2 =T(S) such that ¢,—+0 uniformly in A. 

For each h>O there exists by XIV a G-transformation 2‘ =7,(S) 
such that 


4 
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lim supG(o. ; A) sh; 
the theorem follows from VII. 

7. The principal theorem. We easily deduce from XV the result men- 
tioned in §1. 

XVI. Let A be a compact closed set; let the sequence 

5i(x) ,S2(x),53(x), 
have the following properties: 

(i) for each n, s,(x) is continuous in A; 

(ii) for each x in A, S,(x)—>s(x); 

(iii) s(x) is continuous in A; 

(iv) there is a constant M such that for all x in A and all n, |s,(x)|<M. 
Then there exists a G-transformation X =T(S) such that o,(x)—>s(x) uniformly 
in A. 

For all x in A, |s(x)|<M, by (i), (iv), and hence |s,(x) —s(x) |< 2M. 
Call s,! (x) = |sn(x) —s(x) |. Then 


is an §-sequence in A. By XV there is a G-transformation which, expressed 
in terms of S’, gives 2’=7(S’) such that o,/--0 uniformly in A. Let 
~=T(S). Since no coefficient in a G-transformation is negative and the 


sum of the coefficients in any row is 1, 
lon — =| — = | Dan — 5) | 
S se — S| = = on, 


and ¢,—s uniformly in A. 

8. Limitation on extension of results. As has been seen, a necessary 
and sufficient condition that a sequence satisfying (i), (ii), and (iv) of XVI 
have a continuous limit is that it be uniformly summable by a properly 
chosen regular transformation. The range of applicability of this result 
differs from the range of the Arzela condition only by the assumption of 
condition (iv). How far, if at all, this condition may be relaxed, remains an 
open question; it is at any rate possible to show that too rapid increase 
in the violence of oscillation of the elements of the sequence may entirely 
prevent uniform summability. 

Denote by J the interval 0 <x <1 and by J; the interval 1/2*<*<1/2*". 
For each n let* s,(x)=0 in J except in J,; let s,(x) =0 at the ends of Ja, 


* For example, s, might be defined by an isosceles triangle of height MV, over J, and have the 
value 0 elsewhere in J. 
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have a maximum M,2M>0 at a point x, of J,, and be continuous and 
non-negative in J,. It is clear that s,(x)—-0 non-uniformly in J. We 
show further: 

If the series 


converges, then there is no regular transformation of the form 


on(x) = (x) 


such that o,(x)—0 uniformly in J. 

Call R the value of the series (30). We have o,(x) =@n,%5x(x) in Je. 
If ¢,(x)-0 uniformly in J, then for each e>0 there exists N independent of 
such that when x>WN, |o,(x)|<e throughout J. Thus for n>VN, 
lan,x |se(x) <ein Jy. In particular (since x; is in for n>WN, |an,x|Mi<e; 
that is 


€ 
| >N; k=1,2,3,--+. 


Hence for n>JN, 


diane 
k=l 


k=l k=1 
Therefore 
lim = 0. 
oOo 8 
But for any regular transformation this limit must be 1, and we have a 
contradiction. 

The G-transformations which we have used in this paper form a class 
obviously well adapted to the proof of the theorem. It might be asked 
whether some more special class of transformations of familiar type could 
be used for the same purpose. Some light is thrown on this question by a 
simple example of an §-sequence which cannot be transformed into a 
uniformly convergent sequence by any Cesaro mean. Let 


Nx, 1/n; 
Si(x) = 4 n—n(n—1)x, 1); 
0, if(m—1) S231. 


It is clear that s,(x) is continuous and has the limit 0 in the interval 0<%<1, 


1 1 1 
i 
Re. 
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and that 0<s,(x) <1. Form the Cesdro mean of order r: 


> ("~ k+r— si 


k=l 
n+r-—1 
If ¢,(x)—0 uniformly, then in particular, ¢,(1/m)-0. Since s.(1/n)=k/n 


when kSn, 
(n—k+r—-i1\k 


k=l r—i1 n 
r 


To evaluate the numerator, we note that the power series 


on(x) 


(31) 


(32) = «(1 — 


k=l 


p=0 


(34) > (" ‘ye = «(1 — 


n=l r+i1 


are all absolutely convergent for |¢|<1. If we compare the coefficient of 
#” in the Cauchy product of (32), (33) with that in (34), we see that 


n—k+r-1 n+r 
k = 
r—1 ) 


n\r+1 1 
r+1 


r 


Hence, by (31), 


and 


1 
(35) lim = > 0 
n+ 2 n r+ 1 


It is well known that the Euler-Abel power series transformation of a 
sequence into a function includes all the Cesdro means. Since the limit (35) 
is more nearly zero the higher the order 7, it might be hoped that the Euler- 
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= 
n 
1 
=> 
n 
|| 
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Abel transformation would yield uniformity. However, this is not the case. 
Write 
o(x,t) = (1 — Dise(x)t*. 


k=1 


If 
jim o(« 4) =0 


uniformly for all x in the interval, then in particular 


1 1 
n> n n 


1—tdi1—¢ 
dt 1—t 
—n— 1) 


therefore 


1 1 2 
tim (— 1-—)=1-—>0, 


n n é 


no 


The Borel transformation also fails to bring about uniform convergence. 
Write 


tk-1 


o(x,t) = e* 


If 
jim, o(x,t) = 0 


uniformly for all x in the interval, then in particular 


1 
lim = 0. 
nN 


We shall prove that, instead, 


| 
But 
1 k 
o(— =a 
n k=l 1 
n dt 
7 n(i — 2) 
1 1 1\" 
1-—)=1-2(1-—) 
n n n 
and 
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(36) lim 


nN 


We have 
1 k—-1 
n 


tk-1 


(k — 1)! 


k=l 1 (k- 1)! 


i+—)e" > 


1 ) n*-1 
n (R—1)! n! 


By Stirling’s theorem, the second term on the right has the limit zero. 
It thus suffices to show that 
n n*-1 1 
lim e-* >> =— 
(R—1)! 


or that 
n+1 n*-1 


(37) * 


2° 


since the added term, again by Stirling’s theorem, has the limit zero. From 


the identity 
n+1 
— e 


we find by integration from 0 to that 


ntl 
=1-e")>) 


thus (37) is equivalent to 


(July 
kel nm 
n—1 1 t* 
— —— 
k=l 1 (k 1)! 
> 
n (R—1)! n! 
hence 
)- 
= 
n 
1 
lim 
0 n! 2 
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This is a standard result.* 

It can also be shown that no linear transformation with triangular matrix 
which is totally regular and permutable with the first Cesdro mean can 
yield in the present example a uniformly convergent sequence. 

Nevertheless, so simple a totally regular transformation as the following 
will suffice: 


(38) on(x) = 


In fact, denoting by D, the denominator of (38), we have 
nx/Dn, OSxS1/n, 


1/Dn, 1. 


o,(x) = { 


1 
0 <<o,(x) 
D 


and o,(x)—0 uniformly. 


* For instance it is a special case of the formula given by Pélya-Szegi, Aufgaben und Lehrsdtze 
aus der Analysis, vol. I, Part 2, Problem 210, with a=p=0. 
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SERIES ASSOCIATED WITH CERTAIN IRREGULAR 
THIRD-ORDER BOUNDARY VALUE PROBLEMS* 


BY 
LEWIS E. WARD 


1. Introduction. In a previous paper? the writer discussed the charac- 
teristic functions of the differential system 


+ = 0, u(r) = u(— wor) = u(— war) = 0, 


where w= e*‘/? and w; = e~**/*, and showed that these characteristic functions 
fall naturally into three classes, denoted by mu(x), wex(x), and us.(x). It 
was proved that if f(x) is a function which can be written in the form 
oi(x*) +x7;(x*), where each represents a convergent power series 
in x* and is such that ¢;, $2, and ¢; have continuous second, third, and fourth 
derivatives respectively in the interval 0<x<7,{ then f(x) can be expanded 
in a series of these characteristic functions 


(1) D + + 

k=l 
the series converging uniformly to f(x) in the interior and on the boundary 
of some equilateral triangle 7; centered at x=0, having one vertex on the 
segment from 0 to 7, and lying inside the smallest of the circles of convergence 
of the power series for the @’s. 

The purposes of this paper are to consider the uniqueness of this expan- 
sion, to extend the region of uniform convergence, to consider the differ- 
entiation and the integration of the series, to prove certain relations involving 
the coefficients, and to show how the coefficients may be obtained by 
rendering stationary certain integrals. 

2. Uniqueness of the expansion. The coefficients in the expansion (1), 


* Various parts of this paper were presented to the Society or April 7, 1928, March 29, 1929, 
and August 29, 1929; the paper was received by the editors October 23, 1929. 

t Some third-order irregular boundary value problems, these Transactions, vol. 29 (1927), pp. 716- 
745. 

t Ward, loc. cit., Theorem 1, p. 742. The continuity of the second derivatives only of ¢2: and ¢3 
is sufficient in the present case. The continuity of the higher derivatives was demanded in the the- 
orem referred to because that theorem is based on Theorem 2, p. 730 of the same paper, in the proof 
of which this continuity was useful in connection with the formal relations between the ¢’s of the 
latter theorem. There need be no formal relations between the ¢’s of Theorem 1, p. 742, nor between 
the ¢’s of the present paper. 
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called the formal coefficients, are obtained from certain orthogonality re- 
lations, as is customary in expansion problems associated with differential 
systems. Explicit formulas for them are 


1 


(2) a; — x)|dx (i = 1, 2, 3) 


where 
5 = + (— ws) + (— we) wi = — 1, and = 6;43(2). * 


The w;.(x) of the introduction are given by u(x) =6;(pisx). 
It was shown in the paper referred to that each of the expansions 


(3) = (i = 1,2,3) 


is valid in 7;. Hence, taking three special cases, 


(4) 1= «= Do a? = 
k=1 k=1 k=1 

It is easily shown by straightforward computation that no one of the 0’s is 

zero, and that the triangle of uniform convergence 72 of each of these series 

can have one vertex anywhere we choose to place it on the interval 0<x <7. 

Since the terms of each of series (3) are analytic functions, the series may 

be differentiated term by term as many times as we like. Differentiating 


three times and making use of the fact that u/i’= —pixu:x(x), we obtain 


(5) 0= (¢ = 1,2,3). 
k=1 

Each of these series converges uniformly in and on 7;. Adding series (5) for 

i=1, 2, and 3 to series (1) produces a series 


D> [eremre(x) + + | 
k=1 
which converges uniformly to f(x) in and on the smaller of 7; and 7:2, and 
has coefficients different from the formal coefficients. 
Instead of expanding 1, x, and x*, as in (4), we may expand p,(x'), 
«ps(x*), and x*p;(x*), where the p’s are polynomials in x*, and, by differ- 


* See p. 720 of my former paper, already referred to, for other formulas for the 6 functions, and 
p. 741 for the pix. 

t We shall use the notation 7; to represent equilateral triangles centered at x=0 and having 
one vertex on the positive axis of reals. 


k=1 


546 L. E. WARD [July 


entiating these the requisite number of times, obtain series converging uni- 
formly to zero in and on 7. Adding these series to (1) produces still other 
series of the type (1) converging uniformly to f(x) in and on the smaller of 
T, and T, but having coefficients different from the formal coefficients. 

It appears from the above that the expansion (1) is by no means unique, 
there being infinitely many expansions of this type, all converging uniformly 
to f(x) in a common triangle, which, in case the singularities of f(x) are all 
more distant from the origin than 7, has one vertex as close to 7 as we care 
to place it. It is of interest to note the difference between this situation and 
that which obtains with power series, in which the coefficients are unique 
however small the circle of convergence, and with Fourier series, in which 
the coefficients are unique if the series is made to converge to the given func- 
tion over the interval (0, 27) except possibly at a finite number of points. 
Of course, if the expansion (1) converges uniformly to f(x) in the interval 
0<x<r7, the coefficients are unique. 

3. Extension of triangle of uniform convergence. Let us suppose that 
one at least of the power series for the @’s fails to converge for x =a and that 
all three series converge for |x|<|a|. Laying aside for the moment the 
cases in which |a| =z, let us suppose |a|<-. Construct the circle |x| = |a|, 
and let « =) be the point where this circle cuts the axis of reals, 0<d<z. 
Let T, be the equilateral triangle with one vertex at x=. Then it is known 
that series (3) converge uniformly to the respective functions standing on 
the right-hand sides of equations (3) in and on the boundary of every closed 
region interior to 7,.* Let 7. be the equilateral triangle with one side 
through x =a, and 7, the equilateral triangle with one vertex at z. 

TueoreM I. The formal series converges uniformly to 
x*-1h,(x%) in and on the boundary of every closed region interior to the smaller 
of T, and T,. 

Let z be that vertex of J, which is on the positive axis of reals if that 
vertex lies to the left of +, otherwise let z=. Choose y on this axis, 0<y<z. 
We shall establish uniform convergence in the interval 0<x<a<y, from 


which the theorem follows immediately. 
We examine the magnitudes of the coefficients a;.. We have 


f — 2)|dx = f f 7 ~ ide. 


But 


* Ward, loc. cit., Theorem I, p. 742. 
+ Ward, loc. cit., Theorem II, p. 742. 
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— < 3M | |, 


where M,=max |x‘-'¢,(x*) | on the interval O<«<-7. Also 


0 
y 
= f x) wiktdy — wo f x*— (3) x 
0 0 


y 
ane f (x3) x 
0 


0 0 


+ ( — f x 
0 


—y/2 y 
= f + f ap (x?) 
0 


y/2 


—W2y 
+ (— w3) i+2 x3) eriktdy 
—y/2 


—W3y 
+ (- Wo) *+2 f x3) x, 
—v/2 
These changes in the paths of integration, which are all taken as straight 
lines, can be made since the integrands are analytic functions of x inside of T.. 
Now 6;(p;.7) =0.* The changes in the integral were made so that this 
fact could be used in showing that certain large portions of the integral 
cancel one another. Each of the three integrals whose lower limits are —y/2 
is sufficiently small to enable us to draw the desired conclusions about the 
coefficients. In fact, at no point of the paths of integration does the ex- 
ponential factor take on an absolute value greater than its absolute value 
at the upper limit. Hence 


| 


—y/2 


where Mz=max |x‘-'g;(x)| in and on the equilateral triangle centered at 
x=0 and having one vertex at the point x=y. Hence 


* Ward, loc. cit., p. 741. 
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| f x) |dx < Mr | 
0 


where M has an obvious constant value. 
Since 
| | > h| | if i 
where / is independent of k, we have 
| aix | < M | |/h. 

If now «x is restricted to the interval 0<x<a<y, we shall have 

| | << 3M | | /h 

S 3M | |/h (i = 1,2,3). 


This last expression, however, is the general term of a convergent series of 
positive constants. Consequently the series mentioned in the theorem con- 
verges to a function of x analytic at every point interior to the smaller of 
T, and T,. But it is known to converge to x‘-'¢,(x*) at every point interior 
to T;. Hence, in view of the fact that «‘-',(x*) is analytic at every interior 
point of 7,, the series converges uniformly to this function in and on the 
boundary of every closed region entirely within the smaller of T, and 7,. 

If |a|=7, the triangle 7, coincides with T,, and Theorem I of part I 
of the 1927 paper tells us that 7, is the triangle every closed interior region 
of which is a region of uniform convergence of the series. 

We next consider uniform convergence of series (3) in the interval 
0<x<-7. For this it is evidently necessary that ¢;(z*)=0. The following 
theorem gives sufficient conditions for this convergence. 

TueoreM II. Jf x‘~'$;(x*) is analytic at every point inside T,, continuous 
together with its first and second derivatives on T,, and zero at 7, then the formal 
series (3) converges uniformly to x‘-'p,(x*) inside and on T,. 

Since the method of proof is similar to that of Theorem I, we shall merely 
indicate the more important relations. Integrating by parts twice, we obtain 


f 09) = x) |dx = f Wil x) |dx/pix, 
0 0 
where = (d?/dx*) is analytic at every interior point of 7, 


and continuous on T7,. Also Wi(—w3x) and 
= (—w.)'y;(x). Hence 


* Ward, loc. cit., p. 719 (2). 
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f — 2) 
0 


1 
= =| f Vi(x) eriktd + Wi( x) 
Pik 0 

+(- f + (— vi(x) wards. 


—1/2 


Consequently 


| f — 2)]dx| < er | 
0 


and |a;26;(pux)|<3M/(hp,) if x is within or on T,. Since 1/p; is the 
general term of a convergent series of positive constants, this completes the 
proof. 

Finally, we note that necessary conditions for the triangle of convergence 
to contain w as an interior point are that (d**/dx**) [x‘-19,(x*) ] vanish at 
x= forn=0,1,2,---. This fact and the above theorems enable us to state 
in most cases exactly the triangle of uniform convergence of the series (1) 
associated with a given analytic function. They fail to give us this informa- 
tion in case the parts x‘-'¢,(x*) of f(x) have all their singularities at exterior 
points of T, and at the same time (d*"/dx*") [x‘-19,(x*) ] vanish at x= for 
n=0,1,2,---+,andi=1, 2, 3; but we can say in such a case that the region 
of uniform convergence contains T,. 

4. Differentiation and integration of formal series. Inasmuch as the 
formal series (3) converge uniformly and their terms are analytic functions, 
differentiation term by term at any interior point of the region of uniform 
convergence is permissible, and the derived series will converge uniformly 
to the derived function. In this section we enquire whether if the series is. 
differentiated term by term a number of times which is a multiple of three, 
the derived series will be the formal series of the derived function. It is 
clear in the case of series (4) that the third derived series are not the formal 
series of the third derived functions. 

THEOREM III. If x‘-!6,(x*) is analytic in some closed region of which x =0- 
is an interior point, and has on the interval OSx< x a continuous fifth deriva- 
live, then a necessary and sufficient condition that the third derived series for 
this function be the formal series for the third derivative of the function is 
3) = 0. 

The series for the given function being >> j-,0:.u«(x), the third derived 
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series is —).7-,@ip,uin(x). Let us denote by by the kth coefficient in the 
formal series for the third derivative of the given function. Then 


7 a’ 


The requirement that the given function have a continuous fifth derivative 
on the interval (0, +) is made so that we may be sure that the formal series 
for the third derivative of this function converges to that third derivative. 

Integrating by parts three times and making use of the formula for ai 
gives 

from which the truth of the theorem is clear. 

Since the formal series (3) converge uniformly in some region surrounding 
x=0, term-by-term integration along a simple curve lying within the region 
is admissible. We enquire whether, if the three-fold integral of u(x) is 
taken as —u;x(x)/p,, the thrice integrated series will be the formal series 
of any function, and in case it is, of what function. 

On integrating (3) we get 


f = — [5:41 — 6441(0) V pik 
0 k=l 


0 k=l 


where —6;4:(0)>. Two more integrations yield 


k=1 


f f f ti-1,(8)dtdrds + + Cax + Cai = — 
0 0 0 


where C2; = 5:42(0)>_ and C3i 5,(0)>> 


Now call 
(x) -f f f t-19,(#8)dtdrds 
0 0 0 


and expand in formal series. Since Cu=Cer=Ca 
= C2 = C32 = C33 =0, the formal expansion is of the form 


(6) + Cix?/2 + Cax + Ca = 


k=1 


where 


or 
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= f [o(x) + Crsx?/2 + Care + — x) ]dx, 
0 


and this series converges uniformly to the function which gave rise to it. 
Three integrations by parts give us 


(7) = + + Com + Cai] /oie — 


We shall now evaluate those C’s which are not given above as being zero. 
Placing x =0 and i=1 in (6) gives Cu =3> > ;-15ix. But when i=1, (7) is 


= + Cai — 


Hence, eliminating 


Cu =3>> 


= + Cu} 


Pik 


= + 


Consequently 


+ Cai] ¥1/[ouds(our) = 0. 


Now the series converges uniformly to 
unity in every closed region within T,. Hence, placing x=0, we have 
], and therefore C;:= —¢(7). 

Similarly, differentiating (6) with i=2 once and placing x=0 yields 
Cx» = —(x)/zx, while differentiating twice with i=3 and placing x =0 yields 
—26(x)/x*. Hence, placing these results in (7), we have —aix/piz. 
This we sum up in 

THEOREM IV. If the formal series for x‘-';(x*) be integrated term by term 
three times with respect to x, the resulting series is the formal series for 


+ + Cox +Cyi, 


where 
o(x) = f f f ti-1¢,(t8)dtdrds , Cru = Cig = Cay = Cog = Coe = C33 = 0, 
0 0 0 


Cis = — = — = — H(z). 


5. Relations involving the coefficients. This section is concerned with 


551 
k=l 
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relations analogous to the Hurwitz theorem on the Fourier coefficients.* 
If the series >> f_,@sxt3x(x) converges uniformly to f(x) in O<Sx<z, multi- 
plying by f(*—«x) and integrating from 0 to z yields 


= f — x)dx. 
0 


k=l 
The series on the left hand side of this equation, however, will converge even 
if the formal series for f(x) converges uniformly in an interval extending 
from 0 to slightly beyond 7/2, and thus arises the question as to whether its 
sum is the same as when the interval of uniform convergence extends to 7. 
This and similar questions are answered in the following theorem. 


Tueorem V. the formal series converges uniformly to 
f(x) in the interval 0S%<%/2+5, where 6 is an arbitrary positive constant,t 
then 


(a) T = f f t)dtdsdx if => 1, 


(b) = f [sere — s)dsdx ifi=2, 


k=1 


(c) f f(x)f(x — x)dx ifi= 3. 
k=1 0 

The proofs of these are similar to one another, and for that reason we 

present the proof of (b) only. From our hypothesis it follows that 

converges uniformly to f(r—s) in the interval 1/2 


—d5<s<7. Hence 


J De 2k — s) |dsdx 
i) [19 245s (x) Vou 
bad k=1 


/2 
=>) ox x) ]dx/ par. 
But, making use of (2) with i=2, this becomes 


k=1 


* Cf. Whittaker and Watson, Modern Analysis, second edition, §9.5. 
t 6 can be made zero if the term-by-term twice derived series converges uniformly to f’’(x) in 
OSxSx/2. 
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2 
= (peem)/ par + 
k=l 


+2 on x)|dx, 


k=1 


where $(x) f(s)ds. Also, 


terre — s)dsdx 


ol — s)ds + dx 


z 
| f(x — s)dsdx 


— + f 

(0/2) + Don — 

— $°("/2) + [ — You 


=f por — — — x) |dx/pa. 


Hence 


(8) +> an — x) |dx 
k=1 0 


-> an f — x) 


k=1 


We'are now in a position to insert the series developments for f(x) and ¢(x) 
since these converge uniformly in the interval over which we wish to inte- 
grate. 

We have 


on f — 2) ]dx = 2k pat, 
k=1 0 k=1 
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Cr = f — x) 


> on — x)]dx/p = an pr; 


k=1 k=l 


dy, = f — x) |dx. 
0 


(9) Consider now the double series >> ;)-142:@2:C1x/p21. Integration gives 


+ — pu) if 
and = — Now 
| 5;(parm/2) | < 
Hence 


2 2 
Port por 


| Pa, | 


= | if k. 


Also 
| | < 


where h is independent of k. Hence 
| Gul < 


where & and / are not necessarily different and g is independent of & and J. 
Furthermore, 


| 2x | < 
where 1/2<2x,;<2/2+6 and m and x; are independent of k.* Hence 
22402161 / pat | < /2) | 


This is recognized as the general term of a convergent double series. Hence 
series (9) converges absolutely. 


* Ward, loc. cit., Lemma, p. 720. 
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In the same way the double series }° 43210240210 :4/p2x can be shown to 
converge absolutely. We are justified, therefore, in summing series (9) first 
over k and then over / and adding to the series in the d’s. This results in 


k, 
Now ¢x:+d:.=0 or 76;(p2.7) according as / is not or is equal to &, as is easily 
shown by noting that 


(11) Cu + dun = x) |dx 


and performing the indicated integration. 

Hence the double series (10) reduces to the simple series 7), ;-122,5:(p2e7) 
/p2x, and this with (8) proves part (b). 

We note that if the second derived series of the series of the theorem con- 
verges uniformly to f’’(x) in OSx<z, a simpler relation can be derived. 
In fact, multiplying 345s [p2x( —x) by f(x) and integrat- 
ing from 0 to z gives 


0 k=l 


However, this relation is not in general true if the interval of uniform con- 
vergence does not extend as far as 7. 

6. Determination of formal coefficients. The determination of the form- 
al coefficients by rendering stationary certain integrals is of special interest in 
the expansion problems here considered because the integrals are similar to 
those of the preceding section. 


THEOREM VI. Let f(x) be a function capable of development into series 
(3) for a definite value of i. If Sin(x) =D and Rin(x) =f(x) 
—Sin(x), where n is regarded as a constant and the b’s as independent variables, 
then the following integrals have stationary values when the b’s are equal to the 
formal coefficients: 


(a) f — ididsdx incasei=1, 
0 

(b) J (x) Ral s)dsdx in case i 


(c) — x)dx in case i = 3. 


= 
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Again we shall give the proof of part (b) only, the proofs of the other 
parts being very similar to it. We have 


Rute — s)ds = — s)ds — — s)|ds 


k=l 
= fs — s)ds — T,(x), 


where =) —x) ]/pox. Hence, denoting by J, the integral 
to be rendered stationary, 


ol, OT,(x) OS,(x) 


0 0 


OS n(x) 
abo = 02\ 


dT ,,(x) 


= — x) |/px. 


Putting in these values and remembering (11) this becomes 


ol, 


f f — s)b2(p2xx)dsdx + pox. 
0 


But, by integration by parts, 


— = J 1 — x)53(p24x)dx/ pox. 


and 
But 
and 


1930] THIRD-ORDER BOUNDARY PROBLEMS 557 


Changing the variable of integration to x’, where x’ = x—x, and substituting 
in (12) results in 
Orn 


which, on comparison with (2), completes the proof. 


=? E — x)|dx + rbublour) | / Prk, 
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HYPERGEODESIC MAPPING OF A SURFACE 
ON A PLANE* 


BY 
ERNEST P. LANE 


1. INTRODUCTION 


The purpose of this paper is to study a projective analogue of the metric 
problem of Beltrami, to map a surface of ordinary space on a plane so that 
the geodesics on the surface correspond to the straight lines in the plane. 
A two-parameter family of hypergeodesics on a surface in ordinary space is 
definedf{ by a differential equation of the same form as the equation of the 
geodesics, in which, however, the coefficients are arbitrary given functions 
of the parameters on the surface instead of being the well known formulas 
containing the Christoffel symbols that appear in the familiar equation of 
the geodesics. The problem under consideration, then, is to set up a one-to- 
one correspondence between the points of the surface and the points of a 
plane so that a given covariant family of hypergeodesics shall correspond 
to the straight lines of the plane. 

In the metric theory it is customary not only to suppose that two corre- 
sponding points on the surface and in the plane have the same curvilinear 
coérdinates, but also that these are the abscissa and ordinate of the point 
in the plane. In the projective theory here presented it is found to be con- 
venient first to normalize the curvilinear coérdinates on the surface according 
to Fubini, and then to suppose that the curvilinear codrdinates in the plane 
are the same as on the surface, so that Wilczynski’s theory of plane nets is 
employed in studying the correspondence. 

In §2, the theory of Fubini’s canonical form of the differential equations 
of a surface is briefly summarized in so far as it will be needed in this paper. 
In §3, the theory of hypergeodesics, including three examples, is similarly 
treated; and likewise in §4, Wilczynski’s theory of plane nets. 

The theory of hypergeodesic mapping is constructed in §5. Three 
examples of this mapping are discussed in §6. Green’s congruentially asso- 


* Presented to the Society, April 18, 1930; received by the editors January 25, 1930. 

¢ Beltrami, Annali di Matematica, (1), vol. 7 (1865), pp. 185-204; or else, Opere Complete, vol. 
1, pp. 262-280. See also Bianchi, Lezioni, 3d edition, vol. 1, p. 310. For other extensions of the 
problem of Beltrami, see Kasner, The generalized Beltrami problem concerning geodesic representation, 
these Transactions, vol. 4 (1903), pp. 149-152. 

t Fubini and Cech, Geometria Proiettiva Differenziale, vol. 1, p. 133. Wilczynski, Some generaliza- 
tions of geodesics, these Transactions, vol. 23 (1922), p. 283. 
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ciated net is connected with the theory in §7. Finally, another method of 
mapping a surface on a plane is suggested in §8. 


2. ANALYTIC DEFINITION OF A SURFACE 


A surface in ordinary space can be defined, except possibly for a pro- 
jective transformation, by a pair of linear homogeneous partial differential 
equations of the second order, whose coefficients satisfy certain integrability 
conditions. In this section we shall recapitulate as much as will be needed 
of the well known theory of the analytic representation of a surface by a pair 
of equations in Fubini’s canonical form. 

Let the parametric equations, in projective homogeneous coérdinates, 
of a non-ruled surface S in ordinary space, be 

= (¢=1,---, 4). 
If the asymptotic curves on the surface S are parametric and if the propor- 
tionality factor of the homogeneous coérdinates is suitably chosen, the 
coérdinates x satisfy a system of two equations in Fubini’s canonical form, 


Luu = px + + 
Lov = Qu + + (0 = log By). 


The coefficients of these equations satisfy three integrability conditions, 
namely, 


(1) 


= (¥b)u + 2gu + — 
(2) = (BY)» + + — Bro, 
Pov — + + = quu — Ougu + Y¥pu + 2pru, 

where 
(3) = (log By’)u, = (log 
It is convenient to define 7, x by the formulas 
(4) pt by, x= qt 

The most general transformation which leaves Fubini’s canonical form 
invariant is 
(5) x= a = U(u), = V(v) (¢ = const.). 
The effect of this transformation on system (1) is to produce another system 


of the same form whose coefficients, indicated by dashes, are given by the 
following formulas: 


~/U", = BV'’/U" 
6) = p/ B = BV'/ 


g=9/V", 6 = 6 — log U'V’. 
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3. HypERGEODESICS 


The aim of this section is to present that part of the general theory 
of hypergeodesics which will be essential for our purposes. Three examples 
of hypergeodesics will be given. 

The two-parameter family of curves defined on an integral surface S 
of system (1) by a differential equation of the form 


(7) v” = A + + 3Co’? + Dr’, 


where accents indicate total differentiation with respect to u, and A, B, C, D 
are given functions of u, v, are called hypergeodesics. These hypergeodesics 
are covariant to the surface, that is, are geometrically definable in terms 
of the surface, in case the coefficients in equation (7) are transformed by 
(5) according to the formulas 

A=AV'/U", 3U'B=3B—U"/U’, 

D = DU'/v", 3V'C = 3C + V"/V'~ 

It will be observed in this connection that A, D are cogredient with 8, y 
respectively, while 3B, 3C are cogredient with 0., 6,. 

Among the many examples of hypergeodesics that are known, there 
are three which we shall use. The first example is the curves of a pencil of 
conjugate nets, that is, a one-parameter family of conjugate nets every one 
of which has the property that at every point of the surface its tangents 
form with the tangents of a fundamental conjugate net the same cross ratio. 
The curvilinear differential equation of a pencil of conjugate nets can be 
written* in the form 


(9) dv? — \*h*du? = 0, 


(8) 


where } is a function of u, v, and his a constant. Eliminating / by differentia- 
tion, one obtains an equation of the form (7) with 


(10) A=D=0, 3B = 3C = 

In order that the pencil may be covariant to the surface it is necessary 
and sufficient that \ be transformed by (5) according to the formula 

(11) 


The second example of hypergeodesics is the projective geodesics, which 
are the extremals of the invariant integral, called the projective arc length, 


(12) f (ayo!) 


* Lane, A general theory of conjugcte nets, these Transactions, vol. 23 (1922), p. 283. 
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For these curves one finds, on calculating Euler’s equation, a differential 
equation of the form (7) with 


(13) A=D=0, 3B = 6,, 3C = — 4. 

Finally, the third example is the union curves of a congruence T;. Such a 
congruence consists of the lines joining each point x of the surface S to the 
corresponding point 


— Oxy — bx, + tue; 


where a, } are functions of u,v. A union curve of this congruence is such that 
at each of its points its osculating plane contains the line of the congruence 
through the point. The differential equation of the union curves is of the 
form (7) with 

(14) A=-8, 3B = 6, — 26, 3C = — 6, + 2a, D=y. 


In particular, the union curves of the projective normal congruence are obtained 
by placing a=b=0 in equations (14), and the union curves of the first 
directrix congruence of Wilczynski by placing therein 2a=y, 2b=¢. 


4. PLANE NETS 

It is the purpose of this section to summarize the part that we shall 
need of Wilczynski’s theory of plane nets. Then the curvilinear differential 
equation of the straight lines in the plane will be calculated in Wilczynski’s 
notation, apparently for the first time. 

If the three projective homogeneous coérdinates x, x, x of a point 
P,ina plane are given as functions of two parameters u, v, these codrdinates 
are solutions of a system of three equations of the form 


Xuu = aX, + bx, + cx, 
(15) = xy, + + cx, 


= a xy + + cx, 


whose coefficients satisfy* the following six integrability conditions: 
b, + ab’ + +c +0564 0", 
al’ +a'b" + aae"+c’ =a) +", 
rs Wilczynski, One-parameter families and nets of plane curves, these Transactions, vol. 12 (1911), 
p. 474. 
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The effect of the transformation (5) when performed on system (15) 
is to produce another system of the same form whose coefficients, indicated 
by dashes, are given by the following formulas: 

=a-U"/U', 6 = U", 


b 
b’ 


Moreover, the effect of the transformation 
(18) x = A(u,v)z 
on system (15) is given by the formulas 
NE = — Auu + + OA, + OX, 
(19) - b’ — 
— Aue + + OA, + cd, 
= b” — 2r,/r, 
— Now ta ru + + 
The differential equation of the straight lines of the plane can be cal- 
culated by making use of the fact that x, x’, «’’ must satisfy a linear relation 


when the accents indicate total differentiation with respect to u along a 
straight line of the plane. We have at once 


= x, + x,0', 


20 
= Xuu + + + 


Substituting for the second derivatives in the second of these equations 
the expressions given for them in equations (15), we can express x’’ as a 
linear combination of x, x,, x». Regarding each of x, x’, x’’ as so expressed, 
and equating to zero the third-order determinant of the coefficients of x, 
%y, x, in their expressions, we obtain the curvilinear differential equation of 
the straight lines in the plane, namely, 


(21) v’ = — b+ (a — 2b’)v’ — (b” — + 
5. HyPERGEODESIC MAPPING 


In this section we solve the problem of mapping a surface, as defined 
in §2, on a plane so that the covariant hypergeodesics of §3 correspond to 
the straight lines in the plane. The coefficients of the differential equations 
of the plane net corresponding to the asymptotic curves on the surface are 
determined in terms of the coefficients in the equation of the hypergeodesics, 


a’ 


1930] HYPERGEODESIC MAPPING 563 


and their derivatives. It is found that these coefficients must satisfy two 
conditions in order that the mapping in question may be possible. 

Let us suppose that we have a one-to-one correspondence between an 
integral surface S of system (1) and an integral plane net N of equations 
(15), or at least between certain regions of these, such that corresponding 
points have the same curvilinear codrdinates u, v. Moreover, let us demand 
that a given family of covariant hypergeodesics (7) shall correspond to the 
straight lines (21). Conditions necessary and sufficient therefore are 


b= -A, a — 2b’ = 3B, 
— 20° =—3C, a” =D. 


It may be remarked that the left members of these equations are shown by 
the formulas (19) to be absolutely invariant under the transformation (18), 
as they should be. Moreover, these equations are shown by equations (8) 
and (17) to be absolutely invariant under the transformation (5). 

The net N is the map of the asymptotic curves on the surface S. If A=D=0, 
the asymptotic curves on S belong to the given family of hypergeodesics, and map 
into two one-parameter families of straight lines composing the net N. 

Let us attempt to calculate the coefficients of system (15) in terms of 
A, B, C, D and the derivatives of these functions. To this end, let us solve 
equations (22) for a, 6, a’’, b’’, and substitute the resulting expressions for 
these four coefficients in the integrability conditions (16), obtaining 


(22) 


(26’ + 3B), -AD =a! 
(2a’ — 3C), -AD=b/ + 
—A,+0)'(b' + 3B) —A(a’ 30) + 
D, + a'(a’ — 3C) + + 3B) +c’ =a), 
co + + 3B) —Ac” +c, 
+e(a — 30) + 


The first two of these equations imply 

(24) (b' + B)» = (a’ 

Consequently, equations (19) show that if \ is a solution of the equations 
(25) (log A). = 0° + B, (log A)» = a’ —C, 

then, dropping dashes from the transformed coefficients, we shall have 
(26) a’ =C, Y= —B. 


The first, third, and fourth of equations (23) now give expressions for c’, 
c, c’’ respectively, while the last two of equations (23) give two conditions 


: 


564 E. P. LANE [July 


that must be satisfied by A, B,C, D. We reach thus the following conclusion. 
The hypergeodesics (7) on an integral surface S of system (1) can be mapped 

into the straight lines of the plane if, and only if, the coefficients A, B,C, Din 
equation (7) satisfy the two conditions 
— Avy — — 6BB, + 3AC, — AyD — 2AD, + 3BC, + =0,7 
— + Duu + Bev — OCC, + 3DB, — D,A — 2DA,+ 3CB, + 3BD, =0. 
The parametric asymptotic curves on the surface S map into an integral net N 
of the system (15) whose coefficients are given by the formulas 

=-A, c= A, — B, + 2B? — 2AC, 
(28) —-B, =B,-C,—AD-— BC, 

=-C, c’=—D,+C,+ 2C? — 2BD. 
The integrability conditions of this system (15) are all satisfied. 


(27) 


6. EXAMPLES OF HYPERGEODESIC MAPPING 


Three examples of hypergeodesic mapping, corresponding to the three 
special kinds of hypergeodesics mentioned in §3, will now be discussed. 

For the first example, let us consider the curves of a pencil of conjugate 
nets. The conditions (27) reduce, in virtue of equations (10), to 


(29) Kuuv = 0, = 0, 


where yp is defined by placing 


(30) = logy. 
Integrating each of equations (29), one obtains 
(31) Buu — = Ui, Mov — = Vi, 


where Uj, V; are arbitrary functions of u alone and of »v alone, respectively. 
By means of equation (11) it is possible to show that a transformation (5) for 
which we have 


(32) 


reduces each of U; and V; to zero. Incidentally, the most general trans- 
formation (5) which leaves these conditions undisturbed has U and V equal 
to proper linear fractional functions with constant coefficients so that 


(33) U = (au + b)/(cu + d), V = (v0 + 
We now have 


(34) Bus + 0, Kov — gue = 0. 


bs 
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Integration of these equations leads to the formula for \ 
(35) A= 1/(kuv + lu + mv + n)?, 


in which k, 1, m,n are constants. Therefore, the curves of a pencil of conjugate 
nets (9) with d given by the formula (35) map into the straight lines of the plane. 

Two remarks concerning this result may be permitted. A pencil of the 
kind described is a pencil of isothermally conjugate nets, characterized by 
the condition (log \)u»=0, if, and only if, k=0. If k0, it is possible, by 
means of a suitably chosen transformation (33), to make /=m=0. 

For the second example of hypergeodesic mapping, let us consider the 
projective geodesics. The conditions (27) reduce, in virtue of equations 
(13), to 


(36) — = 0, = = 0. 


Proceeding step by step as in the preceding example, we find that the projec- 
live geodesics on an integral surface of system (1) map into the straight lines of 
the plane if, and only if, 


(37) By = 1/(kuv + lu + mo + n)?, 


where k,l, m,n are constants. If k¥~0, we can make ]=m=0. 
For the third example of hypergeodesic mapping, let us consider the 
union curves of the projective normal congruence. We shall not write here 


the result of substituting in the conditions (27) the general expressions given 
for A, B, C, D in equations (14). However, when a=6=0, this substitution 
leads to 

Guuv uv + (BY) » + 0, 

+ (vo) u + 0, 
where ¢, y are defined in equations (3). By means of the first two integra- 
bility conditions (2), one obtains at once 
(39) (p+By).=0,. (g+7¢)u=0 
and on integrating these equations one arrives at 
(40) p+ by = Ui, g+ vo = Vi. 


By means of a suitably chosen transformation (5) it is possible to reduce 
each of U; and V; to unity, so that =x =1, the functions 7, x being defined 
in equations (3). Therefore, the union curves of the projective normal con- 
gruence of an integral surface of a system (1) for which 


(41) p=1-— py, qgq=1- 


(38) 
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map into the straight lines of the plane. 

A consequence of this result may be deduced. The differential equation 
of the projective lines of curvature, which are the curves corresponding to the 
developables of the projective normal congruence, is 


(42) adu* — xdv? = 0. 


Therefore, on a surface of the kind under consideration here the projective lines 
of curvature form an isothermally conjugate net, since =x =1. 


7. THE CONGRUENTIALLY ASSOCIATED NET 


The congruentially associated net of a given plane net was defined* 
by Green as follows. As a point P, varies along a curve of the congruentially 
associated net, the harmonic conjugate of the tangent of this curve, with 
respect to the two tangents of the given net, passes through the corresponding 
focal point of the ray of the given net. The curvilinear differential equation 
of the congruentially associated net of an integral net of system (15) is 


(43) [c+ b'(a — + — bf |du? + (a! — b/)dudv 
— + a'(b"” — a’) + — |dv? = 0. 


By means of equations (28) this equation reduces to 


(44) (A, — 3AC)du? + (B, + C,)dudv + (D, + 3BD)dv? = 0. 


This is the differential equation of the congruentially associated net of the 
net N into which the asymptotics on the surface S map when the hypergeodesics 
on S map into the straight lines in the plane of the net N. 

It is easy to prove the following theorems. In the case of the curves of a 
pencil of conjugate nets the congruentially associated net coincides with the 
net N, provided that the nets of the pencil of conjugate nets are not isothermally 
conjugate. If they are isothermally conjugate, the congruentially associated 
net is indeterminate. In the case of the projective geodesics the congruentially 
associated net is indeterminate. 

When the union curves of a congruence I’; are mapped into the straight 
lines in a plane, the congruentially associated net of the net N has the 
differential equation 


(45) 2a)du?+ 2(b,—a,)du 2b) dv?=0. 


The coefficients of du? and dv? vanish if the congruence I; is the first directrix 
congruence of Wilczynski. In this case the conditions (27) reduce to 


* Green, Plane nets with equal irvariants, Annals of Mathematics, vol. 19 (1918), p. 248. 
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+ $,(log = 3Bro = 0, 
+ vu(log B)» 3Byy = 0. 


We reach thus the following theorem. 

If the surface S is not isothermally asymptotic, so that ¢,—WuX0, the 
first directrix congruence of Wilczynski is the only congruence T; whose union 
curves map into the straight lines of a plane so that the congruentially associated 
net of the net N corresponding to the asymptotics coincides with the net N. 
If the surface S is isothermally asymptotic, the congruentially associated net of 
the net N is indeterminate in the case of the union curves of the directrix con- 
gruence. 

Placing a=5=0 in equation (45) to obtain the differential equation of the 
congruentially associated net in the case of the union curves of the projective 
normal congruence, one sees that, im this case, provided ¢Y+0, at each 
point of the plane the tangents of the congruentially associated net of the net N, 
corresponding to the asymptotics on the surface S, separate harmonically the 
tangents of the net N. The cases oy =0 are easily disposed of. 


8. ANOTHER METHOD OF MAPPING 


It may be proposed to map a surface onto a plane so that the hyper- 
geodesics on the surface correspond to any two-parameter family of curves 
defined in the plane by a differential equation of the same form as that of 
the hypergeodesics. So far as the writer is aware, the projective differential 
aspects of such families of curves in the plane have not hitherto been studied. 
It would seem, therefore, that the following example of such a family of 
curves covariant to a given plane net may be of interest. 

Equations (17), (19) show that the differential form a’’bdudv is ab- 
solutely invariant under the most general transformation leaving invariant 
an integral net of system (15). Therefore the integral 


f 
ug 


has a geometric significance. Euler’s equation for the extremals of this in- 
tegral is of the same form as equation (7), with 


(46) A=D=0, 3B = (log ab) 3C = — (log a’’b),. 


These extremals constitute a family of curves covariant to the integral net of 
system (15). 

The projective geodesics on an integral surface S of system (1) map into 
these curves in case 


(47) (log By)u = (log a’’b)., (log By)» = (log a’’b)y. 


4 
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Integrating, and absorbing a constant factor into the product a’’b, we see 
that the projective geodesics on the surface S map into the plane curves given 
by equation (46) and covariant to the plane net N corresponding to the asymptotic 
curves on S if, and only if, 


(48) ab = By. 


It may be remarked that if the plane net N is perspective to the asymp- 
totic net on the surface S, then the center of perspectivity and the plane of 
the net N may be chosen to be the point (0, 0, 0, 1) and the plane x,=0. 
Then it follows that B=), y=a’’, so that the perspectivity is a mapping of 
the kind under consideration here. 

It is clear that the bundle of planes with center at the center of perspec- 
tivity is a family of ©? planes cutting the surface S in «©? plane curves 
which are union curves of the congruence I’; which is the bundle of lines with 
its center at the center of perspectivity. Moreover, these planes cut the 
plane of the net JN in the straight lines of this plane. Therefore we have here 
an instance of the mapping of the union curves of a congruence T, into the 
straight lines of the plane. It may be shown, moreover, that if a family of 
hypergeodesics on the surface S corresponds to the straight lines of the plane 
in the perspectivity aforesaid, then the hypergeodesics are the union curves 
of the bundle of lines with center at the center of perspectivity, and are 
precisely the plane curves just described on the surface S. 
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MANIFOLDS OF FUNCTIONS DEFINED BY SYSTEMS 
OF ALGEBRAIC DIFFERENTIAL EQUATIONS* 


BY 
J. F. RITT 


This paper is concerned with the development of a theory of systems of 
algebraic ordinary differential equations, analogous to the theory of algebraic 
manifolds. 


We deal with any finite or infinite system of algebraic differential equa- 
tions in the independent variable x and the dependent variables 4; - - - 
yn. We write each equation in the form 


F(x; Yn) = 0, 


where F is a polynomial in the y’s and any number of their derivatives. The 
coefficients in F will be supposed to be functions of x meromorphic in some 
given open region %, and belonging to a given field $ of such functions. By a 
field, we understand a set of functions of x, not all zero, such that, given any 
function of the set, its derivative is also in the set, and such that, given 
any two functions, f and g, of the set, 


(when g ¥ 0) 


are all in the set. 

An expression like F, above, will be called a form. With respect to every 
form introduced into our work, we shall assume, unless the contrary is stated, 
that its coefficients belong to §. 

By a solution of a system of forms, we shall mean any set of functions, 
V1, °° *, Ya, analytic in some area contained in %, which cause all of the 
forms to vanish.{ The totality of solutions of a system of forms will be 
called the content of the system. The content of any system will be called a 
manifold. If = and B’ are two systems of forms such that every solution 
of 2 is a solution of D’, then L’ will be said to hold >. 


* Presented to the Society, April 18, 1930; received by the editors May 9, 1930. 

+ We do not assume, as Picard does in his construction of the Galois theory of linear differential 
equations, and as Landau does in his work on the factorization of linear differential forms, that F 
contains all constants. See Picard, Traité d’ Analyse, 2d edition, vol. 3, p. 562. 

t An alternative definition of a solution would be any set of convergent series of powers of 
*—a, where a is any point of 2{, which cause the forms to vanish. 
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A system > of forms will be called irreducible if, G and H being any two 
forms such that GH holds ©, either G holds 2 or H holds 2. A system which 
is not irreducible will be called reducible. The system of equations obtained 
by equating the forms of a system to zero, and also the manifold which is 
the content of the system of forms, will be called reducible or irreducible 
according as the system of forms is reducible or irreducible.* 

We can now state the chief result of the first part of our paper. Every 
manifold is composed of a finite number of irreducible manifolds. That is, 
given any system of forms, 2, there exist a finite number of irreducible 
systems, 2;,-:--, 2,, such that = holds every 2;, and that every solution 
of = is a solution of some =;. The decomposition into irreducible mani- 
folds is essentially unique. 

Let us consider an example. The equation 


ty = @, 


which has the general solution y=(x—a)? and a singular solution y=0, 
is a reducible system in the field of all constants. For neither y’’—2 nor y’ 
vanishes for all solutions of the equation, while (y’’ —2)y’ does. The equation 
is equivalent to the two irreducible systems 


y2?—4y=0, y’—2=0, 
and 


y’? — 4y = 0, y =0. 


The decomposition theorem follows from a lemma which bears a certain 
analogy to Hilbert’s theorem on the existence of a finite basis for any in- 
finite system of polynomials. We prove that if 2 is an infinite set of forms 
then X has a finite subset whose content is identical with that of .+ 

In the second part of our paper, we investigate the structure of an ir- 
reducible manifold. We obtain, for every irreducible system, a differential 
equation which we call the resolvent of the system. Finding all non-singular 


* The property that we have used in defining irreducible manifold is, of course, analogous to a 
characteristic property of irreducible algebraic manifolds. Of the different treatments of algebraic 
manifolds, that of van der Waerden, loc. cit., seems to be the only one that uses this property as a 
defining property. By the method of the present paper, the theorem that every algebraic manifold 
consists of a finite number of irreducible manifolds can be proved in a manner even simpler than that 
of van der Waerden, without using Lasker’s theorem. 

+ This result is very different in nature from that of Tresse for systems of partial differential 
equations. See Tresse, Acta Mathematica, vol. 18 (1894), p. 4. Also, Drach, Annales de |’Ecole 
Normale, vol. 34 (1898), p. 292. In solving his system algebraically for certain derivatives, Tresse 
has necessarily to confine himse!f to a portion of the content of his system. The chief feature of the 
present investigation is its completeness from the algebraic standpoint. 
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solutions of the resolvent is equivalent to determining the content of the 
irreducible system. 

To see what is contained in the idea of the resolvent, let us consider a 
differential equation a=0, where a is a form in the g+1 indeterminates w; 
M1, Mg, irreducible, as a polynomial in in the indeterminates and 
their derivatives. 

Let a be of orderr in w. Let F =da/dw,, where w, is the rth derivative of 
w. Let H be the coefficient of the highest power of w, ina. We call a solution 
of a=0, for which neither F nor H vanishes, a regular solution. 

We prove that the totality of forms which vanish for all regular solutions 
of a=0 is an irreducible system. The content of this system is one of the 
irreducible manifolds in the content of a. Wecall this irreducible manifold 
the general solution of a. 

. Now, suppose that we have # rational combinations of w; m,--- , u,¢ 
and their derivatives, with coefficients in §, 


(1) i= Uq) (i = 1, 
no denominator vanishing for all regular solutions of a=0: 

We prove that there exist forms in m, - - - , V1, ¥p, Which vanish 
for all u’s and y’s in (1), it being understood that w; m, - - - , ug belongs to 
the general solution of a. The totality of these forms in the u’s and y’s 
constitutes an irreducible system. 

Conversely, let us consider any irreducible system in y:, ---, Yn. A 
certain number, q, of the y’s are found to play the réle of arbitrary functions 
in the content of the system. We call these m, - -- , %,, and designate the 
remaining y’s by -- ,¥p (P+q=n). 

We show that, if $ does not consist purely of constants, it is possible to 
form a rational combination w of the w’s, y’s and their derivatives, in 
such a way that y:, - - - , yp become rational combinations of w; m4, , 
and their derivatives. The new indeterminate, w, satisfies a differential 
equation 

w) = 0, 
with a@ irreducible as a polynomial in $. This equation is a resolvent of the 
irreducible system. 

The introduction of the resolvent creates a perfect analogy between 
the notion of the content of a system of algebraic differential equations and 
the notion of algebraic function of several variables. 

The resolvent can be used to advantage in the study of such questions 
as the influence on the reducibility of a system of the adjunction of new 
functions to 
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Certain features of our proofs indicate that a theory of ideals of differential 
forms underlies the manifold theory. We are at present investigating this 
question.* 

One will notice that we do not furnish a method for resolving a system 
into irreducible systems, or a method for constructing the resolvent. These 
questions, also, we expect to treat in further communications. 

Our work has, apparently, nothing in common with the researches of 
Riquier and others on the degree of generality of the solution of a system 
of partial differential equations.f We reserve for later papers the extension 
of our results to partial differential equations.{ 

The irreducible differential equations of Koenigsberger,§ and Drach’s 
irreducible systems of partial differential equations,{] are irreducible in the 
sense explained above. The definitions of Koenigsberger and of Drach, 
which demand much more for irreducibility than does ours, are the starting 
points of group-theoretic investigations, which parallel the Galois theory.|| 
Our definition leads, as we have seen, in a different direction. 

This paper has a degree of contact with the work on field theory and 
elimination theory of the modern school of German algebraists. We would 
mention particularly the writings of Steinitz, Emmy Noether, Schmeidler 
and van der Waerden.** 


PART I. RESOLUTION OF A SYSTEM INTO IRREDUCIBLE 
SYSTEMS 


CLASSIFICATION OF FORMS 


1. Derivatives of functions y; will be indicated by means of a second 
subscript. Thus 


= (di/dx)y;. 


We write, frequently, y;= io. 
By the jth derivative of a form F, we mean the form obtained by differ- 
entiating F 7 times with respect to x, regarding 1, - - - , y, as functions of x. 
By the order of F with respect to y;, if F involves y; or some of its deriva- 


* In this connection we have recently proved that if G holds the system F;, +--+, Fp, then some 
power of G is a linear combination of the F’s and their derivatives, with forms for coefficients. This 
is analogous to a theorem of Hilbert for polynomials. (Note added in proof, August 4, 1930.) 

T See Janet, Systémes d’ Equations aux Dérivées Partielles, Paris, 1929. 

t We have extended the theorem on the equivalence of a system to a finite number of irreducible 
systems to partial differential equations. (Note added in proof, August 4, 1930.) 

§ Lehrbuch der Differentialgleichungen, Leipzig, 1889. 

q Loc. cit., p. 295. 

|| In connection with Koenigsberger’s definition, we have in mind the Picard-Vessiot theory. 

** For references, see van der Waerden, Mathematische Annalen, vol. 97 (1927), p. 196. 
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tives effectively, we shall mean the greatest 7 such that y;; is present in a 
term of F with a coefficient distinct from zero. If F does not contain 4,;, 
the order of F with respect to y; will be taken as zero. 

By the class of a form which effectively involves some of the y’s, we shall 
mean the greatest » such that some y,; is present in F. If F is simply a 
function of x, F will be said to be of class 0. 

Let F, and F, be two forms. If F; is of higher order than F; in some y,, 
F, will be said to be of higher rank than F, in y,. If F; and F; are of the same 
order, say q, in y,, and if F2 is of greater degree than F; in y,,,* then, again, 
F, will be said to be of higher rank than F; in y,. Two forms for which no 
difference in rank is established by the foregoing criteria, will be said to be 
of the same rank in y,. 

If F: is of higher class than F;, F, will be said to be of higher rank than 
F;. If F, and F, are of the same class p>0, and if F2 is of higher rank than 
F, in yp», then, again, F2 will be said to be of higher rank than F. Two forms 
for which no difference in rank is created by the preceding, will be said to 
be of the same rank.f 


COMPLETENESS OF INFINITE SYSTEMS 
2. In §§2-11, we prove the following lemma: 


Lema. Every infinite set of forms in y1,-- +, Yn has a finite subset whose 
content is identical with that of the infinite set. 


An infinite system of forms whose content is identical with that of one 
of its finite subsets will be called complete.t{ Systems which are not complete 
will be called incomplete. In what follows, we assume the existence of in- 
complete systems, and force a contradiction. 

3. We prove the following lemma: 


Lemma. Let = be an incomplete system. Let a form F, not in =, and a 
subset &’ of = exist, such that the system A, composed of the forms of = not in 
L’ and of the products of the forms of =’ by F, is complete. Then the system 
obtained by adjoining F to is incomplete. 


Suppose that >+F is complete. Let 
(2) F; Gi,---, Gy; He 


where the H’s, but not the G’s, belong to =’, be a subset of 2+ whose 


* Considered as a polynomial in y pg. If a form is identically zero (hence of order 0 in every yp), 
it will be considered of degree 0 in every ypo. This leads to no difficulties. 

+ Thus all forms of class 0 are of the same rank. 

t If some finite subset has no solutions, the infinite set will be considered complete. 


1 
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content is identical with that of 2+F. We evidently may, and we shall, 
assume that the content of 


(3) G,,:--,G,; FHi,---,FH, 
is that of A. Now, let K be a form of = which does not hold 
(4) Gi,-- H,,---, 


As FK holds (3), and as (3) holds (4), certain solutions of (4) which are not 
solutions of K must be solutions of F. Thus K does not hold (2). This proves 
the lemma. 

4. By a first form of a system of forms, not all zero, we shall mean a form 
of the system, not zero, whose rank is not greater than that of any other non- 
zero form of the system. 

From among all incomplete systems in ;, - - - , yn, we select one whose 
first forms have a rank not greater than the rank of the first forms of any 
other incomplete system. Let 2; be such an incomplete system, and let a; 
be one of its first forms. 

Let a; be of class p;. Then ~;>0, else a; would have no solutions and 2; 
would be complete. 

5. Let a system 2 contain a form a of class p>0. We call 2 reduced 
with respect to a if every form of , distinct from a, is of lower rank than 
ain Vp. 

6. We prove the following lemma: 


LemMA. Given any incomplete system = which contains the oy of §4, there 
exists an incomplete system which has oa, for first form, is reduced with respect 
to a, and contains every form of = whichis of lower rank than oy in yp,. 


Let a be of order in y,,. The gth derivative of a; will be of order r+g 
in yp, and will be linear in with for coefficient of yp,,r+¢- 
Let F =0a;/dy>,,,. Then F is of lower rank than a. 

Now, G being any form of = of order higher than 7 in y,,, it is possible, 
using the algorithm of division, to find a non-negative integer m,depending 
on G, such that, when we subtract from FG a suitable linear combination 
of the derivatives of a:, with forms in y,,---, ya for coefficients, the re- 
mainder, call it B, is of order not greater than,r in y,,. Let such a B be found 
for every G. 

Let Q be the system composed of all B’s and of all forms of = whose order 
in yp, does not exceed r. We are going to show that 2 is incomplete. 

Let A be the system composed of the forms F”G and the forms of 
whose order in y,, does not exceed r. 
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Every FG holds the system of two forms composed of its B and a. 
Every B holds the system formed of its F™G and a;. Thus, if 2 were com- 
plete, A would be complete. Now, if m21, F™G and FG hold each other. 
Thus, if A were complete, the system obtained from 2 by multiplying some 
subset of = by F would be complete. Then, by §3, 2+F would be in- 
complete. This is impossible, because F is of lower rank than a and is 
not identically zero. Thus Q is incomplete. 

Let H be the coefficient of the highest power of y,,,, in a:. Then H is 
of lower rank than ay. 

Let K be any form of Q which is not zero and which is not of lower degree 
than a in y,,,,, An integer m=0 exists such that 


H"K = Ca; + D, 


where C and D are forms in ,, - - - , y, and where D is either zero or of lower 
degree than a; in y,,,,. We see, as above, that the system composed of ay, 
the forms of = which are of lower rank than a; in y,,, and the D’s, is incom- 
plete. Furthermore, this system is reduced with respect to a:. The lemma 
is proved. 

7. Consider any B of Q, and the G from which it is obtained. 

We say that, if g> 1, then B is not of higher rank than G with respect 
tO Yo. 

For instance, let 8 be a derivative of ai, of the same order as G in yy,. 
Let 

F"G = AB +Gi, 


where G; is of lower order than G in y,,. Surely G, is not of higher order than 
Gin y,. Suppose that G and G, are of the same order, h, in y,. If G; involved 
yon in a higher power than G does, then A would contain the higher power 
of yx, so that AB would contain the higher power of y,, multiplied by the 
derivative of highest order of y,, in 8. There would thus be terms in AS 
which would not be balanced by the terms of FG and G;. 

Similarly, consider any D of the final system of §6, and the K which 
corresponds to it. We see that, if g>., D will not be of higher rank than 
K in yg. 

The observations of this section will be of great utility in §9. 

8. Consider any incomplete system which has a,.for first form and is 
reduced with respect to a. In such a system, there cannot be a non-zero 
form which is distinct from a and of class not exceeding f;, for such a form 
would have to be of lower rank than ay. 

It follows that pi<n. 
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Of the non-zero forms in the above system which are distinct from au, 
there are some of lowest rank. Such forms, we call second forms of the 
system. 

From among all incomplete systems which have a; for first form, and are 
reduced with respect to a,, we choose one, 22, whose second forms are of as 
low a rank as is possible. Let ae, of class p2> 1, be a second form of 2». 


9. We prove the following lemma: 


LemMA. Given any incomplete system 2 which contains a, and ae, there 
exists an incomplete system containing a, and az, which is reduced with respect 
to a, and a, and which contains all forms of = which are of lower rank than 
a in yp, and of lower rank than a in yp,. 


We note that the system whose existence is to be proved, being re- 
duced with respect to a1, has a, as a second form. 

Let a2 be of order 7 in y,,. Let G be any form of order higher than r in 
Let F=da2/dy,,,. Then there is an such that when a suitable 
linear combination of the derivatives of a2 is subtracted from FG, the re- 
mainder, B, has an order in y,, not greater than that of az. The system Q 
composed of the B’s and the forms of = not of higher order than 7 in yp, 
must be incomplete. If not, 2+ would be incomplete. Now F, like as, is 
of lower rank than a in y,,. By §6, there would be an incomplete system 
with a; for first form, reduced with respect to a; and containing F. This is 


impossible if the class of F does not exceed f:, for then F must be of lower 
rank than a;. It is impossible if the class of F exceeds fu, since F is of lower 
rank than az. Thus 2 must be incomplete. 

Again, if H is the coefficient of the highest power of y,,,- in a2, we have, 
for any form K of Q, distinct from zero and of degree in y,,,, not less than 
that of az, 


H"™K = Caz + D 


with D either zero or of lower degree than az in yy,,. 

We shall show that the D’s, a, and the forms of 2 which are of lower 
rank than a2 in yp, (a1 is among them) constitute an incomplete system 2. 

For, if 2 were complete, 2+H would be incomplete. By §6, there would 
exist a system containing a, reduced with respect to a;, and containing H. 
As was seen above, this is impossible. 

Proceeding now with a; as in §6, and operating on the forms of = of rank 
in y, not less than that of a:, we obtain an incomplete system containing au, 
a and all forms of = which are of lower rank than a2 in yp, and of lower 
rank than a in y,,, the system being reduced with respect to a:. Now this 
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system is also reduced with respect to a2, for, as was seen in §7, when we 
operate on a form of = with a, the new form obtained has a rank with re- 
spect to yp, not greater than that of the original form. This proves the 
lemma. 

10. Evidently an incomplete system containing a; and a2, and reduced 
with respect to a; and ae, gontains no non-zero form other than a; and ae 
whose class does not exce€d pz. 

We conclude that p2<n. 

In the incomplete systems of the type just described, we call those forms 
whose class exceeds ~2, and whose rank is as low as it can be, with this con- 
dition, third forms. 

We select a system 2; with a third form a; of as low a rank as is possible. 
We operate as above, obtaining an incomplete system which contains a1, a2, 
a; and is reduced with respect to ai, a2, a3. It follows, if a; is of class p3, that 
ps<n. 

11. Continuing in this fashion, we find that there exists an infinite se- 
quence of integers 


$1 < Pa < 


all less than . This absurdity proves the truth of the fundamental lemma 
stated in §2. 


NON-EXISTENCE OF A HILBERT THEOREM 


12. It might be conjectured that in every system = there is a finite 
system of forms such that every form of 2 is a linear combination of the 
forms of the finite system, and their derivatives, with forms for coefficients. 
We shall show that this is not so. 

We consider forms in a single dependent variable, y, and represent the 
nth derivative of y by yn. 

Consider the system 


We shall show that no form of this system with m>1 is linearly expressible 
in terms of the forms which precede it, and their derivatives. 

We notice that all of the forms, and all of their derivatives, are homo- 
geneous polynomials of the second degree in the y’s. Also if the weight of 
yi; is defined as i+/, the pth derivative of yy; will be isobaric, with its. 
terms of weight 7+j+ 9. 

Now if 


d 
= Aryiyo An1Yn—19n + Bi— (9192) 
x 
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with the A’s, B’s, etc., forms, the terms not independent of the y’s in the 
A’s, etc., may be cast out, for they produce terms of degree greater than 2. 
Again, considering the weights of the various forms, we find that 


d? 
(S) = Cir —— (yiye) + + (Yn—1 
dx? 


with C’s independent of the y’s. Now the (2n—2)d derivative of yiy2 con- 
tains a term y:yen, and none of the other derivatives in (5) yields such a 
term. We conclude that C:=0. Continuing, we find every C to be zero. 
This proves our statement. 


IRREDUCIBLE SYSTEMS 
13. We prove the following fundamental theorem: 


THEOREM. Given any system = of forms in y:, --- , Yn, there exist a finite 
number of irreducible systems, 21, --~-, 2s, such that = holds every Z;, while 
every solution of = is a solution of some X;. 


Let the theorem be false for some system 2. Then > is reducible. Let 
G, and G, be two forms such that G,G., but neither G; nor Gs, holds 2. 
Now holds +G;, and and every solution of 2, being a solution of 
G, or of Go, is a solution of 2>+G;, or of >+Gs. 

Thus at least one of the systems 2+G;, or 2+G, is reducible. If either of 
these systems is reducible, we call it a system of the first class. There must 
be a system of the first class which, when treated like 2, yields either one or 
two reducible systems, obtained by adjoining two forms to 2. The reducible 
systems obtained through two adjunctions, we call systems of the second 
class. Some of the systems of the second class, when treated like 2, must 
yield reducible systems obtained from 2 by three adjunctions. We call 
these systems of the third class. We proceed in this manner, forming systems 
of all classes. 

There must be a system of the first class whose forms are contained in 
systems of all classes higher than the first. Let +H, where H; is either 
G, or Gz, be such a system of the first class. One of the systems of the second 
class which contains the forms of =>+H, must have its forms contained in 
systems of all classes higher than the second. Let 2+H,+H, be such a sys- 
tem. Let an H, be found in this way for every ». Then the system composed 


of 
2, Mi, 


is incomplete. This proves our theorem. It will be noticed that the proof 
involves making an infinite number of selections. 
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UNIQUENESS OF RESOLUTION 


14. We suppose, suppressing certain of the irreducible systems 2,, if 
necessary, that no 2; holds a 2; with 7 ¥7. 

It is then possible to prove that the systems 2; are essentially unique; 
that is, if M&, ---, Q, is a second set of irreducible systems, none of which 
holds any other, each of which is held by X, and which are such that every solu- 
tion of = is a solution of some Q;, then s =t, and every Q; holds, and is held by, 
some 

We shall show that there is some 2; which holds 2;. If there were not, 
then each 2; would have a form which would not hold 2;. Such forms being 
selected, their product would hold each 2;, consequently 2, thus 2. This 
is impossible if 2, is irreducible and none of the forms holds 2}. 

Then let Q; hold 2;. Now , similarly, must be held by some 2;, which 
must be 3), since no 2; with i#1 holds 2;. Thus Q and 2, hold each other. 
The uniqueness is proved. 


PART II. STRUCTURE OF AN IRREDUCIBLE MANIFOLD 


GENERAL SOLUTION OF A SINGLE EQUATION 


15. We are going to study the content of a single form, a, of class n>0. 
We assume that a is an irreducible form, that is, that a cannot be expressed 
as the product of two forms, each of class greater than 0, and each with 
coefficients in §. 

It is our object to make precise the notion of the general solution of 
a=0. 

We write y, =y, and, if w>1, we write g=n—1, y;=u;,i=1, ---,n—1. 

Our definition of the general solution will appear, at first, to depend on 
the order in which the dependent variables in @ are taken; at least, on the 
manner in which y is selected from among the dependent variables. But it 
will turn out, finally, that the definition is actually independent of such 
order. 

Let @ be of order r in y. Let F =da/dy,, where y, is the rth derivative 
of y, and let H be the coefficient of the highest power of y, ina. A solution 
of a which is not a solution of F or of H will be called a regular solution 
of a. 

Let A and B be forms in ™, ---, “,; y, which are such that every 
regular solution of a is a solution of AB. 

We shall prove that either every regular solution of « is a solution of A or 
every regular solution is a solution of B. 

From Part I (§6) we know that there exists a form A;, of lower rank 
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than a, such that every regular solution of a which satisfies either of the 
equations A =0 or A,=0, satisfies the other. For B, similarly, we find a 
form B,, of lower rank than a. 

If, then, we can show that either A, or B, is zero identically, our result 
will be proved. 

Suppose that neither A; nor B, is identically zero. Consider any set of 
numerical values of x and of m, --~- , “,; y and their derivatives appearing 
in a, Ai, B,, for which a=0. Let the value of x be a. Suppose that neither 
F nor H vanishes for these numerical values.* 

We construct functions ™, --~- , %, which have for themselves and for 
their derivatives, at a, the values indicated above. The existence theorem 
for differential equations assures us that a has a regular solution in which 
the w’s, y and their derivatives have the indicated values at a.t This means 
that the set of numerical values makes either A; or B,; vanish. All in all, 
A,B,FH vanishes for all numerical values for which a vanishes. This means, 
since @ is an irreducible form, that A,B,FH is the product of a by a form. 
This cannot be, since none of A;, B,, F, H can be divisible by a. This com- 
pletes the proof. 

16. It follows immediately, from §15, that the system of all forms in 
41, ***, Mg; Y, Which vanish for all regular solutions of a, is an irreducible 
system. The irreducible manifold which is the content of this irreducible 
system will be called the general solution of a=0 (or of a). 

We show that every solution of a, for which F does not vanish, belongs to 
the general solution. 

Let A be any form which vanishes for all regular solutions. As above, 
let a be of order ry in y. Let A; be a form, not of order greater than r in y, 
which differs from some FA by a linear combination of the derivatives of a. 
Some H*A, equals the product of a by a form, plus a form A, of lower rank 
than a. As A: vanishes for all regular solutions of a, Az, by an argument 
used in §15, must be identically zero. Thus H*A, is divisible by a. This 
means, since a@ is an irreducible form, and H is not divisible by a, that A, 
is divisible by a. Thus A; holds a. Hence A vanishes for all solutions of a 
for which F does not vanish. This proves our statement. 

We shall prove that the general solution of a is not contained in any other 
irreducible manifold of solutions of a. 

Let M be any irreducible manifold of solutions of a which contains the 
general solution. Those solutions in M which are not in the general solution 


* We are assuming that the coefficients in a, A,, B,, F, H are all analytic at a. 
+ That is, when the functions u are constructed, we regard a=0 as an equation in y. 


| 
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make F vanish. Let B be any form which vanishes for every solution in 
the general solution. Then BF vanishes for every solution in M. Since F 
does not vanish for every solution in M, B must. Thus M is identical with 
the general solution. 

We shall prove that the definition of the general solution is independent of 
the order in which the indeterminates 1, - ++ , Vn are taken. 

Let Mi, ---, M, be s>1 irreducible manifolds, none containing any 
other, which make up the content of a.* Suppose that, when y=y,, the gen- 
eral solution is M,, whereas, when y=¥;, the general solution is M,. 

Let F’ have, relative to y:, the definition which F has relative to y,. 
Then every solution in M, must make F’ vanish. For, let B be a form 
which vanishes for every solution in M,, but not for every solution in M. 
Then, since BF’ vanishes for every solution of a, F’ must vanish for every 
solution of M,. 

This means that every set of numerical values of x, the y’s and their 
derivatives, which makes a vanish, and which does not make F vanish, 
makes F’ vanish; that is, for numerical values for which a vanishes, FF’ 
vanishes. For, according to the existence theorem for differential equations, 
a set of numerical values with a=0 and F 0 furnishes a solution in M,. 

Then, since a is an irreducible form, FF’ must be divisible, as a poly- 
nomial in the y’s and their derivatives, with coefficients in §, by a. This is 
impossible, for neither F nor F’ can be divisible by a. Our statement is 
proved. 


ANALYTIC CONSTITUTION OF THE GENERAL SOLUTIONT 


17. A solution %, --- , %,; of a, for which either F or H vanishes, will 
be said to be semi-regular if there exists a set of points, dense in the area, 
contained in %, in which the functions of the solution are analytic, such 
that, given any point a of the set, any positive integer m, and any «>0, 
there exists a regular solution m1, - - - , %,; y (analytic at a) such that 


(6) | u:(a) — &;(a)| | ya) — (6 =1,---,g;7 = 0,--+,m). 


Here, u;; is the jth derivative of u;, and y; the jth derivative of y (wio=ui, 
Yo=¥). 

Any solution for which H =0, but for which F does not vanish, is semi- 
regular. This is an immediate consequence of the implicit function theorem 
(applied to a with respect to y,) and of the theorem on the differentiability 


* When s=1 we have our result immediately. 
+ The results of §§ 17, 18, and the analogous results of § 24, have contact with the remainder of 
the paper only in §28. 
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of the solution of a differential equation with respect to the constants of 
integration. 

Let A be any form in ™, --- , “,;y with coefficients meromorphic in Y. 
The coefficients in A need not belong to S$. Suppose that A vanishes for every 
regular solution of a. We shall prove that A vanishes for every semi-regular 
solution of a. 

Consider any semi-regular solution %, ---, %,;9, and the points a 
described above. Since the points are dense in an area, we can choose a 
point a at which the coefficients in A are analytic. Let this be done. When 
are substituted into A, A becomes a function ¢(x) of x, 
which is zero at a. This is because A vanishes for all regular solutions, and 
because of the m, ¢ item in the definition of semi-regular solution. Again, 
¢’(x) must be zero at a, because the form obtained differentiating A with 
respect to x vanishes for every regular solution. Similarly, every derivative 
of ¢(x) is zero at a. This proves that A vanishes for the semi-regular solution. 

If we restrict ourselves to forms A with coefficients in §, we see that 
the semi-regular solutions of a belong to the general solution. 

18. We are going to prove that the general solution of a is composed of 
the regular solutions and of the semi-regular solutions.* 

We denote by a; the jth derivative of a. If a is of order r in y, then a; 
is of order r+j-.in y. It is linear in y,,;, the coefficient of y,,; being F. 
Also the order of a; in each u effectively present in a exceeds the corre- 
sponding order of a by j. 

We shall examine the system of equations 


(7) a=0, a, = 0,--:-,a,=0, 


where s is any positive integer, considering the equations not as differential 
equations, but merely as algebraic equations among a set of indeterminates 
ui;, yj; That is, any set of functions u;;, y;, analytic in some area in WY, 
and satisfying (7), will be considered as a solution of (7). We do not ask, 
for instance, that y; be the derivative of y;-1. 

We know from the theory of algebraic manifolds that the solutions of 
(7) form a finite number of irreducible manifolds. An irreducible manifold, 
here, is the totality of solutions of a set of algebraic equations in the u;;’s 
and y,’s appearing in (7) (coefficients in &) the set of equations being such 
that if AB vanishes for all of its solutions, where A and B are polynomials 


* W. Weltmann, Archiv der Mathematik und Physik, vol. 58(1876), p. 337, defined a solution 
of an equation of the first order as singular if it cannot be approximated by solutions distinct from 
itself. 
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with coefficients in ¢, then either A vanishes for all solutions or B does.* 
We may and shall assume that none of the irreducible manifolds contains 
any other. 

One of these irreducible manifolds must contain the general solution of a. 
That is, there is one irreducible manifold such that, mio, --- , %g03 Yo 
being in the general solution of a, the irreducible manifold contains a solu- 
tion “;;, y;, with u;; the jth derivative of wi and y; the jth derivative 
of Vo- 

Suppose that this is not so. Let Mi, --- , M,be the irreducible manifolds 
of which the solutions of (7) are composed, and let A;, i=1, ---, #, bea 
form which vanishes for every solution in M;, but not for every regular 
solution of a. As the general solution of a is an irreducible manifold, there 
are regular solutions which do not make A,--- A; vanish. This contra- 
dicts the fact that every solution of a gives a solution of (7). 

We shall identify an irreducible manifold M of the solutions of (7) 
which contains the general solution of a. 

We call any solution of (7) for which neither F nor H vanishes, a regular 
solution of (7). 

The equations (7) define y,, ---, ¥-4.,in terms of y, ---, y,-1 and the 
u;;s. That is, if we let y, --- , and the w;;’s be any functions, analytic 
in an area in &, which do not render zero the resultant of a and F with 
respect to y,,f (7) determines y,, - - - , V¥-4., in succession, furnishing a regular 
solution. 

It follows from the general theory of algebraic manifolds that there is 
only one irreducible manifold of solutions of (7) whose solutions do not all 
make F vanish. This irreducible manifold, which contains the regular 
solutions of (7), is the manifold M we have been seeking. Furthermore, 
in addition to the regular solutions of (7), M contains those solutions of (7) 
which have the property that, in every area in which they are analytic, 
there is an area in which they can be approximated arbitrarily closely by a 
regular solution. 

Suppose then that @, --- , #,;9 is a solution in the general solution of 


* It should be emphasized that A and B involve only the indeterminates in (7), and not their 
derivatives. 

+ This resultant vanishes if either F or H vanishes. 

t It is known that, given a system of algebraic functions 2, ~~~ , 2, of several variables, the 
values of 2, + + + , 3 where they are analytic, together with all sets of numbers which can be approx- 
imated arbitrarily closely by such values, form an irreducible manifold in the field of all complex 
numbers. A similar result holds when the coefficients in the equations which determine the z’s are 
not constants, but analytic functions, and when the values of the z’s are analytic functions. 
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a. Consider any area P in which the solution is analytic. Let an m and an 
e be assigned, as in the definition of semi-regular solution. Take s>m, 
and consider the corresponding system (7). Let a regular solution @;;, 9; 
of (7) be found, analytic in some area P, in P, such that, in Pi, 


(8) | — |5;-5;| <e 


for all subscripts appearing in (7).* We may and shall suppose that F and H 
are distinct from zero throughout P,, for the solution @;;, §;. Let a be any 
point of P;. Let functions “, --~-, u, be taken, analytic at a, so that 
u;;(@) =%;;(a) for all subscript pairs appearing in (8). We notice that, for 
each u;, 7 assumes values at least as great as m.{ Then, by (7), the differen- 
tial equation a=0 has a regular solution with m, ---, mu, as just taken, 
and with y;(a)=4;(a), 7=0, ---,r+s. Thus, for the given m and e, any 
point in P, will serve as the point a in the definition of semi-regular solution. 
Now, using 2m and ¢/2, we can find an area P2, interior to P;, any point 
a of which can be used as above. Similarly, using «/4 and 4m, we find an 
area P3in Ps, etc. There is a point a which is interior to every P;. Given any 
e>0, and any m, the differential equation a=0 has a regular solution, 
analytic at a, for which (6) holds. 

Thus, every solution of the general solution is either regular or semi- 
regular. 


THE BASIC EQUATIONS 


19. We consider a system > of forms in ;,---, yn, not all zero. We 
assume that = has solutions and that = contains every form which holds Z. 
For the rest, = may be reducible or irreducible. 

There may be some y, say y;, such that no form of = involves only y,;; 
that is, every form in which y; appears effectively also involves effectively 
some y; with 7~7. If there exist such indeterminates y;, let us pick one of 
them, arbitrarily, and call it m. 

There may be a y, distinct from #, such that no form involves only ™ 
and the new y. Let any such second y, if one or more exist, be denoted by 2. 

Continuing in this way, we find a set, m,---, u%,(q¢<m), such that no 
form of = involves any of the w’s alone. Let the remaining indeterminates 
be represented now by 1,---, ¥p, P+q=n. Then, given any y; among 
V1, °* * Vp, there is a form in 2 which involves only y; and the w’s. 

It will be seen, in §26, that, when > is irreducible, g does not depend on 
the particular way in which the u’s may be selected. 


* If a 1: appears effectively in a, every u;; with 7 Sk is regarded as present in a. Similarly for y. 
ft No difficulty arises here if a ~, is not present effectively in a. 
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In what follows, we shall speak, generally, as if u’s exist. It will be easy 
to see, in every case, what slight modifications of language are necessary 
when there are no w’s. 

Of all forms, not zero, in 2, which involve no indeterminates other than 
y, and the w’s, let a; have a minimum rank in 4. 

There exist forms (not zero), involving only 1, y2 and the w’s, which are 
of lower rank in y; than a;. For instance, any form involving only yz and 
the w’s is of this type. Of all such forms, let a, have a minimum rank in 4. 

Continuing in this way, we find a sequence of forms, 


(9) Qi, , Ap, 


where 
(I) a; involves only the w’s and 1, , 
(II) ais of a minimum rank in ,; 


(III) for i>1, a; is of lower rank in y; than a;,7=1,---,i—1; 


(IV) for 7>1, a; is not of greater rank in y; than any other form with the 
properties (I) and (III). 

We shall call (9) a basic system. 

If a; is of order r;in y;, we let F;=0a;/dy;,-,. We designate the coefficient 
of the highest power of y;,-, in a; by H;. 

No F; can belong to 2, for F; is of lower rank than a; in y;, of lower rank 
than a;-1 in y;-1, etc. Similarly, no H; can belong to 2. 

A solution of the system (9) for which no F; or H; vanishes will be called 
a regular solution of (9). 

We are going to show that every regular solution of (9) is a solution of =. 

Consider any form 6 of = which involves only y; and the w’s. There exist 
an m and an s such that, when a suitable linear combination of a; and its 
derivatives is subtracted from F"H;*8, the remainder, call it y, is of lower 
rank than a in y;. Then y, which belongs to 2, must be identically zero. 
Hence every solution of a; for which F:H; does not vanish is a solution of 8. 

Consider any form 8, of 2, which involves only 4:1, ye and the u’s. We 
find, as above, a y, belonging to 2, involving no y; with 7>2 and of lower 
rank than a in yz, such that every solution of ag=0, y=0, for which FH: 
does not vanish is a solution of 8. Furthermore, for m and s appropriate, 
FrH,;'y is a linear combination of a; and its derivatives, plus a form 6 of 
lower rank than az in yz and of lower rank than a; in y:. (See §7.) Then 6=0. 
Thus every ¥1 for which a,;=0, and for which FH, does not 
vanish, makes y=0 for any ye. Thus a solution of a:=0, a,=0, for which 
none of F,, F2, H:1, Hz vanishes is a solution of 8. 
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Continuing in this way, we see that every regular solution of (9) is a 
solution of >. 

20. Suppose now that = is irreducible. As no F; or H; holds 2, the product 
of all F’s and H’s does not hold 2. 

It follows that (9) has regular solutions. 

Furthermore, if a form vanishes for all regular solutions of (9), the form 
isin X. For, if Gis such a form, 


GF,---F,H,---H, 
holds =, so that G holds >. 
THE RESOLVENT 


21. From now on, we shall understand, unless the contrary is stated, 
that § contains at least one function which is not a constant. 

Let = be reducible or irreducible, but not without solutions. We under- 
stand, as above, that = contains every form which holds ~. 

We are going to show the existence, in &, of functions 


Mi," 


and the existence of a form G, in the u’s alone, such that, given two solutions 
of = with the same u’s, 


” 
U1,°°*,Uq; VM; > 


for the u’s of which G does not vanish, and in which, for some i, y{ is not 
identical with y ;", then 


— yi’) — v2") 


is not zero.* 

We consider the system of forms obtained from = by replacing each y; 
by a new indeterminate z;. We take the system 2 composed of the forms of 
2, the forms in the 2’s just described, and also the form 


in which the ’s are indeterminates. That is, 2 involves 3p + q indeterminates, 
namely, the w’s, y’s, 2’s, X’s. 

Let A be any irreducible system which 2 holds. We understand that A 
contains every form which holds A. 

Suppose that some one of the forms y;—2z; does not hold A. We shall 


* Naturally, we assume that the two solutions have a common domain of analyticity. 
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prove that A contains a non-zero form which involves no indeterminates 
other than the w’s and the 2’s. 

Since A has all forms of 2, A has, fori=1,---, p, a form 6; involving 
only y; and the w’s. Let 6; be taken so as to be of a minimum rank in 4,. 
Let 8; be of order 7; in y; and put F;=08;/dy;,,. Similarly, let yi, 
i=1,---, p, bea form of A, in z; and the w’s alone, which is of a minimum 
rank in z;. Each y; being of order s; in 2;, let K;=07;/02;,»,. 

Then no F; or K;isinA. 

To fix our ideas, let us suppose that y:—z; is not in A. Consider any 
solution of A for which 


— Ky 


(which is not in A) does not vanish. 
For such a solution, we have 


— 22) + — Zp) 


Yi — 


(10) 


From (10) we find, for the jth derivative of \;, an expression 


(11) Aaj = Rj(do, Ap; °° * » By), 


in which R; is rational in Xe, - - - , Ap, the y’s, 2’s and the derivatives of the 
foregoing functions, with coefficients in ¢. The denominator in each R; is 
a power of y1—21. 

If an R; involves a derivative of y; of order higher than 7r;, we can get 
rid of that derivative by using its expression in the derivatives of y; of order 
r; or less found from 6;=0. Similarly, we transform each R; so as to be of 
order not exceeding s; in 2;. 

The new expression of each R;, which will involve the w’s, will have a 
denominator which is a product of powers of yi—21, Fi, Ki, i=1,---, p. 

Then, in (10) and (11), only a finite number of functions y;x, 2; will 
appear. If we use a sufficiently large number of equations (11), we can, using 
rigorous principles of elimination, obtain from them an algebraic relation 
among the functions \;x, “ix, with coefficients in ¥, which holds for any 
solution of A which does not cause yi—2:, any F;, or any K;, to vanish. Let 


D=0 


be such a relation, where D is a form in the w’s and X’s, with coefficients in 
§. Then 


DF, cee F,K, cee 21) 
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holds A, so that D isin A. We have thus proved that A has a form involving 
only the w’s and 

Let Ai, -- - , A, be a set of irreducible systems such that © holds each of 
them and that every solution of Q is a solution of one of them. We suppose 
each A; to contain every form which holds that A;. Let Ai, ---, A, each 
not contain some of the forms y;—z; and let A,4:, - - - , A, each contain all 
of the forms y;—z;. Let D; be a form in A;,i=1, - - - , s, involving only the 
u’s and X’s. 

We wish to show the existence in § of p functions, i, - - -, up, such that, 
when each ); is replaced by yw; in E=D,--- D,, then E does not vanish 
identically in the w’s. 

Let E be written as a polynomial in the w’s and their derivatives, with 
forms in the X’s as coefficients. Let K be one of the coefficients in E. If we 
can fix each A; in ¥ so that K does not vanish, our result will be established. 

Consider any non-constant function ¢ in §. Let P be a circle in & in 
which ¢ is analytic and assumes no value more than once. Any function 
analytic in P can be approximated arbitrarily closely, in any area interior 
to P, by a polynomial in ¢, hence by a polynomial in ¢ with rational 
coefficients. All polynomials in ¢ with rational coefficients are in §. 

Thus, if K vanishes for all \’s in $, K vanishes if the \’s are any functions 
analytic in P. This is certainly impossible. Thus, the required p’s exist. 

The solutions of 2, for \;=y;, 7=1,---, ~, will be solutions of the 
systems A; forA;=y;. Now the solutions with \;=y; of each A;,7=1,---,s, 
have u’s which cause to vanish the form G, obtained from £ by putting 
Aj;=u;. The solutions of A,i1,---, A,, even with A;=y;, have y;=2;, 
#=1,---, p. 

We have thus the result stated at the head of this §21. 

22. From this point on, to the end of our paper, we assume > irreducible. 

Let A, B, G be forms in the w’s and y’s, not in 2, G involving only the 
u’s, which are such that for any two distinct solutions of =, with the same 
u’s, for which neither G nor B vanishes, A/B gives two distinct functions of x. 

We have seen that, when § does not consist entirely of constants, forms 
A, B, G exist, that, in fact, one may take B=1 and take A free of the w’s. 
On the other hand, when $ contains only constants, there may be no A, B, G. 
Consider, for instance, the system 


Any rational combination of y; and y2 (and of their derivatives) with con- 


d dye | 
ey = 0, oys = 0. 
dx dx} 
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stant coefficients, will have a single value for an infinite number of choices 
of and ye. 

We introduce a new indeterminate, w, and form a system A by adjoining 
Bw—A to 2. Let Q be the system of all forms in w, the w’s and y’s, which 
vanish for those solutions of A for which B¥0.* We shall prove that Q is 
irreducible. 

Let P and Q be forms such that PQ holds 2. For s appropriate, B’P 
minus a linear combination of Bw—A and its derivatives, is a form R free 
of w. We obtain similarly, from a B“Q, a form S free of w. Then RS vanishes 
for every solution of > with B0, since every such solution furnishes a solu- 
tion of 2. Hence BRS holds 2, so that either R or Sisin 2. If Risin 2, 
B'P vanishes for all solutions of A. Hence P vanishes for all solutions of A 
with B#0, so that P isin Q. Thus Q is irreducible. 

We notice that those forms of 2 which are free of w are precisely the forms 
of =. 

We shall prove that © has a form in w and the w’s alone. 

Let 8;,i=1, ---, p, be a form of = involving only y; and the w’s, of a 
minimum rank in y;. Let F; have its customary significance. 

For any solution of 2 with B#0, we write 


Representing the jth derivative of w by w;, we have 


vi= R (1, Uq; 


where R; is rational in the w’s, y’s and their derivatives, the order of the 
highest derivative of y; in R; not exceeding the maximum of the orders of 
8;, A and Bin y;.} The denominator of each R; will be a product of powers 
of B, F;,---,F,. Using a sufficient number of relations (12), we eliminate} 
the y’s and their derivatives, obtaining a relation in w and the w’s, 


K =0, 


which holds when BF, - - - F, does not vanish. As BF; - - - F, is not in Q, 
and as 2 is irreducible, K must be in 2. This proves our statement. 
23. We take, for Q, a basic system of forms, analogous to (9), 


(13) 
* Of course, forms in 2 may also vanish when B=0. 


+ We could depress the order in y; to the order of 8;, but this would complicate what follows. 
t It is clear that this elimination is of a perfectly rigorous nature. 


A 
B 
(12) 
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in which @ involves only w and the w’s, and in which au, - - - , a, introduce 
in succession 1, , 

If @ is not irreducible as a polypomial in the «’s, w and their derivatives, 
with coefficients in §, we can replace it by one of its irreducible factors. We 
assume, therefore, that a is an irreducible form. 


We are going to prove that a, --- , a, are of order zero in y1,--- , Yp, 
and, indeed, that a; is of the first degree in y;. Thus, since a; with i>1 
must be of lower degree in y; than a; with j7<i, each equation a;=0 will 
express y; rationally in terms of w, the u’s and their derivatives. 

The determination of the content of 2 will, in this way, be made to 
depend on the determination of the general solution of a=0, which equation 
will be called a resolvent of =. 

It is hardly necessary to call attention to the analogy which the intro- 
duction of w creates, between the content of 2, and a system of p algebraic 
functions of g variables. 

Suppose that a; is of order higher than zero in y;. Consider any regular 
solution of (13) for which BG#0. By the final remark of §20, such regular 
solutions exist. Without changing w or the w’s, in the solution, we can alter 
the initial conditions for y, slightly, obtaining a second regular solution of 
(13) with BG#0. That is, we can solve a,=0 for y; with the modified initial 
conditions, substitute the resulting y; into a, solve az =0 with the same initial 
conditions for ye which obtained in the first regular solution, and continue, 
determining each y;. Thus, we would have two distinct solutions of 2, with 
the same w’s, with BG0, and with the same w. 

Hence, a is of zero order in y;. Similarly, every a; is of zero order in 4;. 
Furthermore, as a; is of lower rank in y; than a;, for 7 <i, a; is of zero order in 
y; for j Si. 

We shall now prove that every a; is linear in y;. 

We start with a,. Suppose that a, is not linear in yp. 

Let F;=0a;/dy; and let H; be the coefficient of the highest power of 
Vi in Qj. 


By the familiar process of reduction, we can obtain from B a form Bi, 
involving w, not in 2, of lower rank than each a; in y; and of lower rank than 
a in w, such that any regular solution of (13), which causes either of the 
forms B or B, to vanish, causes the other to vanish. 


If we can show that the system 
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has a regular solution* w, y1, - - - , ¥p-1 for which a, has two distinct solutions 
in y, with F,H,B,G#0, we shall have forced a contradiction. 

If we cannot get two distinct solutions of a, of this type, it must be that 
for every regular solution of (14) with H,0, a, has a solution for which 
F,,B,G vanishes.f 

Dividingt F,BiG by a,, we obtain a form 8, not in Q, of zero order in the 
y’s, and of lower degree than a, in y,, such that every common solution of 
F,B,G and a, is a solution of B. 

Of all forms not in Q, of zero order in the y’s, which are of lower degree 
than a, in y,, and which, for every regular solution of (14) with H,+0, 
have a solution for y, in common with a,, let y have a minimum degree in 
Vp. Then y must be at least of the first degree in y,, else H,y would vanish 
for all regular solutions of (13) and would be in Q. 

Let K be the coefficient of the highest power of y, in y. Then K is not 
in 2. For m appropriate, 


K"ap by + 


with 6 of lower degree than a, in y,, and 7 of lower degree than y in yy. 
Every common solution of a, and y makes 7 vanish. Then 7 must be in Q. 

Thus dy is in Q, so that 6, which is not zero, is in 2. Since Ka, is of 
higher degree in y, than 7, the coefficient of the highest power of y, in 
K"a,—7 = 6y is not in 2. Then the coefficient of the highest power of y, 
in disnotin Q. Thus, reducing 6 with respect to a,-1, - - - , a, by the familiar 
method, we would obtain from 6 a form in Q, not zero, of lower degree than 
every a;in y; and of lower rank than a in w. 

This contradiction proves that a, is linear in yp. 

We now consider a,_1, assuming that it is not linear in yp». Since Bi 
is of lower degree than a, in yp, B, is free of y,. It must be that, for every 
regular solution of 


with H,1+0, a»_1 has a solution which causes F,_,H,BiG to vanish. The 
proof continues as for ap. 

In dealing with ap-2, we consider that both B, and H, are free of yp-1. 
The proof continues as above. 

Thus every a; is linear in y;, and each y; has an expression rational in 
im W, U1, , Uq and their derivatives, with coefficients in 


* A solution with FF,- -- 
t Because (13) has regular solutions, (14) has regular solutions with H, +0. 
t After a multiplication by a power of Hp. 
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24. We propose to determine which solutions of (13) other than the regu- 
lar solutions are solutions of Q. 
We notice first that if 


is a solution of Q, then 


U1,°°*, Ug; 


belongs to the general solution of a. 

For, if a form K in the w’s and w vanishes for every solution in the general 
solution of a, then K vanishes for every regular solution of (13) and so 
is in Q. 

The question then arises as to which solutions of (13), for which H, - - -H, 
vanishes, are solutions of 2. 

This question is settled by the method of §§17, 18. One sees that for a 
solution 


(16) U1,°** , Ug, Vi,*** Vp 


of (13) to be a solution of Q, it is necessary and sufficient that in every area in 
which the functions of (16) are analytic, a point a exist such that, for every 
positive integer m, and for every «>O, there is a regular solution of (13) in 
which the values of the functions and their first m derivatives at a differ from the 
corresponding values for (16) by quantities less than € in modulus. 

It follows, as in §18, that if a form with coefficients meromorphic in X, 
the coefficients not belonging necessarily to $, vanishes for all regular solutions 
of (13), the form vanishes for all solutions of Q. 

25. We shall derive a result which is, to some extent, a converse of the 
result of §23. 

Suppose that we have a differential equation 


(17) Ug; w) = 0, 


a being an irreducible form, with coefficients in §. 
Let there be given / rational combinations of m,--- , %,; w and their 
derivatives, with coefficients in F, 


Qi(w; 1, , Ma) 


(18) yi (i= 1,--+,9), 


no Q; vanishing for every solution in the general solution of a. 
Consider any regular solution of (17) and (18), that is, a set 
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consistent with (17), (18), in which m, - - - , u,; w isa regular solution of (17), 
and for which, naturally, no Q; vanishes. It can be shown, as in the preceding 
sections, that there is, for every 7, a form in y; and the w’s which vanishes 
for all regular solutions. 

Consider the system > of all forms in the y’s and u’s which vanish for 
all regular solutions of (17), (18). 

We shall prove that > is irreducible. 

Let RS hold =. If we substitute (18) into R, R becomes a rational com- 
bination of #, - - - , #,; w and their derivatives 


U(w; 


where U is a product of powers of the Q;’s. Similarly, S becomes a rational 
combination V/W of the w’s, w etc. 

For the w and w’s of any regular solution of (17), (18), TV vanishes. 
This means that, for every regular solution of a, 


TVQ; eee Q, 


vanishes. Then either T vanishes for all regular solutions of a, or V does. 
Hence either R vanishes for all regular solutions of (17), (18), or S does. 

Thus & is irreducible. Its content is an irreducible manifold which is 
contained in every manifold which contains the regular solutions of (17), 
(18) with w suppressed. 

Consider the system 0 of all forms in the u’s, y’s and w, which vanish 
for the regular solutions of (17), (18). The above discussion shows also that 
Q is irreducible. 

The results of this section hold even if ¥ consists purely of constants. 


INVARIANCE OF THE INTEGER 9 


26. We propose to show that the number q of arbitrary indeterminates 
depends only upon the system = and not on the manner in which the u’s are 
selected. 

The assumption that > is irreducible is essential. But it must be realized, 
in this connection, that §19 develops the idea of arbitrary indeterminate in 
a rather special way.* 


* Consider the system of equations ™y;=«2¥:=us3y2=0. These equations imply no relations 
either among the u’s or among the y’s. Still each « appears in a form with y’s alone, and each y 
appears with w’s alone. 
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It will suffice to prove that, given any g+1 indeterminates among the 
u’s and y’s, 
Z1,°* * 


there exists a form of = which involves only the 2’s. 

Let us suppose that ¥ does not consist purely of constants, and let us 
consider the regular solutions of (13). Form, - - - , #4; win such a solution, 
(13) gives a rational expression for each z;. If a z; happens to be a u, say u;, 
the expression for z; is simply u;. We write 


On differentiating (19) repeatedly, we get expressions for the derivatives 
of the 2’s which are rational in terms of the u’s, w and their derivatives. 
Making use of the relation a=0, we transform these expressions so as not 
to contain derivatives of w of order higher than r, the order of the resolvent 
in w. 

None of the expressions thus obtained will have a denominator which 
vanishes for u’s and w in a regular solution of (13). 

Now, if we differentiate the g+1 relations (19) often enough, the 2’s 
and their derivatives will become more numerous than the w’s, their de- 
rivatives and w, - - --, w,. 

It follows that there exists a polynomial in the 2’s and their derivatives, 
with coefficients in $, which vanishes for all regular solutions of (13). The 
form thus obtained belongs to >. 

Suppose now that § contains only constants. Let §;, be the field obtained 
from § by the adjunction of x. Let =,,---, =, be irreducible systems in 
§, such that = holds each of them and that every solution of = is a solution 
of one of them.* 

Suppose that has, in &, two sets of arbitrary indeterminates, - - - , ug 
and 2:,---,2 with ¢#g. We are going to arrive at the contradiction that 
both the w’s and the 2’s are arbitrary for some 2; in %,. 

Suppose that this is not so, and that each 2; has either a form in the w’s 
alone or a form in the z’s alone. Then the product of s such forms, one from 
each 2;, will vanish for every solution of 2. 

Consider then any form K, taken from some 2;, which is a polynomial 
in x, the w’s and their derivatives, with coefficients in §. Let K be irreducible 
as a polynomial in x etc. Let K’ be the derivative of K. Then the resultant 
of K and K’ with respect to x, which is not zero, vanishes for any u’s which 


* Whether = can be reducible in 5, is a question. 
t Irreducibility may certainly be assumed for the s forms considered above. 
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make K vanish. The resultant is a form in the w’s, with coefficients in §. 

Thus, there is a product of s forms, some in the u’s alone, some in the 
z’s alone, with coefficients in $, which holds >. This cannot be, as 2 is 
irreducible in $. Thus, there is a 2; for which both the u’s and the 2’s are 
arbitrary. This completes the proof. 


INVARIANCE OF ORDER OF RESOLVENT 


27. We propose to show that, m,--- , u_ being selected, the order with 
respect to w of the resolvent is independent of the choice of w. 

Having taken a definite w, and having formed the resolvent in w, a=0, 
let us form a second rational combination of the w’s, y’s and their derivatives, 


(20) 
D’ 


with v meeting all specifications placed above on w. Let the resolvent in 
v be B=0. 

Since D is not in 2, D is not in the system 2 based on w. Hence, there are 
regular solutions of (13) for which D#0. Taking any such regular solution, 
let the y’s in it, expressed in terms of w and the w’s, be substituted into the 
expression (20) for v. We find, for v, an expression in the u’s, w and their 
derivatives, 


(21) v= R(w;m,---, Ug). 


Using the equation a=0, if necessary, we may suppose that R involves no 
derivatives of w of order higher than r, the order of a in w. 
We differentiate (21) r times, and find that, v; being the ith derivative of 2, 


(22) = Ri(w; , Ug) (¢=1,---,7), 


each R; being rational, and involving no derivative of w beyond the rth. 
From (21), (22) and a=0, we can eliminate w, - - - , w,, and obtain an alge- 
braic relation 


(23) %q;v) = 0, 


at most of order 7 in v. 

The relation (23) holds for any v given by (20), if the w’s and y’s, for which 
D0, belong to a regular solution of (13). Now, if we replace v in (23) by 
its expression (20), (23) becomes a relation in the w’s and y’s, 


0, 
D™ 
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with m a positive integer. Then ZL vanishes for all u’s and y’s in a regular 
solution of (13), for which D¥0. Thus DZ is in Q, and as D is not in Q, 
Lisin &. Hence L is in 2, and (23) holds for any v given by (20), where the 
u’s and y’s are any solution of = with D~0. 

If, then, Q’ is the system associated with v as Q is with w, K, in (23), 
is in 2’. This proves that the order of 8 in v does not exceed the order of a 
in w. From considerations of symmetry, it follows that the two orders are 
equal. This proves our statement. 

The degree of the resolvent in the highest derivative of w does depend 
on the manner of choosing w. Consider, for instance, the system, irreducible 
in the field of all rational functions, 


As the solution of the system is y:=x+a, ye=(x+a)?, we may evidently 
take w=¥y,. The resolvent becomes dw/dx =1. On the other hand, if we take 
wW=yi+%e2, the resolvent becomes of the second degree in dw/dx. 

The order of the resolvent depends on the choice of the u’s. For instance 


is an irreducible system in the field of rational functions. If we let =o, 


we get a resolvent of the first order. If we let u:= +1, we get a resolvent of 
zero order. 


ADJUNCTION OF NEW FUNCTIONS TO § 


28. Assuming § not to consist purely of constants, we shall study the 
circumstances under which = can become reducible through the adjunction 
of new functions to §. The adjoined functions are assumed to be mero- 
morphic in %. 

We form a resolvent a =0 for &, using a w whose denominator, B, is unity. 

Suppose that the irreducible factors of a, in the enlarged field, 5, are 


Bi, 
Then, by §25, for each 7 from 1 to s, the system of equations 


(24) 6; = 0, a, = 0,---,a,= 0, 


where the a’s are those of (13), defines a system 2; of forms in the w’s and 
y’s, with coefficients in $,, 2; being irreducible in 5. 
We shall prove that = holds every 2 ;, that no =, holds any 2; with k¥h, 


d 
qn! = 1, Ve = yr. 
dy, 
— Jo = 0 
dx 
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and that every solution of = is a solution of some 2;. Thus, the systems 2; 
will furnish the resolution of = into irreducible systems, in §,. 

Every regular solution of a is a regular solution of some §;. First, in 
no 8; can the coefficient of the highest power of w,* vanish for a regular 
solution of a. Again, since 

~ 


Ow, Ow, 


08 ,/dw, cannot vanish for a regular solution of a if 8; does. Thus every 
regular solution of (13) is a regular solution of some system (24). Hence a 
solution of = obtained by suppressing w in a regular solution of (13) is a 
solution of some 2;. Since B=1, every solution of = is obtained from some 
solution of ©. 

Suppose now that some solution of = is not a solution of any 2;. Let C; 
be a form of 2;, 7=1,--- , s, which does not vanish for the solution. Then 
C,--+C, does not vanish for the solution. This contradicts the final re- 
mark of §24. Hence every solution of = is a solution of some 2;. 

Let 2;(7 =1, - - - , s) be the system of all forms in w, the w’s and y’s, with 
coefficients in $;, which vanish for all regular solutions of (24). As was seen 
in §25, Q; is irreducible. 

Let H be the coefficient of the highest power of w, ina. If H were in some 
Q;, it would vanish for all regular solutions of 8;. This cannot be, for H is 
of order less than 7 in w. 

If F =da/dw, were of order r and were in some Q,;, it would be divisible 
by 8;. Then a would be reducible in §. 

Consider any form P of 2. Any regular solution of (24), for any j, 
for which FH does not vanish, causes P to vanish. Hence FHP is in Q;, so 
that P isin 2;. Thus every form of = isin 2;, so that = holds every ~;. 

The foregoing shows also that 2 holds every 2;. Thus every 2; contains 
the form w—A used in building Q. It follows easily that 2; holds and is 
held by the system A; obtained by adjoining w—A to dj. 

This means that if ©, held where then Q, would hold 
Then 8, would be in Q;, and would be divisible by 8;. This would make a 
reducible in §. Thus no >, can hold a 2, with k¥h. 

Thus, for = to be reducible in $1, it is necessary and sufficient that the re- 
solvent of = relative to § be algebraically reducible in ,.7 

29. The question might be asked as to whether 2, irreducible in & for 


* wof orderr in w. 
t We recall the assumption that B=1. 
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the area Y%, can be reducible in § for some area S$ contained in %. We shall 
show that the answer is negative. 

We begin by showing that if a form K, with coefficients in , vanishes for 
all solutions of = analytic in a part of 8, then K vanishes for all solutions of 
2. Suppose then that K is not in =. By the familiar process of reduction, 
we obtain from K a form L, in w and the w’s, of lower rank in w than a, 
which vanishes for every regular solution of a, analytic in a part of %, for 
which no H; vanishes.* As in §15, we reach the absurdity that 


LFHH,---H, 


is divisible by a.f 

Now if P and Q are two forms, with coefficients in $, such that PQ 
vanishes for all solutions of = analytic in a part of 8, than PQ vanishes for 
all solutions analytic in any part of %. This means that either P or Q isin 2, 
so that > is irreducible in 8. 


* H; is the coefficient of y, in ay. 
t When § contains only constants, we adjoin x to § and consider the irreducible systems into 
which = decomposes. 
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THE FOUNDATIONS OF A THEORY OF THE CALCULUS 
OF VARIATIONS IN THE LARGE IN m-SPACE 
(SECOND PAPER) * 


BY 
MARSTON MORSE 


1. Introduction. The general problemf is the classification and existence 
of extremals under all kinds of conditions, a non-linear boundary value 
problem in the large. This paper deals primarily with the fixed end point 
problem. 

The first paper by the author dealt with the fixed end point problem 
in the small, and with the problem with one end point variable in general. 
The latter problem could be readily studied in the large because it corre- 
sponds to the problem of finding the critical points of a function whose 
critical points are in general isolated. 

Such is not the case in the fixed end point problem. The critical sets 
appearing there take the form of n-dimensional loci. This extreme difficulty 
is met by the aid of deformations. The author’s characterization of the 
number of conjugate points on an extremal by means of deformations is 
essential. See Morse II. 

A second difficulty which long appeared insurmountable was the fact 


* Presented to the Society as part of an address given at the request of the program committee 
April 6, 1928, under the title The critical points of functions and the calculus of variations in the large; 
see also Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 38-54; received by the 
editors May 8, 1930. 

+ The following references should be made. 

For work on the absolute minimum including work of Hilbert see Bolza, Vorlesungen iiber 
Variationsrechnung, 1909, pp. 419-437, and Tonelli, Fondamenti di Calcolo delle Variazioni, vol.t2. 
Further references will be found in these works. 

Signorini, Rendiconti del Circolo Matematico di Palermo, vol. 33 (1912), pp. 187-193. Here 
broken geodesics are used in the quest for minimizing periodic orbits. 

Birkhoff, Dynamical Systems, American Mathematical Society Colloquium Publications, vol. 9. 
In chapter V, Birkhoff makes new and effective use of deformations of broken geodesics to obtain 
basic periodic motions. His coupling of the minimum and minimax methods was undoubtedly the 
first step towards a general theory. 

The following papers by the author will be referred to: I These Transactions, vol. 27 (1925), 
pp. 345-396. II These Transactions, vol. 30 (1928), pp. 213-274. III These Transactions, vol. 31 
(1929), pp. 379-404. IV Mathematische Annalen, vol. 103 (1930), pp. 52-69. 

See also the following abstract: MM. Lusternik et Schnirelmann, Existence de trois géodésiques 
fermées sur toute surface de genre 0, Comptes Rendus, vol. 188 (1929), No. 8, p. 534. 

For references to Bliss, Mason, Carathéodory, and Hadamard, see the papers Morse II and III. 
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that the domains of definition of the functions whose critical points were 
sought were not complexes, or at least could not readily be reduced to finite 
complexes. 

This difficulty was again surmounted with the aid of deformations. The 
regions involved were shown to be deformable on themselves into subregions 
which were complexes. The existence of these deformations was a matter of 
the calculus of variations, their use a matter of analysis situs. Both aspects 
were indispensable. 

A final difficulty as well as source of great interest was the fact that the 
domains usually have infinite connectivities. From the point of view of the 
calculus of variations this involved a study of the density of infinite sets of 
conjugate points of a fixed point. Over against the infinite set of connectiv- 
ities is set a conjugate number sequence belonging to the calculus of varia- 
tions, and the interrelations of these two infinite sequences appear central. 

As a particular example, one can prove the existence of infinitely many 
geodesics joining any two points on any regular topological image of an 
m-sphere. 

The author wishes to state in passing that a considerable part of the 
analysis of this problem has been carried over to the problem of periodic 
extremals.* The latter problem, however, presents additional difficulties 
both from the point of view of the calculus of variations and that of analysis 
situs. It involves the study of homologies on a given complex among com- 


plexes which are restricted to product complexes. The simplest complexes 
present decidedly new aspects from this point of view. 


I. THE PROBLEM AND ITS DEFORMATIONS 


2. The hypotheses. Let S be a closed region representable as an 
m-dimensional complexf A,, in the space of the variables (x1, - - - , %m) = (x). 
Let 
(2.1) F(x1,° °° = F(x, 1) 
be a positive, analytic function of its arguments for (x) on a region slightly 
larger than S, and for (r) any set not (0). Suppose further that F is posi- 
tively homogeneous of order one in the variables (r). We employ the para- 
metric form, taking F(x, ) as our integrand and 


ty 
J -f F(x, %)dt 
t1 


* See Marston Morse, Closed extremals, Proceedings of the National Academy of Sciences, vol. 15 
(1929), p. 856. 

t See Veblen, The Cambridge Colloquium, 1916, Part II, Analysis Situs. Terms in analysis 
situs will be used in the sense of Veblen unless otherwise defined. 
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as our integral, where (x) stands for the set of derivatives of (x) with respect 
to the parameter ¢. We suppose that the problem is positively regular, that 
is, that 


(2.2) DF > 0 (i,j = 1, 2,--+,m) 
tj 


for (x) and (r) as before, and (7) any set not (0) nor proportional to (r). 

We suppose that S’s boundary is extremal-convex.* 

That is, we suppose there exists a positive constant e so small that any 
extremal segment on which J <e and which joins two boundary points of S 
will lie interior to S except at most for its end points. 

Let P and Q be any two distinct points on S. Let there be given an ex- 
tremal segment g which joins P to Q on S. Let \ be the direction of g at P. 
Let the direction cosines of the directions neighboring \ be regularly repre- 
sented as functions of m—1 parameters (a). Let s be the value of J taken 
along the extremal through P in the direction determined by (a). On the 
extremals issuing from P with the directions determined by (a) the co- 
ordinates (x) will be analytic functions of s and (a). 

All of the extremal segments through P neighboring g cannot go through Q. 

This could happen if S were a closed manifold, but it cannot happen if 
S is an extremal-convex region. For if all such extremals did go through Q 
one could prove first that s would be a constant at Q, and secondly, one 
could show by a process of analytic continuation that all extremals what- 
soever through P would reach Q at least as soon as they reach the boundary. 

This cannot occur. For in particular the class of extremals which join 
P to an arbitrary point RQ of the boundary, and give an absolute minimum 
to J between P and R, cannot all pass through Q prior to R without violating 
their minimizing property. Thus the statement in italics is proved. 

If in terms of the parameters s and (a) one writes down the m conditions 
that the extremal through P pass through Q, one sees from the theory of 
analytic functions that the extremals which join P to Q on S with J less 
than a finite constant J,, are conditioned as follows: 


_ These extremals are either finite in number or else make up a finite set of 
Jamilies on which (x) is representable by means of the parameters s and (a), 


* Instead of assuming that S was an extremal-convex region in m-space, we could have assumed 
that S was a regular (m—1)-dimensional manifold in m-space. Such a change would entail at most 
obvious changes in the following. The results for this case will be reviewed at the end of the paper. 

+ That is, the direction cosines are to be analytic functions of the parameters (a) of such sort 
that not all of the jacobians of m—1 of the direction cosines with respect to the parameter (a) are 
zero. 
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with s a constant for each family, and (a) analytic in general for each family on 
a suitably chosen “Gebilde”* of r independent variables with 0<r<m—1. 

We note the following. 

In the plane there are at most a finite number of extremals on S through P 
and Q on which J <J,. 

We wish to call attention to the case where Q is not conjugate to P on 
any of the extremals joining P to Q on which J <J,. This is the general case. 
In this case there are at most a finite number of extremals joining P to Q 
on which J <J,, as is readily seen from the fact that each such extremal is 
isolated. 

3. The region = and function J(7r). Instead of considering the set of 
all curves joining P to Q our purposes will be equally well served by con- 
sidering a particular class of broken extremals joining P to Q. To proceed 
we shall give successively a number of definitions. 

We shall call the value of J taken along a curve y the J-length of y. 

The constant J,. We shall restrict ourselves to curves of J-length less 
than J,, where J, is a positive constant larger than the absolute minimum 
of J along curves joining P to Q, and where further J, is not equal to the 
value of J along any extremals joining P to Q. 

The constant p. It is well known that there exists a positive constant ¢e 
small enough to“have the following properties. Any extremal E lying on S 
and with a J-length less than ¢;, will give an absolute minimum to J relative 
to all curves of class D’ joining its end points. The coérdinates (x) of any 
point on £ will be analytic functions of the codrdinates of the end points 
of E and of the distance of (x) from the initial end point O of E, at least as 
long as E does not reduce to a point. The set of all extremal segments issu- 
ing from O with J-lengths equal to e, will form a field covering a neighborhood 
of Oin a one-to-one manner, O alone excepted. With e; thus chosen we now 
choose the positive constant p so that 


(3.1) p<, 


where e¢ is the constant used in the definition of the term extremal-convex. 
Any extremal segment on S whose J-length is at most p will be called an 
elementary extremal. 
Admissible broken extremals. Let n be a positive integer so large that 


(3.2) Jo < (a+ I)p. 


Consider now the class of broken extremals g which satisfy the following 
conditions: 


* See Osgood, Funktionentheorie, I1. 


~ 
~*~ 
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I. The broken extremal joins P toQ on S. 
II. It consists of »+1 elementary extremals. 
III. Its J-length is less than Jo. 

Such a broken extremal g will be termed admissible. 
Admissible points (x). Let 


(3.3) P, Pi, Pa @ 


be the successive ends of the elementary extremals of g. We admit the 
possibility that two or more of these points be coincident. Let (x) represent 
the set of mn variables which give the codrdinates of the points 


(3.4) P,, Py, Puy 


taking first the coérdinates of P,, then those of P2, and so on. The points 
(3.4) will be called the vertices of g. A point (7) derived from the vertices of 
an admissible broken extremal will itself be called admissible. 

There are infinitely many admissible points (7). In particular let g; 
be an extremal joining P to Q with a J-length less than Jo. If we divide g; 
into #+1 successive extremals of equal J-length, these extremals turn out 
to be elementary extremals by Virtue of (3.2), so that the resulting m points 
of division of g; combine into an admissible point (7). This point (7) has 
the further property that any point (7) in its neighborhood will also be ad- 
missible. 

The set of all admissible points (x) will form an mn-dimensional domain >. 

The value of the integral J taken along the broken extremal determined by 
an admissible point (x) from the point P to the point Q will be denoted by J(r). 

4. The boundary of 2. Corresponding to an admissible point (7), let 
M(x) be the maximum of the J-lengths of the elementary extremals that 
make up the broken extremal determined by (7). 

The boundary of = will consist of points (7) of one or more of the follow- 
ing types: 

Type I: Points at which J(r) =Jo; 

Type II: Points at which M(x) =p; 

Type III: Points corresponding to which at least one vertex P; lies on 
the boundary of S. 

The function J(z) is analytic on © at least as long as successive vertices 
remain distinct. A point (x) corresponding to which the successive vertices 
are distinct will be called a critical point of J(m) if all of the first partial 
derivatives of J(a) are zero at that point. We shall prove for the case of 
distinct vertices that J(7) will have a critical point (7) when and only when 
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the corresponding broken extremal reduces to an unbroken extremal y 
joining P to Q. 

For the partial derivative of J(7) with respect to the ith codrdinate of a 
vertex (x), in the case of distinct vertices, is seen to be 


(4.1) F,(x, p) — F,(x, q) (i = 1,2,---,m) 


where (pf) and (qg) give the directions at (x) of the elementary extremals 
preceding and following («) respectively. If the differences (4.1) all vanished 
we would have 


(4.2) p) — pF p(x, g)] = 0. 


But the sum (4.2) equals the Weierstrass E-function E(x, p, q) which is 
known not to vanish* for (p) #(q) whenever the hypothesis of regularity of 
§2 is granted. Hence (p) = (q) if J(7) has a critical point. The corresponding 
extremal can therefore have no corners. 

If account be taken of the freedom in moving vertices on an extremal y 
joining P to Q, it is seen that each such extremal corresponds to an n-dimen- 
sional set of critical points (7). 

5. The deformation J. The boundary of > is exceedingly complex. We 
can avoid examining its structure more closely by showing how to deform 
> continuously as a whole into a part of 2 which contains none of the 
boundary points of = of types I and II. These deformations amount to 
deformations of broken extremals. For future use they need to have the 
following properties. 

(a) They do not increase J (x) or M(x) beyond their initial values. 

(8) They deform admissible broken extremals into admissible broken ex- 
tremals. 

(y) They deform continuous families of broken extremals continuously. 

Such deformations will be called J-deformations. 

The deformation D,. On an admissible broken extremal g let a point U 
be given. Let the value of J taken along g from P to U be termed the 
J-coérdinate, u, of the point U on g. In case wu is a function of the time ¢ 
it will be convenient to term du/dt the J-rate of U ong. 

As the time ¢ varies from 0 to 1 let the m vertices P; on g move along g 
from their initial positions to a set of positions which divide g into +1 suc- 
cessive segments of equal J-lengths, each vertex moving at a constant J-rate. 

We term this the deformation D;. It is readily seen that D, is a J-deforma- 
tion. We also note the following. 


* See Bliss, The Weierstrass E-‘unction for problems of the calculus of variations in space, these 
Transactions, vol. 15 (1914), pp. 369-378. 
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Lemma 5.1. The deformation D, carries each admissible broken extremal 

into one for which 
M(x)(n + 1) <Jo. 

The deformation D2. Let h; be the ith elementary extremal of g. As the 
time ¢ increases from 0 to 1 let points H;(¢) and K;4:(¢) start from P; and move 
away from P;, respectively on h; and h;,:, at J-rates equal to one half the 
J-lengths of h; and hj4:. Let H;(t) and K;4:(#) be joined by an elementary 
extremal E;(#). The deformation D, is hereby defined as one in which P; is 
replaced for each ¢ by the point P;(t) which divides the elementary extremal 
E,(t) into two segments of equal J-lengths. 

To show that D, is a J-deformation we shall first show that M(z) is not 
increased beyond its initial value. 

To that end let 4; also represent the J-length of h;. Let g(¢) be the broken 
extremal replacing g at the time ¢. Note that the end points of the ith 
elementary extremal of g(t) are also connected by a set of three elementary 
extremals joining successively the four points 


(5 1) Pi), H(t), 


the values i=1 and m+1 excepted. The J-lengths of these three elementary 
arcs are respectively at most 


t t 
(5.2) +h), (hj — th), + 


If the three constant /;_1, 4;, and 4:4; be replaced by their maximum, the sum 
of the three quantities in (5.2) is readily seen to be at most that maximum. 
Thus the deformation D, does not increase M(r) beyond its initial value. 
With this established one sees readily that the remaining properties of 
J-deformations as previously listed are satisfied by Ds. 
The deformations D, and D; combine to give us a deformation T con- 
cerning which we have the following lemma. 


Lemna 5.2. If o be a closed set of admissible points (r) at a positive distance 
from the set of critical points of J(x), the product deformation T =D,D, will 
carry each point (r) of o into an admissible point (r') for which 

< I(x) — d, 
where dis a positive constant. 

In the region = let N be a closed neighborhood of the critical points of 
J (z) so small that NV and o have no points in common. We divide the points 
(x) of = into three classes according to the nature of their images (7); under 
D, at the time ¢=1. 
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Class I shall contain (7) if (7); determines a broken extremal with at 
least one elementary extremal & of zero J-length. 

Class II shall contain (7) if (2), isin N and (z) is not in Class I. 

Class III shall contain those points of o which are neither in Class I 
nor in Class II. 

The proof of the lemma will be given separately for each class. 

Class I. To define D, we divided the given broken extremal into segments 
of equal J-length. When (7) is in Class I, one of these segments, say hf, is 
replaced under D, by the elementary extremal k of zero J-length. Since the 
J-length of h is not zero, J(a) must be lessened under D,. 

Class II. In general the only points (x) for which J(z) is not lessened 
under D, are those for which the broken extremal determined by (z) is 
identical with the one determined by (7);. Hence J(7) is lessened by D, 
for every point (7) of Class ITI. 

Class III. Here the broken extremal determined by (7); has no elementary 
extremals of zero J-length, and has at least two successive elementary 
extremals which intersect at an angle which is not straight. The applica- 
tion of to (7), will then lessen J 

Thus under T= D,Dz2, will be lessened for each point of Since 
is closed, and T is continuous on a, J(7) will be lessened on o by at least 
some definite positive constant d, independent of (r) ono. Thus the lemma 
is proved. 

6. The domain (a, p) and its connectivities. Let a be a non-critical 
value of J(7), and 7 any positive constant at most the constant p of §3. 

The set of points (3) which satisfy 


(6.1) <a, M(x) <r, a< Jo 


will be called a domain (a, r). 

We shall be more particularly concerned with domains (a, r) for which 
r=p. Because of the complicated nature of the boundary of a domain (a, p) 
it is not feasible to try to break such a domain up into cells. Because of our 
J-deformations it is fortunately possible to study the topological properties 
of the domain (a, p) by means of approximating complexes. 

By hypothesis the region S of the space of the m variables (x) can be 
broken up into m-cells so as to form an m-complex A». We provide m copies 
of A,,, namely 


(6.2) A,, Am", 


upon which, in particular, we suppose the m vertices, respectively, of an 
admissible point (7) lie. The product complex A,,, formed by taking an 
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arbitrary point from each of the complexes (6.2) will represent a portion of 
the space of the points (x) of which each domain (a, r) will be a subset. 

By virtue of our choice of the integer in (3.2) we can choose a positive 
constant e so small that 


(6.3) Jo < (p — e)(n + 1), 


choosing e also so small that no constant on the interval between a and a—e, 
including a—e, is a critical value of J(r). If the deformation T be applied 
to the domain (a, p) it follows from (6.3) and Lemma 5.1 that the resulting 
points (7) will be such that 


M(mr) <p-—e. 


It follows then from Lemma 5.2 that a sufficient number of iterations of T 
will J-deform the domain (a, p) on itself into a set of points on the domain 
(a—e, p—e). 

Let Cnn be a sub-complex of cells of An» that contains all of the points 
of (a—e, p—e). If Amn be sufficiently finely divided, C,,, may be chosen so 
as to consist only of points on (a, p). It will serve as our e-approximation 
of (a, p). 

As we have seen, any complex of Am, on (a, p) can be J-deformed on 
(a, p) into a complex on Cn». It follows that any cycle* on (a, p) is homolo- 
gous (always mod 2) on (a, p) to a cycle of cells of Cnn. Therefore all cycles 
on (a, p) are homologous to a finite number of such cycles. 

By a complete j-set of non-bounding j-cycles on (a, p) will be meant a 
set of j-cycles (K); on (a, p) with the following properties. 

I. Every j-cycle on (a, p) is homologous to a linear combination of 
members of (K);. 

II. There are no properf homologies on (a, p) between the members 
of (K ) j- 

The following is an almost immediate consequence of the definition. 

The number of j-cycles in a complete j-set for (a, p) is the same for all such 
complete j-sets. 

The jth connectivity number R; of the domain (a, p) will now be defined as 
the number of j-cycles in a complete j-set. 

We come now to a first theorem. 


THEOREM 1. Jf a and b, a<b, are two non-critical values of J (x) between 
which there are no critical values of J(x), the connectivities of the domains 
(a,p)=A and (b, p) =B are the same. 


* By an i-cycle (i>0) is meant a set of i-circuits. A 0-cycle shall mean any finite set of points. 
+ That is, homologies which are not empty (mod 2). 
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It will be sufficient to prove that a complete j-set for A, say (K);, is a 
complete j-set for B. 

That every j-cycle on B is homologous to a linear combination of 
j-cycles of (K); follows from the fact that the domain B can be J-deformed 
on itself into a set of points on A. It remains to prove that there are no 
homologies on B between the members of (K);. 

If now a j-cycle, say H;, composed of j-cycles of (K); bounded a complex 
Hj, on B, it would follow from Lemma 5.2 that we could J-deform Hj; 
on B into a complex H},;0n A. The boundary of H/},; would be homologous 
on A to H;, so that H; would be bounding on A contrary to the choice of (K);. 

Thus (K); is a complete j-set for B. The theorem follows at once. 

7. The preliminary homologies. Let a and b be two non-critical values 
of J(x) between which J() takes on just one critical value J(r)=c. Let 
us suppose that this critical value corresponds to a single extremal g, of 
type k, joining P toQ. We are going to show that the J-connectivities of the 
domains A = (a, p) and B=(b, p) differ only when j =k or k—1. 

Let w denote the set of critical points of J(x) on B at which J(r) takes on 
the value J (r) =c. 

Each point (7) of w will determine the above extremal g. We come now 
to the following lemma. 


Lemma 7.1. If there be given on B an arbitrary neighborhood R of the 
critical points w, then in any sub-neighborhood R’ sufficiently small every 
j-circuil is homologous to zero on R. 


It will be sufficient to show that, when suitably chosen, R’ can be con- 
tinuously deformed on R into a point on R. We shall prove that the required 
deformation can be effected by the product of three deformations D,D;D, of 
which D, will now be defined. 

The deformation D;. Let the extremal g be slightly extended at its ends 
to form an extremal g’. From each of the m vertices of points (7) defining 
a broken extremal near g we drop a perpendicular on S to g’. We let the 
vertices of (7) move along these perpendiculars towards g’ with velocities 
equal to the lengths of the perpendiculars. As the time ¢ varies from 0 to 1 
the points (7) with vertices near g’ will be deformed into points (x) with 
vertices on g’. This is the deformation D3. 

Observe now that the deformation D, will carry each point of w into 
that point (7)o of w whose vertices divide g into n+1 segments of equal 
J-length. Let N be a neighborhood of the point (7)o so small that the de- 
formation D, will carry points (x) on N into points (7) defining g, rather 
than g multiply covered in part. 
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If now R’ be sufficiently small, D,, being continuous relative to different 
points (7), will deform R’ on R into points near (7)o, or in particular into NV. 
Under D; the points (7) on N will be deformed on R into points (7) defining g, 
while the final application of D, will carry the resultant points (7) into the 
point (7)o. Thus D,D;D, will serve as the required deformation. 

In terms of the critical value c we have the following lemma. 


Lemma 7.2. If R’ be any neighborhood on B—A of the points of the critical 
set w, then any j-circuit K; on B satisfies an homology, 


K;~C} +C/?, on B, 


where C; is a complex on R’ and C? satisfies J(x) <c—e:, where e; is a positive 
constant which depends only on B. 


To prove the theorem we shall first show that a sufficiently large number 
of iterations of the deformation T of Lemma 5.2 will carry each point of B 
either into R’, or else into a point at which J(z) is less than c. 

Note first that T carries each point of w into a point of w and recall 
that T is continuous. Let R be a sub-neighborhood of R’ so small that T 
will carry no point of R outside of R’. 

The set of points B— A —R has a positive distance from the critical points 
of J(r), and according to Lemma 5.2 will then be carried by T into points 
(r’) at which 

J(n’) < I(r) d, d>0, 
where it will be convenient to suppose d <c—a. 

Now a sufficiently large number of iterations of T, say T’, will carry B 
into a set of points (7) which satisfy 


d 
I@) 


It follows that TT will carry all points of B whose rth images are not on R 
into points at which 


d d 


while the remaining points of B will be carried into R’. 

Let K} be the image of K; under T’T. We now take C? as the sum of 
the j-cells on K} which satisfy (7.1) at some one point at least, and take 
for C} the sum of the remaining j-cells of K}. Thus C? will lieon R’. If K} 
be sufficiently finely divided it appears from (7.1) that on C?, J() will be 
less thanc—d/4. Thus the lemma is proved. 

We state the obvious extension. 


= 
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Lemma 7.3. If R’ be a neighborhood on B—A of the points w, then any 
complex K; on B whose boundary is on A, is homologous on B to a complex 
C}+C?, which has the same boundary as K;, and where C} and C? are com- 
plexes as in Lemma 7.2. 

8. Deformations neighboring critical points. Let us return to the 


space of the m variables (x). In an earlier paper we have proved for the plane 
essentially the following. (See Theorem 9 Morse II.*) 


Lemma 8.1. On the extremal g let there be k points conjugate to P, with 
k>0, and Q not conjugate to A. 

Then corresponding to any sufficiently small neighborhood N of g, there 
exists within N anarbitrarily small neighborhood N’ of g, such that closed 
m-families of curves which join g’s end points on N’, and satisfy 


(8.1) Jsc-e, 


where e is a sufficiently small positive constant, are conditioned as follows: 

(a) Those for which m#k—1 can be deformed on N, without increasing J, 
into a family of lower dimensionality. 

(b) Those for which m=k—1 include a (k—1)-family Z,1 composed of 
admissible broken extremals, which is non-boundingt on N and (8.1), and which 
is such that every other (k —1)-family can be deformed on N without increasing J, 
either into Z,_, or else into a single curve. 


The proof of this theorem in the plane depended in the first instance 
upon Theorem 2 of Morse II. The later theorem has been generalized for 
m-space and appears as Theorem 2 of Morse III. 

We note the following differences between the present theorem and 
Theorem 9 of Morse IT. 

The deformations here are affirmed not to increase J, instead of simply 
satisfying (8.1). The deformations used in Morse II are products of the de- 
formation D’ of §29, Morse II, which as defined does not increase J, and of 
the deformation (3) of §31, Morse II. Now the latter deformation does 
increase J, but if in §31, (2) and (3), we replace e* by a’, this deformation 
does not increase J, while the remainder of §31 holds as before. The remain- 
ing deformations of §31 are on S;_; of Morse II, and hence will not increase J. 


* As far as the developments of the paper Morse II are concerned, and also for the present 
paper, we need not restrict the nature of m-families by requiring that the domain of the parametric 
point be a manifold, but simply that it be a complex, and this extension we suppose made. 

+ That is, whose “parametric complex” is non-bounding relative to other admissible parametric 
complexes. 
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Returning to the space of the points (7) we have the following theorem. 


THEOREM 2. On the extremal g suppose there are k points conjugate to P, 
with k>0O, and P not conjugate to Q. 

Then corresponding to any sufficiently small neighborhood R of the critical 
set w, there exists within R an arbitrarily small neighborhood R’ of w, such 
that the circuits Km on R' which satisfy 


(8.2) J(r) e, 


where e is a sufficiently small positive constant, are conditioned as follows: 

(a) Those for which m~k—1 are homologous to zero on R and (8.2). 

(b) Those for which m=k—1 include a (k—1)-circuit Dy, that is not 
homologous to zero on R and (8.2). 

(c) Those for which m=k—1 are either homologous to zero or to Dy-1, on 
R and (8.2). 


This theorem will follow from Theorem 1 once we have examined the 
relations between neighborhoods R of the set w in the space (7) and neighbor- 
hoods N of g in the space (x). 

Corresponding to a variable neighborhood R of the set w there exists a 
variable neighborhood N of g that contains all the broken extremals de- 
termined by points (x) on R and which approaches g as R approaches w. 


Corresponding to a variable neighborhood N of g there exists a variable 
neighborhood R of w that contains all the points (1) determined by those 
broken extremals on N which satisfy J<c, and which approaches w as N 
approaches g. This follows from the generalization in m-space of (B) §29, 
Morse II. 

With this understood the theorem follows readily. 


II. THE ANALYSIS SITUS 


9. Homologies among j-complexes when j is not the type number. 
For future use we now choose on the domain B distinct from A two closed 
neighborhoods R and R’ of the critical points w on B. 

(a) We choose R so small that any circuit on R is homologous to zero on B. 
See Lemma 7.1. We also choose R so as to be admissible in Theorem 2. 

(b) We choose R’ so small that any circuit on R’ is homologous to zero on 
some region interior to R. 

(c) If kX0 we still further restrict R’ so that R, R’, and a positive constant e, 
taken less than c—a, satisfy Theorem 2. 

(d) If k=0 we restrict R’ so that on R', J(m)>c except at the critical points 
w and their limit points. 
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Let C; be any complex on B whose boundary C;_; lies on A. An applica- 

tion of Lemma 7.3 gives the following homology and congruence: 

(9.1) C;~C!+C? on B, 

(9.2) Ci1=C!}+C? on B, 

where C} is on R’ and C? satisfies 


(9.3) J(m)<c—a, a <e, 


where ¢; is any sufficiently small positive constant. We have taken e<e. 
Suppose C}_, is the common boundary* of C} and C?. We have then 


(9.4) C} = Cis on R’, 
(9.5) C2 =Ci-1+C;1 on B and (9.3). 


Lemma 9.1. If 7#k, C; is homologous on B to some j-complex on A. 


We divide the proof into three cases. 
Case 1. 7#0,k#0. Because R, R’, and e satisfy Theorem 2, and because 
jk, there exists a complex C? such that [see Theorem 2, (a) ] 


(9.6) Cj-1=C on R and (9.3). 


From (9.4) and (9.6) we see that C}+C is without boundary and on R. 
Because R satisfies the restriction (a) we have then 


(9.7) C}+Ci ~0 on B. 

From (9.1) and (9.7) we have 
(9.8) C;~C2+C; on B. 

Now both C? and C# satisfy (9.3). With the aid of J-deformations we see 
that C? +C; is homologous to a complex K; on A, with the same boundary 
on A. Hence 

C;~K,; onB 
and the proof is complete in Case 1. 

Case 2. 7=0, k#¥0. For 7=0, (9.1) still holds. We next define C? as 
any set of points on R and on (9.3) equal in number to the points of C;’. 
The proof may now be started with (9.7), and proceeds therefrom as before. 

Case 3. 7#0,k=0. Here C}., lies on R’ and satisfies (9.3), which offers 
a contradiction to (d) unless C}_, is null. Thus C}.1 is null. We now proceed 


exactly as in Case 1, understanding, however, that both members of (9.6) 
are now null. 


* We admit the possibility that C;_, or C}_, be null. For j=0 we regard them as meaningless. 
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10. Homologies among k-circuits when k is the type number (k~0). We 
understand that R and R’ are chosen as in the preceding section. According 
to Theorem 2 there then exists a (k—1)-cycle Dy_: on R’ and (9.3) which 
bounds no complex on R and (9.3). Since R’ satisfies (b) of §9 we have, 
however, 


(10.1) D,-1 = D2 on R, 


where D? is a k-complex interior to R. 
We now come to a division into two cases according to the nature of B. 


Case a. There exists a complex Dj? such that 
(10.2) Dy-1 = D2 on (9.3) and B. 


Case 8. No such complex as D? exists. 
Lemwma 10.1. In Case a, the k-cycle D; defined as 


(10. 3) D2 + D2 => on B 
is not homologous on B to any cycle* on A. 


Suppose the lemma false and that D; were homologous on B to a k-cycle 
Dé lying on A. We would have then 


(10.4) D2 + + = on B 


where D;.4, is a complex on B. 

We can further suppose that D;,4: consists of points which either satisfy 
(9.3), or else are interior to R. For as in §7 we could J-deform D,..; into such 
a complex. Such a deformation, say J’, would alter the boundary of Dy4, 
but it could be replaced by a deformation which did not alter this boundary. 
One would need simply to hold the boundary fast during T’ and hold 
points near this boundary fast during a portion of the deformation starting 
froma suitable time depending continuously on the distance to the boundary. 

With this understood, let D4 be the boundary of the sum of those (k+1)- 
cells of Dzs1 which do not wholly satisfy (9.3), or else whose boundaries do 
not wholly satisfy (9.3). We see that D# is on (9.3) except for such k-cells 
as it has in common with D?. If D4: has been sufficiently finely divided 
D would also lie on R, as we now suppose. Thus 


(10.5) Di + Dé 


is on R, and if reduced, mod 2, satisfies (9.3). But since D/ is without 
boundary, we have from (10.1) 


* Including the null cycle. 
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(10.6) = D2 Di 


Thus D,_; would bound the complex (10.5) which is on R and (9.3), contrary 
to the choice of D,-1. 

The lemma is thereby proved. 

To proceed further it will be convenient to divide the complexes C;, of 
§9 (k0) into two classes according to the nature of the complex C2, 
associated with C, by (9.4) and (9.5). The distinctive properties of these 
classes are the following: 

Class I. on R and (9.3). 

Class II. C2.1~D,_1 on R and (9.3). 
That this division is exhaustive follows from Theorem 2. 


LemMA 10.2. In Case a, each k-cycle C; on B is homologous on B to a 
linear combination of the cycle D, and cycles on A. 


C; in Class I. Here there exists a complex C;? such that 
(10.7) Ci.; =C on R and (9.3). 
According to (9.4) and (10.7), C2 +C isa k-cycle. Since it is on R we have 
(10.8) Ci+C2 ~0 on B. 
From (9.1) and_(10.8) we have respectively 
(10.9) +C2 +C2 on B. 
Now C+C¢? satisfies (9.3), and so can be J-deformed on B into a k-cycle 


H,onA. We thus have 
C.~ on B. 


Thus the lemma is proved when C;, is in Class I. 
C; in Class Il. Here we have 


(10. 10) + = CA on R and (9.3), 


where C/ is a complex on R and (9.3). Adding (9.4) for k=7, (10.1), and 
(10.10), we have 


(10.11) Di +C2+CA =0 on R. 


Now the complex (10.11) is a k-cycle on R so that 
(10.12) DAi+C2A +CA ~O0 on B. 
From the definition of D, and from (9.1) we have 


(10.13) Di + D2 +C2 +C2Z on B. 
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Eliminating C? from (10.13) with the aid of (10.12) we have 
(10.14) D2 +C2 on B. 


But the right member of (10.14) satisfies (9.3) and is accordingly homologous 
on B to acycle H, on A. With the aid of (10.14) we have then 


HE on B, 


and the lemma is proved when C;, is in Class IT. 
Lemna 10.3. In Case B each k-cycle C;, on B is homologous on B to a k-cycle 
on A. 


If C, belongs to Class I the proof in the preceding lemma applies. We 
shall show that in Case 8, Class II is empty. 

If C; belonged to Class II, (10.10) would hold as described. Adding 
(10.10) and (9.5) for 7 =k, and noting that C,_1=0, we have 


=C? on B and (9.3), 


contrary to the hypothesis distinguishing Case f. 
11. Homologies among (k—1)-circuits, k~0. In this section we prove 
three lemmas. 


Lema 11.1. In Case a any cycle Cy_-1 on A which is homologous to zero 
on B will be homologous to zero on A. 


If Cy: is homologous to zero on B it bounds a complex C, which we 
identify with the complex C; of §9. We turn next to C1, defined by (9.4) 
and (9.5). According to Theorem 2, C1, is either homologous to zero or 
to Dy_1, on R and (9.3). If C,'_1 is homologus to D;_: we note that, in Case 
a, D,_1 is homologous to zero on B and (9.3). It is always true then in Case 
a that there exists a k-complex C; such that 


(11.1) Ci1=Ci on B and (9.3). 
Upon adding (9.2), (9.4) and (11.1) we have 


(11.2) = C2 on Band (9.3). 


Since C? +C;} satisfies (9.3) it can be J-deformed into a complex K;, on A 
without altering C;._:. Thus C;_; bounds K; on A and the lemma is proved. 

Definition of Di. Denote by Dj, a (k—1)-cycle obtained by deforming 
D,_: 0n B and (9.3) into a (k—1)-circuit on A. Such a deformation is possible 
since D1, satisfies (9.3). According to the definition of D}_; we have 


(11.3) + Dy-1 = D? on B and (9.3), 
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where D,° is a k-complex on B and (9.3). We note that 
(11.4) on B. 
For upon adding (11.3) and (10.1) we have 

Di. = D2 + Di on B. 


Lemma 11.2. In Case a, Dj, is homologous to zero on A, but in Case B, 
D., is not homologous to zero on A. 


That D,; is homologous to zero on A in Case a@ follows from (11.4) and 
Lemma 11.1. 
If in Case 8 we had a congruence 


(11.5) = Di, 


where D,° is a k-complex on A, then upon adding (11.3) and (11.5) we would 
have 


= Di + Di. 


But D,5+D,5 satisfies (9.3) contrary to the nature of D,_; in Case 8, and the 
lemma is proved. 


Lemma 11.3. In Case 8, any cycle Cy. on A which is homologous to zero 
on B is either homologous to zero or to Di, on A. 


If C,_1 is homologous to zero on B it bounds a complex C; which can be 
identified with the complex C; of §9. 

If C, is of Class I we repeat the reasoning of Lemma 10.2 under Class I 
except that we here follow (10.9) with the statement that C?+C/? can be 
J-deformed on B into a complex K; on A without altering C,1. Thus Cy-1 
bounds K;, on A and the lemma is proved if C; is in Class I. 

If C, is in Class II, (10.10) holds as before. Upon adding (9.2) and (9.4), 
for 7 =k, to (10.10) and (11.3), we have 


(11.6) = Di+CA + C2. 
But the right member of (11.6) satisfies (9.3), from which fact we infer that 
Dihi~Cr-1 on A 


and the proof is complete. 
12. The changes in the connectivities when k¥~0. In this section we 
prove two theorems. 


[October 


1930] CALCULUS OF VARIATIONS IN THE LARGE 617 


THEOREM 3. Let a and b be two non-critical values of J(x), a<b, between 
which J takes on a critical value corresponding to just one extremal of type k. 
The connectivities R; of the domains A =(a, p) and B=(b, p) differ at most 
when or k—1. 


If (K); be a complete j-set for A, it follows from Lemma 9.1 for 7#k 
that any j-cycle on B is homologous on B to a linear combination of members 
of (K);. From the same lemma it follows for 7#k—1 that there can be no 
proper homologies on B among the members of (K); without there being 
proper homologies among the members of (K); on A. Thus (K); is a com- 
plete j-set for B and the theorem is proved. 


THEOREM 4. If k#0 the connectivities R; of the domains A and B differ 
only as follows: 


Case a: AR, = 1; 
Case B: AR, = — 1, 


where A refers to the change as we pass from A to B. 


We shall first treat Case a. 

Let (K); be a complete k-set for A. I say that (K), together with D, 
of $10 will form a complete k-set for B. 

For it follows first from Lemma 10.2 that every k-cycle on B is homolo- 
gous on B to a linear combination of D, and the members of (K)j. 

Secondly there can be on B no proper homologies involving the members 
of (K), and D,. For if a combination of members of (K), alone were bounding 
on B, with the aid of Lemma 9.1 we could infer that the same combination 
would be bounding on A, contrary to the nature of (K);. But no linear com- 
bination of D; and the members of (K), which actually involved D;, could 
be homologous to zero on B without contradicting Lemma 10.1. 

Thus (XK), with D;, forms a complete k-set for B so that AR, =1. 

We must now show that AR;=0 when j# 8. This is already established 
in Theorem 3 provided 7 #k—1. When 7 =k—1, Lemmas 9.1 and 11.1 show 
that a complete j-set for A is a complete j-set for B. The theorem is thus 
established for Case a. 

We can now treat Case B. 

Turning to Lemma 10.3 and Theorem 3 we see readily that AR;=0 for 
j#k-1., 

We shall show finally that (12.2) holds. 

According to Lemma 11.2, Dj, is not homologous to zero on A, and so 
there exists a complete (k —1)-set for A, say (K)z1, of which D3. is a mem- 


(12.2) 
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ber. Let (H),_: be the set of (k—1)-circuits in this set after D2_, has been 
removed. I say that (H),_1 is a complete (k —1)-set for B. 

For according to Lemma 9.1 and the homology (11.4) any (k—1)-cycle 
on B is homologous on B to a combination of (k—1)-cycles from (H),-1. 
That there are no homologies on B among members of (H);_: follows readily 
from Lemma 11.3. Thus (12.2) holds as required and the theorem is proved. 

13. The case of minima, k=0. Here the value J(z) =c furnishes a rela- 
tive minimum to J(7) on B. We understand a relative minimum to include 
an absolute minimum as a special case. 


Let P be a point of the critical set w. 


Lemma 13.1. If c is a relative minimum for J(r) on B, then any 0-cycle 
Co on B is homologous on B to a 0-cycle on A, or a combination of 0-cycles on 
A and the 0-cycle P. 


According to Lemma 7.3 we have the homology 
(13.1) Co + CP on B, 


where Co! is a set of r points on R’, and C,*, possibly null, is a set of points 
on B at which J(r) <c. Note first that Co? is homologous on B to a set Ko 
of points on A so that 


(13.2) Co~Ci + Ko on B. 


We distinguish between the cases r even and r odd. 
If r is even, Co, according to the choice of R’, is homologous to zero on B, 
so that Co is homologous to Ko on B and the lemma is proved. If r is odd, 


we have 
Co~m~ P+ Ko on B, 


and the lemma is proved for all cases. 


Lemma 13.2. If J(x)=c is a relative minimum for J(x) on B, the point 
P on w cannot be connected on B with any point on A. 


To prove this, note that at the boundary points of R’ which are not also 
boundary points of B, J(x) >c+e, where ¢ is a positive constant. 

Suppose P could be joined to a point on A by a continuous curve C; 
on B. A sufficient number of iterations of the deformation T would carry 
C, into a curve C} on B on which J(r)<c+e. But it would also carry P 
into a point on w in R’, so that C? would still join a point on w in R’ toa 
point on A. This is impossible, since on C?, J(r) <c+e. Thus the lemma is 
proved. 
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If J(r) =c gives an absolute minimum to J(r) on B, A will be devoid of 
points. In that case we say that the connectivities of A are all zero. With 
this understood we have the following theorem. 

THEeorEM 5. If k=O the connectivities R; of the domains A and B differ 
only in that ARo=1, where ARo is the change in Ro as we pass from A to B. 


That Ro is the only connectivity to change as we pass from A to B follows 
from Theorem 3. 

Now if (K)o is a complete 0-set for A, null if A is null, then (K)o with P 
will be a complete 0-set (H)o for B. 

That all 0-cycles on B are homologous on B to members of (H)> is affirmed 
by Lemma 13.1. 

That there are no homologies on B among members of (H)o can be seen 
as follows. There are no homologies on B among members of (K)o. For such 
homologies would lead, upon applying Lemma 9.1 for 7=1, to the con- 
clusion that there were homologies on A among the same members of (K)o. 
Any homology on B among the members of (H)o must then explicitly in- 
volve P which would mean that P on w would be connected on B to some 
point on A contrary to Lemma 13.2. Thus there are no homologies on B 
among the members of (H)o. 

Thus (K)»o and P form a complete 0-set for B. The theorem follows at 
once. 


III. THE EXISTENCE OF EXTREMALS AND THEIR RELATIONS 


14. Relations between the extremals and the connectivities. Jt will be 
convenient to call the extremal appearing in Theorem 4 of increasing or decreasing 
type according as AR; =1 or 

In accordance with Theorem 5 each extremal of type zero should be 
classified as increasing in type. 

We come now to the following principal theorems. As previously we 
suppose a is a non-critical value of J, and that P¥Q. 

THEOREM 6. If among the extremals g on which J <a there are none on 
which P is conjugate to Q, then between the integers M;, which give the total 
number of these extremals of type k, and the connectivities R; of the domain 
(a, p), the following relations hold: 

My 2 Ro, 
Mo—- M12 
Mo — Mi + M22 Ro — Ri + 


(— 1)"M, = Ro— 1)’R,, 
where ris the maximum of the type numbers k. 
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Consider first the case where the J-lengths of the different extremals g 
are all different. 

Let the extremals of type 7 be further divided into p; extremals of increas- 
ing type, and g; extremals of decreasing type. We have at once 


(14.2) M; = pi + 4%; 
(14.3) Ri = pi — 


where, in particular, go and qg,;; equal zero. From the relations (14.2) and 
(14.3) we may eliminate #; and find that 


(14.4) Mo— Mi+---+(—1)'M; = Ro— Rit (— 1) 


Relations (14.1) follow at once from (14.4). 

If now two or more of the extremals joining P to Q have the same J- 
length it follows from Lemma 16.2 that Q can be replaced by a point Q’, 
arbitrarily near Q, and such that for Q’ the J-lengths of the different extre- 
mals g are all different. 

For the pair PQ’ the relations (14.1) now hold. But as Q’ approaches and 
takes the position Q, the numbers M;, will not change, since P is not con- 
jugate to Q on any of the extremals g. Neither will the connectivities R; 
change, as follows from Theorem 13 of §18. 

Thus the relations (14.1) must hold in all cases and the theorem is proved. 

We have the following corollary. 


Corotiary. If the ith connectivity of (a, p) is R; there exist at least R; 
extremals joining P to Q of type i. 


To proceed further it will be convenient to introduce the conception of 
the conjugate sequence for the pair PQ. 

Let P and Q be any pair of points on S. Let NV; be the number of closed 
extremal segments joining P to Q on which there are k points conjugate to 
P, counting conjugate points according to their orders. If there are an infinity 
of such extremals we replace NV; by ~. 

The sequence 


(14.5) NoNiN?2:: 


will be called the conjugate sequence for P and Q. 

We shall investigate this sequence first for pairs P and Q which are non- 
specialized in the following sense. 

Two distinct points P and Q which are not conjugate to each other on any 
extremals will be termed non-s pecialized. 

In §16 we shall prove the following. 


(i=0,1,---,7), 
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There exist non-specialized pairs of points PQ in the respective neighbor- 
hoods of any two points on S. 

We shall begin by supposing S restricted to the most important particular 
case. 

15. The case where the region S is elementary. We suppose now that S 
is an elementary region in the sense that it is homeomorphic with an m-sphere 
and its interior. 

For the moment let us term a curve on s admissible if it has a continu- 
ously turning tangent except at most at a finite number of points, and joins 
P to Q. The fact that S is elementary as well as extremal-convex leads to 
the following lemma. 


Lemma 15.1. On S there exists a continuous deformation 6 that deforms 
all admissible curves for which J <a through admissible curves of J-lengths 
less than some constant b, into a single admissible curve, thereby deforming 
continuous families of such curves continuously. 


Since S is elementary there exists a continuous deformation, say 4, 
of S on itself, leaving P and Q fixed, that carries S into a set of points on a 
curve y joining P to Q. We can moreover suppose, for simplicity, that y 
is a minimizing extremal joining P to Q. 

Now let each admissible curve g for which J <a be divided into r+1 


successive segments g; of equal J-length. Let us suppose r taken so large that 
the end points of g; and their images under 6, can be joined by elementary 
extremals. 


We now define the deformation 6. On each curve g let each segment g; 
be replaced by the elementary extremal g/ that joins its end points, or more 
particularly let a point on g; dividing g; in a certain ratio be replaced by that 
point on g}/ which divides g/ in the same ratio. Each curve g can be readily 
deformed through admissible curves into the corresponding curve g’ by 
a deformation that deforms continuous families of such curves continuously.* 
To deform further the resultant curves g’ into a single admissible curve we 
‘ require the end points of g/ to move according to the deformation 46, re- 
quiring a point on g/ which divides g/ in a certain ratio to be deformed into 
that point of the moving elementary extremal g/’ which divides g;’ in the 
same ratio. 

Each curve g will thereby be deformed into a broken extremal g’’ with 
its vertices on y. Finally let these vertices move along y each at a constant 
J-rate into a set of vertices which divide y into a set of elementary extremals 


* See the deformation D’; Morse II p. 263. 
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of equal J-length, thereby deforming g’’ into a single admissible curve y 
in the desired manner. 

If the elementary extremals used have J-lengths at most p, the curves 
used in the deformation will have J-lengths at most rp. Thus b can be any 
constant b> pr. 


Lemma 15.2. The constant b of Lemma 15.1 can be chosen independently 
of the position of P and Q on S. 


To prove this let P’ and Q’ be any other pair of points on S and let g 
be an admissible curve joining them. Let p* and g* be minimizing extremals 
joining PP’ and QQ’ respectively in the senses indicated. Holding P’ and 
Q’ fast let g be deformed into the curve g; consisting of the sequence of curves 
(p-ptgq-gt) joining P’ to Q’. Note that this deformation can be made 
without increasing J-lengths by more than 4d, where d is the maximum of 
the J-lengths of minimizing extremals joining any two points of S. 

Now the curve (ptgq-) gives a subsegment of g; joining P to Q. The 
class of such subsegments can be deformed through admissible curves joining 
P to Q into a single curve y joining P to Q, using thereby curves all of J- 
lengths less than some constant 0;, as is affirmed by the preceding lemma. 

The class of curves g will thereby be deformed into the curve (p~yqt) 
through the mediation of admissible curves joining P’ to Q’ all of J-lengths 
less than 6, +4d. The latter constant can be taken as our choice of bd. 

Thus the statement in italics is proved. 


Lemma 15.3. All circuits on the domain (a, p) are homologous to zero on 
a domain (b, p) where b is any constant sufficiently large chosen independently 
of P and Q. 

It will be sufficient to choose } as any constant at least as great as the 
constant 6 of Lemma 15.2. As previously we suppose Jo greater than a and 
b, and m chosen as in §3. 

Let C; be any i-circuit on (a, p). If the broken extremals corresponding 
to C; be subjected to the deformation 6 of the preceding lemmas they will 
be carried into the curve y. We can set up a corresponding deformation 
of the points (7) of C; as follows. 

We first apply the deformation D of §5 to C;. The end points of the 
resulting elementary extremals will divide each original curve g defined by 
by C; into m+1 segments of equal J-lengths. Let these end points now take 
those positions on the variable curve g’ replacing g during 6 which divide 
g’ into segments of equal J-length. The resulting deformation will carry 
C,into a point corresponding to y. 
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The lemma follows directly. 
We come now to the following theorem. 


THEOREM 7. Corresponding to the set of extremals which join two non- 
specialized points P and Q on which J <a, there always exists a complementary 
set of extremals on which a<J <b such that for the combined sets 


=1+ (— 1)’R,, 
where m; is the number of extremals of type i in the combined sets and r is the 
maximum of the type numbers of the extremals of the original set and where 
R, is the rth connectivity of (a, p). 


As previously we need prove the theorem only for the case where the 
J-lengths of the different extremals joining P to Q are different. 

The relations (14.1) of Theorem 6 furnish our starting point. 

From Lemma 15.3 we see that all circuits on (a, p) are homologous to 
zero on a domain (8, p) for which 0 is large enough. 

If R; is the ith connectivity of (a, p) we see that there must be at least 
R; extremals for i>0, and Ro—1 for i=0, of decreasing type «+1 with 
a<J<b. We take these extremals (i=0, - - - , r) as the complementary set. 
In terms of the integers M; and R; of Theorem 6 we have 

mo = Mo, m, = M,+ (Ro — 1), 
m; = M;+ Ris 
Relations (15.1) follow now with the aid of (14.1). 

We note that, in Theorem 7, b is a sufficiently large positive constant 
which may, in particular, be chosen independently of the position of P 
andQonS. 

We turn now to the conjugate sequences (14.5). 

THEOREM 8. If none of the integers N; of the conjugate sequence of a non- 
specialized pair of points are infinite, they satisfy the infinite set of inequalities 


IV IN 


(15.2) 


If all of the integers of the conjugate sequence are finite up to Nx+1, the first k 
+1 relations in (15.2) still hold. 


623 
mo = 1, 
mo — My, 1, 
(15.1) 
No 1, 
No — Ni @ 1, 
No—-Ni+N.8 
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The first statement in the theorem is a consequence of the last. Let us 
turn then to the last. 

Suppose all of the integers up to Nx4: are finite. Let a be a non-critical 
value of J greater than the J-lengths of all extremals with types at most k. 
If now we apply Theorem 7 we find that we must have 


mM; = N; 


and the first k+1 relations in (15.2) follow from (15.1). 
The theorem follows directly. 


Corotiary. If there are no extremals joining P and Q upon which there 
are k conjugate points, then there are either an infinite number of extremals upon 
which there are fewer than k conjugate points, or else the numbers No,-+- , Nu-1 


satisfy 
No —Mi +(— = 1. 


This follows from the kth and (k+1)st inequalities of (15.2). 

We come now to a theorem in which we shall not require the numbers N; 
to be finite. 

If N, represents © we shall understand V;—1 and N;+1 as also repre- 
senting ©. 

THEOREM 9. Let P and Q be any two non-specialized points on S. 

(a) If there are N;, extremals of type k>1 there are at least N;, extremals of 
the two adjacent types. 

(b) If there are N, extremals of type one there are at least N,—1 extremals 
of the two adjacent types. 

(c) If there are No extremals of type zero there are at least* No—1 extremals 
of the adjacent type one. 


We shall first prove (a). 
From the first inequality in (15.1) which involves m;,;, and the third pre- 
ceding inequality, we find that 


If Nii, Ni, and Nj; are finite, and we take the constant a in Theorem 7 
large enough, these V’s become equal to m;_:, m; and m;4, respectively, and 
(a) is proved for this case. 


* Part (c) is the representation here of the “minimax principle” of Birkhoff. See Dynamical 
systems with two degrees of freedom, these Transactions, vol. 18 (1917), p. 249. 


(i = 0,1,---, R) 
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If N; is.infinite there must be extremals of type 7 of arbitrarily great J- 
length. If we take a successively as the constants of a sequence of constants 
becoming infinite, m; will become infinite, and hence from (15.1) either m:1 
or else m;4:. Part (a) then follows in this case as well. 

Parts (c) and (b) follow similarly from the second and third inequalities 
in (15.1). 

IV. THE DENSITY OF CONJUGATE POINTS, AND 
INVARIANCE OF THE CONNECTIVITIES 


16. Specialized points P and Q. We wish to show that the so called 
non-specialized pairs of points are really general. We begin with the following 
lemma. 


LemMA 16.1. The conjugate points of a point P at distances from P along 
the corresponding extremals not exceeding a positive constant d, form a set 
which is nowhere dense. 


Let (u) represent a point in an auxiliary m-space. Let each extremal issu- 
ing from P be represented in the space (u) by a ray issuing from the origin 
with a direction parallel to its direction at P, and with points on the extremal 
at distances s from P, corresponding to points on the ray at distances s 
from the origin. The corresponding functions 


x; = x;(u) 


will be analytic except at the origin. The jacobian D(u) of these functions 
will vanish at the conjugate points. Its rank r at such points will be between 
0 and m (Morse III §7). 

Suppose (x)o is a conjugate point corresponding to a point (u)o. If D(uo) 
is of rank r one sees that there is an r-plane X through (x) in the space (x), 
such that the distance of the points [x(w)] from X is an infinitesimal of at 
least the second order with respect to the distance p of (w) from ()o. 

Let S; be the interior of an (m—1)-sphere of radius p with center at (w)o. 
One sees that the points (x) corresponding to points (w) on S; can be en- 
closed in a volume V whose ratio to that of S; will approach zero as p ap- 
proaches zero. For V one could take a generalized cylinder consisting of 
the points P of X at a distance cp from (x) together with the points on per- 
pendiculars to X, points at a distance /p? from these points P, where c and 
h are suitably chosen positive constants independent of the choice of (1)o. 

Let e now be an arbitrarily small positive constant. Let us break the 
space (u) up into congruent m-cubes. If the diameter of each of these m- 
cubes be sufficiently small, then such of the corresponding sets [x(u)] as 
contain conjugate points with s<d can be enclosed in elementary volumes 


(¢ = 1,2,---+,m) 
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such as V whose ratios to that of the cubes will be less than e. The sum 
of these volumes V will be less than e times the total volume of the cor- 
responding cubes. The sum of these elementary volumes will then be arbi- 
trarily small. This is possible only if the conjugate points in question are 
nowhere dense. 


THEOREM 10. The set of all conjugate points of a fixed point P is nowhere 
dense on S. 


Let d;, d2,-- - be an increasing set of positive constants which become 
infinite with their subscripts. Let Q be any point on S. It follows from 
the preceding lemma that there exists in any neighborhood of Q a sequence 
of (m—1)-spheres 


each within the other, and such that there are within S; no points conjugate 
to P for which s<d;. These (m—1)-spheres will have at least one common 
interior point, say A. The point A cannot be a conjugate point of P without 
violating the principle under which the (m—1)-spheres S; were stated to 
exist. 

Thus the theorem is proved. 

This theorem amounts to the statement already made that there exist 
non-specialized pairs of points P and Q in the respective neighborhoods of 
any two given points of S. 

The following theorem is a strong aid in proving the existence of extremals 
joining specialized pairs of points. 

THEOREM 11. If each pair of points in a set of non-specialized points can 
be joined by an extremal y which is bounded in J-length for the set, and of type k, 
then any limit pair PoQo, PoX¥Qo, of pairs of the set can be joined by an extremal 
g on which there are at least k, and at most k+-m—1, points* conjugate to Po. 


Let PQ represent any pair of points in the set. As PQ approaches PoQo, 
the initial directions of the extremals y will have at least one limit direction. 
Let g be the extremal with this limit direction. 

The extremal g will have at least k conjugate points on it. For other- 
wise there would be fewer than k conjugate points on extremals y neighboring 
g. See Morse IV §9. 

Suppose there were k+r-+s conjugate points on g, where s is the number 
of conjugate points to be counted at Qo. Nowr <0, for otherwise extremals 7 
neighboring g would have at least k+-r >k conjugate points on them. Finally 


* Counting conjugate points according to their orders. 
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s<m-—1 as was shown in Morse III §7. Thus there are at most k+m—1 
conjugate points on g. 

The following two lemmas have already been used. They can be con- 
veniently proved here. 


Lema 16.2. Let PQ be a pair of distinct points, and d any positive constant. 
There exists in the neighborhood of the point Q at least one point which is joined 
to P by no two extremals whose J-lengths are equal and less than d. 


According to Lemma 16.1 there exists in the neighborhood of Q at least 
one point Q’ which is joined to P by no extremals on which J <d and on which 
Q’ is conjugate to P. Suppose, however, that there are at least two extremals 
g and g’ joining P to Q’ with equal J-lengths. Suppose their direction 
cosines at Q’ are (p) and (q). 

Since Q’ is not conjugate to P, a slight variation of Q’ will cause a slight 
variation of the extremals from P to Q’ neighboring the initial g and g’. 
The J-lengths of these extremals will be analytic functions of the codrdinates 
of Q’. 

The difference of the J-lengths of the extremals g and g’ will have partial 
derivatives given by (4.1), and as seen in §4, not all of these partial de- 
rivatives are zero for (p)#(q). The locus of points Q’ neighboring the initial 
position of Q’ for which two or more of the extremals have J-lengths which 
are equal and less than d or near d, will thus lie on a finite number of analytic 
(m—1)-dimensional manifolds without singularities. The lemma follows 
at once. 

With the aid of Lemmas 16.1 and 16.2 one proves the following lemma. 
The proof is similar to that of Theorem 10. 

Lemma 16.3. For a fixed point P there exists in the neighborhood of every 
point O¥P at least one point which is not a conjugate point of P nor which is 
joined to P by more than one extremal of any one J-length. 


17. Example. Geodesics on a knob. Suppose we have an analytic surface 
S, without singularities, with boundary B, and homeomorphic to a circular 
disc. On S consider the integral of arc length. Suppose S is extremal-convex. 
Suppose S possesses a knob-shaped protuberance. More exactly suppose 
there is a portion of S homeomorphic to a circular disc, and bounded by 
a closed geodesic g that is shorter than nearby closed curves. 

Let R be the region between g and B. Let P and Q be any pair of non- 
specialized points on R. The geodesics y which give an absolute minimum 
to the arc length relative to all other admissible curves on R which join P 
to Q, and are deformable into y on R, are infinite in number and of type 
zero. From Theorem 9 we have the following. 
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If P and Q are any two non-specialized points on R there will be an infinite 
sel of geodesics of type one joining P toQ on S. 

By the use of Theorems 7 and 11 it is not difficult to prove the following 
more general theorem. 

If P and Q are any two points whatsoever on R, there will be an infinite set 
of geodesics joining P to Q, upon each of which there will be at least one point 
conjugate to P. 


18. The invariance of the connectivities. We shall first concern our- 
selves with the dependence of the connectivities of a domain (a, p) upon the 
choice of m, the number of vertices in (7). It will be convenient to indicate 
the apparent dependence of (a, p) on » by now representing this domain 
by (a, p,”). We shall prove the following. 


THEOREM 12. The connectivity numbers are independent of n, in the 
sense that the connectivity numbers of (a, p, n) equal those of (a, p, n’), where 
nand n’ are any two admissible choices of n. 


Let there be given a point (zr)’ on (a, p,m’), determining a broken extremal 
g’. Let a(x’) stand for the point (7) whose vertices divide g’ into n+1 
successive segments /; of equal J-length. Let g be the admissible broken 
extremal determined by (7). We shall prove the following statement. 

(a) The curve g’ can be continuously deformed on S into the curve g through 
the mediation of ordinary curves which join P to Q, and whose J-lengths do not 
exceed that of g’. 

We shall take the time ¢ as the parameter of our deformation, and let 
it vary from 0 to 1. 

Suppose the end points of the segment /; of g’ are joined by an elementary 
extremal k; of g. For each value of ¢ we suppose /; divided into two suc- 
cessive segments the ratio of whose J-lengths is that of ¢ to 1—¢. For each 
value of ¢ from 0 to 1 we now replace the second of these segments of h; by 
itself, while we replace the first by an elementary extremal that joins its 
end points. In this manner 4; will be deformed into k;, and thereby g’ into 
g. Thus the statement (a) is proved. 

Each point (7) determines a point b(7) =(z)’ exactly as (x) determines 
a(r’)=(m). Statement (b) will now be proved. 

(b) For every point (3) on the domain (a, p, n) the point (x)'’ =a(b(x)) 
lies on the domain (a, p, n) also. Moreover, there exists a deformation F on 
(a, p, n), of the points (x) on (a, p, n), which carries these points into the cor- 
responding points (x)"’. 

Let g, g’ and g’’ be respectively the broken extremals determined by 
(3), b(@) and (x)’’. By deformations similar to those described under (a), 
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¢ can be deformed into g’, and thence into g’’ without increasing J. Let ¢ 
be a parameter of the resultant deformation, and vary from 0 to 1. Let 
Z(t) be the curve that thereby replaces g at the time ¢. A point U on Z(t) 
may be determined by giving ¢ and the J-coédrdinate u of the point U on 
Z(t). See §5. 

A deformation F of the point (x) into the corresponding point (7)’’ 
will now be defined. In the space of the points (x) let each vertex of (7) 
move to the corresponding vertex of (7)’’ in such a manner that the pair 
(t, «) which determines (see above) this variable vertex moves on a straight 
line in the (¢, w) plane at a constant velocity equal to the distance to be 
traversed. The corresponding deformation F is readily seen to have the 
desired properties. 

If C; is any complex on the domain (a, p, m) we shall denote by b(C;) 
that complex on (a, p, 2’) which consists of the images (7) of points (7) 
on C;. Reciprocally if C/ is a complex on (a, p, »’), a(C/) will denote the 
set of images a(x’) of points (r)’ on C/. With this understood we now 
prove a final statement (c). 

(c) If the cycles 


(18.1) 


form a complete j-set for (a, p, n’), the cycles 


(18.2) a(Cj),---, a(C;) 


will form a complete j-set for the domain (a, p, n). 

Let C; be any j-cycle on the domain (a, p, m). Then b(C;) will be a j- 
cycle on the domain (a, p, m’). Because (18.1) gives a complete j-set for 
(a, p,n’) we have 


(18.3) b(C;) + = on (a, p, n’), 


where stands for a suitable sum of cycles (18.1) and Cj; is a complex 
on (a, p,#’). From (18.3) we see that 


(18.4) a(b(C;)) + La(C;*) = a(Cj41) on (a, p,m). 
From (b) we see however that 

(18.5) a(b(C;)) ~C; on (a, p,m). 

From (18.4) and (18.5) we see finally that 

(18.6) C;~Za(C;') on (a, p, 2). 


Thus the jth connectivity number of (a, p, m) will be at most 7. We can 
reverse the réles of (a, p, m) and (a, p, m’). We infer then that the con- 


i 
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nectivities of (a, p, 2) and (a, p,m’) are the same. Thus (c) and the theorem 


are proved. 
We now give another theorem on the invariance of the connectivities. 


THEOREM 13. The connectivities of the domain (a, p) remain unchanged 
during any continuous variation of the end points P and Q on S (PQ), pro- 
vided the constant a remain a non-critical value of J. 


Let the domain (a, p) of admissible points (7), set up for a pair of points, 
PQ, now be indicated by 


(18.7) (a, p, P, Q). 


If e be a sufficiently small positive constant the domain (18.7) can be J- 
deformed onto the domain (see § 6) 


(18.8) (a—e,p—e, P,Q). 


If e, now be chosen as a positive constant less than e, and P’Q’ be a pair 
of points sufficiently near PQ, the domain 


(18.9) (a — e1,p — €, P’, Q’) 


will be included in the domain (18.7) and will include the domain (18.8). 
Now the domain (18.7) can be J-deformed on itself into a set of points 


on (18.8), and hence into a set of points on (18.9). It follows that the con- 
nectivities of (18.7) equal those of (18.9). 

This remains true for any smaller choice of e: and choice of P’Q’ suf- 
ficiently near PQ. But if e; be sufficiently small, and P’Q’ so near PQ that 
a remains a non-critical value of J, the domain 


(18.10) (a, p, P’, Q’) 


can be J-deformed on itself into a set of points on (18.9) and hence has the 
connectivities of (18.9). Hence (18.10) and (18.7) have the same connec- 
tivities, and the theorem is proved. 

19. Extremals on closed, regular, analytic manifolds. All of the previous 
developments go through for this case as in the case of the region S, except 
for obvious changes of which we will enumerate the most important. 

All references to the boundary, or the extremal-convex hypothesis are to 
be omitted. 

Instead of having one set of codrdinates (x), it will in general be necessary 
to give the manifolds by a finite set of overlapping parametric representa- 
tions. 

All the extremals through a point P may go through a second point Q. 
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This case should be treated separately. It can never occur for a non-special- 
ized pair of points. 

The theory of extremals on elementary regions will apply to elementary 
regions on the manifold. The relations between the extremals and the con- 
nectivities of the domain (a, p) are given by Theorem 6. 

The most important case is the case where the manifold is homeomorphic 
with an m-sphere. The following theorem will be proved in a later paper. 


THEOREM 14. On a manifold homeomorphic with an m-sphere there are 
infinitely many extremals joining any two fixed points, including extremals 
of arbitrarily great length, with arbitrarily many conjugate points on them. 


In this theorem it is understood that two extremals are counted as 
different if they have different lengths, even if they overlap. The proof of 
this theorem depends upon the preceding work together with a method of 
determining the connectivities R;, called the topological continuation of 
extremals. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 
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A CONVERSE OF THE JORDAN-BROUWER 
SEPARATION THEOREM IN 
THREE DIMENSIONS* 


BY 
R. L. WILDER 


That the closed (w—1)-manifold immersed in euclidean space, E,, of 
dimensions (n>2), separates E, into just two domains of which it is the 
common boundary, was shown by Brouwer in 1912.¢ That the points of 
the manifold are accessible from each of its complementary domains Brouwer 
proved in an accompanying paper,{ and in the latter connection he gave 
an example to show that a bounded and closed point set which separates E,, 
into just two domains and every point of which is accessible from each of 
these domains, is not necessarily homeomorphic with a closed manifold. 

The above results of Brouwer, in so far as the connectivity of the set 
residual to the manifold in E, is concerned, received considerable extension 
at the hands of J. W. Alexander, who not only demonstrated, using modulo 2 
Betti numbers, that the residual set is just two connected domains, but that 
a certain duality exists between the connectivity numbers of the set and 
those of its complement.§ If we denote the ith connectivity number of a 
set F by R‘(F), then, for the particular case where C? is a set in E,, homeo- 
morphic with an i-sphere, Alexander showed that 


(1) Ri(C‘) = (E, — = 2, 
(2) = (E, — Ci) = 1 (s¥i). 


In the case where » =3 and i=2, relation (1) states that the complement of 
a simple closed surface in E; is just two domains (as also shown by Brouwer), 


* Presented to the Society, December 31, 1928, March 29, 1929, and August 30, 1929; received 
by the editors October 11, 1929. 

7 L. E. J. Brouwer, Beweis des Jordanschen Satzes fiir den n-dimensionalen Raum, Mathematische 
Annalen, vol. 71 (1912), pp. 314-327. 

t L. E. J. Brouwer, Uber Jordansche Mannigfaltigkeiten, ibid., pp. 320-327. 

§ J. W. Alexander, A proof and extension of the Jordan-Brouwer separation theorem, these 
Transactions, vol. 23 (1922), pp. 333-349. Familiarity with this work is assumed throughout the 
present paper. 

The terminology “Betti number” is at present being employed more and more to denote con- 
nectivity numbers that are uniformly less by one unit than the numbers R‘ of the nresent paper. 
However, since the present paper is based so much upon the above paper of Alexander, it seems advis- 
able to retain the connectivity numbers as defined in that connection (although they are not termed 
“Betti numbers” by Alexander). 
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ond relation (2) states the important additional fact that every closed 
s-chain (where s <2) in the complement bounds an (s+-1)-chain in the com- 
plement. Thus, although as Alexander pointed out in another connection* 
the domains complementary to a simple closed surface in E; may not be 
simply connected (may, in fact, require an infinite number of generators), 
every closed 1-chain in either of the domains bounds in that domain. 

In contemplating so simple a surface as the torus, it becomes apparent 
ihat in formulating a converse of the Jordan-Brouwer separation theorem 
the relation (2) must be taken into account as well as relation (1). On the 
other hand, a glance at Brouwer’s example cited above is sufficient to inform 
one that even with the duality relations (1) and (2), the accessibility of 
the points of a surface from each of its complementary domains is not enough 
io ensure that surface being, in E;, a simple closed surface. Some condition 
must be imposed that will do away with the crinkliness of the surface. It 
occurred to the author that such a condition might be the following: If K 
isa simple closed surface in E;,D one of the domains complementary to K, and 
€ a positive number, then there exists a positive number 6 such that if f° isa 
closed 0-chain in D of diameter less than 6, thenI’® bounds an open 1-chainT"! 
in D whose diameter is less than e. This property of D may be concisely 
expressed by saying that the 0-chains of D are uniformly homologous to zero in D. 

It will be shown in §1 of this paper (which may be considered as com- 
plementary to Alexander’s paper on the Jordan-Brouwer separation theorem, 
since it utilizes the machinery introduced by him in order to treat accessibility 
properties into which he did not go), that the above condition is a necessary 
condition for the general m-dimensional case, and in §3 it will be shown that 
together with part of Alexander’s duality relation it enables one to give, in 
E;, a converse of the Jordan-Brouwer theorem. 

The chief difficulty encountered by the author in applying the above, 
essentially combinatorial, properties,} to characterizing the sphere immersed 
in E;, was that the known characterizations of the simple closed surfaceft 


* J. W. Alexander, An example of a simply connected surface bounding a region which is not simply 
connected, Proceedings of the National Academy of Sciences, vol. 10 (1924), pp. 8-10. 

T It will be shown below, in the Appendix, that uniformly homologous to zero as a condition rel- 
ative to the 0-chains of a domain is equivalent to the condition uniform connectedness im kleinen for 
the domain. 

t The earliest characterization of which the author knows was announced by R. L. Moore and 
J. R. Kline, their abstract being in the Bulletin of the American Mathematical Society, vol. 28 

1922), p. 380. The same definition is given by Miss I. Gawehn (except for the greater generality of 
the space considered), in Uber unberandete 2-dimensionale Mannigfaltigkeiten, Mathematische 
\nnalen, vol. 98 (1927-28), pp. 321-354. Cf. also C. Kuratowski, Une caractérisation topologique de 
‘a surface de la sphére, Fundamenta Mathematicae, vol. 13 (1929), pp. 307-318, as well as abstracts 
by L. Zippin, Bulletin of the American Mathematical Society, vol. 35 (1929), p. 154 and p. 293. 
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were all of a topological type which did not seem to lend themselves very 
readily to association with the combinatorial properties of the complement. 
Accordingly a new characterization of the simple closed surface by means of 
internal properties that are readily associated with the combinatorial prop- 
erties of the complement was worked out, and is given below in §2. 

In closing this introduction the author wishes to call to the attention 
of the reader the problem of giving a converse of the Jordan-Brouwer 
separation theorem in E; by certain accessibility conditions that are more in 
the spirit of the Schoenflies converse as formulated in E2,* and it is hoped 
that if the attempt is made to find such conditions, the present work will 
be of some assistance as having already broken down some of the barriers. 
For in the opinion of the author the analysis situs relations between closed 
sets and their complements in spaces of three and higher dimensions will 
be most easily discovered by first having regard for the connectivity numbers 
of the complements,{ and although it would be unwise to make any predic- 
tions, it would certainly seem as though to disregard these in the case of the 
(n—1)-sphere, when already known, in the attempt to obtain equivalent 
accessibility conditions, would involve an extreme waste of energy. 


1. We shall show in this sectiont that if M"— is an (n—1)-sphere im- 


* In this connection see J. R. Kline, Separation theorems and their relation to recent developments in 
analysis situs, Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 155-192. See 
especially pp. 156-159 and top of p. 191. As will be observed later on, regular accessibility is an im- 
mediate consequence of the conditions given for the converse in the present paper. 

+ The recent work of P. Alexandroff bears out this opinion strikingly. Cf. his Untersuchungen 
tiber Gestalt und Lage abgeschlossener Mengen beliebiger Dimension, Annals of Mathematics, (2), vol. 
30 (1928), pp. 101-187. The author wishes to seize this opportunity to express his indebtedness to 
Dr. Alexandroff, contact with whom, both through his memoirs and personally (during a recent brief 
visit at the University of Michigan), directed the attention of the author to the possibility of associ- 
ating continuity and combinatorial methods in treating the problems of analysis situs. 

t The content of this section was presented, along with certain other results, to this Society, 
March 29, 1929, under separate title (cf. Bulletin of the American Mathematical Society, vol. 35, 
p. 458, abstract No. 22). It is felt, however, that the theorems and corollaries given above properly 
belong in the present paper. As for the other results of the paper just referred to, the theorem that 
the points of an i-cell (QSi<n—1) are regularly accessible from the complement in E,, is a special 
case of a more recent theorem established by the author, to the effect that in Z, the points of any 
closed set which is homeomorphic with a subset of En»_; are regularly accessible from the complement; 
several of the other results were found to duplicate already known theorems and were withdrawn 
from the announcement in abstract. One of the things so deleted was an example which the author 
believes to be not without interest, and which he has not seen in the literature, viz., an arc in E; 
which cannot lie on,or bound, any set homeomorphic witha 2-cell, and which cannot be thrown into a 
straight line interval by a (1-1)-continuous transformation of E; into itself. (Cf. L. Antoine, 
Sur Vhoméomorphie de deux figures et de leurs voisinages, Journal de Mathématiques, (8), vol. 4 
(1921), pp. 221-325.) The chief interest of the example is its ease of description: On a great circle 
of the 2-sphere, let ABCDEA be points in the cyclical order named, and let the portion BC of the 
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mersed in E,,* and D is either of its complementary domains, then the 
)-chains of D are uniformly homologous to zero in D. Consequently the 
domain D is uniformly connected im kleinen (see Appendix)—a fact which 
was established for the case where n»=2 and M*" is a 1-sphere by R. L. 
Moore.f As a corollary it follows that the points of the sphere are not only 
accessible, but are regularly accessible, from the complementary domains. 


THEOREM 1. Let M*-' be an (n—1)-sphere immersed in E,, and let D 
be one of the domains of E,—M*". Then the 0-chains of D are uniformly 
homologous to zero in D. 

Let the domain E,—(M*-'+D) be denoted by Dy. 

Suppose the 0-chains in D are not uniformly homologous to zero. Then 
it easily follows that there is a point P on M™— and a spherical neighborhood 
U of P, such that in every neighborhood of P there is a 0-chain which does 
not bound in that part of D which lies in U. We shall denote the frontier 
of U by F. 

There is a cell C*-! of M*— which contains P as a non-boundary point 
and lies wholly in U. Denote the boundary of C"—! by C"~, and let the set 
of all those points of M—' that are not interior points of C™— be denoted by 
B"-, Let V be a spherical neighborhood of P of such a radius that V con- 
tains no points of B-'. Let x,° and x? be any two 0-cells of D that lie in V. 
Since the closed chain x +x bounds a 1-chain L,! interior to V, we have 


(3) xP +a? ~0 [mod 2, E, — (F + B™")]. 


In order to deal with a specific case, we may assume that a 0-cell, y,°, of 
L;', lies in D,, Ls' having been obtained, say, by joining x,° and x to such 
a cell by chains Lz\ and Lp}, respectively. 


arc ABCD be replaced by a new portion containing two infinite sequences of simple trefoil knots 
i.e., knots in the sense that the great circle becomes knotted), which of course have to leave the 
2-sphere, and which respectively approach the points B and C as limiting points. This can be done 
in such a way that the new portion BC is still an arc from B to C that does not meet the arc BAED 
of the great circle. Then the portions AB and CD of the great circle, together with the new portion 
BC, is an arc of the type described above. 

* T.e., M"“ is a point set which is in (1-1)-continuous correspondence with an (n—1)-sphere, 
and is therefore not necessarily formed by cells of the subdivisions of EZ, which are used in the con- 
sruences and homologies of the proof. Cf. J. W. Alexander, these Transactions, loc. cit., for defin- 
itions of chain, homology, etc. The reader should be on his guard in the matter of terminology which 
has various meanings depending upon its application in a point-set theoretic sense or in a combinator- 
ial sense. (E.g., “chain,” “closed,” “open,” etc. Present usage seems to apply the term “chain” 
only to open chains, chains that are closed being termed “cycles.” We are retaining the terminology 
of Alexander’s paper, however, in the present connection.) 

+ R. L. Moore, A characterization of Jordan regions by properties having no reference to their 
‘oundaries, Proceedings of the National Academy of Sciences, vol. 4 (1918), pp. 364-370. 
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On the other hand, as every 0-chain in D bounds in D, even though it 
may not bound im kleinen, there is a chain L¢' in D which is bounded by the 
chain Hence, 


(4) xe + x2 ~0 (mod 2, E, — 
If now we can show that the closed chain 
(5) Ip +L ~0 (mod 2, E, — C*-*), 


it will follow from relations (3), (4) and (5), and Alexander’s Corollary 
W:,* that x,°+2/ bounds in the set common to D and U, and since no re- 
striction is placed upon the choice of x, and x, a contradiction of the sup- 
position that the 0-chains of D are not uniformly homologous to zero will 
be obtained. We therefore proceed to demonstrate the validity of relation (5). 

Let be an arbitrary cell of interior to Then x? and 
bound a 1-chain K;! in The closed chain 
links C"~*, for if it did not, then, by virtue of Alexander’s Corollary W‘, 
x? +y would bound in E,—M*~". Similarly, the closed chain K;'+Le'+ 
Lz? links C»-*. However, by relation (1) there is only one linearly inde- 
pendent non-bounding 1-chain in E,—C**. Hence 


(6) + Let ~ Ki + Le* + Las! (mod 2, E — C"-*). 


Since homology (6) implies homology (5), the theorem is proved. 


1. The points of an (n—1)-sphere, immersed in Ey, 
are regularly accessible} from the complement of the sphere. 


Let P be a point of M*-', and D one of the domains complementary to 
M*-'. Since there are only two domains in the.complement of M*-", it will 
be sufficient to prove P regularly accessible from D. 

By virtue of Theorem 1 there exists (1) a sequence of spherical neighbor- 
hoods of P, Ui, U2, U3, - - - , such that if 7; is the radius of U;, then rz >r41, 
and lim;... 7,=0; and such that for k>1, any closed 0-chain of D that lies 
in U;, bounds a 1-chain that lies wholly in the common part of U;_1 and D; 
(2) a sequence of O-cells x,°, xf, x, - - - , such that, for every k, x lies in the 
common part of D and U,. 


* These Transactions, loc. cit., p. 342. 

7 A point P is said to be regularly accessible from a point set D if for every positive number 
¢ there exists a positive number 6 such that if Q is a point of D whose distance from P is less than 6, 
then there is an arc PQ in D+P whose diameter is less than «. Cf. G. T. Whyburn, Concerning the 
open subsets of a plane continuous curve, Proceedings of the National Academy of Sciences, vol. 13 
(1927), pp. 650-657. 
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For any k, x and x,, bound a 1-chain, ['7, which lies wholly in the 
common part of D and U;-_1. As the set of points 


M= Dri+P 
k=2 
is a continuous curve, there is an arc from x,° to P that lies in M, and hence 
(except for P) in the common part of U; and D. As the first neighborhood, 
U,,is arbitrary, and as in every neighborhood of a point x of D in U; there 
can be found a 0-cell x. in D, the corollary is proved. 

If, in the proof of Theorem 1, M*~-! denotes an (n—1)-manifold, and P 
denotes a point which is interior to (i.e., not on the boundary of) a cell C*-! 
which is one of the cells defining M*-!, then the argument to show that 
x +22 is homologous to zero in D-U goes through as before. However, if P 
is such a point of the manifold that it cannot lie interior to any such cell, 
then the above 0-chain may fail to bound in D-U. (Cf., for instance, the 
set K defined in the Appendix, paragraph beginning “Condition (3)”.) 
Hence we can state the following theorem: 

THEOREM la. Let M*-! be any (n—1)-manifold immersed in E,, D a 
domain complementary to M*—', and P a point of M"— which can be considered 
as interior to an (n—1)-cell of definition of M™-'. Then, if C*-! is any such cell, 
and U is any spherical neighborhood of P that encloses only points of M— 


that are interior toC™—", there exists a neighborhood V of P such that any 0-chain 
in D-V bounds a 1-chain in D-U. If every point of M™—' can be considered as 
lying interior to an (n—1)-cell of definition of M*-', the 0-chains of D are 
uniformly homologous to zero in D.* 


Corottary 2. The points of an (n—1)-manifold, M"—', immersed in E,, 
are regularly accessible from the complement of the manifold. 


If P is an interior point of a cell C"-! of M"—', the proof is the same as 
that of the above Corollary 1. If not, then P is on the boundaries of a certain 
number (at least four) of (7—1)-cells of M"-!. Let V be any neighborhood 
of P. Since any (w—1)-cell of an (n—1)-manifold is homeomorphic with an 
(n—2)-sphere and its interior in E,-;, there is a neighborhood U of P such 
that any point of M*-' which lies in U and is interior to a cell C"-! of M"" 


* In order to avoid confusion in the mind of the reader, it should perhaps be pointed out here 
that we are using the definition of manifold as given by Alexander in his paper on the Jordan-Brouwer 
Separation Theorem. That is, an i-manifold is a closed i-chain whose ith connectivity number has 
the value 2. Some authors (cf., for instance, Veblen’s Analysis Situs, published by this Society, 1922, 
p. 88) state the additional condition that every point of the i-manifold shall have a neighborhood, 
relative to the manifold, which is an i-cell. The definition as given by Alexander of course yields 
greater generality to the results obtained. 
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is joined to P by an arc of M"-!-V that lies, except for P, wholly interior to 
C"-! (by Corollary 1). Let Q be any point of D (one of the domains of 
E,,—M*-") that lies in U. We shall show that there is an arc from P to Q 
lying, except for P, wholly in D-V. 

Let PQ be any arc of U from P to Q, and let P; be its first point on M"-!, in 
the order from Q to P. Since in any neighborhood of a point of M*—' there are 
points of M"-' not on the boundaries of its (7 —1)-cells, we may assume that 
P, is interior to a cell C"-! of M*-! whose boundary, C*~?, contains P. 
There is an arc, t, of M*"~!, from P,; to P and lying wholly interior to C™~, 
except for P, as well as interior to V. Let P2, P3, Ps, - -- be a sequence of 
points of ¢ having P as a sequential limit point, and let ¢ denote the distance 
between ¢ and the frontier of V as ordinarily defined for point sets. 

Consider the portion PP; of t. Since all points of P,P» are interior points 
of C"-!, it is easy to show that there lies, in D- V, an arc QiQ2 approximating 
P,P, where Q; is a point of QP; in the neighborhood of P;, and Q2 a point 
in the neighborhood of P2. For if x is any point of P:P2, there is a number 6 
such that any 0-chain of D in S(x, 6) bounds a 1-chain of D in S(x, $e) 
(Theorem 1a). A simple chain* of the neighborhoods S(x, 5) from P, to P2, 
together with the joining of 0-cells in the successive links of the simple chain, 
yields the arc Q,Q2 desired. 

By successive approximations to the arcs P;Pj4; by arcs Q,Qi4: in D-V 
in such a manner that if x; is any point of 0,041, lim;... x; =P, it is clear that 
the set 00,+>.%: 0:0i:+P is a continuous curve containing an arc from 
Q to P and lying, except for P, wholly in D-V. 

2.7 We shall now prove the following theorem: 


THEOREM 2. In a metric separable space let M be a compact set containing 
at least one simple closed curve, and satisfying the following conditions: (1) if 
tis an arc of M, then M —t is connected ; (2) if J is a simple closed curve of M, 
then M—J is the sum of two uniformly connected im kleinent components. 
Then M is a simple closed surface; i.e., a set homeomorphic with the sphere 


* Cf. R. L. Moore, On the foundations of plane analysis situs, these Transactions, vol. 17 (1916), 
pp. 131-164. In particular, see bottom of p. 134, and Theorem 10 of this paper. 

+ The content of this section was presented to the Society December 31, 1928. 

1A set of points K is said to be uniformly connected im kleinen if for every «>0O there exists a 
6>0, such that if P and Q are points of K whose distance apart is less than 5, then P and Q are in a 
connected subset of K whose diameter is less than e. However, for an open subset of a continuous 
curve, it is easy to prove that the words “a connected subset” in this definition may be replaced by 
the words “an arc.” 

§ When this paper was in process of completion, Dr. Leo Zippin communicated to the author 
that he had succeeded in showing that a continuous curve C which has the properties that (1) if 
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For ease of reference, we shall divide the proof into sections: 

I. The set M is connected im kleinen. For if J is a simple closed curve of 
M, and M, and M; are the components of M —J, then and are 
connected im kleinen by a theorem of R. L. Moore.* Accordingly the set M is 
itself connected im kleinen. 

Il. If J is a simple closed curve of M, and M, and M; are the components 
of M—J, then J is identical with the boundary of each of the sets My, Mz. For 
suppose J contains a point, P, which is not a limit point of M,, say. Then an 
arc, t, of J, contains all the boundary points (if any) of Mi. Then 


M—t=M,+(M24+J — 2). 


Since M, and M.+J —1¢ are mutually separated sets, a violation of condition 
(1) results. 

III. The set M is connected. For M contains at least one simple closed 
curve, J, and, by II, J is the common boundary of the components of M—J. 

IV. If P is a point of M, then there is an arc of M which contains P, and 
of which P is not an end point.t 

Since M is a continuous curve, being a connected im kleinen, closed and 
connected set, there is an arc PP’ of M, joining P to some point P’ of M—P. 
By condition (1) the set M—PP’=D is connected. If P is not a limit point 
of D, then there is a point Q of PP’ distinct from both P and P’, such that 
the portion PQ of PP’ contains no limit points of D. Then the set 

M — P'Q=D+(PQ-Q) 
is not connected, since D and PQ—Q are mutually separated sets. But this 
constitutes a violation of condition (1). Consequently D has P as a limit 
point. 

The set D+P is connected im kleinen. If not, then P is the only point at 
which it is not connected im kleinen, since D is an open subset of M. Then 
there exists, by Theorem 1 of my paper Characterizations of continuous curves 
that are perfectly continuous,t a positive number e such that for every positive 


tis an arc of C, then C—t is connected, (2) if J is a simple closed curve of C, then C—J is not con- 
nected, is a simple closed surface. This definition is an obvious improvement over that given above, 
and by its use the last two parts of the proof of the theorem of §3 can be omitted. 

* R. L. Moore, Concerning connectedness im kleinen and a related property, Fundamenta Mathe- 
maticae, vol. 3 (1922), pp. 232-237, Theorem 1. The proof given by Moore evidently holds for a 
compact set in any topological space. 

+ Note added in proof: Since this paper was submitted to these Transactions, a paper by W. L. 
Ayres has appeared in the American Journal of Mathematics for October, 1929, in which it is shown 
(Theorem 10) that if a continuous curve in £, contains no cut point, then the curve is cyclicly 
connected. As our curve M clearly contains no cut point by virtue of condition (1), it is obvious that 
the results IV and V follow from Ayres’ theorem. 

t Proceedings of the National Academy of Sciences, vol. 15 (1929), pp. 614-621. 
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number 6 <e there is a point Q of D whose distance from P is less than 6 and 
which is not in the same quasi-component with P of the set of points 
(D+P)-S(P, «).* It follows at once that there is a sequence of points 
X1, X2, such that e/2>p(x,, P) >«€/3, and such that no two points of 
this sequence lie in the same quasi-component of (D+P)-S(P, €). As M is 
compact, there is a limit point, x, of the set of points }>*_, x,. The point x 
cannot lie in D, since D is connected im kleinen. Hence x is on the arc PP’, 
and since there is no loss of generality in assuming that p(P, P’) >, we can 
say that x is distinct from both P and P’. 

However, D is uniformly connected im kleinen in the neighborhood of x. 
For let ¢ be an arc in PP’ whose end points are distinct from P and P’, and 
which contains x. Since M—t is connected, by condition (1), there exists 
in M—t, by a theorem of R. L. Moore,j an arc from P to P’, and this arc 
together with the arc PP’ contains a simple closed curve J which contains f, 
consisting of two arcs, AxB of PP’ and AyB of D+A+B. Let the com- 
ponents of M—J be M, and Mz, and let 7 be a positive number such that 
S(x, ») contains no points of J/+PP’ that are not points of ¢. Then by 
condition (2) there is a positive number p such that every two points of M, 
that lie in S(x, p) are joined by an arc of Min S(«, n), and a similar statement 
holds for Ms». Since all points of M—J in S(P, n) belong to D, it is clear that 
if m is taken 80 small that S(«, 7) is a subset of S(P, €), the points x1, xs, 
%3, + + cannot all lie in distinct quasi-components of (D+P)-S(P, 

Accordingly D+P must be connected im kleinen, and by a theorem of 
Whyburn{ P is regularly accessible from D. Hence there is an arc of M 
containing P and of which P is not an end point. 

V. If P is a point of M, then P is on some simple closed curve of M. This 
follows at once from IV, and the method used in IV to obtain the simple 
closed curve J. 

VI. If Pisa point of M, M—P is connected. By V, P is on asimple closed 
curve J of M, and by condition (2) M—J is the sum of two components 
which have, by II, J as common boundary. Since M —P is the sum of these 


* Hereafter, if P is a point and ¢ any positive number, the symbol S(P, e) will denote a spherical 
neighborhood of P of radius ¢; i.e., the set of all points of the space whose distance from P is less than 
e. In accordance with the usual notation, M -N denotes the set of points common to M and N. By 
p(P, Q) we denote the distance between two points P and Q. 

7 R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 
(1922), pp. 254-260, Theorem 1. The theorem is evidently true for the case of a continuous curve in 
the general space we are considering. 

¢ G. T. Whyburn, Concerning accessibility in the plane and regular accessibility in n dimensions, 
Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 504-510, Theorem 3. Although 
stated for E,,, the proof given for this theorem clearly holds in any metric space. 
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components together with some of their common boundary points, it is clear 
that M —P is connected. 

VII. If Mi, Mz and J are defined as in II, and AxB is an arc such that 
<AxB>* is in M, and A+B on J, then M,— <AxB> is the sum of two com- 
ponents R, and Rz whose boundaries are, respectively, AxB+-an arc AyB of J, 
and AxB+an arc AzB of J, where AyB and AzB have only A and Bin common. 

Let the two arcs into which A and B divide J be AyB and AzB. Let J; 
and Je be simple closed curves defined as follows: 


J, = AxB + AyB, 
Jo = AxB + AzB. 


3y condition (2), M—J;, is the sum of two components R; and Rj whose 
common boundary, by II, is J;. Let R: be that one of these components 
which lies in M,. (It is clear that M, lies in one of the components of M—J,, 
say in R/, and that R/ must therefore contain <AzB>, thus requiring that 
R, be a subset of M;.) Let that one of the components of M—Jz that lies 
in M, be denoted by Ro. 

Suppose that M, contains a point P that is not in the set Ri +R, 
+<AxB>. Then P lies in Rj, and if P; is a point of M2, there is an arc 
PP,, from P to P;, in R/. If Q is the first point of J on this arc, in the order 
from P to P;, then PO—Q lies in M,. It is clear that Q is in <AzB>; let 
S(Q, €) be a neighborhood of Q that does not enclose any point of AxB. 
There is a neighborhood S(Q, 6) such that any two points of M,-S(Q, 6) are 
joined in S(Q, e) by an arc of M,. Since points of PQ—Q and R; both lie in 
S(Q, 6), and such points are then joined by connected subsets of M—J2, a 
contradiction results from the supposition that M, contains points not in 
the set Ri+ <AxB>. Hence 

VIII. If P is a point of M, and ¢€ is any positive number, there is a simple 
closed curve J in M which does not contain P and such that both J and the com- 
ponent of M—J which contains P lie in S(P, e). 

By V, P is on some simple closed curve J of M. Denote the components 
of “—J by M,; and M,. We can, of course, suppose that J is not wholly 
in S(P, €), and that both M, and M; have points in the exterior of S(P, ). 

By virtue of the uniform connectedness im kleinen of M, and M2, together 
with ITI, it is easy to show the existence, in S(P, €), of arcs AixB, and AsyBz, 
where <A,xB,> and < AzyB,> lie in M, and M2, respectively, and the points 
A;, As, B,, By lie on J in the order A:A2PB.B,A;i, and such that the arc 
A, PB, of J lies in S(P, €). Let the simple closed curve 


* By <AxB> we denote the set AxB—A-—B. 
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(where and B,B; are portions of A,PB, on J) be denoted by J;. 
Let that component of M —J, that contains P be denoted by R:. 

By VII, Mi— <A,xB,> is the sum of two components, one of which is 
bounded by the simple closed curve 7;=A:PB,+A,xB,; denote this com- 
ponent by K. Similarly, that component of M2 bounded by the simple closed 
curve T;=A2PB,+AzsyB, denote by Kz. Then 


Ri = Ki + < >. 


For by VII, Ri— <A2PB,> is the sum of two components H,; and Ho, 
bounded, respectively, by 7; and 72. Now T, bounds only two components, 
one of which contains M2. If H, were the latter component, then H; would 
contain <A»yB,>, which is clearly impossible. Then H, is that component 
of M—T, that does not contain Mz, i.e., Ki. Similarly, H#2=K2. We note 
that if a is a point of M, that is not in K,+7;, then R,; does not contain a. 

If R, does not lie wholly in S(P, e), there is a point, P;, in R:, such that 
p(P, P:) =e. 

In a similar manner, we can show the existence, in S(P, €/2), of arcs 
and Coy2D2, where and <C2zy2D2> lie in K; and Ke, re- 
spectively, and the end points of these arcs lie on A2PB, in the order 
A,C:\C:PD.D,B,. Denote the simple closed curve formed by these two arcs, 
together with the portions and D,D, of A2PB:, by Jz. Denote the 
component of M —J, that contains P by R:. 

By VII, Ki— <C,%,D,> is the sum of two components, one of which, 
Ni, is bounded by the simple closed curve Fi: =C\7D,+CiPD,; similarly, 
that component of K2— <C2y2D.> bounded by the curve = C2y2D2+C2PD: 
denote by N2. Then we can show, as above, that 


Consequently, R: is a subset of Ri, and does not contain the point a defined 
above. 

We may continue in this way indefinitely, obtaining simple closed 
curves J3, Js, Js, -- - , with corresponding components Rs, -- - , all 
containing P, but not a, and each component a subset of the preceding; also, 
requiring that for each positive integer m, the curve J, lie in S(P, €/n). 

For some n, R, is a subset of S(P, €). For if not, there is for every n a 
point P, of R, such that p(P, P,,) =e. Since M is compact, the set of points 
>> *_, P, has at least one limit point Q, which is in every set R, and such 
that p(P, 0) =«. Common to all the sets Ri, Ro, Rs, - - - , there is a continuum 
C, which contains P and Q. 

By VI, M—P is connected, and therefore contains an arc ¢ with end 
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points Q and a.* There exists a positive integer k such that ¢/k is less than 
the distance between P and the arc ?. Then the set C+¢# is a connected subset 
of M—J;,, since C lies in R; and ¢ cannot meet J;. However, P lies in R, and 
a lies in M—(J;,+R,). Thus the supposition that for no m does R, lie in 
S(P, €) leads to a contradiction. 

The conclusion of Theorem 2 now follows in either one of the following 
ways: (1) by virtue of the Moore-Kline-Gawehnf definition of the simple 
closed surface, whose conditions are now seen to be fulfilled; or (2) by virtue 
of R. L. Moore’s Axioms 2; for plane analysis situs.{ For it is easy to see, in 
view of what has been shown above, that if Q is an arbitrary point of M, 
then M —Q is a topological plane, in that it satisfies the axioms 2;. Thus, if 
J is a simple closed curve of M —(Q, let that component of M—J which does 
not contain Q be called a region. 


3.§ We shall prove the following theorem: 


THEOREM 3 (Converse of the Jordan-Brouwer Separation Theorem in 
E;). Let K be a closed and bounded set in E3, such that E; —K =S,+S2, where 
S; and S2 are mutually exclusive and 

(1) every arc from a point of S; to a point of S2 contains at least one point 
of K; 

(2) if P is a point of K and Q a point not in K, then in every neighborhood 
of P there is a point P’ such that there is an arc from P’ to Q lying except for 


possibly P’ wholly in E;—K; 
(3) the 0-chains of S;(i=1, 2) are uniformly homologous to zero in S;; and 
(4) the Betti number (mod 2) R'(E;—K) =1. 

Then K is a simple closed surface. 


We shall show that the set K satisfies all the conditions of Theorem 2. 


I. The set K is connected. For if not, it is the sum of two mutually sepa- 
rated sets, K, and Ke. Let P; be a point of K; (¢=1, 2). By a theorem of 
Knaster and Kuratowski,§ there exists a continuum C in E;—K which 
separates P; and P2. The continuum C lies wholly in one of the sets Si, Se. 


* Cf. R. L. Moore, Mathematische Zeitschrift, loc. cit. 

+ Cf. Bulletin abstract of Moore and Kline, loc. cit., and I. Gawehn, loc. cit. 

t R. L. Moore, On the foundations of plane analysis situs, these Transactions, vol. 17 (1916), 
pp. 131-164. See also R. L. Wilder, Concerning R. L. Moore’s axioms , for plane analysis situs, 
Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 752-760. 

§ The contents of this section were presented to the Society August 30, 1929. 

{| B. Knaster and C. Kuratowski, Sur les ensembles connexes, Fundamenta Mathematicae, 
vol. 2 (1921), pp. 266-255. The theorem referred to here is Theorem 37, p. 233. This theorem holds. 
true in E,, since the theorem of Brouwer used in its proof holds in E,, for both bounded and un- 
bounded sets. 
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For if it contains points of both S; and S2, then Si, say, contains a limit point 
of S:. But then, since K is closed, this limit point would be joined to a point 
of S2 by an arc that does not meet K, a violation of condition (1). Then C 
lies in S;, say. 

Now in the neighborhood of any point P of K there lie points of both S; 
and S:. For if we let U be any neighborhood of P and x a point of Si, say, 
there is, by condition (2), a point P’ in U which is joined to x by an arc 
P'x and such that P’x—P’ lies in E;—K. It is clear that P’x—P’ must lie 
in S,, since x is in S,;; and as U must contain points of P’x—P’, there is a 
point of S, in U. 

Accordingly, in the same domain complementary to C that contains P; 
there is a point x; of Ss. By condition (2) there is, in the same domain com- 
plementary to C as Ps, a point x2 such that there is an arc x:%2 which lies, 
except possibly for x2, wholly in ZE:—K. Then x;x2—42 lies in S2, and there is 
no point of C on 2%, since C isin S;. But x; and x2 must be separated by 
C in E;. Thus the supposition that K is not connected leads to a contradic- 
tion. 

II. The set K is connected im kleinen. For if not, it follows from a theorem 
of R. L. Moore* that there exist two concentric spheres, R; and Re, and a se- 
quence of subcontinua of K, namely M., M1, M2, M3,---, such that (1) 
each of these continua contains at least one point of R; and Re, respectively, 
but no point exterior to R; or interior to Re, (2) no two of these subcontinua 
have a point in common, and no two of them contain points of any connected 
subset of A that lies wholly in Ri +R.+/, where J is the annular domain 
bounded by R, and Re, (3) M,, is the sequential limiting set of the sequence 
of continua M,;, Mz, M;,---. 

Let P be a point of M,, in J, and let R be a spherical neighborhood of P 
such that R’ lies in J (where R’ denotes R together with its boundary). 
Let us consider R as a space, E;, and if M is a point set, let us denote the pro- 
duct M-R by M. 

There exists a positive integer m such that W;, for i=m, is non-vacuous. 
The set K is closed relative to E;, and by condition (2) of Moore’s theorem 
just quoted, no connected subset of K joins M; and M; (i4j; i, 72m). 
There exists a spherical neighborhood, U, of P in E;, such that any 0-chain 
of S; in U is homologous to zero in S;. Let i and j be values such that 7; 


*R. L. Moore, A characterization of Jordan regions by properties having no reference to their 
boundaries, Proceedings of the National Academy of Sciences, vol. 4 (1918), pp. 364-370. The theorem 
referred to here is not given any explicit statement, in theorem form, in this paper, but will be found 
in such form in the same author’s Report on continuous curves from the viewpoint of analysis situs, 
Bulletin of the American Mathematical Society, vol. 29 (1923), pp. 296-297. 
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and M; have points P; and P;;, respectively, in U. There exists a continuum, 
C (continuum relative to E;) that lies in E;— K and separates P; and P; in 
&;. For there is a separation of K into two mutually separated sets containing 
Wf; and M ;, respectively,* and the theorem of Knaster and Kuratowski used 
in I applies in E3. 

Now, as shown in a similar case in I, C must lie wholly in, say, S;. But 
in every neighborhood of P;, and of P;, there are points of S2; in particular, 
there are such points in neighborhoods of P; and P; that lie in U—C-U, and 
these bound 1-chains of S:. As such chains must contain points of C, and 
hence of S;, a contradiction is established, and K must be connected im 
kleinen. 

III. The sets S; and S: are connected. Consider S;, and let x and y be any 
two of its points. Let P be any point of K, and let U; be a spherical neighbor- 
hood of P. By condition (3) there is a spherical neighborhood U2 of P such 
that if a° and 6° are two 0-cells of S; in U2, then a° and 6° bound a 1-chain of 
S, in U;. Now, as already shown, U2 contains two points, x; and yi, which 
are joined to x and y, respectively, by arcs xx; and yy, in S;. There is no loss 
of generality in assuming that x, and ¥, are 0-cells of the subdivision of E;, 
and accordingly bound a 1-chain L! of S, in Ui. Then xx,+L'!+yy: is a 
connected subset of S; joining x and y, and therefore S, is connected. 

IV. No arc of K disconnects K. For let t be an arc of K and suppose that 
K-—t=K,+Ke, where K, and Kz are mutually separated sets. The sets 
K,+t and K,++# are closed. 

Let P and Q be points of S; and S2, respectively, which are also 0-cells 
of the subdivision of E;. By condition (2), Ki+é¢ does not separate P and Q 
in E3; let Li be a 1-chain bounded by P and Q in the complement of K, +4. 
Similarly, let ZL.) be a 1-chain bounded by P and Q in the complement of 
K.+t. Since the closed 1-chain Z} +Z# cannot link the arc #,f it follows from 
a theorem of J. W. Alexander} that P+Q bounds a 1-chain in E;—K; in 
other words, condition (1) is violated. Hence ¢ does not separate K. 

V. If J is a simple closed curve of K, then K —J is not connected. Suppose 
that K—J is connected. 

By the Alexander duality relation (see introduction) there is a closed 
1-chain I" which links J. We shall first show that I" has points in both S; 
and Se. 

Suppose I! is contained in $:+K. Then it is clear that I’! contains points 
of K, for if not, by condition (4) we should have 


* This follows from the fact that the closed set K - R’ is separated between M;- R’ and M;- R’. 
+ J. W. Alexander, these Transactions, loc. cit. 
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r'i~o (mod 2, E; — J), 


which is impossible since T™ links J. Let the distance between J andT', as 
ordinarily defined for point sets, be denoted by e. By condition (3) of the 
theorem, there is a number 6, such that if ’° is a closed 0-chain of S, of diame- 
ter less than 6,, then there is a 1-chain I such that 


(mod S1) 


where the diameter of I';' is less than +e. 

We may assume, without loss of generality, that the 1-chain I is irre- 
ducible, and that its 1-cells have a given cyclic order. We may also assume 
that the one-cells of I" are all of diameter less than 46,. 

The cells of !'! may be divided into two classes, according to whether their 
boundaries lie wholly in S; or not. We may start with a given cell c!, and con- 
sider the successive cells of '! in their cyclic order. If both end-cells of c! 
lie in S,, then c! may be replaced by a 1-chain K! which has the same boun- 
dary, but which lies entirely in S; and has a diameter less than }e. We may 
agree to say that the cell c' has been transformed into the chain-cell K"'. 
Proceeding to the next 1-cell of T'', which we may denote by d', suppose that 
one of its end-cells is on K. Denote the cell that it has in common with c! 
by @°, and the cell on K by 5°. There is a 0-cell, 5°, in S,, whose distance 
from 6° is less than 46,, and since the distance from a® to 6° is less than 6, 
these two cells bound a 1-chain K? in S;, whose diameter is less than +e. 
We shall replace 6° by 6°, and d' by K}, and say that 6° and d' have been 
transformed, respectively, into b° and K?. Suppose the next cell on I"! is e!, 
and that its end-cell distinct from 6°, viz. c°, is also on K. There is a 0-cell 
é° in S; whose distance from c° is less than }6,. Clearly the distance from 
6° to é° is less than 6,, and hence these two cells bound a 1-chain K? in S; of 
diameter less than }¢.We shall let €° and K? be the transforms, respectively, 
of c° and 

Proceeding through all of the cells of '! as just indicated, we replace each 
cell of I! by its transform, and obtain a new closed 1-chain, l',’, which we 
may call the transform of T''. Now I? lies wholly in S;, and accordingly, 
by application of condition (4), 


(a) ri ~0 (mod 2, E; — J). 


We shall show that relation (a) is impossible. 

We note that if c! is any 1-cell of '', then every point of the transform, 
K', of c!, is at a distance less than }¢ from either end-cell of c!. That is, both 
of the chains c' and K' lie within a spherical neighborhood T of radius e 
which has its center at one end-cell of c! and accordingly contains no point of 


646 
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J. By introducing, if necessary, two new 1-chains, each bounded by an end- 
cell of c! and its transform, a closed 1-chain L! is obtained in T which con- 
tains c! and K! and such that 


(b) I'~0 (mod 2, 7, E; — J). 


By adding homology (a) and all homologies of type (b), we have 


(c) (mod 2, E; — J). 
However, we have that, adding modulo 2, 
(d) r+ 


(it can be assumed that only one chain is introduced between each 0-cell of 
l"' and its transform). Combining relations (c) and (d) we have 


(mod 2, — J). 


This contradicts the fact that [links J. Hence I"! must have points in both 
S; and 

We shall now show that the supposition that K—J is connected is in- 
consistent with the fact that T links J, and has points in both S; and Sy». 
It will first be necessary to make a transformation of I". 

Let «, be a positive number less than je. Since K is uniformly connected 
im kleinen (being a bounded, connected im kleinen continuum), there is a 
positive number é, such that if P and Q are points of K at a distance apart 
less than €:, then P and Q are joined by an arc of K of diameter less than «. 
Let 6., be a positive number such that if P and Q are 0-cells of S; (i=1 or 2) 
at a distance apart less than 6,,, then P and Q bound a 1-chain in S; of di- 
ameter less than }¢.. We may assume that the 1-cells of IT"! are all of diameter 
less than 36,,. 

The transformation that we now effect on I! is very similar to the one 
described above, except that the new constants just defined are involved. 
Supposing that we start with a cell c! of T' whose end-cells are both in S;, 
we replace it by a chain-cell K! with the same boundary and diameter less 
than te. If the next cell b' has an end-cell on K, we transform it into a 
chain-cell in S;. Of course we ultimately come to a cell c! one of whose end- 
cells (the one last affected by a transformation), a°, isin S, +X, and the other, 
b°, is in Sp. (Indeed, if I! had none of its bounding 0-cells in S2, the whole 
chain I" could be transformed into a chain in S;, just as in the above proof, 
and a contradiction obtained as before. Similarly, if we encounter a case of 
one bounding 0-cell of I in Sz (Si) and the neighboring 0-cells in S; (S2), 
the 1-cells which they bound may be transformed into chain-cells lying in 
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S; (S2).) Itis unnecessary to use condition (3) here, since any 1-chain K! of 
diameter less than }€, and bounded by 4° and 6° will do for the transform of 
c! (a@° being the transform of a°). The next 0-cell, c°, is in S, (else we would 
have proceeded as indicated in the above parenthesis) and the transforma- 
tion to be effected is obvious. The subsequent transformations should also 
be obvious, since we now proceed from S2 in just such a manner as we pro- 
ceeded from Sj, viz., by not actually “crossing” into S; until two successive 
bounding 0-cells are encountered in S$}. 

The outcome of these transformations on the cells of T'' is to obtain a 
new 1-chain, which we shall still denote by ' and which still links J (this 
can be shown as above), but which has the following properties: (1) its inter- 
sections with K occur on certain chain-cells, K), K?,---, K, in the order 
named; we shall henceforth call these the crossing-cells of T'!; (2) if K? is 
any crossing-cell, the diameter of K;} is less than }¢.; (3) the boundary cells 
of K? lie in S; and S2, respectively; (4) if K? and K}4: are bounded by the 
cells a°, b°, c® and d® (these occurring in the order named), then the cells a° 
and d° are both in S;(S2); in other words, if one crossing-cell leads from S; to 
S2, the next leads from S2 to S;. The last property is very important, and 
shows that there is an even number of crossing-cells. 

We shall now proceed to replace [' by a 1-chain which still links J but 
has only two crossing-cells. 

Starting with K,', suppose that the bounding 0-cells of K,! and Ke" occur 
in the order a®, b°, c°, d®, where a° is in S;. In S;, let A? be a new 1-chain 
bounded by and d@°, and in let be the 1-chain of which lies in S, 
and is bounded by 6° and c®. Denote the portion of I from d° to a® by B'. 
Now we cannot have both of the following relations: 


(e) A} +K} +A} + Ki ~0, 
(f) A? + B'~0 (mod 2, E; — J), 
since the sum of these homologies would imply the homology 

r~o (mod 2, E; — J). 
If (e) fails to hold, we have secured the type of 1-chain linking J that we 


set out to obtain, viz., a chain with only two crossing-cells. If (e) holds, we 
can proceed with the 1-chain 


Ki +A? =A? +B (mod 2) 
which has two less crossing-cells than I"', viz., K?,--- , K,', by next con- 


sidering the crossing-cells K? and K?. 
In any case, we eventually arrive at a closed 1-chain which links J, and 


\ 
} 
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has only two of the original crossing-cells of T!. We shall continue to call 
this chain T™, and we shall suppose its crossing-cells are K? and K?, their 
boundary cells being denoted, as before, by a@°, 6°, c°, d®°. Denote the portion 
of T' lying in S; and bounded by a°+d° by ZL? and the portion in S. bounded 
by b°+c° by L?. 

Because of the way in which the above transformation was carried out, 
at least one of the boundary cells of K} (i=1, 2) is identical with a cell of 
the original chain T', so that a spherical neighborhood 7; of diameter ¢é 
about K? certainly encloses no points of J. We may assume that K? and 
K2} are homeomorphic with simple arcs, and on K} (i=1, 2) let x; and 4; 
be points of K such that the portions (dx2) and (c%y2) of Ki (K#) 
contain no points of K other than x; and 4; (x2 and ye). 

Since x; and x2 lie in K—J, and K —J is connected, there is an arc 21%. 
in K—J.* Denote the distance between x:%2 and J by ¢;, let €, denote a posi- 
tive number less than both «, and ¢;, and let 6., be a positive number such 
that if two 0-cells of S; are at a distance apart less than 6,.,, they bound a 
1-chain in S; of diameter less than }€ (condition (3)). 

Let Fi, F2,---, Fm be points on the arc where Fi; =x; and F,, 
occurring in the order named, and so selected that 


O(F F iss) < (¢ = 1,2,---,m-—1), 


where F;F;,; denotes the portion of between F; and F;4;. Let P:,P2,---, 
P,, be a set of 0-cells in S; such that P; is on the portion a°x, of Ky? and P,, 
on the portion d°x, of K?, and the following relations hold: 


Pi, F;) < 
p(Pi, Pit1) < be. 


According to the definition of 6,,, there exists for each 7 an open 1-chain H} 
in S; bounded by P; and P;4;, and such that 6(H3)<te. We define 
C}=>°7%2} H},and we also note that every point of H? lies within a distance 
€4 of F;. 

Let T? (¢=1, 2) be a spherical neighborhood concentric with T; and of 
diameter 2¢,. Clearly T} contains no point of J. According to the definition 
of €, and because of the fact that the distance from x; to y; is less than & 
(the diameter of K? being less than e), there is an arc ¢; in K which lies wholly 
in T; and has end points x; and y;. We can approximate the arc 4 by a 
36.,-chainf of 0-cells in S:, with first point, 2:, on the portion y,b° of K?, and 

*R. L. Moore, Mathematische Zeitschrift, loc. cit. 

} The word “chain” is here used in the ordinary point-set theoretic sense; i.e., if € is a positive 
number, and P and Q are points, an e-chain from P to Q is a set of points P;, Pe, ++, Pn, where 
P,=P and Pa=Q, and p(Ps, Pis:)<e (i=1, 2, +++, n—1). 
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last point, z,, and such that not only is every point of the chain at a distance 
less than }¢, from some point of 4, but in particular p(z,, F:)<}e. Then, 
in a manner similar to that used in obtaining C;, we obtain a 1-chain B? 
bounded by 2:+2,, lying wholly in S2, and such that every point of B? is 
within a distance }«, from some point of 4,. It is clear that a spherical neigh- 
borhood 7;? concentric with 7g and of diameter 3¢€,, will contain B;, and 
enclose no points of J. 

We can obtain similarly a 1-chain B, with reference to f2, so that the 
boundary of B,' is a point w; on the portion yc° of K.' and a point w; in S, 
whose distance from F,, is <}«s. Let T2? be a spherical neighborhood analo- 
gous to T,’. 

Let Q:, Qe, --- , Qm be points in S, chosen with reference to the points 
{F;} just as the points {P;} were chosen in S;, and so that Q,=z, and 
QO» =w,. On these points can be built up a 1-chain B? of S2, bounded by Q; 
and Q,,, and approximating the arc 2,2 in a manner similar to that in which 
C? approximates 


We now define the following 1-chains: 


3 
Ci = > 


i=l 
Li} + + 
= Cf + + + wiPn, 
= C7 + + Le + 
where a°P;, P,,,d°, etc., are portions of K? and K?. We note that 
3 
(g) (mod 2). 


The following homologies follow from condition (4) of the theorem: 
Tr? 0, 
(i) ri ~0 (mod 2, E3 — J). 


Consequently, since T" links J, it follows from relations (g), (h) and (i) 
that Ts links J. 

If we join P, and 2, by a 1-chain B; every point of which is at a distance 
less than }¢, from x; (=F) and P,, and w; similarly by a 1-chain B;', it is 
easy to see that since the following relations hold: 


Bi + B2+ Pin ~ 0 (T?, E; — J), 


Bi + BA + P,pw,~ 0 (T?, Es — J), 
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the closed chain 


5 
r=Ci+ DB 
i=3 
links J. 
However, this is impossible for the following reasons. The points P; and 
O; (i=2, 3,---, m—1) bound a 1-chain N?, every point of which is at a 
distance less than }«€, from F;. For convenience of notation, let Vi} = B? and 
Ni =B;!. Let U; (i=1, 2,---, m) be a spherical neighborhood of F; of 
radius €s. Then every point of the closed chain 


E} = H} + + + Nin, 
where 77} is the portion of B? from Q; to Qi4:, lies in U;. Hence 


E} ~ 0 (mod 2, E; — J). 


(mod 2), 


and by adding all homologies (j), we get 
r~o (mod 2, Es — J). 


Thus, on the assumption that K—J is connected, we are able to find a 
closed chain I’, homologous to the chain I" which links J, but which does not 
itself lik J. As this is impossible, K—J cannot be connected. 

VI. If J is a simple closed curve of K, then K—J contains at most two 
components. For suppose K —J contains at least 3 components, M,, M2, and 
M;. Since K is a continuous curve, each component of K —J is also a quasi- 
component of K —J,* and it is therefore easy to see, with the result of section 
IV, that each component of K —J has all of J as its boundary. 

There exists on J a set of points occurring in the following order, 
P,A,0,B,P2B.Q2A2P;, and such that there is an arc A,x,;B; (i=1, 2) lying, 
except for A; and B;, wholly in M;. Define a simple closed curve J, as fol- 
lows: 


J, = + + B,P2B2, 


i=1 


where A,P\A;2 and B,P2B; are arcs of J. Then the set K —J, is connected, 
in contradiction to the result of section V. For if we denote the set 


* Cf. R. L. Wilder, A characterization of continuous curves by a property of their open subsets, 
Fundamenta Mathematicae, vol. 11 (1928), pp. 127-131. 


j) 
But 
r= | 
i=1 
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K—(M,+M2+J) by R, it is clear that the set Ri=R+)-3_,<A,0,B;> is 
connected. Also, the set M,— <A,%,B,> contains only components that have 
boundary points on either <A,Q0iB:> or <A.Q2:B,>. For suppose M, 
— <Aj,x,B,> contains a component C with boundary points only on the 
set t=AsP,A14,B,P2B,. Then the set 


K-t= c+[an —C) + Mo2+R+ <q A,QO:B; > | 
i=l 


is not connected, contrary to the result of IV. In a like manner it is shown 
that all components of M:—A2x2B, have limit points on >\7_,<A,Q;B;>, 
and it is clear that the set 


K-J,=R,+ iM; — A;x;B;) 


i=1 
is connected. 

VII. Denoting the two components of K—J by M, and Mz, respectively, the 
sets M, and M, are uniformly connected im kleinen. For suppose M, is not 
uniformly connected im kleinen. Then there is a point P on J, a spherical 
neighborhood R of P, and a sequence of pairs of points of Mi, {P,, Qn}, such 
that lim,..P,=P and lim,..0,=P, and for no m are P,, and Q, joined in R 
by any connected subset of M;. Denote the set M;-R by M; (i=1, 2), and 
the frontier of R by F. 

Denote by C the component of K- R determined by P. Let R; be a spheri- 
cal neighborhood of P of smaller radius than R, which encloses no pgints of 
J that are not on the arc, ¢, component of J-R determined by P. We shall 
denote J-R by h. 

Let R, be another spherical neighborhood of P such that any point of 
K within R, is joined to P by an arc of K that lies in R; and such that Re 
encloses no points of K—C. Let P;, Q, be a pair of points of the sequence 
{P,, On} lying in R2, and let the component of 17, determined by P; be 
denoted by #,; let W:—H:i1=H:. Then H, and H; are mutually separated. 

In Re, let x; and 2 be points of S; and S2, respectively, that are 0-cells of 
the subdivision of £3. 

(a) The set C separates R between x; and x2. For x; and x2 bound a chain 
Tr? in E;—[F+(K—C)], and if they bound a chain T? in E;—(F+C), then, 
since the closed chain [3 +I is homologous to zero in R, it cannot link the 
product [F+(K—C)]-[F+C], which is a subset of F, and accordingly 
%1+22 is homologous to zero in E;—K (Alexander’s Corollary W;, loc. cit.). 
This is a contradiction of condition (1) of the theorem. 

(b) Under the assumption that M;, is not uniformly connected im kleinen 
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in the neighborhood of P, C does not separate x; and x2 in R. Let ; and ye 
be the first points of K on a straight line from x; to 2, in the orders x; to x2 
and #2 to x1, respectively. There exist arcs yi0x, and of K in 
R,. By the use of the usual approximation based on condition (3) of the the- 
orem, we obtain a closed 1-chain, I, consisting of two open chains I’? and 
[2 bounded by « and x2, such that T lies in Ri, and cuts K only in certain 
arbitrarily small neighborhoods of P; and P;, respectively. The following 
congruences hold: 


= [mod 2, Es; — (F + H/)], 


(where Hy denotes H, together with all its limit points, etc.). We may 
assume that the product of H/ and H?’ isa subset of ¢;’ , so that if we can show 
that bounds in +H or, since the latter set 
contains E;—(F+4,), if we can show that l bounds in E;—(F+4,), we shall 
have that x; and 22 are not separated in R by C (Alexander’s Corollary W;, 
loc. cit.). 

Since M, is connected, it can be shown, by the methods employed in 
section V, that I! does not link J. Consequently, there exists a chain I,” 
such that 


r? (mod 2, E; — J, E3 — 
But since I lies in R;, and the latter contains no points of F+J —1, we have 
r? [mod 2, E; — (F + J — 2#)]. 


Now since the product of F+J —# and ?’ is just two points, and neither I';? 
nor I’,? meets the arc J —¢ joining these points, we have that 


[mod 2, £; —?-(F+J —2)). 


Hence, by Alexander’s Corollary W; (loc. cit.), 
[mod 2, Ez; — (F + 4,)]. 


As this is the relation we wished to prove, in order to show that the 0-chain 
%1+22 bounds in R—C, we have shown that x, and x2 are not separated by 
Cin R. 

As (a) and (b) are in contradiction, the assumption that M, is not uni- 
formly connected im kleinen cannot hold. A like statement of course holds 
for M2, and the theorem is proved. 

The following theorem follows immediately from Theorem 3, from which 
it is only slightly different: 
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THEOREM 4 (Converse of the Jordan-Brouwer Separation Theorem in 
E;). Let K be a closed and bounded set in E3, such that (1) the Betti numbers 
(mod 2) R°(E;—K) and R'(E;—K) are respectively equal to 2 and 1, (2) if 
D is a component of E;—K, the 0-chains in D are uniformly homologous to 
zero in D, and every point of K is a limit point of D. Then K is a simple closed 
surface. 


Since there are two components, S; and S:, in E;—K, condition (1) of 
Theorem 3 is satisfied. Since every point of K is a limit point of each of these 
components, condition (2) of Theorem 3 is satisfied; for, it is to be noted, 
condition (2) of Theorem 3 allows P’ to lie in that complementary domain 
which contains Q. Conditions (3) and (4) of Theorem 3 are restated in 
Theorem 4. Thus Theorem 4 follows at once from Theorem 3. 


4. Appendix. The independence of the conditions of Theorem 3 is 
established as follows: 

Condition (1): In £;, using rectangular coérdinates, let K be the set of 
points (x, y, 0) such that x?+y*?<1. Let S; be the set of all points for which 
z>0; let 

Condition (2): Using spherical coédrdinates, let K be the set of all points 
(p, o, 0) for which 1 <p <2, let S; be the set of points for which p<1, and S, 
the set for which p> 2. 

Condition (3): Using spherical codrdinates, let K’ denote the set of 
points p=1. On XK’, let ¢ denote the arc consisting of points (1, 0, 6) such that 
0<6<7r. Ont, if P denotes any point (1, 0, 6), let P’ denote the point 
(1, 0, r—0). The set K is obtained by continuously deforming K’ so that 
each point P coincides with P’, but points not on ¢ remain distinct as before. 
The complement of K is two domains, neither of which satisfies condition 
(3) of Theorem 3. 

Condition (4): The torus. 

The equivalence, in the case of open sets in E,, of the conditions uniformly 
homologous to zero and uniformly connected im kleinen, is established in the 
following theorem: 

THEOREM 5. [n order that an open set G in E,, should be uniformly connected 
im kleinen, it is necessary and sufficient that the 0-chains in G should be uni- 
formly homologous to zero in G. 


The condition is necessary. Let ¢€ be any positive number. Since G is 
uniformly connected im kleinen, there exists a positive number 6 such that if 
P and Q are 0-cells of G whose distance apart is less than 6, there is an arc 
PQ of G whose diameter is less than je. 
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Let E,—G=F, and denote the distance between F and the arc PQ by 
m. Let 7 bea positive number smaller than either of the numbers m, $¢. Let 
P,(=P), P2,---, Pn(=Q) be points of PQ such that p(P;, Pis1) <in(é=1, 
2,:-+,n—1). The subdivision of EZ, may be extended so that there exist 
0-cells Fi(=P1), Fo,- Fn( =P.) such that p(Fi, and p(F;, P;) 
<4». Let T; be a spherical neighborhood of P; of radius 3n. Then clearly 
F;,, lies in T;, and consequently F;+F;4: bounds a 1-chain H; in T;. Since 
no point of F lies in T7;, H;-F =0. Consequently the chain K'=)>"=} H; lies 
in G. 

The diameter of K' is less than e. For let x; and x2 be points of K'. Since 
x, lies in some sphere 7;, and hence p(x, P;) <3 <j}e, and since there exists, 
similarly, a P; such that p(x2, P;)<}e, it follows at once from the fact that 
the diameter of PQ is <ie, that p(x, x2) <e. 

The condition is sufficient. If € is a positive number, there is a positive 
number 6 such that if x° and x2? are 0-cells of G such that p(x,°, x?) <6, then 
x +2 bounds a chain K' of G of diameter <je. Let P; and P2 be any two 
points of G such that p(P;, P:) <36. The subdivision of EZ, may be extended 
so that there exist 0-cells y,° and y such that p(x’, P,) <36 (i=1, 2), and 
such that there are arcs y;P; of diameter <}e in G. Since p(y, y2) <6, 
yi +y2 bounds a chain K' of G of diameter <je. The set 
contains an arc from P, to P, of diameter < e. 

As a result of Therem 5 we can restate Theorem 4 as follows: 


THEOREM 4’(Converse of the Jordan-Brouwer Separation Theorem in 
E;). In E;, the common boundary, K, of two uniformly connected im kleinen 
domains, one of which is bounded, is a simple closed surface, provided that the 
Betti number (mod 2) R'(E;—K) =1. 


The problem in ” dimensions,  >3. Regarding a converse of the Jordan- 
Brouwer Separation Theorem in £,, where n> 3, the author will not hazard 
any guesses here, but merely indicate the likelihood that by an extension of 
the conditions of Theorem 4, such a converse may be obtained. Thus, con- 
dition (1) of Theorem 4 may be replaced, as a result of the Alexander duality 
theorem, by the condition that the Betti numbers R°(E;— K) and R‘(E;—K) 
(i=1,2,--- ,2—2) shall be respectively equal to 2 and 1, and condition (2) 
may be replaced by the statement that the closed i-chains (i=0, 1,--- , 
n—2) of D are uniformly homologous to zero in D, retaining, of course, the 
statement that every point of K is a limit point of D. The validity of such a 
condition (2) is established by the following theorems, with which we close 
the present paper. (The extension of the definition of “uniformly homologous 
to zero” to i-chains where i >0 should be obvious.) 
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THEOREM 6. Let M"-' be an (n—1)-sphere immersed in E,,, and let D be one 
of the domains of E,—M*—. Then the closed i-chains (n>i>0) of D are uni- 
formly homologous to zero in D. 

Suppose the conclusion of the theorem untrue. Then there is a point P 
of M"— and a contracting sequence of i-chains of D, K;', Ks‘, K¥,-- + , such 
that P is the sequential limit point of any set of points P;, Ps, Ps, - - - , where 
P,,, for every n, is a point of K,*, and such that there is a positive number e 
for which K,*, for every n, fails to bound any (+1)-chain of D of diameter 
less than e. 

Let S(P, €/2) be a spherical neighborhood of P of diameter ¢€/2. Then 
there is an (w—1)-cell, C»-!, of M*—', which contains P as an interior point 
and lies wholly in S(P, €/2). Let R denote a spherical neighborhood of P 
which encloses only points of M*-! that lie interior to C"-'. Denote the 
boundaries of S(P, and by F(P, and C*-, respectively. The 
set C"~ is of course an (n —2)-sphere immersed in E,. 

Let us first consider the case where i<n—1. 

There is a number j, such that K; lies wholly in R. Then, denoting by 
Br the set of all points of M"—' that are not interior points of C*-!, we have 
the following congruences: 

= K;i (mod 2, E, — C*-), 
= {mod 2, R, E, — + F(P,€/2)]}. 


Since 7>0, i+1 is greater than 1, and since by Alexander’s Theorem X ‘ an 
(n—2)-sphere immersed in E, can be linked only by a 1-chain, the following 
homology holds: 

Li + ~ 0 (mod 2, E, — C*~?). 


As is the common part of and B-!+F(P, «€/2), it follows from 
Alexander’s Corollary W ‘ that 
Ki~0 [mod 2, D-S(P, ¢/2)]. 


As this contradicts our assumption, the theorem is proved for i<n—1. 

If i=n—1, the proof is trivial. Each of the chains K * may be assumed 
irreducible (i.e., R‘(K # ) =2), and thus, by Alexander’s Theorem Y, separates 
E, into just two domains, one of which, D;, must lie in R. The domain D, 
is an open m-chain bounded by K # and containing no point of M*-". 

A similar proof, together with the result of Theorem 1a, yields the fol- 
lowing general result: 


THEOREM 7. Let M*—' be any (n—1)-manifold immersed in E,, D a domain 
complementary to M*-', and P a point of M" which can be considered as 
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interior to an (n—1)-cell of definition of M"-'. Then if U is a neighborhood of 
P bounded by an (n—1)-sphere and enclosing only points of M*— that are 
interior to C"—, there exists, in U, a neighborhood V of P such that any i-chain 
(i=0, 1,---, m—1) that lies in D-V bounds an (i+1)-chain of D-U. If 
M*—" is of the type such that every one of its points can be considered as lying 
interior to an (n—1)-cell of definition of the manifold, then the i-chains (i=0, 
1,---,2—1) of Dare uniformly homologous to zero in D. 
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ON THE ZEROS OF CERTAIN 
RATIONAL FUNCTIONS* 


BY 
MORRIS MARDENT 


I 


1. Our present note uses simple methods to obtain zero-free regions for 
certain functions of the type 


F(z) = 


where a; is a complex number and /;(z) is a rational function of which the 
approximate positions of the zeros and poles are known. As first theorem we 
give what is a generalization not only of some of our recent resultsf for the 
case that f;(z)=(z—a,;)—!, but also of some of Nagy’s results§ for the case 
that the a; are real and positive. 

THEOREM 1. Let a; be complex numbers situated in the same given angular 
domain of which the vertex is the origin and the aperture is y, OSy<7. Suppose 
that m and n are two integers independent of j, and that, for all vaiues of 7 and 
k, aj, and b;, are points of the same given convex region K.4 

Then the locus of the zeros of the function 


= 


— aj1)(2 — - (2 — jm) 
(2 — by)(z — (@ — 

is a region S consisting of all the points at which K subtends an angle 9, 
(x — y)//(m+n). 


Several notions entering in the statement of this theorem and its proof 
need to be defined. By the locus of the zeros of F we mean a region outside of 


= 


* Presented to the Society, December 30, 1929; received by the editors March 22, 1930. The 
author wishes to thank Professor Pélya for the latter’s many helpful suggestions and criticisms. 

t National Research Fellow. 

t M. Marden, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 363-370. 

§ J. v. S. Nagy, Acta Universitatis Hungaricae Francisco-Josephinae, vol. 1 (1923), pp. 127-141. 

{] The theorem and discussion that follow obtain also for convex regions K that are infinite. 
Any of the points M,, M2, Ni, N2 entering in the definition of “subtended angle” as given below may 
then be at infinity. 
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which no point is a zero of F and inside of which any point can be made a zero 
of F through a suitable choice of the numbers a; and of the points a;, and 
b;.. By the symbol <P,PP; we shall mean throughout this paper the angle 
measured in the counterclockwise sense from the ray PP; to the ray PP». 
Finally, by the angle subtended by the region K at a point P outside of or on 
the boundary of K, we mean the angle ¢, ¢<7, such that for every pair of 
points M,, M, in K (with the subscripts so chosen that <MiPMz does not 
exceed 77) 


MiPM: ¢, 
and such that for at least two points N;, N2 in K 
NiPN2 = ¢. 


If P is an interior point of K, the angle subtended by K at P will be taken as z. 

On the basis of the preceding definitions let us investigate some of the 
properties of the region S, the ensemble of all the points at which K subtends 
an angle ¢, $26, where 6=(x—vy)/(m+n). Clearly S contains K. If P 
is an arbitrary point of S, and Q an arbitrary point of K, every point of the 
line-segment PQ is also included in the region S. This fact is evident if P lies 
in K, for the region K was assumed to be convex. If P is not in K and Risan 
arbitrary point of the segment PQ, we shall denote by M/ and M? the points 
of intersection with the line N,N, of the lines through R parallel to the lines 


PN, and PN;. As K is a convex region, the segment N,N, and therefore the 
points My and M? liein K. This means, if ¢ and y are the angles subtended 
by K at P and R respectively, that 


(1) ¥2¢924, 


and that hence R is a point of S. In other words, the region S is star-shaped 
with respect to every point of K.* 

Inequality (1) leads us to a further descriptive property of S. The region 
S, which for y=m=n—1=0 is K itself, expands as y and m+n take on 
larger values and becomes the entire plane when either y approaches 7 or 
m-+-n becomes infinite. 

2. To prove Theorem 1, we must establish the two propositions (a) that 
no point outside of S is a zero of F and (b) that any point in S is a zero of F 
for appropriately chosen numbers a; and functions f;(z). 

(a) Let P:z be an arbitrary point outside of K; let @ be the angle sub- 
tended at P by K; let N,; and N-z be two points of K such that <NiPN.=¢, 
and let r+7 be the angle made by the ray PN, with the positive real axis. 


* A proof of this property may also be found on p. 128 of Nagy’s article. 
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Since the points a;, and b,, lie in the region K, the quantities (s—a;z) 
and (z—5;,)~! are vectors drawn to P having the properties 
tT Sarc(z — ax) Sr +4, 
— (r+ S arc — by) S — +. 
Hence, 
(m — n)r — np S arc (m — n)t + mo. 
If, consequently, we suppose that for all 7 


k Sarca;S«t+y, 


we find that 
(m — n)r — S arca;fz) S (m—n)r + mo+K+¥. 


For the point P to be a zero of F it is necessary that the difference between 
the extreme members of the latter inequality be at least 7. That is to say, 
the point P cannot be a zero of F unless = 6, 5=(4—)/(m-+n), i.e., unless 
P lies in S 

(b) For the second part of the proof, let us assume P:¢ to be an arbitrary 
point of S and ¢ to be the angle subtended at P by K. Because $26, there 
exist in K two points Q1:¢:, Qe:¢2 for which £0:PQ.=5. Let d, and d, denote 
the distances from P of the points Q; and Q respectively, and let o denote 
the angle formed by the ray PQ, with the positive real axis. Let furthermore 


ty = [(€ — and = [(€ — 
Then, as 
arct; = (m+ n)o, 
arc = (m+ n)(o + 6) (m+ n)o, 
the vectors ¢, and ¢ are equal and opposite and thus 
htt =0. 


Now consider the function 


dx (z ¢1) evidy (z 


dy"(z — dy"(z — 


G(z) 


It has the point P as a zero and it satisfies all the hypotheses of the theorem. 
Proposition (b) is therefore affirmed and with it the proof of Theorem 1 
completed. 

3. We shall now present a number of special cases and corollaries to the 
theorem. 

(a) On our setting y=0, Theorem 1 reduces to Nagy’s general theorem 
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(Nagy, p. 131), and on our placing y=m=n—1=0 it becomes Gauss’s 
theorem for the derivative of a polynomial. 

(b) If f(z) =z—a;, the zero of F may be thought of as the “center of 
gravity” of the system of complex “masses,” the mass a; being at the point 
a;. Thus, if all the points a; lie in the convex region K, their center of gravity 
lies in S, the region consisting of all points at which K subtends an angle ¢, 
¢2n—y. In particular, if all the a; are real, y =O and S coincides with K. 

(c) Let us specialize K to be in turn the ray @=0 (the positive real axis), 
the line-segment AB, and a circle C of radius r. 

In the first instance, the region S is the angular domain |@|<7—6. 

In the second instance, S is a region bounded by two circular arcs. These 
arcs are symmetric in the line AB and cut one another in the points A and B 
at an angle of 26. The points A and B are however not to be included in S. 
If y—7/2=m=n—1=0, the region S becomes the interior and circumference 
of the circle having segment A B as diameter—a result found also on page 366 
of our previous note. 

In the third instance, S is the interior and circumference of the circle 
concentric with C and of radius r/sin (6/2). For y—7/2=m=n—1=0, this 
result coincides with that on page 366 of our previous note. 

For the special case that K is a polygonal region we refer to the discussion 
on pages 128-9 of Nagy’s article. 


(d) By virtue of Theorem 1, we may modify Nagy’s generalization of 
Jentzsch’s theorem so that it will read as follows: 


Let a, and a2 be two complex numbers situated in the same given angular 
domain of which the vertex is the origin and the aperture is y,OSy<zm. Let f (z) 
be a polynomial of degree n and g,(z) and g2(z) polynomials each of degree at 
most m,m<n—1. Then, if all the zeros of the two functions 


F,(z) = f(z) — g:(2) and Fe(z) = f(z) — ge(2) 
lie in the same given convex region K, the zeros of the function 


(z) + 


a, + ae 


F(z) = f(z) — 


will lie in a region S consisting of all points at which K subtends an angle ¢, 
$2 (4—y)/(m+1). 

We have given this theorem without proof, as a proof can be constructed 
in close analogy with that given by Nagy (his article, p. 138) for his general- 
ization of Jentzsch’s theorem. 
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(e) Let us next suppose that 


fi(z) = (1 ~ 


where the \; are real numbers with 0<\;<A)j,:1.. As we saw in part (a) of 
this section, there are no zeros in the angular domain which is bounded by 
the rays L/ and L/ drawn from the point z=/d, at an inclination of 6 with 
the positive real axis, and which does not include the points z=m/d;. The 
lines Li and Li have y-intercepts of magnitude /’=n\;! tan 6. Now, when 
n becomes infinite, the function f;(z) approaches ei; the quantity 1’ ap- 
proaches /=\;1(r—v) and the lines Li and Lz become the parallels LZ, and 
I, to the x-axis at a distance / above and below the x-axis. In the strip be- 
tween L, and L, there are consequently no zeros of the function 


Pp 
1 


This result may, of course, be deduced with ease directly from the function ®. 
(f) Finally, we notice the result described in Theorem 1 to be independent 
of the number of terms entering in the sum F and therefore to be valid for 
certain infinite sums. This fact permits us, for instance, to state the following 
theorem. 
Given the regular curve T and the convex region K. Let a(t) be a complex 
function such that for all points t on T 


« S arc [a(t)dt] 


Let a;(t) and b;(t) be complex functions such that for all j and for all points t on 
I’ the points u; and v;, uj=a,(t) and v;=b,(t), lie in K. Then the integral 


I(2) = f a(t)f(z, t)dt, 


IIe 


n 


II (z — 
j=1 
if it exists, has no zeros in the region S consisting of all the points at which K 
subtends an angle 
This theorem may be derived directly from Theorem 1 by dividing T into p 
parts by means of the successive points ¢;, by setting At; =t;41—t;, a; =a(t;)At;, 
and f(z) =f(z, ¢;), and by finally letting » become infinite. 


where 
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The theorem has as immediate consequence one concerning the mth 
derivative of certain analytic functions. If K is bounded by the curve I and 
the function ¥(z) is analytic outside of K (including the point at infinity) 
and continuous on I, the mth derivative of ¥(z) has at a point z outside of K 
the value 


vat 


2ridr(t — 


yn(s) = 


As the latter integral is of the type considered above, the ensuing theorem is 
true. 
Given a convex region K, bounded by a closed, regular curve T. Let (z) be 
a function which is analytic outside of K (including the point at infinity) and 
continuous on T, and which at every point t of T has the property 
Sare 


Then the nth derivative of Y(z) has no zeros in the region T consisting of all the 
points at which K subtends an angle 

The zero-free regions S and T of the two preceding theorems do not, 
however, give the largest such regions. This is clear from the fact that the 
best approximation in Theorem 1 is attained only for sums F of just two 
terms. (Cf. §3 (a).) When, for instance, »=0 and K is a circle, a larger 
zero-free region than T may be obtained directly. In this case 


W(t)dt = itp(t)dd 
where 0=arc ¢. As y/(t)-¢ is thus limited to an angular domain of opening less 
then 7, it cannot increase by even 27 when the point ¢ makes a complete 
circuit around [. Thus the entire exterior of K is a zero-free region of 


y™(z). 
II 


4. Suppose F; and F; are two functions of the type considered in Part I 
of our present note. What can be said of the zeros of the difference 
®=F,—F,? This question will be answered only in the case that m+n=1. 
We make this restriction expressly for the purpose of obtaining results which 
will have the same order of simplicity as those of Part I. 

The theorem given below on the zeros of ® involves the notion of the 
“inner angle” at a point P of two non-overlapping convex regions K and L. 
To explain this term we shall suppose P to be an arbitrary point of the plane; 
0 and ¢ to be the angles subtended at P by the regions K and L respectively, 
and M,, M; to be a pair of points in K and N,, N2 a pair of points in L for 
which 
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and NiPN2=¢. 


Suppose the angles M,PM; and NPN; do not overlap one another. Then the 

smaller of the two angles M;PN, and N2PM, is what we mean by the “inner 

angle at P of the regions K and L.” The notion of inner angle will not be 

defined in the case that the angles M,;PM, and N,PN, overlap one another. 
Our theorem concerning the zeros of ® is then the following: 


THEOREM 2. Let a; and B; be comblex numbers situated in the same given an- 
gular domain of which the vertex is tne origin and the aperture is y, OSy <r. 
Let K and L be two non-overlapping convex regions, in the first of which lie the 
points a;,7=1, 2,---, p, and in the second of which lie the points hk, k=1, 
2,:--,q. Suppose that T is the ensemble of all points at which the inner angle 
of K and Lisy, y>v. 

Then the locus of the zeros of the function* 

Be 


> 


j=l 2 — kent — Oy 
is the region complementary} to the region T. 
5. The proof of this theorem, like that of Theorem 1, falls into two dis- 
tinct parts. 
(a) If we set 


Pp 


G=> = and 


jul — & 


we have as necessary condition for the point P:z to be a zero of F that the 
angular domain in which the vector G may range overlap the one in which the 
vector H may range. , > 

We observe that multiplication of F by the constant factor e*' does not 
affect the zeros of F. Without loss of generality we may therefore assume that 


— 2/2 < — 7/2 S arca; S 7/2 < 2/2 
and 
— 2/2 < — 7/2 S arch S y/2 < 2/2. 


Let us draw the lines PQ:, PR:, PR.; PM/, PM/, PN?, 


* The theorem is also true for the function 
f@) = — a;) — — bx) 
j=l k=l 
whose zero is the “center of gravity” of the system of complex “masses,” the mass a; being at the 
point a; and the mass —f, being at the point by. For a; and §; real and positive, the function F(z) 
is the logarithmic derivative of a rational function. 
t We are using this adjective to mean the region composed of all the points of the plane which 
are not in T. 
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PQ!, PQ, PR,’, PRi, where the notation of §4 is used, where £0,PM, 
= <RiPNi= and where the primed letters denote 
points obtained by reflecting the corresponding unprimed lettered points in 
the line through P parallel to the real axis. 

As the points a; lie in K and the points 6, in L, the quantities (¢;—z)— 
and (b,—2)~! are vectors drawn from P, the first in the angle M{PMy and 
the second in the angle N/ PN{. The vectors a;(a;—2)—! and 8,(b,—z)-! are 
respectively in the angles Q/ PQ/ and R/PR{. The vector G therefore ranges 
in the angle Q/ PQy ; the vector H, in the angle R/ PR’. 

Now, the angles Q/PQ/ and R/ PR, will overlap one another when and 
only when the angles Q,PQ2 and R,PR, overlap one another. If the angles 
\[,PM, and N,PN; overlap one another, the same will be true of the angles 
O,PQ. and If the angles and N,PN; do not overlap one an- 
other, the angles Q,PQ, and R,PR, will overlap one another in and only in the 
case that the inner angle at P does not exceed y. This means that the zeros 
of F must always lie in the region complementary to the region T. 

(b) We need yet to show that conversely any point P:¢ of the comple- 
ment to T can be made a zero of F through a suitable choice of the numbers 
a; and 6; and of the points a; and J. 

As P is a point of the complement of 7, the angles Q,PQ. and R:PR, 
necessarily overlap one another. We shall suppose that they so overlap that 
the line PR, lies in the angular domain Q,PQ.. Let PS, PU and PV be rays 
drawn in the angular domains R,PQ2, M:PM;z and N,PN; respectively, these 
rays being so chosen that xUPS=XSPV=y/2. Now on the line PU 
exists a point a of the region K and on the line PV exists a point b of the region 
L. Denote the distance from P of the point a by c and that of the point b 
by d. Then the function 


ce~vil2 devil? 


z—-a 2-—b 


has P as a zero, for at P it is a sum of two equal and opposite vectors. This 
function being one which satisfies the hypotheses of the theorem, the proof 
of Theorem 2 is now complete. 

6. In this concluding section we shall try to throw light on the nature 
of the region T of Theorem 2 through a study of some special cases. 

Suppose, first, that K consists merely of the point A, and Z merely of the 
point B. The region¥", as the locus of the points P where the angle APB 
exceeds y, is the interivr of the region A bounded by the two circular arcs 
which, symmetric in the line AB, cut one another in A and B at an angle of 
2y. The same region obtains for the case that K and L are two segments or 


i 
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half-rays along the same line, and A and B are the points of K and L re- 
spectively which are nearest together. 

Suppose, secondly, that K is a circle with center at the point Ci: (—a, 0) 
and of radius r:, and L is a circle with center at the point C.:(a, 0) and 
of radius r2. Suppose the line-segment C,C, to intersect circle K in a point 
A and circle L in a point B. 

To secure an upper limit to the region T, we concentrate at A all the points 
a; and at B all the points 5,. The new locus of the zeros of F is clearly con- 
tained in the old and accordingly the new region T”’ encloses the old T. 
The region T” is precisely the interior of the region A described in the second 
paragraph of this section (§6). 

For an accurate determination of the region T we need to concern our- 
selves, on account of symmetry, only with the upper half-plane. 

Let us first suppose y to be small. Then in the upper half-plane exist 
just one point Q on the circle K and just one point R on the circle Z at which 
the inner angle is y. The locus of the points outside of K and L at which the 
inner angle of K and L is y is then an arco of a curve which lies in the region 
A and connects the points Q and R. If T; denotes the interior of the closed 
curve formed by joining together the arc o with the arc QA of circle K, with 
the arc RB of circle L and with the line-segment AB, the region 7; will 
comprise all the points of the upper half-plane at which the inner angle of 
K and L is defined and is greater than y. The region T is therefore composed 
of 7, and of the reflection of 7, in the line AB. 

To obtain the equation of the curve S of which the arc o forms a part, 
we shall assume P:(x, y) to be a point outside of K and L, and M and N 
to be the points of contact with K and L respectively of those tangents from 
P for which angle MPN=vy. In terms of the parameter 0= LACM, the 
equations of S are 

(a+ x) cos0+ ysin#d = n, 


(a — x) cos (y + 6) — ysin (y + 8) = ro. 
The parameter eliminated, the curve S is represented by the single equation 
[(x? + y? — a?) sin y — 2ay]* — [ri(a — x) sin y +. y(ri cos y + 72) 
— [x(re + ri cos y) + niy sin y + a(r2 — ri cos y)]* = 0. 
Hence S is a bi-circular quartic. As application of the usual method shows, 
it is a bi-circular quartic with its two singular foci coincident in the point 
z=ia csc y.* 


* In fact this curve has been considered in a slightly different connection by Walsh, who shows 
that it is a cartesian oval. See Quarterly Journal of Mathematics, vol. 50 (1924), pp. 154-165. 
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What occurs when approaches zero? The equation of S becomes 
[40 — + 12)? ]y? = + 72) + — 11) ]?, 
which factors into 
+ y(4a? — (ry + = x(ri + re) + a(re — 13). 


The bi-circular quartic thus degenerates into the two inner common tangents 
of the circles K and L, and the points Q and R become the points of contact 
(in the upper half-plane) of these tangents with K and L respectively. The 
region T is now the interior of the infinite region bounded by the line-seg- 
ment AB, the arc QA of circle K, the arc RB of circle L and the rays along 
these inner common tangents from the points Q and R indefinitely outwards. - 

This result agrees with the deduction which, by allowing m, and m, to 
vary arbitrarily, one can make from a theorem due to Walsh.* We shall 
word this theorem as follows: 

Let the numbers a; and {; be real and positive, and the sums 


Pp q 
= da; and = 
1 1 


be such that m,>m». Suppose the points a; to lie in a circle K with center 
£, and of radius 7;, and the points , to lie in a circle Z with center & and of 
radius 72. Then all the finite zeros of the function 


a; q By 


lie in a circle whose center is (m:—mz)—! (m&—m2é,) and whose radius is 
men). 

So much for the case that y is small. Let us now examine that in which 
y has nearly the value 7. In this case there exists no point on the circle K, 
the circle L, or the segment AB at which the inner angle equals y. The curve 
S is a closed curve lying in the upper half-plane within the region A. Its 
equation has still the form given above. As to the region 7, it consists of the 
interior of S and of the interior of the reflection of S in the line AB. 

When ¥ approaches 7, the region A collapses into coincidence with the 
line-segment AB. As at no point of the segment AB is the inner angle of K 
and ZL equal to y (we are assuming the product r:72~0), the closed curve S 
must shrink to a point on the approach of y to a certain value 1, yi1<7. 
For this value y=7, the region T, as the interior of S and of the reflection 
of S in AB, must disappear, and the locus of the zeros of F, as the region 


* J. L. Walsh, these Transactions, vol. 22 (1921), bottom of p. 114. 
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complementary to 7, must become the entire plane. The entire plane is 
therefore the locus of the zeros of F for values of y between 7; and 7. 

It is now intuitively clear what deformations the region T undergoes as 
¥ varies from zero to 7. The end points Q and R of the arc o move down the 
circles K and LZ towards the points A and B respectively. Then Q and R 
draw closer together along the segment AB until they reach coincidence. 
They coincide at the point of the segment AB where the inner angle of K 
and L takes on its maximum yo. As y then changes from 7p to 7, the arc ¢ 
remains a closed curve in the upper half of the region A. When finally + 
becomes equal to ¥:, the oval shrinks to a point, and then and thereafter T 
contains no points. 
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THE BEHAVIOR OF BOUNDS AND OSCILLATIONS OF 
SEQUENCES OF FUNCTIONS UNDER REGULAR 
TRANSFORMATIONS* 


BY 
RALPH PALMER AGNEW 


Introduction. Much has been written during the past thirty years on 
summabilityt of sequences of constants. The subject of summability of 
sequences of functions is largely unexplored.f 

Very recently Gillespie and Hurwitz§ discovered that any bounded 
sequence of real continuous functions, defined over a closed compact set A, 
which converges to a continuous limit function is uniformly summable by 
a regular transformation totally equivalent to a regular transformation with 
a triangular matrix. This fact creates an interest in summability of sequences 
of functions. In 1925 Hurwitz§ discussed the behavior of what we shall 
call ultimate bounds of sequences of real constants under real regular trans- 
formations, and more recently hel] has considered the behavior of oscillations 
of complex and of real sequences of constants under complex and real regular 
transformations with triangular matrices. 

In this paper, regular transformations with triangular matrices, which 
have been conspicuous in the theory of summability, will be applied to 
sequences of functions. We will consider the behavior of ultimate bounds 
of real sequences under real transformations, and of continuous oscillation 
and convergence and uniform oscillation and convergence of complex and 
real sequences under complex and real transformations; ultimate bounds, 
oscillations, and convergence being considered (1) over a set as a whole, 
(2) at a single point of a set, and (3) at all points and limit points of a set.** 


* Presented to the Society, April 18, 1930; received by the editors April 2, 1930. 
t For a bibliography of the subject, see Smail, History and Synopsis of the Theory of Summable 
Infinite Processes, University of Oregon Press, 1925. 
t However, it is well known that the Cesaro and certain other transformations preserve uniform 
convergence of bounded sequences of functions. 
§ D. C. Gillespie and W. A. Hurwitz, these Transactions, vol. 32, pp. 527-543. 
{| W. A. Hurwitz, Proceedings of the London Mathematical Society, (2), vol. 26, pp. 231-48. 
|| W. A. Hurwitz, American Journal of Mathematics. 
** In a paper to appear in the American Journal of Mathematics, entitled The behavior of mean 
square oscillation and convergence under regular transformctions, the writer further extends the applica- 
tion of regular transformations to sequences of functions. 
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We recall that a transformation with a triangular matrix is a sequence-to- 
sequence transformation of the form 


On = + + +++ + 


where the a, are constants, and that a, transformation is said to be regular 
when it carries every convergent sequence {s,} into a sequence {¢,} which 
converges to the same value. Such a transformation is said to be real when 
yx is real for all m and k; otherwise it is complex. The following ten conditions 
to which we shall refer repeatedly in this paper are catalogued together for 
convenience: 


Ci: > | anx | is bounded for all n; 


C2: for each k, lim a,, = 0; 


no 


C;: lim Diane = 1; 


lim >>| = 1; 


| 


C;: for each k,a,, = 0 for almost* all n: 


Yan. = 1 for almost all n; 


2 O for almost all k; 

for each k,@,, = O for almost all ; 
for each k,@,, S O for almost all ; 


Qnk = O for almost all x. 


The reader will find it helpful to think of each of the ten conditions in terms 
of the triangular matrix of which the mth row is dni, @nz, + * , @nn, and the 
kth column is @i41,%, Thus C, indicates that there is a certain 
row such that the sum of the elements in any lower row is 1, C; indicates 
that all elements to the right of a certain fixed column are non-negative, 
Cio indicates that all elements below a certain fixed row are non-negative, etc. 

Let the symbol (7) represent a regular transformation with a triangular 
matrix. By the Silverman-Toeplitz theorem, in order that a complex (or 
real) transformation may be regular when applied to complex (or real) 
sequences, Ci, C2, and C; are necessary and sufficient. Hence (T), complex 


* T.e., dng=O0 except for at most a finite number, depending on &, of values of n. 


— 
n 
Cz 
C; 
Cs 
Cy 
Cio: 
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or real, satisfies C,, C2, and C3. The conditions C, and C; were used by 
Hurwitz,* and Cs, Cz, Cs, Cy, and Cio are used for the first time in this paper. 

The functions f(x) and s(x) considered in this paper are regarded as being 
defined over a non-empty set A of any abstract metric space; however any 
reader not interested in this degree of generality may regard the set A as 
being in euclidean spacef of one or more dimensions. In all sections where 
complex functions are considered, an interesting special case is obtained by 
regarding A as being a set in a euclidean plane so that a point x of A deter- 
mines two coérdinates, say and 7, and a complex function f(x) may be 
written u(é, n)+7(&, ); if one cares to demand that wu and 2 shall satisfy 
the Cauchy-Riemann differential equations, then f(x) is an analytic function 
of the complex variables (+i). Throughout this paper, f(x) is finite for 
each value of x for which it is defined, but the symbols +0 and —© are 
admitted as limits and bounds. 

The wordings of the theorems of the various sections of this paper have 
been made as similar as possible to make essential differences apparent and to 
facilitate the proofs. The reader may note that alternative statements of 
some of the theorems are desirable; for example, Theorem 7.12 is equivalent 
to the following: 

Any regular transformation with a iriangular matrix carries every sequence 
which is bounded and uniformly convergent over a given set into a sequence 
which converges uniformly over the set to the same limit function. 


CHAPTER I. BOUNDS OF REAL SEQUENCES 


In this chapter, all sequences and transformations considered are real. 
Two facts, established by W. A. Hurwitz,f to which we shall have oc- 
casion to refer in this chapter are stated in the following lemmas: 


LemMA 1.01. Jn order that (T) may be such that 


no n> 


lim sup o, S lim sup 5, 


for all sequences {sn} of constants for which the right member is finite, Cz is 
necessary and sufficient. 

Lemma 1.02. If (T) fails to satisfy C., then there is a bounded sequence 
{sn} of constants such that 


lim sup o, > lim sup Sy. 


* Proceedings of the London Mathematical Society, loc. cit. 
+ In any euclidean space, any bounded set is compact and conversely. 
t Proceedings of the London Mathematical Society, vol. 26 (1925), pp. 232-237. 
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1. ULTIMATE BOUNDS OF SEQUENCES OVER A SET 


Let a sequence {f,(x)} be defined over a set A. Then G(f,; A) is the least 
upper bound of the element f,(x) of the sequence over the set A; and 
lim sup,,_,.G (f,; A) may appropriately be called the ultimate least upper bound 
of the sequence {f,,(x) } over the set A. Analogously g(f,;A) is the greatest lower 
bound of f,(«) over A, and lim inf, g(f,; A) is the ultimate greatest lower 
bound of {fn(x)} over A. 

The seven theorems 1.110—1.123 give necessary and sufficient conditions 
that (TJ) shall not increase ultimate least upper bounds of sequences over 
a set. 


THEOREM 1.110. Jn order that (T) may be such that 
(1.1101) lim sup G(on; A) S lim sup G(s,; A) 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cy is necessary and sufficient. 


The condition C, is necessary, for it follows from Lemma 1.02 that it is 
necessary for (1.1101) when bounded sequences of constants are considered. 
The condition C, is sufficient. Given an admissible sequence { sn(x)}, choose 
M so that |s,(x)|<M over A for all m and let g be any number greater than 
lim sup G(s,; A). Choose an index p such that G(s,; A) <q for m>p; then 
s,(x) <q over A forn>p. Let (ane = 0 and =} | 
=0 so that and Then for m>p and each x 
in A 


n n 
(1.1102) on(x) = — + Do 


k=p+l k= p+ 


(1.1103) o,(x) M lane | + M > Cnk > bax. 


k=p+1 k=p+l1 
Since the right member of (1.1103) is independent of x, we have for n>p 
(1.1104) G(o,;A) M lane | + M > Crk +9 > bnk- 

k=p+l k=p+l 


Using C, and the regularity of (JT) we obtain the following five relations 
the first three of which hold for each fixed k: 


lim | = 0, lim cx, = 0, lim = 0, lim = 0, lim bax = 1; 


and due to these relations it follows from (1.1104) that lim sup G(o,; A) <q. 
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Since g is any number greater than lim sup G(s,; A), (1.1101) follows and 


C, is sufficient. 
Two theorems, the proofs of which may be made to depend on those of 


other theorems, are the following: 
THEOREM 1.111. Im order that (T) may be such that 
lim sup G(o,; A) S lim sup G(s,; A) 


no 
for every sequence {s,(x)}, defined over a finite set A and bounded above over 
A for all n, such that the right member is finite, C; is necessary and sufficient. 


THEOREM 1.112. In order that (T) may be such that 
lim sup G(o,; A) S lim sup G(s,; A) 


for every sequence {s,(x)}, defined over a finite set A and bounded below over 
A for all n, such that the right member is finite, Cy is necessary and sufficient. 


Since A is a finite set, the condition s,(x) is bounded above over A for all n 
is automatically satisfied by every sequence {s,(x) } for which lim sup G(s,,;A) 
is finite. Therefore Theorem 1.111 is equivalent to Theorem 1.113 and may 
be proved simultaneously with it; and Theorem 1.112 follows from Theorem 


1.110. 
THEOREM 1.113. In order that (T) may be such that 
lim sup G(o,; A) S lim sup G(s,; A) 


no no 
for every sequence {s,(x)},defined over a finite set A, such that the right member 
is finite, C; is necessary and sufficient. 


Necessity follows from Lemma 1.01. The condition is sufficient. Let ¢ 
be any number greater than lim sup G(s,; A), and choose an index p such 
that G(s,; A) <q for m>p and also a,,20 for k>p. Since A is finite, s,(x) is 
bounded over A for each ; hence there is a constant M such that |s,(x)|<M 
over A forn=1,2,3,---,p. Therefore for m>p and each x in A 


Pp n Pp n 
on(x) + SM | Ant | + q 


k=p+1 k=1 k=p+1 


Pp n 
G(on; A) = M >>| | + I> 
k=p+1 


Since (T) is regular, lim sup G(¢,; A) <q, and sufficiency follows. 


no 
and 
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THEOREM 1.121. In order that (T) may be such that 
(t.1211) lim sup G(o,; A) S lim sup G(sy; A) 


no no 
for every sequence {s,(x)}, defined over an infinite set A and bounded above 
over A for all n, such that the right member is finite, Cio is necessary and suffi- 
cient. 


We shall show that Cy is necessary by showing that C; and Cs, which 
taken together are equivalent to Cio, are both necessary. The necessity of 
C; follows from Lemma 1.01. To show that Cs is necessary, we shall suppose 
that (7) fails to satisfy Cs and construct a sequence {s,(x)} satisfying the 
conditions of the theorem for which (1.1211) is denied. From a denial of C, 
it follows that there is a value of k, say \, and a sequence {n.} of indices 
such that lim ,=+ and a,,<0 for a=1, 2, 3,---. Let {x2} bea 
sequence of distinct points of A, and define the sequence {s,(x)} over A 
as follows: s,(x)=0, m¥A; s(x) =0, x¥ m1, Xe, Xs, and =1/an.r, 
a=1, 2, 3,---. Note that s,(x) is bounded above (by 0) over A for all n 
and that lim sup G(s,; A)=lim inf g(s,; A)=0.* However for ”.2\X, 
On,(%a)=1, a=1, 2, 3,---, so that G(o,,; A)21, a=1, 2, 3,---, and 
lim sup G(o,; A) 21. Thus, for this sequence {s,(x)}, (1.1211) is denied and 
the necessity follows. To establish sufficiency of Cio, choose M such that 
Sn(x) <M over A for all m and define g and as in the preceding theorems. 
Let p be increased if necessary so that a,,20 form>p. Then for n> and 
each x in A 


n Pp n 
k=l kel 


k= p+1 k=p+l1 
and since (7) is regular, lim sup G(¢,; A) <q and sufficiency follows. 
THEOREM 1.122. In order that (T) may be such that 


lim sup G(o,; A) S lim sup G(s,; A) 
for every sequence {s,(x)}, defined over an infinite set A and bounded below 
over A for all n, such that the right member is finite, Cy and, Cy are necessary and 
sufficient. 


Necessity of C, follows from Theorem 1.110. The necessity of Cy is 
established here, where s,(x) is not assumed bounded above, by using the 
method used in Theorem 1.121, where s,(x) was not assumed bounded below, 


* The fact that lim inf g(s,; A) isfinite will be used in the proof of Theorem 1.321. 
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to prove that Cs was a necessary condition. To establish sufficiency, choose 
u such that s,(«) > over A for all m and define g and p as usual. Due to 
C, there is an index N =p such that a,; $0 for k=1, 2,3, ---,pwhenn>N. 
Hence form >N and xin A 


on(x) Don — > Cnk + = 
p+l k=p+1 
where c,, and b,, are the non-negative constants defined in Theorem 1.110. 
Using C, and the regularity of (7), we find that lim sup G(o,; A) Sq and 
sufficiency follows. 


THEOREM 1.123. In order that (T) may be such that 


lim sup G(c¢,; A) S lim sup G(s,; A) 
n— n— 
for every sequence {s,(x)}, defined over an infinite set A, such that the right 
member is finite, Cio and Cs are necessary and sufficient. 


That Ci) and Cy are necessary follows from Theorems 1.121 and 1.122. 
But Cio and Cy are equivalent to Cio and C;; thus necessity is proved. To 
establish sufficiency, define g and » as usual and increase p if necessary 
so that d,,20forn>p. Due to C; there is an index N =p such that a,,=0, 
k=1,2,3,---+,p,form>N. Then we have for »>WN and each x in A 


on(x) = Dons + > OnkSk = > 


k=p+l1 k=p+1 k=p+1 


hence lim sup G(¢,; A) <q and sufficiency follows. 

The seven theorems 1.210—1.223 give necessary and sufficient conditions 
that (7) shall not decrease ultimate greatest lower bounds of sequences over 
aset. Rewriting Theorems 1.110, 1.112, 1.111, 1.113, 1.122, 1.121, and 1.123 
with s,(x) replaced by —s,(x) and hence ¢,(x) replaced by —o,,(x), and taking 
into account facts such as lim sup G(—f,; A)=-—lim inf g(f,; A) and if 
—s,(x) is bounded above over A for all ” then s,(x) is bounded below over 
A for all m, we obtain respectively the seven theorems: 


THEOREM 1.210. In order that (T) may be such that 


lim inf g(o,; A) = lim inf g{s,; A) 


no no 


for every sequence { sa(x) } , defined over an arbitrary set A and bounded over 
A for all n, Cy is necessary and sufficient. 
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THEOREM 1.211. Im order that (T) may be such that 
lim inf g(o,; A) = lim inf g(s,; A) 


2 


for every sequence {s,(x)}, defined over a finite set A and bounded above over 
A for all n, such that the right member is finite, Cy is necessary and sufficient. 


THEOREM 1.212. In order that (T) may be such that 
lim inf g(o,; A) = lim inf g(s,; A) 


n— 2 


for every sequence {s,(x)}, defined over a finite set A and bounded below over 
A for all n, such that the right member is finite, C; is necessary and sufficient. 


THEOREM 1.213. Jn order that (T) may be such that 
lim inf g(o,; A) = lim inf g(s,; A) 


© no 


for every sequence |s,(x)}, defined over a finite set A, such that the right member 
is finite, C; is necessary and sufficient. 


THEOREM 1.221. Jn order that (T) may be such that 
lim inf g(o,; A) = lim inf g(s,; A) 


no 


for every sequence {s,(x)}, defined over an infinite set A and bounded above 


over A for all n, such that the right member is finite, Cy and Cy are necessary 
and sufficient. 


THEOREM 1.222. Jn order that (T) may be such that 
lim inf g(o,; A) = lim inf g(s,; A) 


for every sequence {s,(x)}, defined over an infinite set A and bounded below 
over A for all n, such that the right member is finite, Cio is necessary and suffi- 
cient. 


THEOREM 1.223. In order that (T) may be such that 


lim inf g(¢,; A) = lim inf g(s,; A) 
n— no 
for every sequence {s,(x)}, defined over an infinite set A, such that the right 
member is finite, Cio and C; are necessary and sufficient. 


The seven theorems 1.310—-1.323 give necessary and sufficient conditions 
that a transformation shall meither increase ultimate least upper bounds 
nor decrease ultimate greatest lower bounds of sequences. 
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We may combine Theorems 1.110 and 1.210 to obtain 
THEOREM 1.310. In order that (T) may be such that 
lim supG(e,; A) S lim supG(s,; A) 


and 

lim inf g(o,; A) 2 lim inf g(s,; A) 
for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cy is necessary and sufficient. 


The three following theorems may be proved simultaneously. 
THEOREMS 1.311, 1.312, In order that (T) may be such that 
lim sup A))S lim supG(s,; A) 


n> 
and 

F lim inf g(o,; A) = lim inf g(s,; A) 
for every sequence |s,(x)}, defined over a finite set A and bounded above (below) 
over A for all n, such that the right members are finite, C, is necessary and 
sufficient. 


THEOREM 1.313. In order that (T) may be such that 
lim supG(c,; A) supG(s,; A) 


n— 


and 
lim inf g(o,; A) 2 lim inf g(s,; A) 


no 


for every sequence {sn(x)}, defined over a finite set A, such that the right members 
ure finite, Cy is necessary and sufficient. 


Since A is a finite set, the sequences {s,(x)} considered in each of the 
three theorems are precisely the sequences {s,(x)} which are bounded over 
A for all m; hence each of the three theorems follows from Theorem 1.310. 


THEOREM 1.321. In order that (T) may be such that 
(1.3211) lim supG(e,; A) lim supG(s,; A) 


no no 


and 
(1.3212) lim inf g(on; A) lim inf g(s,; A) 

no 
for every sequence {s,(x)}, defined over an infinite set A and bounded above 
over A for all n, such that the right members are finite, C, and C; are necessary 
and sufficient. 
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The necessity of C, is contained in Theorem 1.310. That Cs is necessary 
for (1.3211) under the present conditions was established in the course of 
the proof of Theorem 1.121. The proof of Theorem 1.122 is easily made to 
show that C, is necessary for (1.1221) even when lim inf g(s,; A) is supposed 
finite, and we find on replacing s,(x) by —s,(x) that Cy is necessary for 
(1.3212) under the present conditions. Since Cs and Cy are necessary, C; 
is necessary. To establish sufficiency, let Q be any number greater than 
lim sup G(s,; A) and g be any number less than lim inf g(s,; A). Choose 
an index p such that G(s,; A)<Q and g(s,; A)>q for m>p. Using C,, 
choose an index N2p such that a,,=0, k=1, 2, 3,---, p, for n>N. 
Then, using the notation of Theorem 1.110, we may write for 7>WN and each 
xin A 


-@Q > +9 > bak S on(x) 


k=p+l1 k=p+1 


t+ OD du. 
k=p+l1 k=p+l1 
Using C, and the regularity of (J) we find from the preceding relation that 
q <lim inf g(¢,; A) and lim sup G(¢,; A) SQ; these relations imply (1.3211) 
and (1.3212) and sufficiency is proved. 
Rewriting the preceding theorem with s,(x) replaced by —s,(x), we 
obtain 


THEOREM 1.322. In order that (T) may be such that 
lim sup G(on;A) S lim supG(s,; A) 


n— 


and 


lim inf g(on;A) = lim inf g(s,; A) 


for every sequence {s,(x)}, defined over an infinite set A and bounded below 
over A for all n, such that the right members are finite, Cy and C, are necessary 
and sufficient. 


THEOREM 1.323. In order that (T) may be such that 
lim supG(o,; A) S lim supG(s,; A) 


and 
lim inf g(c,; A) = lim inf g(s,; A) 
n— 2 
for every sequence {s,(x)}, defined over an infinite set A, such that the right 
members are finite, Cy and Cy are necessary and sufficient. 


n n 
no 
n— 2 
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Necessity is contained in Theorem 1.321 and sufficiency may be estab- 
lished verbatim as in Theorem 1.321. 


2. ULTIMATE BOUNDS OF SEQUENCES AT A POINT 


Let a sequence {f,(x)} be defined over a set A and let x be a point of 
A° where A® is the set consisting of the points and limit points of A. For 
each sequence {x;} of points of A with the limit xo, form 

lim sup fn(%;) = » and lim inf = w; 
the least upper bound of all such 2 is denoted by I'(xo; {f,}, A)* and may be 
called the ultimate least upper bound of the sequence {f,(x)} at the point xo; 
the greatest lower bound of all such w is denoted by (xo; {f,}, 4) and may 
be called the ultimate greatest lower bound of the sequence {f,(x)} at the point xo. 

The seven theorems 2.110—2.123 give necessary and sufficient conditions 
that (T) shall not increase ultimate least upper bounds of sequences at a 
point. 


THEOREM 2.110. In order that (T) may be such that 
(2.1101) T'(x0; {on} ,A) {sn} ,A) 


for every sequence {s,(x)}, defined over an arbitrary set A such that xo is in 
A° and bounded over a neighborhood D of xo in A for all n, C, is necessary 
and sufficient. 


Necessity is established as in Theorem 1.110. To prove sufficiency, 
choose M so that |s,(x) |<M over D for all n, let g be any number greater 
than I'(xo; {s,}, A), and let {x;} be any sequence of points of A with the limit 
“9. Choose an index p such that s,(«;)<g for i>p, n>p and such that x; is 
in D for i>p. Then we may write, for x=x;, n>p, i>p, the relations 
(1.1102) and (1.1103). Using C, and the regularity of (7) we find that 


hence I'(%o; fon}, A) Sq, (2.1101) follows, and the theorem is proved. 
THEOREM 2.111. Im order that (T) may be such that 
{on} ,A) S {sn} ,A) 


for every sequence {sn(x)}, defined over a set A of which xo is an isolated point 
and bounded above over a neighborhood D of x, in A for all n, such that the right 
member is finite, Cz is necessary and sufficient. 


* Hahn, Theorie der reellen Funktionen, p. 232. 
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THEOREM 2.112. In order that (T) may be such that 
T'(x0; {on} ,A) {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is an isolated point 
and bounded below over a neighborhood D of xo in A for all n, such that the 
right member is finite, Cy is necessary and sufficient. 


Since x» is an isolated point of A, the condition s,(«) is bounded above 
over a neighborhood D of x, in A for all n is automatically satisfied by every 
sequence {s,(x)} for which I'(xo; {s,}, A) is finite. Therefore Theorem 2.111 
is equivalent to Theorem 2.113 and may be proved simultaneously with 
it; and Theorem 2.112 follows from Theorem 2.110. 


THEOREM 2.113. In order that (T) may be such that 
(2.1131) T(x0; {on} ,A) S P(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is an isolated point, 
such that the right member is finite, Cz is necessary and sufficient. 


If {x;} and {x/ } are any two sequences of points of A with the limit xo, 
then there is an index p such that x; and x/ are x) fori>p. Hence 
lim sup o,(x;) = lim sup o,(%o), 
and 
lim sup s,(x{) = lim sup 


and (2.1131) is equivalent to the condition 


lim sup lim sup 5,(%0). 


2 


But {s,(xo)} is a sequence of constants; thus the necessity and sufficiency 
of C; follows from Lemma 1.01. 


THEOREM 2.121. In order that (T) may be such that 
{on} ,A) S 3{5n} ,A) 


for every sequence {s,(x)}, defined over a set A of which xq is a limit point 
and bounded above over a neighborhood D of x, in A for all n, such that the right 
member is finite, Cio is necessary and sufficient. 


The necessity proof is an adaptation of that of Theorem 1.121, the 
essential change being that the sequence {x} is for the present purpose 
taken to be a sequence of distinct points of A with the limit x». The suffi- 
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ciency proof is a modification of that of Theorem 1.121 precisely as the 
sufficiency proof of Theorem 2.110 is a modification of that of Theorem 1.110 
Similar proofs furnish the two following theorems: 


THEOREM 2.122. In order that (T) may be such that 
{on} S {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is a limit point 
and bounded below over a neighborhood D of x, in A for all n, such that the 
right member is finite, Cy and Cy are necessary and sufficient. 


THEOREM 2.123. In order that (T) may be such that 
T'(x0; {on} ,A) x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is a limit point, 
such that the right member is finite, Cio and C; are necessary and sufficient. 


The seven theorems 2.210-2.223 give necessary and sufficient con- 
ditions that(T) shall not decrease ultimate greatest lower bounds of sequences 
at a point. Rewriting Theorems 2.110, 2.112, 2.111, 2.113, 2.122, 2.121, and 
2.123 with s,(x) replaced by —s,(x), and taking into account facts such as 
I'(xo;{ —fn}, A) = —~v(x0; {fn}, A) we obtain respectively the seven theorems: 


THEOREM 2.210. In order that (T) may be such that 
(x0; {on} ,A) = v(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A such that xo is in A° and 
bounded over a neighborhood D of xy in A for all n, Cy is necessary and sufficient. 


THEOREM 2.211. In order that (T) may be such that 
(x0; {on} ,A) = v(x0; {sn} 


for every sequence {s,(x)}, defined over a set A of which xo is an isolated point 
and bounded above over a neighborhood D of x, in A for all n, such that the right 
member is finite, Cy is necessary and sufficient. 


THEOREM 2.212. In order that (T) may be such that 


(x0; {on} ,A)2 ¥( xo; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is an isolated point 
and bounded below over a neighborhood D of x, in A for all n, such that the right 
member is finite, Cz is necessary and sufficient. 
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THEOREM 2.213. In order that (T) may be such that 


¥(x0; {on} ,A) = v(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is an isolated point, 
such that the right member is finite, Cz is necessary and sufficient. 


THEOREM 2.221. In order that (T) may be such that 
{on} ,A) = y(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is a limit point and 
bounded above over a neighborhood D of xo in A for all n, such that the right 
member is finite, Cy and Cy are necessary and sufficient. 


THEOREM 2.222. In order that (T) may be such that 
(x0; {on} ,A) = (x0; {sn} ,A) 
for every sequence {s,(x)}, defined over a set A of which xo is a limit point and 


bounded below over a neighborhood D of xo in A for all n, such that the right 
member is finite, Cio is necessary and sufficient. 


THEOREM 2.223. In order that (T) may be such that 


{on} ,A) = v(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is a limit point, such 
that the right member is finite, Cio and C; are necessary and sufficient. 


The seven theorems 2.310-2.323 give necessary and sufficient conditions 
that (7) shall neither increase ultimate least upper bounds mor decrease 
ultimate greatest lower bounds of sequences at a point. The proofs of these 
theorems are modifications of the proofs of the corresponding theorems of §1. 


THEOREM 2.310. In order that (T) may be such that 


T'(x0; {on} ,A) x0; {sn} ,A) 


{on} ,A) 2 {Sn} ,A) 


for every sequence {s,(x)}, defined over a set A such that xo is in A® and 
bounded over a neighborhood D of xy in A for all n, Cy is necessary and sufficient. 


and 
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THEOREMS 2.311, 2.312. In order that (T) may be such that 
T'(x0; {on} ,A) T'(x9; {sa} ,A) 


and 
(x0; {on} ,A) = ¥(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which x» is an isolated point 
and bounded above (below) over a neighborhood D of xo in A for all n, such 
that the right members are finite, C, is necessary and sufficient. 


THEOREM 2.313. In order that (T) may be such that 
T'(x0; {on} ,A) S {sn} ,A) 
and 
(x0; {on} A) = {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which x» is an isolated point, 
such that the right members are finite, Cy is necessary and sufficient. 


THEOREMS 2.321, 2.322. In order that (T) may be such that 
T'(xo; {on} ,A) < T'(x0; {sa} ,A) 


and 
{on} ,A) = v(x0; {sn} ,A) 


for every sequence {s,(x)}, defined over a set A of which xo is a limit point 
and bounded above (below) over a neighborhood D of x in A for all n, such that 
the right members are finite, C4 and C; are necessary and sufficient. 


THEOREM 2.323. In order that (T) may be such that 
and 
(x0; {on} A) 2 {sn} A) 
for every sequence {s,(x)}, defined over a set A of which xo is a limit point, 
such that the right members are finite, Cy and C; are necessary and sufficient. 
3. ULTIMATE BOUNDS AT ALL POINTS AND LIMIT POINTS OF A SET 


In comparing the theorems of this section with those of §1, the following 
facts, given as lemmas, should be noted. 
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Lemma 3.01. Jf 
lim supG(f,; A) S lim supG(F,; A) 
where A contains more than one point, then it is not necessarily true that 
{fn}, A) SV (x; {Fn}, A) over A. 

This lemma is established by considering the following simple sequences: 
fn(%1) =1, and =0 for F,(x2)=1, and F,(x) =0 for where 
x, and x, are two points of A. The first statement holds but the second fails 
forx=x,. A change of the signs of the elements of the sequences establishes 
a corresponding lemma for ultimate greatest lower bounds. 


Lema 3.02. If T(x; {fn}, A) ST (x; {Fn}, A) over A° and A is compact,* 
then 
lim supG(f,; A) S lim supG(F,; A). 


2 no 


Suppose A is compact and lim sup G(f,; A) >lim sup G(F,,; A); we shall 
show that the hypothesis is contradicted. Choose a number @ such that 
lim sup G(f,; A) >@>lim sup G(F,; A). Then there is a sequence {n,} such 
that G(f,,, A)>@ for a=1, 2, 3, - - -,and hence a sequence {xa} of points 
of A such that f,,,(%«) >0. Since A is compact, let {x/ } be a subsequence of 
{x2} with a limit, say xo; then I'(xo; {f,}, A4)26. It is easy to show that 


lim sup G(F,,; A) =T'(x; {F,}, A) over A®°. Combining inequalities, we have 
T'(x0; {fn}, A)>T(x; {F,.}, A) over A°, the hypothesis is denied, and the 
lemma is proved. A corresponding lemma for greatest lower bounds follows. 

The seven theorems 3.110—3.123 give necessary and sufficient conditions 
that (7) shall not increase ultimate least upper bounds of sequences at the 
points and limit points of a set. 

From Theorems 2.110, 2.111, 2.112 and 2.113, we obtain respectively 
the following four theorems. 


THEOREM 3.110. Jn order that (T) may be such that 
T(x; {on} ,A) S T(x; {sn} ,A) over A® 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cy is necessary and sufficient. 


* The condition “A is compact” cannot be removed. To showthis, let {x,} be a sequence of points 
of A without limit points and define: f,(x,) =2, f.(x) =0 for x#x,; and F,(x)=1over A. Then I(x; 
{ fa}, A) =O over A®, I(x; { Fn}, A) =1 over A°, lim sup G(f,; A) =2, and lim sup G(F,; A) =1 and the 
memla fails. 
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THEOREM 3.111. Im order that (T) may be such that 
{on} ,A) T(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points and bounded 
above over A for all n, such that the right member is finite for each x in A,* 
C; is necessary and sufficient. 


THEOREM 3.112. Im order that (T) may be such that 
{on} ,A) P(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points and bounded 
below over A for all n, such that the right member is finite for each x in A, Cx 
is necessary and sufficient. 


THEOREM 3.113. In order that (T) may be such that 
T(x; {on} ,A) S T(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points, such that 
the right member is finite for each x in A, Cz is necessary and sufficient. 


Noting that any set is made up of limit points and isolated points, we 
obtain the necessity of the condition of the following theorem from Theorem 
2.121 and the sufficiency from Theorems 2.121 and 2.111. 


THEOREM 3.121. Jn order that (T) may be such that 
T(x; {on},A) T(x; {sn},A) over A° 


for every sequence {s,(x)}, defined over a set A with at least one limit point 
and bounded above over A for all n, such that the right member is finite for each 
x in A°, Cio is necessary and sufficient. 


Similarly we obtain from Theorems 2.122 and 2.112, and from Theorems 
2.123 and 2.113, the two following theorems: 


THEOREM 3.122. In order that (T) may be such that 
{on},A) {sn} ,A) over A° 


for every sequence {s,(x)}, defined over a set A with at least one limit point 
and bounded below over A for all n, such that the right member is finite for each 
x in A°, Cy and Cy are necessary and sufficient. 


* But not necessarily bounded over A. 
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THEOREM 3.123. In order that (T) may be such that 
{on} A) T(x; {sn} ,A) over A® 


for every sequence {s,(x)}, defined over a set A with at least one limit point, 
such that the right member is finite for each x in A°, Cio and C; are necessary 
and sufficient. 


The seven theorems 3.210—3.223, obtained from the preceding by replac- 
ing s,(x) by —s,(x), give necessary and sufficient conditions that (7) shall 
not decrease ultimate greatest lower bounds of sequences at the points and 
limit points of a set. 


THEOREM 3.210. In order that (T) may be such that 
{on} ,A) = {sn} ,A) over A® 
for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cs is necessary and sufficient. 
THEOREM 3.211. Im order that (T) may be such that 
v(x; {on} ,A) = v(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points and bounded 
above over A for all n, such that the right member is finite for each x in A, Cy 
is necessary and sufficient. 


THEOREM 3.212. In order that (T) may be such thai 
{on},A) = v(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points and bounded 
below over A for all n, such that the right member is finite for each x in A, Cy 
is necessary and sufficient. 


THEOREM 3.213. In order that (T) may be such that 
¥(x; {on} ,A) = (x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points, such that 
the right member is finite for each x in A, Cz is necessary and sufficient. 


THEOREM 3.221. In order that (T) may be such that 
v(x; {on} ,A) = v(x; {sn} ,A) over 


for every sequence {sn(x)}, defined over a set A with at least one limit point and 
bounded above over A for all n, such that the right member is finite for each x in 
A°®, C4 and Cy are necessary and sufficient. 
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THEOREM 3.222. In order that (T) may be such that 
{on} »A) = {sn} ,A) over A° 


for every sequence {sn(x)}, defined over a set A with at least one limit point and 
bounded below over A for all n, such that the right member is finite for each x in 
Cio is necessary and sufficient. 


THEOREM 3.223. In order that (T) may be such that 
(x; {on} ,A) x(x; :{ sa} ,A) over A® 


for every sequence {s,(x)}, defined over a set A with at least one limit point, 
such that the right member is finite for each x in A°, Cyo and Cs are necessary 
and sufficient. 


The seven theorems 3.310—3.323, obtained from the last seven theorems 
of §2, give necessary and sufficient conditions that (7) shall meither increase 
ultimate least upper bounds nor decrease ultimate greatest lower bounds of 
sequences at the points and limit points of a set. 


THEOREM 3.310. Jn order that (T) may be such that 
I(x; {on} ,A) S$ T(x; {sa} ,A) over A° 


and 
v(x; {on},A) v(x; {sn} ,A) over A° 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cs is necessary and sufficient. 


THEOREMS 3.311, 3.312. In order that (T) may be such that 
T(x; {on} ,A) S$ T(x; {sn} ,A) over A 


and 
v(x; {on} ,A) = v(x; {sn} ,A) over A 


for every sequence {s,(x)}, defined over a set A without limit points and bounded 
above (below) over A for all n, such that the right members are finite for each 
x in A, Cais necessary and sufficient. 
THEOREM 3.313. In order that (T) may be such that 
I'(x; {on},A) {sn},A) over A 


and 
x(x; {on} ,A) = v(x; {sn},A) over A 


for every sequence {s,(x)}, defined over a set A without limit points, such that 
the right members are finite for each x in A, Cais necessary and sufficient. 
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THEOREMS 3.321, 3.322. In order that (T) may be such that 


I(x; {on} ,A) T(x; {sn} ,A) over A® 
and 

x(x; {on},A) = v(x; {sn} ,A) over A° 
for every sequence {s,(x)}, defined over a set A with at least one limit point and 
bounded above (below) over A for all n, such that the right members are finite 
for each x in A°, Cs and C; are necessary and sufficient. 


THEOREM 3.323. In order that (T) may be such that 


{o,},A) < {s,},A) over A° 
and 

x(x; {on} ,A) = v(x; {sn},A) over A° 
for every sequence {s,(x)}, defined over a set A with at least one limit point, 
such that the right members are finite for each x in A°, Cs and C; are necessary 
and sufficient. 


CHAPTER II. CONTINUOUS OSCILLATON AND CONVERGENCE 


In this chapter the sequences and transformations considered may be, 
except in cases where a specific statement to the contrary is made, either 
real or complex. 

We include in the following lemma a fact taken from a paper by W. A. 
Hurwitz.* 

Lemma 4.01. If (T) fails to satisfy Cs, then there is a bounded sequence 
{sa} of constants such that 


lim sup | om — on| > limsup | sm — Sal ; 


if (T) is real, {sn} may be taken real. 
The four following lemmas may be proved together. 


Lemmas 4.02, 4.03. Let A be an infinite set and let {x.} be a sequence of 
distinct points in A. In case A has a limit point xo, let the sequence {xq} be 
a sequence with the limit xo. If (T), real or complex, fails to satisfy Cs, then 
there is a real sequence {s,(x)}, bounded above (below) over A, such that 

lim sup | om(x;) — on(x,) | > lim sup |sm(x/) — s,(x/)|= 0 


where {x} is any sequence of points of A. 


* American Journal of Mathematics. 
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Lemmas 4.04, 4.05. Under the hypotheses of Lemmas 4.02, 4.03 there is a 
real sequence {s,(x)}, bounded above (below) over A, such that 


lim sup | om(xi) — on(xi)| > limsup | — sa(xf)| = 0 


ND, M72, i+w 


where {xd } is any sequence of points of A. 


From a denial of C; it follows that there is a value of k, say i, and a se- 
quence {na} of indices such that +o 
Define the sequence {s,(x)} as follows: s,(x)=0 over A for n¥); s,(x) =0 
for %2, 3 and where h=1 (h=2). Evi- 
dently the sequence {s,(x)} is bounded above or below over A according 
as his 1 or 2; and since s,(x) =0 over A form>d 

lim sup | Sm(x/) — | = lim sup | Sm(x{) — = 0 

y 
where } is any sequence of points of A. But for on(%a) 
and we find for m.>A, mg>d that 


| | 1 and | On Xa) | | Ong » | /| | 
hence 


lim sup | om(x;) — on(x;)| 2 lim sup | om(x:) — on(x,) | 


2 lim sup || on | — | on,(%a) | | 2 lim sup | 1 —| / 1 =+o 


a2, an, 


and the lemmas are proved. 


4. OSCILLATION OVER A SET 


Let {f,(x) } be defined over any set A. Then the oscillation of the sequence 
{fn(x) } over the set A is denoted by 2({f,}, A) and is defined as follows: For 
each sequence }x;} of points of A, form 

lim sup | fm(%i) — fn(xi) | = 25 


2, 2 


j 


the least upper bound of all such v is Q({f,}, A). 

An interesting connection between the oscillation of a real sequence 
over a set and the ultimate bounds of the sequence over the set is given in 
the following. 
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Lemma 4.06. Jf {fn(x)} is a real sequence defined over any set A, then 
(4.061) 2({f.},4) = lim supG(f,; A) — lim inf g(f,; A) 


whenever the right member has a meaning; otherwise* Q({f,}, A)= +. 


To prove this lemma, it suffices to consider three cases: first, f,(x) is 
bounded over A for all sufficiently great ”; second, lim sup G(f,; A)=+; 
third, lim inf g(f,; A)=—©. In the first case, there is a sequence {x;} of 
points of A such that fn(%2m)<G(fm, A)<fm(X2m)+1/m and fa(*en41) = 
8(fn; A) >fn(%2n41) —1/m for all sufficiently great m and m; for this sequence, 

lim sup | fm(%2m) — fn(2n+1) | = lim supG(fm; A) — lim inf g(fn; A), 

so that Q({f,}, A) =lim sup G(f,,; A) —lim inf g(f,; A). But for any sequence 
{x} of points of A, fn(x:) SG(fm; A) and fn(x;)=g(fn; A) so that Q({f,}, A) 
< lim sup G(f,; A)—lim inf g(f,; A). Combining inequalities, we have 
(4.061) for the first case. In case lim sup G(f,; A) = + ©, let xo be a point of 
A, choose an index m, such that G(f,,; A) >fi(%o) +1, and choose a point x; 
such that f,,(%:) >fi(o) +1; and in general choose such that G(f,,; A) 
>f>(%p-1) +p and choose x, such that f,,(%,) >fp(*»-1) +p. Then 


lim — fol%p-1)| = +, = +, 


and the lemma is proved for the second case. In case lim inf g(f,;A)=— ©, 
we can choose sequences and {x,} such that 
thus obtaining 2({f,}, A)=-++ and completing the proof of the lemma. 

It is of interest to note specifically that this lemma enables us to use the 
latter theorems of §1 to furnish easy proofs of the sufficiency (but not the 
necessity) of the conditions of Theorems 4.112, 4.122, 4.123, 4.132, and 4.133. 

The eight theorems 4.111—4.133 give necessary and sufficient conditions 
that (T) shall not increase oscillations of sequences over a set. 


THEOREM 4.111. In order that (T) may be such that 
(4.1111) Q({on,},A) < Q({sn},A) 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over 
A for all n, Csis necessary and sufficient. 


Necessity follows from Lemma 4.01. To establish sufficiency, choose 
M such that |s,(x)|<M over A for all x, B such that }°"_ |a,.|<B for 


* The right member fails to have a meaning when and only when the terms are both + or 
both — «, 
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all m, and let >-f-;|an|=B,. Let {x;} be any sequence of points of A, 
and let g be any number greater than 2({s,}, A); then there is an index p 
such that 

(4.1112) | su(xs) | <qforu2p,v2p, j2?. 


We may write, for m>p, n>p, i>p, j7>>p, the identity 


k=l 


k=l k=l y= pt+l 


and, on noting that the last two terms of the last member are identically 
equal to 


obtain the identity 


Om(Xi) — on(x;) = 
k=l 


k=l 


v=p+1 


(4.1113) 
( (1 = ) 
v=p+l p= p+l 


+ > > s,(x;)]. 


The absolute values of the first four terms of the right member are respec- 
tively less than or equal to 


Pp n m 


k=l v= p+1 p=p+l1 


each of which, due to the regularity of (J), approaches 0 as m and m become 
infinite; hence 


k=1 
— 
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(4.1114) lim sup | om(xi) — on(x;) | 


™m n 


= lim sup DY — 
ime, 


From (4.1112) we obtain for m>p, n>p, i>p,j>p, 


(4.1115) > ] | 


v=p+l 
< q > | Amu | qBmB,; 
u=p+l v=pt+l 
hence 
(4.1116) lim sup | om(xi) — on(%;) | S lim sup (¢BnB,) 


m2, m—> 2, 


and using Cs we have 
(4.1117) lim sup | om(*i) — Sq. 


M72, 


Since {x,} is any sequence of points of A, Q({c,}, A) <q; this leads to 
(4.1111) and the theorem is proved. 


THEOREM 4.112. Jn order that a real (T) may be such that 
Q({on.},A) A) 


for every real sequence {s,(x)}, defined over an arbitrary set A and bounded 
over A for all n, Cs is necessary and sufficient. 


This theorem is established by noting that the proof of the preceding theo- 
rem is undisturbed by supposing (7) and the {s,(x)} sequences to be real. 


THEOREM 4.121. In order that (T) may be such that 
(4.1211) Q({on},A) < A) 


for every sequence {s,(x)}, defined over a finite set A, C, is necessary and 
sufficient. 


Necessity follows from Theorem 4.111. The condition is sufficient. If 
2({s,}, A) = +, no proof is required, for (4.1211) is automatically satisfied. 
If Q({s,}, A) is finite, then, since A is a finite set, s,(x) is bounded over A for 
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all w and sufficiency follows from Theorem 4.111. This argument, based on 
Theorem 4.112, establishes 


THEOREM 4.122. In order that a real (T) may be such that 


for every real sequence {s,(x)}, defined over a finite set A, C, is necessary ind 
sufficient. 


From Theorems 4.112 and 4.122 we obtain 
THEOREM 4.123. In order that a real (T) may be such that 


2({on},A) S A({s,}, A) 


for every real sequence {s,(x)}, defined over a finite set A and bounded above 
(below) over A for all n, C,is necessary and sufficient. 


THEOREM 4.131. In order that (T) may be such that 


2({on} , A) 2({s,} , A) 


for every sequence {s,(x)}, defined over an infinite set A, C, and C; are necessary 
and sufficient. 


Necessity of C, follows from Lemma 4.01, and that of C; from Lemma 4.02 
(or 4.03), since for the {s,(x)} sequences there defined, 2({s,}, A) =0 while 
Q({o,}, 4)>0. No proof of sufficiency is required if Q({s,}, 4)=+. 
If 2({s,}, A) is finite, let g be any greater number, let {x,;} be any sequence of 
points of A, and choose an index p such that (4.1112) is satisfied. Then 
\sn("i) —Sp(xp) | <q for n=p,i=p; hence there is a constant M such that 
| <M for n=>p, i=p. Using C;, choose an index N=p such that 
R=1, 2,3,---,pfornm>N. Then, referring to the identity (4.1113), 
we see that, for m>N, n>N, i>p, j>p, the first two terms of the right 
member vanish and the third and fourth terms approach 0 as mand n become 
infinite. Therefore we may write (4.1114) and (4.1115), and sufficiency 
follows as in Theorem 4.111. 

The same proof establishes the following two theorems: 


THEOREM 4.132. In order that a real (T) may be such that 


O({on},A) 2({sn}, A) 


for every real sequence {s,(x)}, defined over an infinite set A, C, and C; are 
necessary and sufficient. 
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THEOREM 4.133. In order that a real (T) may be such that 
Q({on}, A) 2( {sn}, A) 


for every real sequence {s,(x)}, defined over an infinite set A and bounded above 
(below) over A for all n, C, and C; are necessary and sufficient. 


The five theorems 4.21—4.233 give necessary and sufficient conditions that 
(T) shall transform sequences of zero oscillation into sequences of zero 
oscillation. 


THEorEM 4.21. In order that (T) may be such that Q({c,}, A) =0 for every 
sequence {s,(x)}, defined over an arbitrary set A and bounded over A for all n, 
such that Q({ sn}, A) =0, no further conditions need be imposed upon Ant. 


Letting {x,;} be any sequence of points of A, and q be an arbitrarily small 
positive number, we can choose an index p for which (4.1112) holds; and using 
(4.1113) obtain (4.1116) precisely as in Theorem 4.111. But 

lim sup (¢B,,B,) qB*; 
hence Q({c,}, A) <qB?. Since gB? is an arbitrarily small positive number, 
2({o,}, A) =0 and the theorem is proved. 


TueoreM 4.22. In order that (T) may be such that Q({o,}, A) =0 for every 
sequence {s,(x)}, defined over a finite set A, such that Q({s,}, A) =0, no further 
conditions need be imposed on Anx. 


This theorem follows from the preceding, for if 2({s,}, 4) =0, A being a 
finite set, then s,,(x) is bounded over A for all n. 


THEOREM 4.231. In order that (T) may be such that Q({c,}, A)=0 for 
every sequence {s,(x)}, defined over an infinite set A, such that 2({s,}, A) =0, 
Cs is necessary and sufficient. 


Necessity follows from Lemma 4.02 (or 4.03). The sufficiency proof is a 
modification of that of Theorem 4.131 in the same sense that the proof of 
Theorem 4.21 is a modification of the sufficiency proof of Theorem 4.111. 
This proof also establishes the following two theorems: 


THEOREM 4.232. In order that a real (T) may be such that Q({o,}, A) =0 
for every real sequence { s,(x)}, defined over an infinite set A, such that Q({ sn}, A) 
=0, C; is necessary and sufficient. 


THEOREM 4.233. In order that a real (T) may be such that Q({o,}, A) =0 


for every real sequence {s,(x)}, defined over an infinite set A and bounded above 
(below) over A for all n, such that Q({s,}, A) =0, Cs is necessary and sufficient. 
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5. CONTINUOUS OSCILLATION AND CONVERGENCE AT A POINT 


Let {f,(x)} be defined over a set A and let xo be a point of A°. Then the 
continuous oscillation of {f,(x)} at x» over A is denoted by Q(x»; {f,},A) and 
is defined as follows: For each sequence {x;} of points of A with the limit xo, 


form 

lim sup | — | = 95 

the least upper bound of all such v is Q(xo; {f,},A). A sequence {f,(x)} is 
said to converge continuously at x» over A when Q(xo; {fn},4)=0. We may 
consider Q(x»; {fn}, 4) as a measure of the deviation from continuous conver- 
gence of {f,(x)} at x» over A; hence the relation Q(x; {on},A) < Q(xo; 
\s,},A) signifies that {o,(x)} is at least as nearly continuously convergent 
at x, over A as {s,(x)} is. The continuous oscillation of a real sequence at a 
point is related to the ultimate bounds of the sequence at the point by the 
following lemma, the proof of which is similar to that of Lemma 4.06. 


Lemma 5.01. If {fn(x)} is a real sequence defined over a set A such that 
x_ is in A®, then 
{fa} = {fa} A) — {fn} 
whenever the right member has a meaning; otherwise Q(x»; { fr}, AV= +0. 
Using this lemma, we may note that the theorems of this section which 


involve real transformations and sequences are related to the latter theorems 
of §2 as the corresponding theorems of §4 are related to the latter theorems of 


$1. 
The eight theorems 5.111-—5.133 give necessary and sufficient conditions 
that (T) shall not increase the continuous oscillation of a sequence at a point. 


THEOREM 5.111. Im order that (T) may be such that 
Q(x0; {on}, A) {sn} ,A) 


for every sequence {s,(x)}, defined over a set A such that x. is in A° and bounded 
over a neighborhood D of xoin A for all n, C, is necessary and sufficient. 


Necessity follows from Lemma 4.01. To establish sufficiency, choose M 
such that |s,(«) |<M over D for all n, let {x;} be any sequence of points of A 
with the limit xo, and let g be any number greater than (xo; {s,},A). Then 
there is an index p for which (4.1112) holds; let p be increased if necessary 


* For real sequences (xo; { fn} , A) is sometimes defined by this relation. Hahn, p. 261. 
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so that x; is in D fori>p. Using (4.1113), we obtain (4.1117) exactly as in 
Theorem 4.111; therefore {o,}, A) <q and sufficiency follows. The 
same proof establishes 


THEOREM 5.112. Jn order that a real (T) may be such that 
{on}, A) S O(x0; {sn}, A) 


for every real sequence {s,(x)}, defined over a set A such that x» is in A® and 
bounded over a neighborhood D of x. in A for all n, C,is necessary and sufficient. 


The next two theorems result from the preceding two, for if Q(x»; {sa} , A) 
is finite and x, is an isolated point of A, then s,(x) is bounded over a neighbor- 
hood D of x, in A for all n. 


THEOREM 5.121. Jn order that (T) may be such that 
Q( xo; {on} A) {sn} , A) 


for every sequence {s,(x)}, defined over a set A of which x» is an isolated point, 
C, is necessary and sufficient. 


THEOREM 5.122. Jn order that a real (T) may be such that 
{on} ,A) {sn}, A) 


for every real sequence {s,(x)}, defined over a set A of which x» is an isolated 
point, C, is necessary and sufficient. 


From Theorems 5.112 and 5.122 we obtain 


THEOREM 5.123. In order that a real (T) may be such that 
2( 2x0; {on} , A) 2( x0; {sn} , A) 


for every real sequence {s,(x)}, defined over a set A of which xo is an isolated 
point and bounded above (below) over a neighborhood D of xo in A for all n, 
C, is necessary and sufficient. 


THEOREM 5.131. Jn order that (T) may be such that 
Q(x0; {on}, A) S Q(x0; {sn}, A) 
for every sequence {Sn(x)}, defined over a set A of which xo is a limit point, C. 
and C; are necessary and sufficient. 


The proof of this theorem is a modification of that of Theorem 4.131 in the 
same sense that the proof of Theorem 5.111 is a modification of that of 
Theorem 4.111. The same proof establishes the next two theorems. 
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THEOREM 5.132. In order that a real (T) may be such that 
2( xo; {on} A) 2( x0; {sn} ’ A) 


for every real sequence {s,(x)}, defined over a set A of which xo is a limit point, 
C, and C; are necessary and sufficient. 


THEOREM 5.133. In order that (T) may be such that 
2( x9; {on} A) 2( xo; {sa} , A) 
for every real sequence {s,(x)}, defined over a set A of which xo is a limit point 
and bounded above (below) over a neighborhood D of xo in A for all n, C, and Cs 
are necessary and sufficient. 
The five theorems 5.21—5.233, the proofs of which are modifications of 
the proofs of the corresponding theorems of §4, give necessary and sufficient 


conditions that (7) shall transform sequences which converge continuously 
at a point into sequences which converge continuously at the point. 


THEOREM 5.21. In order that (T) may be such that Q(x; {on}, A) =0 for 
every sequence {s,(x)}, defined over a set A such that xo is in A° and bounded 
over a neighborhood D of xo in A for all n, such that Q(x0; {s.}, A)=0, no 
further conditions need be imposed on Ank. 


THEOREM 5.22. In order that (T) may be such that Q(x0; {o,}, A) =0 for 
every sequence {s,(x)}, defined over a set A of which xp is an isolated point, 
such that Q(x; {sn}, A)=0, no further conditions need be imposed on ank. 


THEOREM 5.231. In order that (T) may be such that {o.}, A) =0 for 
every sequence {sn(x)}, defined over a set A of which xo is a limit point, such 
that Q(x9; {sn}, A) =0, Cs is necessary and sufficient. 


THEOREM 5.232. In order that areal (T) may be such that (xo; {on}, A) =0 
for every real sequence {s,(x)}, defined over a set A of which xo is a limit point, 
such that Q(x; {sn}, A) =0, Cs is necessary and sufficient. 


THEOREM 5.233. In order that areal (T) may be such that Q(x; {o,}, A) =0 
for every real sequence {s,(x)}, defined over a set A of which xp is a limit point 
and bounded above (below) over a neighborhood D of xo in A for all n, such that 
{sn}, A) =0, Cs is necessary and sufficient. 


6. CONTINUOUS OSCILLATION AND CONVERGENCE AT 
ALL POINTS AND LIMIT POINTS OF A SET 


In comparing the theorems of this section with those of §4, the following 
facts, included as lemmas, should be noted. 


698 R. P. AGNEW [October 


Lemma 6.01. Jf Q({f.}, A)SQ({F.}, A) where A contains more than 
one point, then it is not necessarily true that Q(x; {f.}, A)SOQ(x; {F,}, A) 
over A. 

This lemma is established by considering the following simple sequences. 
Let x; and x2 be two points of A and define f, (x1) =(—1)", f.(x) =0 for 
and F,,(x2) =(—1)*, F,(«) =0 for 

From the definitions of the functions involved we obtain at once 


Lemma 6.02. If 2({f.}, A) =0, A being an arbitrary set, then Q(x; {fn}, A) 
=0 over A®. 

Lemma 6.03. Jf Q(x; {fn}, A) < Q(x; {F.}, A) over A° and A is compact, 
then {fa}, A)<Q({F,}, A). 


Suppose A is compact and Q({f,}, 4) >2({F,}, A); we shall show that 
the hypothesis is contradicted. Choose a sequence {%;} of points of A and 
four sequences {ma}, {ma}, {ia} and {j.} of indices such that 


Tim | fing — | = {fn} ,A)- 


Since A is compact, let {x/ } be a subsequence of {x,;} with a limit, say 2; 
then Q(x; {fn}, A)=Q({fa}, A). It follows at once from the definitions of 
the functions involved that Q({F,}, A) = Q(x; {F,}, A) over A° and we find 
on combining inequalities that {fn}, A4)>Q(x; {F.}, A) over A°; 
thus the hypothesis is contradicted and the lemma is proved. If in this 
lemma we set F,,(x) =0 over A for all ” we obtain 


Lemma 6.04. Jf Q(x; {f.}, A)=0 over A®° and A is compact, then 
QA {fn}, A)=0. 

The condition “A is compact” cannot be removed* from Lemma 6.04 
and it follows that it cannot be removed from Lemma 6.03. 

The theorems of this section are obtained from those of §5 as theorems 
of §3 are obtained from §2. 

The eight theorems 6.111—6.133 give necessary and sufficient conditions 
that (7) shall not increase the continuous oscillations of sequences at the 
points and limit points of a set. 


* To show this, let {x,} be a sequence of points of A without limit points and define f(x») =1 
and fn(x) =0, then 2(x; {f,}, A) =O over A®, 2({f,}, A) =1, and the lemma fails. 
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THEOREM 6.111. Im order that (T) may be such that 
Q(x; {on}, A) S {sa}, A) over A° 


for every sequence {s,(x)}, defined over an arbitrary set A, and bounded over 
A for all n, C, ts necessary and sufficient. 


THEOREM 6.112. Im order that a real (T) may be such that 
Q(x; {on}, A) S Q(x; {sn}, A) over 


for every real sequence {s,(x)}, defined over an arbitrary set A and bounded 
over A for all n, C, is necessary and sufficient. 


THEOREM 6.121. In order that (T) may be such that 
Q(x; {on}, A) Q(x; {sn}, A) over A 


for every sequence {sq(x)}, defined over a set A without limit points, C, is 
necessary and sufficient. 


THEOREM 6.122. In order that a real (T) may be such that 
Q(x; {on}, A) S Q(x; {sn}, A) over A 


for every real sequence {s,(x)}, defined over a set A without limit points, C, 
is necessary and sufficient. 


THEOREM 6.123. In order that a real (T) may be such that 
Q(x; {on}, A) S Q(z; { sa} , A) over A 


for every real sequence {sn(x)}, defined over a set A without limit points and 
bounded above (below) over A for all n, C, is necessary and sufficient. 


THEOREM 6.131. In order that (T) may be such that 


Q(x; {on} , A) < Q(x; {sa} , A) over A® 


for every sequence {s,(x)}, defined over a set A with at least one limit point, C, 
and Cs are necessary and sufficient. 


THEOREM 6.132. In order that a real (T) may be such that 
Q(x; {on} ,A) S Xx; {sn} , A) over A® 


for every real sequence {sq(x)}, defined over a set A with at least one limit point, 
C, and C; are necessary and sufficient. 


699 


700 R. P. AGNEW 


THEOREM 6.133. In order that a real (T) may be such that 
Q(x; {on} ,A) {sn} , A) over A° 
for every real sequence {s,(x)}, defined over a set A with at least one limit 
point and bounded above (below) over A for all n, C, and C; are necessary and 
sufficient. 

The five theorems 6.21-6.233 give necessary and sufficient conditions 
that (7) shall transform sequences which converge continuously at each 
point and limit point of a set into sequences having the same property. 

THEOREM 6.21. In order that (T) may be such that Q(x; {o,}, A) =0 over 
A® for every sequence {sq(x)}, defined over an arbitrary set A and bounded 
in the neighborhood of each point of A° for all n, such that Q(x; {sn}, A)=0 
over A°, no further conditions need be imposed on Ank. 

THEOREM 6.22. In order that (T) may be such that Q(x; {o,}, A)=0 


over A for every sequence {s,(x)}, defined over a set A without limit points, 
such that Q(x; {sn}, A) =0 over A, no further conditions need be imposed on Ank. 

THEOREM 6.231. In order that (T) may be such that Q(x; {o,}, A) =0 over 
A® for every sequence {s,(x)}, defined over a set A with at least one limit point 
such that Q(x; {sn}, A) =O over A°, Cs is necessary and sufficient. 

THEOREM 6.232. In order that a real (T) may be such that Q(x; {o,}, A) =0 
over A° for every real sequence {s,(x)}, defined over a set A with at least one 
limit point, such that Q(x; {s,}, A) =0 over A°, Cs is necessary and sufficient. 

THEOREM 6.233. In order that a real (T) may be such that Q(x; {o,}, A) =0 
over A° for every real sequence {s,(x)}, defined over a set A with at least one limit 
point and bounded above (below) over A for all n, such that Q(x; {s,}, A) =0 
over A°, Cs is necessary and sufficient. 


CHAPTER III. UNIFORM OSCILLATION AND CONVERGENCE 

In this chapter the transformations and sequences may, except in cases 
where a specific statement to the contrary is made, be either real or complex. 

We shall now prove together 

Lemmas 7.01, 7.02. Let A be an infinite set and let {x.} be a sequence of 
distinct points of A. In case A has a limit point xo, let {xa} have the limit xo. 
If (T), reai or complex, fails to satisfy Ce, then there is a real sequence {s,(x)} 
bounded above (below) over A such that 


limsup | om(xi) — on(xi)| > limsup | Sm(x/) — sa(xi)| = 0 


where {xj } is any sequence of points of A. 
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From a denial of Cg it follows that there is a sequence {n.} such that 


na 


lim m2 = + © and vanes ~ 1 for a = 1,2,3,---. 


Define a real function s(x) over A, bounded above (below) over A such that 
s(aa) = (— 1)"/|1— Doane 
k=1 
where h=1 (2); and let s,(x) =s(x), 2, 3, ---. Then s,(x) is bounded 
above (below) over A for all 7; and s(x) —s,(x) =0 over A so that 


lim sup Sm(x/) — sa(xf)| = 0 


where {x/ } is any sequence of points of A. But 


lim sup | om(xi) — on(xi)| = limsup (Isa — ) 


2 tim sup ( | s(x) | 1— )e tim sup (| || 1 )=1 


and the lemmas are proved. 


7. UNIFORM OSCILLATION AND CONVERGENCE OVER A SET 


Let {fn(x)} be defined over any set A. Then the uniform oscillation of 
the sequence {f,(x)} over the set A is denoted by O({f,}, A) and is defined as 
follows: For each sequence {x;} of points of A, form 

lim sup | fm(xi) — fa(xs) | = 95 
the least upper bound of all such v is O({f,}, A). It is well known that a 
necessary and sufficient condition that a sequence {f,(x) } converge uniformly 
over aset A is that O({f,}, A) =0. We may consider O({f,,}, A) as a measure 
of the deviation from uniform convergence of {f,(x)} over A; hence the 
relation O( {on}, A) <O({s,}, A) signifies that {o,(x)} is at least as nearly 
uniformly convergent over A as {s,(x)} is. 

The eight theorems 7.111—7.133 give necessary and sufficient conditions 
that (7) shall not increase uniform oscillations of sequences over a set. 


THEOREM 7.111. In order that (T) may be such that 
O({en},4) O({sn}, A) 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, C, is necessary and sufficient. 
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Necessity follows from Lemma 4.01. The sufficiency proof is verbatim 
that of Theorem 4.111 except that j is replaced by i and that the Q-function 
is replaced by the O-function. The same proof establishes 


THEOREM 7.112. Im order that a real (T) may be such that 
O({on},A) O({sn}, A) 


for every real sequence {s,(x)}, defined over an arbitrary set A and bounded 
over A for all n, C, is necessary and sufficient. 


Noting that if O({s,}, A) is finite and A is a finite set, then s,(x) is 
bounded over A for all ”, we obtain the next three theorems. 


THEOREM 7.121. In order that (T) may be such that 
O({on}, A) O({sn}, A) 


for every sequence {s,(x)}, defined over a finite set A, C, is necessary and 
sufficient. 


THEOREM 7.122. In order that a real (T) may be such that 
O({on},A) < O({sn}, A) 


for every real sequence {s,(x)}, defined over a finite set A, C, is necessary and 
sufficient. 


THEOREM 7.123. In order that a real (T) may be such that 
O({on},A) O({sn}, A) 


for every real sequence {sq(x)}, defined over a finite set A and bounded above 
(below) over A for all n, C, is necessary and sufficient. 


THEOREM 7.131. In order that (T) may be such that 
O({on},A) O( {sn}, A) 


for every sequence {s,(x)}, defined over an infinite set A, C., Cs and Cg are 
necessary and sufficient. 


The necessity of C, follows from Lemma 4.01; that of C; and C, from 
Lemmas 4.04 or 4.05 and 7.01 or 7.02 respectively since for the sequences 
there defined, O({s,}, A)=0 while O({o,}, A)>0. If O({s,}, A)=+, 
no proof of sufficiency is required. If O({s,}, A) is finite, let g be any greater 
number and let {x,;} be any sequence of points of A; then there is an index 
p such that |s,(x;)—s,(x:)|<q for u>p, v>p, i>p. Using Cs and Cz. we 
can choose an index NW such that a,,=0, k=1, 2, 3,---, p fornm>WN and 
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also for m>N. Then, considering the identity (4.1113) with 
j replaced by i, the first four terms of the right member vanish for m>N, 
n> WN; hence we obtain successively (4.1114), (4.1115), (4.1116), and, using 
C,, (4.1117) with j replaced by i. Therefore O({o,}, A) <q, O( {on}, A) 
<O({s,}, A) and the theorem is proved. The same proof establishes the 
next two theorems. 


THEOREM 7.132. In order that a real (1!) may be such that 
O({on},A) OC {sa}, A) 
for every real sequence {s,(x)}, defined over an infinite set A, C., Cs and Ce 
are necessary and sufficient. 
THEOREM 7.133. In order that a real (T) may be such that 
O({on}, A) O({ sn}, A) 


for every real sequence {s,(x)}, defined over an infinite set A and bounded . 
above (below) over A for all n, C., Cs, and Cg are necessary and sufficient. 


The five theorems 7.21—7.233, the proofs of which are modifications of 
proofs of earlier theorems of this section, give necessary and sufficient con- 
ditions that (T) shall transform sequences which converge uniformly over a 
set into sequences having the same property. 


THEOREM 7.21. In order that (T) may be such that O({c,}, A) =0 for 
every sequence {sq(x)}, defined over an arbitrary set A and bounded over A for 
all n, such that O({s,}, A) =0, no further conditions need be imposed on Gnt. 


THEOREM 7.22. In order that (T) may be such that O({o,}, A)=0 for 
every sequence {s,(x)}, defined over a finite set A, such that O({s,}, A) =0, no 
further conditions need be imposed on dnx. 


THEOREM 7.231. In order that (T) may be such that O({o,}, A) =0 for 
every sequence {sq(x)}, defined over an infinite set A, such that O({s,}, A) =0, 
C; and Cg are necessary and sufficient. 


THEOREM 7.232. In order that a real (T) may be such that O({c,}, A)=0 
for every real sequence {s,(x)}, defined over an infinite set A, such that 
O({s,}, A)=0, Cs and Cg are necessary and sufficient. 


THEOREM 7.233. In order that a real (T) may be such that O({o,}, A)=0 
for every real sequence {sn(x)}, defined over an infinite set A and bounded 
above (below) over A for all n, such that O({s,}, A) =0, Cs and Cg are necessary 
and sufficient. 


R. P. AGNEW [October 


8. UNIFORM OSCILLATON AND CONVERGENCE AT A POINT 


Let {f,(x)} be defined over a set A and let xo be a point of A°. Then the 
uniform oscillation of {f,(x)} at x9 over A (or measure of the deviation from 
uniform convergence of {f,(x)} at xo over A) is denoted by O(xo; {fn}, A) 
and is defined as follows: For each sequence {x;} of points of A with the 
limit xo, form 


lim sup =| — fas) | = 2; 


the least upper bound of all such v is O(xo; {f,}, A). A sequence {f,(x)} is 
said to converge uniformly at x» over A when O(xo; {f,}, A) =0. The proofs 
of the theorems of this section are similar to the proofs of the corresponding 
theorems of §5, the essential difference occurring where the proofs of §5 refer 
to §4; in such cases the proofs of this section refer to §7. 


The eight theorems 8.111-8.133 give necessary and sufficient conditions 
that (7) shall not increase uniform oscillations of sequences at a point. 


THEOREM 8.111. In order that (T) may be such that 
O(x0; {on}, A) O(x0; {sn}, A) 


for every sequence {s,(x)}, defined over a set A such that xo is in A° and bounded 
over a neighborhood D of xo in A for all n, C, is necessary and sufficient. 


THEorEM 8.112. In order that a real (T) may be such that 
O(x0; {on}, A) O(x0; {sn}, A) 


for every real sequence {s,(x)}, defined over a set A such that xo is in A® and 
bounded over a neighborhood D of x, in A for all n, Cyis necessary and sufficient. 


THEOREM 8.121. In order that (T) may be such that 
O(x0; {on}, A) O(xo; {sn}, A) 


for every sequence {sn(x)}, defined over a set A of which xo is an isolated point, 
C, is necessary and sufficient. 


THEOREM 8.122. In order that a real (T) may be such that 


O( x0; {on} ,A) S O(xo; {sn}, A) 


for every real sequence {s,(x)}, defined over a set A of which xo is an isolated 
point, C, is necessary and sufficient. 
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THEOREM 8.123. In order that a real (T) may be such that 
O(s0; {on}, A) O(x0; {sn}, A) 


for every real sequence {s,(x)}, defined over a set A of which xo is an isolated 
point and bounded above (below) over a neighborhood D of xo in A for all n, 
C, is necessary and sufficient. 


THEOREM 8.131. In order that (T) may be such that 
O( xo; {on} , A) s O( xo; {sn} , A) 


for every sequence {s,(x)}, defined over a set A of which xy is a limit point, 
C,, Cs, and Cg are necessary and sufficient. 


THEOREM 8.132. In order that a real (T) may be such that 
O( xo; {on} ,A) O( x; {sn} , A) 


for every real sequence {s,(x)}, defined over a set A of which xy is a limit point, 
C,, Cs, and Ce, are necessary and sufficient. 


THEOREM 8.133. In order that a real (T) may be such that 


O( xo; {on} A) < O( x0; {sn} , A) 


for every real sequence {sq(x)}, defined over a set A of which xq is a limit point 
and bounded above (below) over a neighborhood D of x» in A for all n, C,, Cs, 
and C¢ are necessary and sufficient. 


The five theorems 8.21-8.233 give necessary and sufficient conditions 
that (TJ) shall transform sequences which converge uniformly at a point 
into sequences having the same property. 


THEOREM 8.21. In order that (T) may be such that O(x0; {on}, A) =0 for 
every sequence {sq(x)}, defined over a set A such that x» is in A° and bounded 
over a neighborhood D of xo in A for all n, such that O(xo; {s,}, A) =0, no 
further conditions need be imposed upon nk. 


THEOREM 8.22. In order that (T) may be such that O(x; {on}, A) =0 for 
every sequence {sq(x)}, defined over a set A of which xo is an isolated point, 
such that O(x0; {sn}, A)=0, no further conditions need be imposed upon ant. 


THEOREM 8.231. In order that (T) may be such that O(x0; {on}, A) =0 for 
every sequence {s,(x)}, defined over a set A of which xo is a limit point, such 
that O(20; {sn}, A) =0, Cs and Cg are necessary and sufficient. 
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THEOREM 8.232. In order that a real (T) may be such that O(xo; {on}, A) =0 
for every real sequence {s,(x)}, defined over a set A of which xp is a limit point, 
such that O(x0; {sn}, A)=0, Cs and Cg are necessary and sufficient. 


THEOREM 8.233. In order that a real (T) may be such that O(x0; {on}, A) =0 
for every real sequence {s,(x)}, defined over a set A of which xo is a limit point 
and bounded above (below) over a neighborhood D of xo in A for all n, such 
that O(xo; {s,}, A) =0, Cs and Cy are necessary and sufficient. 


9. UNIFORM OSCILLATION AND CONVERGENCE AT ALL POINTS 
AND LIMIT POINTS OF A SET 


In comparing the theorems of this section with those of §7, the following 
facts, given as lemmas, the proofs of which are similar to the proofs of the 
corresponding lemmas of §6, should be noted. 


Lemma 9.01. Jf O({f.}, A) <O({F.}, A) where A contains more than one 
point, then it is not necessarily true that O(x; {fn}, A) <O(x; {Fn}, A) over A. 


Lemma 9.02. If O({f,}, A) =0, A being an arbitrary set, then O(x; {fa}, 
A)=0 over A°®. 


Lemma 9.03. If O(x; {fn}, A)<O(x; {F.}, A) over A° and A is compact, 
then O({f.}, A) SO({Fn}, A). 


Lemma 9.04. Jf O(x; {fn}, 4)=0 over A° and A is compact, then 
O({ fn}, A) =0. 


The theorems of this section are obtained from those of §8 as the theorems 
of §6 were obtained from those of §5. The eight theorems 9.111-9.133 give 
necessary and sufficient conditions that (7) shall not increase the uniform 
oscillations of sequences at the points and limit points of a set. 


THEOREM 9.111. Jn order that (T) may be such that 
O(x; {on}, A) < O(x; {sn}, A) over 


for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, C, is necessary and sufficient. 


THEOREM 9.112. In order that a real (T) may be such that 


O(x; {on}, A) O(x; {sn}, A) over A° 


for every real sequence {s,(x)}, defined over an arbitrary set A and bounded 
over A for all n, C, is necessary and sufficient. 
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THEOREM 9.121. In order that (T) may be such that 


O(x; {on} ,A) {sn} , A) over A 


for every sequence {s,(x)}, defined over a set A without limit points, C, is 
necessary and sufficient. 


THEOREM 9.122. In order that a real (T) may be such that 


O(«; {on} ,A) < O(x; {sa} , A) over A 


for every real sequence {sn(x)}, defined over a set A without limit points, C. 
is necessary and sufficient. 


THEOREM 9.123. In order that a real (T) may be such that 
O(x; {on} ,A) < O(; {sa} , A) over A 
for every real sequence {s,(x)}, defined over a set A without limit points and 
bounded above (below) over A for all n, C, is necessary and sufficient. 
THEOREM 9.131. In order that (T) may be such that 
O(x; {on}, A) < O(x; {sn}, A) over A° 
for every sequence {s,(x)}, defined over a set A with at least one limit point, 
C,, Cs, and Cg, are necessary and sufficient. 
THEOREM 9.132. In order that a real (T) may be such that 
O(x«; {on} ,A) S$ O(x; {sn} , A) over A° 
for every real sequence {s,(x)}, defined over a set A with at least one limit point, 
C,, Cs, and Cg are necessary and sufficient. 


THEOREM 9.133. Im order that a real (T) may be such that 
O(«; {on}, A) O(«; {sn}, A) over 


for every real sequence {s,(x)}, defined over a set A with at least one limit point 
and bounded above (below) over A for all n, C., Cs, and Cg are necessary and 
sufficient. 


The five theorems 9.21—9.233 give necessary and sufficient conditions 


that (T) shall transform sequences which converge uniformly at each point 
and limit point of a set into sequences having the same property. 
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THEOREM 9.21. In order that (T) may be such that O(x; {on}, A) =0 over 
A® for every sequence {s,(x)}, defined over an arbitrary set A and bounded 
in the neighborhood of each point of A for all n, such that O(x; {s,}, A)=0 
over A°, no further conditions need be imposed upon An. 


THEOREM 9.22. In order that (T) may be such that O(x; {o,}, A) =0 over 
A for every sequence {S_(x)}, defined over a set A without limit points, such that 
O(x; {sn}, 4)=0 over A, no further conditions need be imposed upon ank. 


THEOREM 9.231. In order that (T) may be such that O(x; {on}, A) =0 over 
A® for every sequence {s,(x)}, defined over a set A with at least one limit point, 
such that O(x; {s,}, A)=0 over A°, Cs and Ce are necessary and sufficient. 


THEOREM 9.232. In order that a real (T) may be such that O(x; {on}, A) =0 
over A° for every real sequence {s,(x)}, defined over a set A with at least one 
limit point, such that O(x; {s,}, A)=0 over A°, Cs and Cg are necessary and 
sufficient. 


THEOREM 9.233. In order that a real (T) may be such that O(x; {o,}, A) =0 
over A° for every real sequence {s,(x)}, defined over a set A with at least one 
limit point and bounded above (below) over A for all n, such that O(x; {s,}, A) =0 
over A°, Cs and C, are necessary and sufficient. 
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SOME DIFFERENTIAL AND ALGEBRAIC 
CONSEQUENCES OF THE EINSTEIN 
FIELD EQUATIONS* 


BY 
K. W. LAMSON 


Introduction. If a set of four directions in a Riemannian four-dimen- 
sional space, V4, is orthogonal, then the ds? can be expressed in terms of 
their sixteen parameters, /,*(%0, %1, %2, %3), as in Einstein’s recent papers. 

The first purpose of this paper is to set up sixteen invariant linear first- 
order partial differential equations in these parameters (§2). The solutions 
of these equations include all solutions for empty space of the Einstein field 
equations of 1917. There is a restriction which excludes some special cases. 
In addition to the /,*, these sixteen equations contain four linear combina- 
tions of the components of the curvature tensor. These four combinations 
are to be taken as independent variables, x*. 

Since only alternating tensors appear it is convenient to use Cartan’s 
notationf for symbolic differential forms and for their derivatives and pro- 
ducts. Covariant differentiation in the sense of the absolute differential 
calculus is not used, except in §4. 

The components of the curvature tensor may be taken as coefficients 
in the equation of a quadratic line complex in a three-dimensional projec- 
tive space, P;{§. The directions 4,* correspond to the vertices of a tetra- 
hedron in P;. Bivector and simple bivector correspond to linear complex 
and special complex. Where there is no danger of misunderstanding, the 
language of V, will be used interchangeably with that of P;. The second 
purpose of this paper is the application of some of the theory of quadratic 
complexes to the study of the curvatures in V4. 

The lines which lie in a plane in P; and which belong to the quadratic 
complex are tangent to a conic. The envelope of planes for which this conic 


* Presented to the Society, December 27, 1923, and September 12, 1930; received by the editors 
February 20, 1930. 

{ Goursat, Lecons sur le Probléme de Pfaff, chapters I and III. 

t D. J. Struik, On sets of principal directions in a Riemannian manifold in four dimensions, 
Journal of Mathematics and Physics of the Massachusetts Institute of Technology, vol. 7 (1928), 
p. 193. 

§ E. Kretschmann, Annalen der Physik, vol. 53 (1917), p. 592. 

| Jessop, Treatise on the Line Complex. See also Hudson, Kummer’s Quartic Surface, and Zindler’s 
article in the Encyclopedia, IIIC8. 
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becomes two plane pencils is a Kummer surface. For the tropes of this 
surface the two vertices of these pencils coincide in a point which lies on 
the surface. Each of the sixteen tropes is tangent to the surface along a 
conic. 

Quadratic complexes were classified by Klein in types characterized by 
the elementary divisors of their quadratic forms taken with that of the 
Pliicker identity. In this paper the type [111111] is assumed throughout. 

In §6, 6-functions are introduced as a further application of the theory 
of complexes, and also for reasons of symmetry. No one of the ten quadrics 
or of the many tetrahedra associated with the curvature tensor is held out 
against the others. 

1. Notation. The differential of length is the sum of the squares of four 
Pfaff expressions, 


WE = Nyjyqgdx* (k = 0, 1, 2, 3), 
ds? = we + wf + + 


The Ricci coefficients of rotation are given by 


Qvijn = — highs) + high) + hija(high; — hiphz), 


where the matrix /," is the reciprocal of /,;;., and the subscript p denotes 
ordinary differentiation. 

The components of the curvature tensor are y;;,x:, referred to the direc- 
tions h,", found by putting three of the w; equal to zero.* Greek and Roman 
indices are used when the axis-system is given by dx*=0 and w,=0, respec- 
tively. 

The symbolic product of two Pfaffians is illustrated by 

[wwe] = x8 
Symbolic forms of the second and third degree are linear combinations of 
— 


or 
+ dxPixtAut + — — — 


If two forms have a common factor of the first degree their product is zero. 
When the square of a form is written, ordinary multiplication is meant. 


* Levi-Civita, A Simplified Presentation of Einstein’s Unified Field Equations, p. 6, formula 8; 
Vereinfachte Herstellung der Einstein’ schen einheitlichen Feldgleichungen, Sitzungsberichte der Preus- 
sischen Akademie der Wissenschaften, 1929, p. 139, formula (8). 
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The derivative of a form of degree 7 is a form of degree m +1, is indicated 
by a prime, and illustrated by 


wo = 5]. 
In V, the Q, are defined as follows in terms of symbolic products of the 
w,. In P; the definitions in terms of the Pliicker line codrdinates are used: 
= [wow1] + [wows] = por + p23, 
= [wows] + [wswi] = por + pai, 
[wows] + [wiwe] = pos + pie; 


Qi = — [wows] + [woes] = — for + pos, 
Qe = — [wows] + = — poz + pai, 
Q3 — [wows] + [wiwe2] = — pos + pie. 
These expressions equated to zero are the six fundamental complexes of 
Klein. 
The following equations define the Pfaff expressions uw, and fx: 
= (You + = (— You + 
(1.2) Me = (Yoor + = (— Yor + 
Ms = (Yosr + fis = (— Yosr + 


Then, from (1.1) and (1.2), 
[Qeus] — [Qzue], = [Qos] — 


(1.3) = [Q3u1] — [Quus], = — [Qs], 
= [Qywe] — [Qe], = [Qife] 


To the hypercone of minimal directions in V, corresponds a quadric 
surface in P;, which will be referred to as ds’. 

2. First-order differential equations. For the ds? of §1 the Einstein field 
equations for empty space can be written as follows: 


(2.1) Yo1,01 — Y23,23 
Yo2,02 — Y31,31 
Y03,03 — Y12,12 

Yo2,03 + 31,03 — Yo2,12 — Ys1,12 = 0, 

Yo2,03 — Y31,03 + Yo2,12 — Y31,12 = 0, 


03,01 + 12,01 — Yo03,23 — Y12,23 = 0, 
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(2.7) 03,01 — Y12,01 + Yos,23 — ‘Y12,23 = 9, 
(2.8) Yo1,02 + 23,02 — Yo1,31 — 23,31 = 0, 
(2.9) Yo1,02 — Y23,02 + ‘Yo1,31 — 23,31 = O. 
A consequence of these nine is the tenth equation 
(2.10) 01,01 + Yo2,02 + Yo3,03 = const. (the cosmological d). 


The nine equations can be written as the following three equations in sym- 
bolic differential forms of the ~ cond degree, each equivalent to six scalar 
equations :* 
(2.11) + [wows] = + + A3Qs, 
(2.12) + = + + AosQs, 
(2.13) + [mime] = + + (A jx = Axj). 
Symbolic multiplication by 0, 2, 2; gives the equations (2.1) to (2.9) 
as indicated in the following table. 
(2.11) (2.12) (2.13) 

(2.1) (2.9) (2.6) 

(2.8) (2.2) (2.5) 

(2.7) (2.4) (2.3) 
The A; are undetermined coefficients which drop out for these multipli- 
cations, because the complexes © are in involution, or in other words, be- 


cause the symbolic product of any two different ones is zero. 
Another way of writing the field equations is as follows: 


(2.14) af + = + Ars + A130, 
(2.15) + [Asi] = + + 
(2.16) ag + = AsiQi + + (A jx = Axj). 
The quadratic complex whose coefficients are the components of the cur- 
vature tensor is then 
(2.17) + + Ags? + + + 
+ 2(A 232203 + A 31232) + 22 + 23+ AsisQ + A = 0. 


The products are ordinary, not symbolic. 
If the complex is of type [111111], it has associated with it six fundamen- 


* Cartan, Equations de la Gravitation d’ Einstein, Journal de Mathématiques, (9), vol. 1 (1922), 
p. 153. 
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tal linear complexes.* From the way in which these are found it follows from 
(2.17) that the field equations for empty space are the necessary and sufficient 
condition that the three linear complexes of one regulus of ds* be linear combina- 
tions of three of the fundamental complexes, and that the complexes of the other 
regulus be combinations of the remaining three. If the complex is not of the 
above type this statement may require modification. 
By multiplying (2.11) symbolically with 9,, and (2.12) with Q; (or (2.13) 
with Q,) it is seen that 
2A11 = Yo1,01 + 2Y01,23 + 23,23 (cyclic 1, 2, 3), 
2A3 = Yo2,03 + Ys1,03 + Yo2,12 + Ys1,12 (cyclic 1, 2, 3), 
and similarly 
2A = Yo1,01 — 2Y01,28 + 23,23 (cyclic 1, 2, 3), 
= Yo2,03 — Ys1,03 — + Ys1,12 (cyclic 1, 2, 3). 
So far there are nine independent equations in the sixteen unknowns, 
hs. For the purposes of this section there are added the six equations 
(2.18) An =0 Gj # k). 


This reduces the quadratic complex to the Klein form, and amounts to tak- 
ing the axes of reference in V4 as directions which are cut by the P; in any 
one of those six fundamental tetrahedra which are self-polar with respect 
to ds*. In fact the field equations in the case [111111] are satisfied if and only if 
there are six tetrahedra which simultaneously reduce the ds? to a sum of squares 
of Pfaffians and the quadratic complex to the Klein form. 

Differentiating (2.11), in the sense of Cartan, and using (2.18), we get 


[uz us] — [us we] = + [Ais Q]. 


Substituting for uz’, ws’, and Q/ from (2.12), (2.13), and (1.3), we get the four 
scalar equations included in the third-degree symbolic equation 


[Qous ] A = A1i([Qeus] [Qsu2]) + [A11'22], 


and also get five other sets of four equations from (2.12) to (2.16). 

These equations written in full are as follows: 
hf 0A = (Ass — + Y312) — (Ais — + 128), 
he dAy/dx* = (Ass — — Ys13) — (Air — Ase)(Yos2 + 122), 
= — Aus)(— Yo20 — — (Airs — Aze)(— Yos1 — 7121), 
= (Ass — + Ya11) — (Ais — Aze)(— Yos0 — 120); 


(2.19) 


* Jessop, loc. cit., p. 189, and Klein, Mathematische Annalen, vol. 2 (1870), p. 198. 
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(2.20) In (2.19) the indices (1, 2, 3) are replaced with (2, 3, 1); 

(2.21) In (2.19) the indices (1, 2, 3) are replaced with (3, 1, 2); 

het = — Ais)(Yo22 — Ys12) — (Aur — — 123), 

hy GA = (Ass — — — (Arr — Yos2 + 122), 
hg dAy,/dx* = (Ass — Aur)(— Yo20 + Ys10) — (Aur — A22)(Yos1 — Y121), 
hgdAy/dx* = (Ass — Aus)(— You + ¥a11) — (Ann — A22)(— Yos0 + 120) 


(2.22) 


(2.23). In (2.21) the indices (1, 2, 3) are replaced with (2, 3, 1); 
(2.24) In (2.21) the indices (1, 2, 3) are replaced with (3, 1, 2). 
The addition of (2.19), (2.20), and (2.21) shows that 
Ai; + Ass + Ass = const. (the cosmological 


and similarly _ _ _ 
Ai + + = 

There remain sixteen independent equations, for example (2.20), (2.21), 
(2.23), and (2.24). If four of the A’s are independent, which is to be expected 
in the general case, they may be taken as independent variables. The main 
result of this section may be expressed as follows. 


Every solution of the Einstein field equations in empty space, of type[111111], 


and with four independent components of the curvature, is included (up to 
change of variable) among the solutions of the linear first-order equations(2.19) 
to (2.24), where 


Ay = Au =A’ — 2 — #, 


Ace 
A33 =; 
and the y;;x are the Ricci coefficients of rotation. 
If there are any solutions of this type for which the A’s are not inde- 


pendent, the elimination of the A’s would lead to algebraic equations in the 


coefficients of rotation. 
Conversely it can be shown by differentiation that a consequence of 


(2.19) etc. is 
Gj # k). 


3. Characteristic properties of the complex for the case \=0. As before, 
it is possible to impose six conditions on the twelve A’s appearing in (2.11) 


[October 
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to (2.16). Suppose that this is done so that they are given by the following 
combinations of six new functions be, b3, G33: 


A jx = + Gj, k = 1, 2, 3); 
Aix = 0,7 k). 


The quadratic complex is then referred to a Rosenhain tetrahedron of 
nodes and tropes, found by taking the polar planes of any node in %, %, Q, 
and the poles of these planes with respect to the same complexes.* 

Its equation in Pliicker codrdinates is 


[bi(por + pos) + be(po2 + ps1) + b3(pos + pis) 


+ 2a:poipes + 2de2Po2psi + = = 


being given by adding the squared equation of a linear complex to that of 
a tetrahedral complex. If \=0, it follows from (2.10) that 


(3.2) b? + + bf = 0. 


Therefore the linear complex is special (the bivector is simple) and its 
directrix is one of the lines of that regulus of ds? which is given by 


2, = = = 0. 


In Hudson’s notation (p. 78) the vertices of the tetrahedron chosen 
above are the nodes corresponding to four dots in a row. Four dots in a 
column might have been used. This would lead to a line in the other regulus. 

It is characteristic of the case \=0 that the eight linear complexes asso- 
ciated with the eight Rosenhain tetrahedra of nodes self-polar with respect to ds* 
are special. Their lines are rulings of ds*, four to each regulus. 

The rest of this section is devoted to formulas for these lines. There is 
a principal tangent on the Kummer surface whose tangent lines are second- 
order singular lines of the complex.t Let (ro, 71, 72, 73) be the codrdinates, 
referred to a fundamental tetrahedron, of the one point not a node where 
this curve touches the conic in one of the tropes (fo, th, tz, ts). Then (r) is 
also the plane tangent to the same principal tangent through the node which 
is the pole of that trope in ds?. For the node (¢) the complex cone degenerates 
into the pencil of lines in the plane (r) through the point (¢). For the trope 
(t) the complex conic degenerates into the pencil in the plane (¢) through the 
point (r). 

The four nodes (tropes) of the Rosenhain tetrahedron and the planes 


* Jessop, loc. cit., p. 157, and Hudson, loc. cit., p. 83. 
t Jessop, loc. cit., p. 95. 
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(points) of the corresponding pencils as just described are given in the 
following table. 

Nodes (tropes) referred toa | Corresponding planes (points) referred to 

tetrahedron which is a tetrahedron which is 

Fundamental Rosenhain Fundamental Rosenhain 

bh, h, bh, 0, 0, 0 To, "1, 12, 13 0, be, ds 
—th, ho, ts, —te 0, 0 To, —Te2 0, bs, 
—-h,-h, 0, 1, 0 1, 1 —be,—bs, 0, 
—ts, le, —h, to 0, 0, 1 —T3, 2, —N1, To — bs, be, —b, 0 

From the usual formulas for the incidence of line and plane and from 

(3.2) it is seen that the four planes of the last set contain the directrix of 
the special complex (5). Therefore the determinant of the third set is zero 
and of rank two. The resulting equation is 


(3.3) retro tre +r? = 


which states that the point (plane) (7) lies on (is tangent to) the quadric ds?. 
In the following table the four points in any row or column lie on a line. 
These eight lines are those referred to in the above italicized statement. 

To, Ti, 12; | —T1, To, %3, —T2|—T2, —13, To, 12, —T1, To 
11, —To, 73, —Te2 T2, T1, —To 12, 3; To, T1 
%2, —13, 13, "1, To —T11, —11, 13, 


%3, 73, —To,; "1 ‘1, To, 13; 13 


In computing this result it is convenient to have the yi;,.. or Aj, ex- 
pressed in terms of the r; and ¢,. Let the coefficient of proportionality of the 


t, be chosen so that 


= 1. 
Then the required expressions are obtained from the analytic statement that 


the complex cone through (¢) is the plane (r) taken twice. All the y;;,x 
can be obtained from the following, which also give the factor of propor- 


tionality of the r;: 
(3.4) Yo1,01 + Yo2,31 — Yo3,12 = — (ror1 + rers)/(totr + (cyclic 1, 2, 3); 
(3.5) Yo1,01 — Yo2,31 + Yos,12 = — (— rori + rers)/(— toti + tots) (cyclic 1, 2, 3); 
ro? = Yo1,01t” + Yo2,022 + Yos,osts", 

= Yo1,01l0? + + 

= + + 

= + + 


(3.6) 
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No use was made of \=0 in the derivation of equations (3.4), (3.5), and 
(3.6), and they are true if \+0. 

The addition of the four equations (3.6) and substitution from (2.10) 
give 
(3.7) ro + + re + = Xr. 


The complex cone for each of the sixteen points (7) in the tropes as de- 
scribed above, degenerates into the plane (#) which contains that (r), and 
another plane (w). The codrdinates of (w) are readily obtained from its 
definition. Then the differences between the cases \=0 and \+0 are given 
in the following table of incidences. The entries “yes” and “no” indicate 
whether there is incidence or not. 


A=0 
Planes Planes 
t r w t r w 


ti} No Yes Yes t} No Yes No 
Points, r| Yes Yes Yes Points, r| Yes No Yes 
wi| Yes Yes No wi| No Yes No 


If \=0, and not otherwise, the point (w) lies on the conic in the trope 
(t), and is in fact the other point besides (r) where the plane (7) cuts the 


conic. Also, in this case only, the line joining (r) and (w) is tangent to ds?. 

It is characteristic of the case \=0 that the point (r) which lies on the 
conic also lies on the quadric ds?. Since there are four such points, there 
are four complexes in the co-singular family for which \=0.f 

4. Singular lines of the quadratic complex. If a vector is displaced par- 
allel to itself around an infinitesimal parallelogram it will not in general 
return to its original position. In this section the cases where it does so 
return are described in terms of the singular lines of the complex.{ The 
Einstein equations and a fundamental tetrahedron of reference are assumed 
with either \=0 or A¥0. The vector difference between the vector in its 
final and initial positions is given by 


(4.1) Avi = = 


where w, and w,* are the differentials determining the parallelogram. If 
there is a v* for which Av* vanishes for a given ~x:, then the determinant of 


T Jessop, loc. cit., chapter 8. 
t Jessop, loc. cit., p. 90. 
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coefficients of v* is zero, and in fact of rank two. The point v* can lie any- 
where on a certain line (s,:). The condition on (p,:) turns out to be 


(4.2) A por + pos)? — poi + pos)? + (cyclic 1, 2,3) = 0. 
The Pliicker coérdinates of the line (s) are 
Sor = Yo1,01P23 + Yo1,23P01, S23 = Yo1,01P01 + Yo1,23P23 (cyclic 1, 2, 3). 
If the line (p) cuts the line (s) then 
(4.3) Ars(por + pes)? + Aus(— por + pos)? + (cyclic 1, 2, 3) = 0, 


which is the same as the original complex i;,x:P:;p%:.=0. Equations (4.2) 
and (4.3) state that (p) is a singular line of the first order. If in addition (s) 
belongs to the complex (4.3), then 


Au(por + pas)? + Ais(— por + pas)? + (cyclic 1, 2, 3) = 0, 


and () is a singular line of the second order. 

5. Through a point in any V, there are two-spread elements having 
the property that if any vector in the element is displaced around a closed 
path in the element, then:the increment of the vector will lie in the element. 
In the relativity case for empty space there are twenty-six of these. In P; 
the Pliicker codrdinates of the corresponding lines referred to a funda- 
mental tetrahedron are given in the following table: 

prs pa 
6such as 0, 


where eé2 and e; are either +1 or —1. The first eighteen listed above are the 
edges of the six fundamental tetrahedra which are self-polar with respect 
to ds?, and the other eight are rulings of ds*. This table was computed from 
(4.1) and from the equations which state that v* and Av* lie on p jx. 

6. 0-functions. This section contains formulas for the components of 
the curvature in terms of 6-functions of two variables. The coérdinates of 
points on the Kummer surface are expressed uniformly by means of these 
functions.* The branch points of the corresponding Riemann surface are 
Au, Aw, Ass, —An, —Ax, —Ass, defined in §2, with A Using 
>riti =0, the equations (3.4) and (3.5) may be written 

* Encyklopidie der Mathematischen Wissenschaften, II B7, p. 747. Humbert, Journal de 
Mathématiques, (4), vol. 9 (1893), p. 29. Hudson, loc. cit., p. 181. This reference is probably the 
most convenient in this connection. 
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(6.1) ‘Yo1,01 + Yo2,31 — Yo3,12 = — 
(6.2) ‘Yo1,01 — Yo2,31 + Yos,12 = — 
where 
Qire = Tito — roti + rate — els (cyclic 1, 2, 3), 
Dire = — rito + roti + rate — rats (cyclic 1, 2, 3), 
qi = Tito + roti + rate + rots, 
qi = — rito — roti + rate + rots, 
Qi = 2(tots + tots), = 2(— tots + tots). 


The expressions appearing on the right hand sides are the bilinear and 
quadratic forms discussed in Hudson.* The quadratic forms Q; and Q: 
with the eight other similar ones are the squares of @-functions with zero 
arguments, with a factor of proportionality ki. Let «=(w, we) be the para- 
meters of the point r;. Since (7) is on the conic in trope (#), the @ with zero 
characteristic vanishes, @o(u)=0. Then the bilinear forms in ¢, and r; are 
the squares of the thetas with argument (uw), with a factor of proportion- 
ality ke. Hudson’s notation for the characteristics (p. 178) will be used. 
The zero characteristic is denoted by the symbol dd or 0. 

The factor f; is given by 


(6.3) 1 = k,67,(0). 


If \+0, the factor k, may be found as follows. The sum of the squares 
of the bilinear forms appearing in any row or column of the table in Hudson 
(p. 30) is found to be >>r? which by (3.7) is equal to \. Thus 


kes? (6, + + 6, (u) + = 2d. 
Replacing the bracket by its equivalent in terms of a theta with doubled 


argumentt{ 


(6.4) k? 6, (0)0aa(2u) = d. 


Equation (6.1) then becomes 
(6.5) Yo1,01+Yo2,s1— Yos,12 = — ke? — 6%. (1) 
— (u) +68 { (0) }. 
* Loc. cit., p. 30. 


t Hudson, loc. cit., p. 180. 
t Schleiermacher, Mathematische Annalen, vol. 50 (1898), p. 200, formula 4. 
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This bracket also may be simplified by using the thetas with doubled argu- 
ment. In the Riemann theta formula,* put the characteristics p=0 and 
o=0 and 

+ + w' t’ 

u—v’+w' —?t 

u—v’—w' +? =0, = 
and the bracket becomes 634(0)@.a(2u). On replacing the k: and ke by 
their values from (6.3) and (6.4), equation (6.5) becomes 
Naa(0) Oaa(2u) 
aa(2u) aa(0) 

Thus the desired expressions for the components of the curvature tensor 
in the case \<0 are given in the following table of ten equations; each of the 
sixteen elements in the first matrix is equal to the corresponding element in 
the second with the indicated factor: 

’ 0, 0, 0 
A—2yY01,01, Y03,03 — Yo2,31, ‘Yo2,02-+ Yo3,12 — ‘Yo1,23 


(6.6) Yo1,01 + Yo2,31 — Yo3,12 = — 


+ Y01,23 — Yo2,31, A— 202,02, Y01,01 — Yo2,31 + Yo03,12 


|? 


‘Yo2,02— Yos,12F Yo1,23, “Yo1,01 + Yo2,31 — Yo3,12, A— 203,03 

@, 0, 0, O 
, (m1) Go), (60 
0 , 


with 
=O (FAR); Yor.01 = (cyclic 1, 2, 3) 


where the symbol (*4) denotes the quotient 
(2)/6 [$$] (0) . 


The derivation of the other equations in the table is similar to that of (6.6). 
If \=0, the point (7) whose parameters are (uz) lies on ds?, and therefore 
62a(2u) =0.¢ The same equations are true in this case, with a different fac- 


* Krazer, Theorie der Zweifach Unendlichen Thetareihen, pp. 2,9 and 65 (the case 8—10—14+2). 
See also the Encyclopedia article above, p. 673. 
t Hudson, loc. cit., p. 189. 
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tor of proportionality. This factor cannot be found in terms of the yi;,% 
at a single point in V4. 
7. Reality relations. In the formula 


ds* = we + + + 


wo is a pure imaginary and the other w, are real, for real values of the x 
and dx*. This convention of signs, while not the usual one, is used so that 
the writers on the line complex may be more closely followed. The coeffi- 
cients of rotation y;;, and the curvatures 7;;,%: are real if the index 0 occurs 
an even number of times, and are otherwise pure imaginary. In the preced- 
ing sections the bar over a letter has meant a different function. In the physi- 
cal case the bar is to mean conjugate imaginary.* 

A point in P;, or vector in V4, is real if the ratio of the jth codrdinate 
(j =1, 2, 3) to the Oth is pure imaginary. From (3.1) and (3.2) it can be shown 
that each of the four points (r) in the four real tropes is real. These are the 
points on the main diagonal of the table before (3.4). Only one of the six 
fundamental tetrahedra self-polar with respect to ds? has four real vertices. 

If the @-functions are defined as in Hudson (p. 176) and in Baker’s book 
on Abelian functions (p. 248), 


(uw) = exp {2mi(m + 3a) (u + 38) + wir(n + 


where a, 8, m and wu are row letters and 7 is a two-by-two matrix, then 71 
is the negative conjugate of r22, and 72 is pure imaginary. 

This is now proved by considering the hyperelliptic integrals of the first 
kind: 


The six branch points are situated symmetrically with respect to the axis 
of imaginaries. This follows from the expressions for the A;; and Aj; in 
§2, and from the reality criterion near the beginning of this section. In con- 
structing the Riemann surface take, for example, the a; and d; cutst wholly 
in the first and fourth quadrants. Then take the a, and bd, cuts symmetri- 
cally in the second and third. The moduli of periodicity are seen to have 
the reality relations given by the following table: 


* The situation is discussed in Hudson’s book on p. 126, under the case IVa. 
Tt See Goursat-Appell, Théorie des Fonctions Algébriques et de leurs Intégrales, Chapter III, pp. 
132, 133, 151 for notation and details. 


f= 
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R R 


K. W. LAMSON 
ae by be 
| D | 
+ Cz Dz — 


When the integrals are normalized in the usual way the required result is 
obtained. From this result and from the definition of the thetas it follows 
that @..4(0) is real, and then that the ten non-vanishing thetas with zero argu- 
ment, when arranged as in §6, form an Hermitian matrix. 

8. The Schwarzschild solution. This does not come under the preceding 
discussion because the complex is not of type [111111]. In fact if x» is the 
time, and x; is taken radially from the central mass, then 

2m = m 
Ay =An=—- Age = Age = A33 = = — - 
The complex is of type [(11)(11)11] and is a special case of the harmonic 
complex.* 

The detailed examination of the complex (2.7) shows that the field equa- 
tions exclude the cases of elementary divisors listed below. All except these 
twelve are algebraically possible: 

((222)],  [(411)], [(42)], 
[(22)2],  [4(11)], [42], 
[222], [(41)1], 

[411]. 


* Jessop, loc. cit., pp. 209, and 111. 
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GENERALIZED DIFFERENTIATION* 


BY 
EMIL L. POST 


INTRODUCTION 


The history of the subject of generalized differentiation can be traced 
back to Leibnitz.f In the earlier literature the term fractional differentiation 
is used as an alternative, and the aim was to generalize the concept of the 
nth derivative of a function to non-integral values of m. Four different at- 
tacks on this problem may be noted. The earliest was that of Liouville, who 
expanded the functions operated upon in series of exponentials, and assumed, 
as a basis, De**=a"e%*, where D symbolizes differentiation. Riemann 
considered power series with non-integral exponents as analogues of Taylor’s 
series, and through their coefficients was led to the expression of generalized 
derivatives in terms of a definite integral plus an infinite series with arbitrary 
constant coefficients.{ Liouville’s and Riemann’s results proved to be in 
disagreement. Prior to the publication of Riemann’s work, Griinwald was 
led by the restrictions of Liouville’s method to generalize directly the defini- 
tion of a derivative as the limit of a finite difference quotient, and, by rigorous 
methods, also arrived at definite integral formulas.§ Griinwald’s definition 
involved the idea of differentiation between limits which later resulted in 
the coérdination of Liouville’s and Riemann’s results. This, for example, 
was effected by Krug,{] who introduced a new development, based on 
Cauchy’s contour integral for ordinary derivatives, which also involved 
limits of differentiation, in terms of which he showed that Riemann’s definite 
integral corresponded to finite lower limit, Liouville’s development to lower 
limit — 0. The Riemann-Griinwald definite integral form has become stand- 
ard in the literature, and has been intensively studied.|| 


* Presented to the Society, October 27, 1923; received by the editors June 29, 1929. 

Tt For references, see S. Pincherle, Equations et opérations fonctionnelles, Encyclopédie des 
Sciences Mathématiques, Paris, 1912, tome 2, vol. 5, fasc. 1, pp. 1-81; also Eugene Stephens, Sym- 
bolic calculus. Bibliography on general (or fractional) differentiation, Washington University Studies, 
vol. 12 (1925), No. 2, pp. 137-152. 

} B. Riemann, Gesammelte Mathematische Werke, Leipzig, 1876, pp. 331-344. 

§ K. A. Griinwald, Zeitschrift fiir Mathematik und Physik, vol. 12 (1867), pp. 441-480. 

q A. Krug, d*f(x)/da" regarded as a function of n, Akademie der Wissenschaften, Wien, Denk- 
schriften, Mathematisch-Naturwissenschaftliche Klasse, vol. 57 (1890), pp. 151-228. 

|| E.g. by A. Marchaud, Sur les dérivées et sur les différences des fonctions de variables réelles, 
Journal de Mathématiques, (9), vol. 6 (1927), pp. 337-425. 
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Another trend was introduced by the symbolic treatment of linear 
differential equations with constant coefficients as exemplified by the work 
of Boole. The polynomial operators thus occurring led naturally to the con- 
cept of an arbitrary operator f(D), which was to be formally expanded in 
powers of D, and thus applied to the operand. This treatment has since been 
established on a rigorous basis for operators f(D) corresponding to entire 
transcendental functions f(z) of genus zero, operating upon functions which 
are analytic in a given region.* Boole’s methods for linear differential equa- 
tions with variable coefficients were extended by other writers to yield 
formal solutions in terms of operators algebraic in D; but in many cases no 
further attempt was made to assign a meaning to such expressions. 

We may think of the more recent work of Heaviside as the next step in 
this development.t Of course Heaviside’s contribution assumes an impor- 
tance far beyond this formal juggling of symbols, through its application to 
important physical problems, and its skillful methods for evaluating the 
operations that are used. This “operational calculus,” however, was de- 
veloped with physical intuition, rather than mathematical rigor, as guide. 
A more rigorous mathematical basis has since been supplied by Carson in 
terms of solutions of Laplace integral equations, and their use in a definite 
integral formula.{ Carson’s formulas include the Riemann-Griinwald definite 
integral for D* as a special case when the real part of m is less than one; but 


his treatment is quite unrelated to the theory of entire operators of genus 
zero.§ 

In the present paper Griinwald’s method of arriving at a definition for 
operators D* is carried forward by means of an artifice of Arbogast to yield 
a definition of generalized differentiation for operators f(D). This definition 
is shown to include Carson’s operators, and entire operators of genus zero, 
as special cases.|| The major part of the paper is devoted to operators f(D), 


* C. Bourlet, Sur les opérations en général et les équations linéaires différentielles d’ordre infini, 
Annales de l’Ecole Normale, (3), vol. 33 (1897), pp. 133-190. 

J. F. Ritt, On a general class of linear homogeneous differential equations of infinite order with 
constant coefficients, these Transactions, vol. 18 (1917), pp. 27-49. 

T Oliver Heaviside, Electromagnetic Theory, London, 1922, vol. 2, chapters 7, 8. 

tJ. R. Carson, The Heaviside operational calculus, Bulletin of the American Mathematical 
Society, vol. 32 (1926), pp. 43-68; also numerous papers in the Bell System Technical Journal. 

§ Another theory is developed by Norbert Wiener: The operational calculus, Mathematische An- 
nalen, vol. 95 (1926), pp. 557-584. 

| Our definition may therefore be called the extended Griinwald definition. 

|| This is not strictly correct as far as Carson’s development is concerned, since we derive his 
formulas only under certain hypotheses on the functions involved. It should be noted, however, that 
Carson does not explicitly state the domain of applicability of these formulas, and that the hypotheses 
in question are of considerable generality. 
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termed of type zero, which correspond to functions of a complex variable, 
f(z), which are analytic in a certain sector of the z-plane of angle greater 
than 7, and whose moduli satisfy within this sector the Poincaré inequality 
for entire functions of genus zero.* Existence theorems are established for 
such operators, and certain formal properties are investigated, such as the 
law of successive operations, and the generalized Leibnitz theorem for 
differentiation of a product.f The last three sections are chiefly devoted to 
operators given by a Laplace integral. For these we have only established 
the existence theorem, and investigated the application to Carson’s develop- 
ment where not f(z), but f(z)/z, is given by a Laplace integral. 

Next to the definition of generalized differentiation itself, the writer 
wishes to call attention to the associated operator A [f](é), defined by 


! r+1 
rAx—t riAx 


The existence of this limit, for the cases considered, serves as the basis of our 
theory. It possesses the notable property of inverting the Laplace trans- 
formation, and enjoys numerous formal relations which flow directly from 
its definition. For f(D) of type zero, it can be expressed by a contour integral, 
which is the Fourier integral with the vertical line contour replaced by two 
half-lines running into the negative half of the z-plane. The exponential 


factor of the integrand thus acquires a potency for convergence which should 
be of considerable use in most practical applications, where the loss of 
generality incurred by requiring analyticity in a sector of angle greater than 
7, as opposed to analyticity in a half-plane, is irrelevant, due to the presence 
of but a finite number of singularities. 

In order to bring this paper to a conclusion, many topics have been 
excluded either because they involve an extension of our definition, or be- 
cause they depend on the formulas flowing from our definition, rather than 
on the definition itself. Among these omitted topics are an extension of our 
definition to complex limits of differentiation, the application to Volterra’s 
functions of composition of the closed cycle group, and the derivation of the 
Heaviside expansions. 


* By thus breaking away from the classic assumption of analyticity in a half-plane, the restric- 
tion on the modulus of f(z) is so greatly lightened (see footnote following proof of Theorem I) that 
we are able to include all operators f(D) for which f(z) is an entire function of genus zero, as well as 
all operators for which f(z) is algebraic. The half-plane assumption would exclude these classes, as 
such, and would also hinder the theory by not permitting indiscriminate differentiation with respect 
to the upper limit. 

T This treatment of the extended Griinwald definition follows very closely Griinwald’s develop- 
ment of the original definition. 
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1. The definition. Our definition of generalized differentiation grows 
out of the expression of the mth derivative of a function as the limit of its 
nth difference quotient. For our purpose, this expression is best written in 
the form 


D*¢(x) = im 


— — Ax) + — 1)/2!]6(x — 2Ax) — - -- + (— — nAx) 
Ax” 


where Ax is the negative of the increment of x as ordinarily defined. Since 

the right hand member of this equation continues to have meaning when n 

is not a positive integer, it can be used to define D(x) for arbitrary n. 
When = —1, the suggested definition becomes 


D-'$(x) = lim [¢(x)Ax + o(x — Ax)Ax + o(x — 2Ax)Ax+--- ], 
Ax—>+0 


i.e., the limit of an infinite series. If, however, we arbitrarily terminate the 
series at the (p+1)st term, where x)<x—pAx <x +Ax, the result, at least 
for ¢(x) continuous, will be the definite integral of ¢(x) with finite lower 
limit xo. Replacing the upper limit by X, we shall use the notation 
{D-1}2.6(x) for the limit of the finite sum, {D-*}[*.¢(x) for the limit of 
the infinite series. Similarly for D*, n arbitrary.* 

To extend this definition still further, let us momentarily introduce the 
operator E”, defined by the relation E"¢(x)=¢(x+m). The reader will 
have seen the analogy between the above expression for D¢(x) and the bi- 
nomial series expansion. Through the operator E”, this analogy becomes 
formal, and we can write, apart from refinements, 


1 n A n 
Do(x) = lim ¢(x) = lim (—) (x). 
Ax—0 Ax \Ax 


This immediately suggests the desired definition of f(D)¢(z), i.e., 


A 1 — E-4 
f(D)¢(x) = lim i(=) ¢(«) = lim ) 
Ax—0 x Ax—0 Ax 


where f(1/Ax— E-4*/Ax) is to be expanded by Taylor’s series, and formally 
applied to ¢(x). As in the case of D-! the limit of the infinite series will be 
written {f(D)}~.¢(x). In the case of finite lower limit xo, the choice of 
p through the inequalities «»<X —pAx <x 9+Azx allows Ax to approach zero 
independently of X—xo, except for sign. is then the largest integer less 


* Up to this point the writer essentially retraces Griinwald’s argument. 
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than (X—29)/Ax. We shall use the notation p= {(X—x»)/Ax}. Though 
otherwise arbitrary, Ax must have the same sign as X—%o. In this paper 
Ax will approach zero positively, that is, X will be greater than x. Our 
completed definitions thus become 


x 1 E-4: x 
Azx-—+0 Ax Zo Az—+0 Ax zo 


= lim (2) o(X) — — Ax) 


1!Ax 


p={(X—2)/Ax} 
1 — 
— 1)?f (—) 
( Ax 


o(X — pdx) | 


1 


7 


(2) (f(D) (x) (—) ¢(X) — —Ax)+:-- 


The existence of the limits involved in these definitions is proved for 
various classes of operators in subsequent sections of the paper. In certain 
simple cases they can be evaluated directly. For example, consider f(D) 
=log D, ¢(x)=1, and %p finite. Then by (1) 


(~- 
) Ax Zo Ax 
1 1 


As Ax—>+0, p increases indefinitely, while pAx—-X—xo. Furthermore, as 
p—o, the bracket has for limit y, the Eulerian constant. We thus find 


(3) log (D)}*1 = — y— log (X — xo). 


Besides proving existence theorems, with their associated formulas, we 
shall be concerned with the verification of the formal laws of generalized 
differentiation for our definitions. Of these the most important is the law 
of successive operations. This can be immediately verified for the finite 
difference operators on which our generalized derivatives are based. As- 
suming the necessary number of derivatives of f; and f2, we have 


E. L. POST. 
(— 1)? (—) 
piax? 


1 
(— 


o(X — pAx) 


(— (—) 
+ = (—) (X — pAz) 
piAx? Ax 4 


+(-1) 


so that, by Leibnitz’s theorem and our definition, we obtain 


The character of definition (1) is more apparent in the following form: 


1 
(- nyo (—) | 


A [fl(r, Ax) 
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1!Ax 
mone) 
- o(X — pax), 
(5) 
— 
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(5) would lead directly to a definite integral if in place of A [f](r, Ax) we had 
a function of rAx. The way in which this difficulty can be partly overcome 
may be indicated by means of the operator D*, m arbitrary. Using the no- 
tation A [f(u) ](r, Ax) when the form of f is specified, we have, in this case, 


(— 1)"m(m — 1) ---(n—r+1) 


A[u"](r, Ax) = 


The Gaussian form of the gamma function gives 


lim = 


I'(— n) 


If at the same time Ax—++0 in such a way that rAx-—t, ¢>0, it will follow 
that A[u"] (r, Ax) will approach a function of ¢ as limit. Symbolizing this 
function by A[u"](¢), we thus find 
—n—1 
n = j n A = 
(6) A [u” A [u”}(r, Ax) 

More generally we shall look for the existence of a limit function A [f](¢) 
corresponding to A[f](r, Ax). When such a limit exists, then for Ax suffi- 
ciently small, and rAx greater than some positive e, A[f](r, Ax) will be ap- 
proximated by A [f](rAx); and so, (5) will lead in part to a definite integral. 
Nevertheless, the restriction rAx>e leaves terms of (5) with small 7 un- 
accounted for. These will usually require separate treatment, where, how- 
ever, the A[f](é)’s of operators connected with f(D) will be used. The first 
step in our theory is therefore the establishing of the existence of A [f](é) 
for a sufficiently wide class of operators f(D). We pause a moment to con- 
sider a certain limit criterion which will unify the last stages of many of our 
proofs. 

2. Limit criterion. If F(Ax) can be expressed as a sum G(Ax, v) +H(Ax, v), 
v independent of Ax, such that 


lim G(Ax,v) = g(v), limsup| H(Ax,v)| S h(v), lim hv) = 0, 
Ar +0 Axr+0 


then limaz.40F (Ax) exists, and is given by 


(7) lim F(Ax) = lim g(y). 
Ax—>+0 


In fact the stated conditions show that 
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lim sup F(Ax) S g(v) + h(v), lim inf F(Ax) = g(v) — hiv). 
Ax—+0 Ax—+0 
As these upper and lower limits are independent of v, we find, by letting 
v—vo, and observing that h(v)—0, 
lim sup F(Ax) = lim inf F(Ax) = lim g(»). 
Ax—+0 Ax—+0 v—vo 
Since for any one v the values of g(v)+A(v) and g(v) —h(v) are finite, the 
above inequalities yield the 


CoroOLLARY. Under the given hypothesis limg,.,9F (Ax), and hence also 
lim,.,, g(v), is finite.* 


3. Existence of A|f](¢) for f(D) of type zero. An operator f(D), corre- 
sponding to a function of a complex variable f(z), will be said to be of type 
zero when f(z) satisfies the following two conditions: 

(a) f(z) is analytic in a sector of the z-plane of angle greater than 7 bisected 
by the positive direction of the axis of reals, 

(b) for each real and positive x, however small, there corresponds a real and 


positive K, such that 
| f(z) | Ker, 


for every z in the analytic sector. 


We shall designate the positive acute angle made by the sides of the 
sector with the negative direction of the axis of reals by a. 

Operators of finite order, defined later, which include all operators whose 
f(z) is algebraic, are also of type zero. Other examples are e*?”, m<1, and 
operators for which f(z) is an entire function of genus zero. 

We shall now prove the fundamental 


TueoreM I. If f(D) is of type zero, A|f\(r, Ax) approaches a finite limit 
as Ax—>+0, rAx-—t, for every real and positive t. The resulting function of t, 
A[f|(0), is given by the formula 


1 
(8) AL = — J 


where C is formed by two rays within the analytic sector and parallel to its edges, 
with common end point on the axis of reals, and traversed so that, along it, the 
imaginary part of 2 increases. 


The proof is based on Cauchy’s second integral formula. For Ax suffi- 
ciently small, 1/Ax will be in the analytic sector posited by condition (a). 


* Henceforth, existence will include finiteness. 


730 [October 


1930] GENERALIZED DIFFERENTIATION 731 


IfC’’’ is a simple contour about 1/Ax, traversed counterclockwise, and also 
contained in this sector, then, by the formula in question, we shall have 


Ax ( 1 
Ax 


and so, by the definition of A[f](r, Ax) given in (5), 


1 z)dz 
A[f\(r, Ax) = 


Assuming Ax sufficiently small, we can choose for C’’’ the contour formed 
by C’’, an arc of a circle, center the origin, radius k/Ax, k>1, joined toC’, 
the finite portion of C cut off by this circle. IfC’’ is traversed in the same 
direction as C’’’, but C’ in the opposite direction, i.e., in the same direction 
as C, we can write schematically 


1 1 
= -—f +— 


Along C’’ we have |z|=k/Ax. Hence |1—zAx|=k—1, so that, by in- 
equality (b), we find 


f f(z)dz K-2rk 
(1 — Ax(k-1)Lk-1 
Choose k >2, and then « so that e**/'/(k-—1)<1. The right hand member of 
the inequality will then approach zero as limit as Ax>+0, rAx—t. TheC’’ 
contribution can therefore be neglected. 

Now break up C’ into C), and G my Where C;,m extends distances / and 
m respectively along the two segments of C’ from their meeting point, while 
Cim consists of the rest of C’. For J and m sufficiently large, R(z), the real 
part of z, will be negative along G m, and we shall have 


«|z] 
f f(2)dz x f e*l2l | dz | 
(1 — zAx)r+! [1 R(z)Ax|"*! 


1 — R(z)Ax = 


If we set 


we observe that \ stays positive and decreases monotonically as — R(z)Ax 
increases. Now the largest value of — R(z)Ax along any one Cine corresponds 
to |z|=k/Ax. As Ax—>+0 this largest value approaches & cos a as limit. 
Hence for all Ax’s sufficiently small, and all corresponding Cia’, — R(z)Ax 
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remains less than some fixed positive quantity. The corresponding \’s 
therefore have a positive lower bound Xo. Since X=. >0, we shall thereby 


have 
1 — R(z)Ax > 


(1— (1 — 


and so 


Since R(z)/ |z|>—cos a, as |z if we choose x less than Not cos the last 
integral will be less than 
f | de], 


with fixed positive u, for / and m sufficiently large, and (r+1)Ax sufficiently 
near ¢. The contour sl depends on Ax. If we replace it by i which con- 
sists of C with Ci, removed, and of which G m iS a part, we observe that the 
resulting integral converges, and so approaches zero as limit as / and m 
increase indefinitely. We therefore have 


z)dz 
lim sup < Kf dz|, lim f | dz| = 0. 


Finally fley/ (1—zAx)'+ uniformly approaches e“f(z) along Ci,m. Hence 


S(2)dz 
lim f f 


We can therefore apply our limit criterion,* and obtain 


S(2)dz 
lim f = lim f e"f(z)dz = ff 


Since we saw that the integral along C’’ could be neglected, this establishes 
both the existence of A [f](#), and the formula given for it.f 


* This was stated for one independent variable Ax. It can obviously be extended to any number 
of independent variables, in this case two. 

T If the analyticity condition imposed on f(z) be weakened to analyticity in the half-plane to 
the right of some line R(z)=a, while within that half-plane the modulus of f(z) satisfies the far 
stronger inequality 
| f(x) | K/| «> 0, 
then essentially the same proof will yield the existence of A[f](#), and its expression by means of a 
Fourier integral. Furthermore, to anticipate the later developments, the argument leading to (48) 
in §11 can be duplicated in this case, so that our methods would yield the classic solution of the 
Laplace integral equation. 
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By real-variable methods, it can be proved that if A[f](¢) exists for each 
t in a closed interval (4, é2), then, without any further hypothesis on the 
function f, or even on the form of A[f](r, Ax), the following consequences 
hold: 

(a) A[f](é) is continuous in the closed interval (t:, tz); 

(b) for each positive ¢ however small, there corresponds a positive 7, 
such that, for Ax <n, 

| A[fl(r, Ax) — A[f](rAx) | < 


for all r’s for which rAzx is in the interval (, t2).* 
From our definition we have, for x»<%1<X, 


A x A x Pp 
o@ = {1 (Fb + Date, ranas, 
Ax Zo Ax r=qtl 

where p= {(X—a»)/Ax}, g= {(X—a:)/Ax}. If we set X—rAx=x, then, as 
r varies from g+1 to p, x stays in the closed interval (%o, x:), while rAx 
stays in the interval (X —2:, X—x»). Suppose then that ¢(x) is continuous 
in (xo, while A[f](¢) exists in (X—21, Then by (b), A[f](r, Ax) 
can be replaced by A[f](rAx), ie., by A[f](X—x), in the above sum. But 
by (a), A[f](X —x) will be continuous in x in the interval (xo, x1). The new 
sum will therefore lead to a definite integral as Ax—+0. Hence 


TueoreM II. Jf A[f](t) exists in the interval (X—%, X—x0), where 
<41<X and if o(x) is continuous in the interval (xo, x1), then 


(9) = + f “AUX — 


provided either of the indicated operations exist. 


When f(D) is of type zero A [f](#) exists for all positive #’s. If then ¢(x) 
is continuous in (xo, X), (9) will be valid with x; anywhere in this interval. 


* The proof runs as follows: Choose any positive e. For each point ¢’ of the interval (4, 4), 
A[f](’) exists, and is defined as lim A[f](r, Ax) as Ax-++0, rAx—t’. Hence for each of (t, there 
is a positive such that |A[f](r, Ax)— A [f](¢’) | provided Ax<n’ and |rAx—t' | <n’. By letting 
Ax—>+0 and rAx—t we obtain |Se/2 provided |t—#’|<n’ and ¢ is in (h, 
Hence A[f](é) is continuous at every point ¢’ of (t, #2). 

Consider now the open intervals (¢’—7’, t’-++n’) thus associated with the above pairs (¢’, n’). 
Every point of (4, f2) is in fact the midpoint of such an interval. Hence by the Heine-Borel theorem a 
finite number of these intervals suffice to cover (4, #2). Each interval uniquely determines the corre- 
sponding ¢’ and n’. Let 7 be the smallest of the 7’’s of this finite set of intervals, and let Ax<7n. Any 
rAx in (t,, f2) will be in one of these intervals. Since, for the (¢’, n’) of this interval, Ax<nSn’ and 

\rAx—t’|<n’, we will have |A[f](r, Ax)—A[f](t’) | <e/2 and |A[f](rAx)—A[f](’) |S«/2. Hence 
Alf \(r, Ax)—A [f](rAx) |<e. That is, this inequality holds for every r and Ax for which Ax<7 and 
rAx is in (t;, te). 


E 
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The suggestion made at the end of §1 is thus verified. Before we see how to 
deal with }{ f(D) \* o(x), we shall consider ¢(x) a polynomial. In this case, 
{ f(D) }*o(x) can be immediately evaluated. 

4. Finite difference reduction formula; ¢(x) a polynomial, unity. For 
the formula about to be derived it is essential to distinguish between 
Ad(x)/Ax, which in this paper is written [¢(x)—@¢(x—Ax)]/Ax, and 
which, while the same as Ad¢(x)/Ax for x—ax9>Ax, is but 
o(x)/Ax for x—xoSAx. While (4) would hold with {A4/Axr}*(£) for 
{ fo(A/Ax) }*6(£), it does not hold with A¢(x)/Ax in place of 
Instead, we obtain _ the same method 


xg = X — (p+ 1)Ax.* 
Ax 


It wil! be noticed that xf does not vary with X as long as X changes by 
multiples of Ax. Also x»>—Ax<xj Sx». If we replace f(u) by u-'f(u) and 
rearrange its terms, this formula becomes 


x —1 A XA 


By induction, we are thus led to the fundamental formula 


( A xX A —m A A"9(x) 
Ax Ax Ax 
+ DA \(p,Ax)—— 
Ax# 
It will be referred to as the finite difference reduction formula. 
If P(x) is a polynomial of degree m, we have 
A"t!P(x) 


Let then ¢(x) =P(x), m=n+1, in (10). It becomes 


0. 


A\)* 
= 2A lu '{(u) \(p, Ax) 


* The definition of { f(d/Ax)}xo(x) only requires ¢(x) to be defined in the interval (x9, X), 
whereas both members of this formula use values of x less than 1», when (X — x9) /Axis not an integer. 
We must therefore arbitrarily define ¢(x) for a suitable interval beyond x» to render the formula 
applicable. The validity of the formula, however, does not depend on the particular way in which 
this prolongation is effected. 
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If we now let Ax—+0, it will follow that pAx—X and xf Hence 
if A[u-*—f(u) |(X—ao) exists for w=0, 1,---, m, {f(D)}2P(x) will also 
exist, and will be given by 


n 


(11) { f(D) P(x) = [u-*-1f(u) }(X — xo) P™ (x0). 


u=0 


For P(x) =1, we can use »=0, and so obtain 


= Afu-f(u) Aa). 


Hence, if A[u-'f(u)](X—axo) exists, {f(D)}X1 exists, and is given by 


(12) { f(D) }*,1 = A — 2x0). 


It is easily verified that if f(D) is of type zero then D-*~'f(D) also is of 
type zero. Hence the existence theorem for ¢(x) a polynomial is com- 
pletely established for operators of type zero. 

The relation (12) is of special interest and importance. Note that in 
spite of the finite difference relation preceding it, we cannot conclude that 
if {f(D)}*1 exists, A [u-1f(u)](X—ao) also will exist; for in the former p 
depends on Ax, while for the latter pAx should vary independently of Ax. 

5. Operators of finite order; existence theorems. In establishing exist- 
ence theorems for {f(D)}*¢(x), we shall find that the wider the class of 
operators f(D) we consider, the greater the restrictions we have to impose 
on ¢(x). Hence the following specialization of operators of type zero. 

An operator f(D) will be said to be of finite order p, p zero or a positive 
integer, when 

(a) f(z) satisfies the analyticity condition for operators of type zero, 

(b) there exists a positive €, and corresponding K, such that 


| f(2)| S$ 


for every z in the analytic sector for which |z|>6, 6>0. 

According to this definition, if an operator is of order p, it is also of any 
order greater than p. 

D*, n arbitrary, is a typical example. All algebraic operators are of finite 
order. It is evident that operators of finite order are also of type zero. 
Hence §3 is immediately applicable. 

We shall first derive an inequality for A[f|(r, Ax) which is essential for 
our existence proofs. With the notation of §3 we obtain by the new condi- 
tion (b) 
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f(2)dz 
f < 2K | — /(k — 1)*+1, k/Ax > 6. 
(1— Ax 


For fixed Ax, and r2p, this expression approaches zero as limit as & increases 
indefinitely, i.e., as the radius of C’’ is made to increase indefinitely. We can 
therefore replace C’’’ by C, the infinite contour of §3, and write, for r2p, 


1 d. 


Choose C so that its vertex is at z=1/[2(r+1)Ax], and use condition (b) 
along it. This will be possible for (r +1)A~ not too large. Through the change 
of variable £=2(r+1)Ax, we then obtain 


| 
r+1 
where C12 has its vertex at ¢=1/2. Since R(¢) <1/2 along C12, we have 
1 1 


r+1 r+1 


Now we know that [1+/(r+1)]’+ is an increasing function of r, r=0, 
both for positive x, and for negative x with |x|<1. We therefore have along 


1 1 
< 


(1- R(é) (:- 
r+1 p+1 


The integral along C12, which depends only on 7, is thus seen to be bounded 
for r=p, so that we obtain 


| A[f](r, Ax) | < + 


A like inequality is obtained for r<p by using for C’”’ a circle center 
1/Ax, radius 0/Ax, 0<@<1. We thus arrive at the following result: 

For all Ax’s and r’s with (r+-1)Ax <a, where ais some fixed positive quantity, 
we have the inequality 


(13) | A[f](r, Ax) | < L[(r + 1)Ax]-e-!+¢. 
Hence also, for t<a, we have 


(14) |A[f]()| < 
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The simplest formula for {f(D)}2@(x) results when f(D) is of order 
zero. As at the end of §3, we shall write 


Ax Zo Ax X-h r=q+1 
q = {h/Ax}. 
In the same manner also, we find for fixed positive h, 


Pp 
lm >> A[f](r,Ax)¢(X — rAx)Ax = f A[f](X — x)o(x)dx. 


r=q+1 


Now ¢$(x) is to be assumed continuous in (x9, X). Let M be the upper bound 
of |o(x) | in this interval. For h<a we can apply (13), with p=0, and obtain 


o(x)| < IM I(r + 1)Ax]-+*Ax. 


Ax X—h r=0 


By comparing the indicated sum with the integral of £-'+*dé between limits 
0 and h+Ax or Ax and h+2Ax, according as 0<e<1, or e2=1, we see that 


A he 

lim sup o(x)| LM—.- 

Ax—>+0 Ax/) x_n € 

Since ht/e—0, as h—-+0, we can apply the limit criterion, and obtain 
TueoreM III. Jf f(D) is of order zero, and (x) is continuous in (xo, X)s 

then {f(D)}2(x) exists, and is given by 

(15) 

[f(D)} = 


X-h 


x 


lim 
h+0 zx 


* If (8) is introduced in (15), we obtain 
x 1 f. ] 
=— (X—z) z, 
It may interest the reader to note that this formula might have suggested itself in the following 
formal manner. Symbolic use of Cauchy’s second integral formula gives 


1 
f(D) = 


On the other hand, the linear differential equation would suggest 


so that we would be led to “i 
1 


Reversing the sense in which “contour” K is traversed, and changing the order of integration leads. 
to the actual formula. 
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It will be noticed that the last integral may be improper for x =X; but 
of its convergence we are assured both by the limit criterion, and by the 
direct application of (14). To illustrate (15), we may take f(D) =D", R(n) <0. 
The operator is then of order zero. By (6) and (15), we thus get the standard 
Riemann-Griinwald form 


1 x 
n|X x) = 4 —a— 
(16) } ) r( n) (x x) 1¢(x)dx, R(n) <0. 


We shall give two existence proofs for operators of arbitrary finite order. 
The first proof depends on the observation that if f(D) is of order p, then 
D-*f(D) is of order zero, and so comes under Theorem III. Inasmuch as 
additional assumptions on ¢(x) in a left neighborhood of x=X will be 
required, we shall use Theorem II with x; in this neighborhood. 

Formula (10), with x; in place of x9, and m=p, becomes 


= 


A# 
+ QUA }(q, Ax) 


u=0 Ax# 


= {(X — x)/Az}. 


Let ¢(x) possess a continuous pth derivative in an interval (k, X), X>k,* 
and assign to x, a value within this interval. By the law of the mean, and 
the continuity of ¢”(«) in (k, X), it follows that, for sufficiently small Ax, 


x 
< baz, lim baz = 0, 
Ax? +0 
for all x’s in (x1, X).f Hence if ¢(«) be substituted for Aed(x)/Axe in the 
above equation, the result will be changed in absolute value by no more than 


bas | A f(a) Ax) | Ax. 


Since D-*f(D) is of order zero, the proof of Theorem III shows this sum to be 
bounded, and hence the change in question to approach zero as limit as 
Ax—+0. We then easily derive 


* Here, as later, when a derivative is assumed to exist in a left neighborhood of X, the derivative 
at X is to be but a left derivative. 

T See de la Vallée Poussin. Cours d’Analyse, vol. 1, 1914, §109, for the case p=1. By (1), §118, 
this is directly extended to arbitrary p. 
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TuHeorEM IV. Jf f(D) is of order p, and if $(x) is continuous in (xo, X), 
and possesses a continuous pth derivative in a left neighborhood of «=X, then 
{ f(D) }*.,6(x) exists; and, if x; is within this neighborhood, is given by 


x 
(17) 


For illustration, again take D*, with p—1<R(n)<p. We obtain 


1 x 
{D"} Xo(x) (X x)? n o)(x)dx 


(18 
p(x — 
u=0 + 1)" r(— n) zo 
For the second proof note that, except for successive operations, the upper 
limit X plays the part of a constant. It can therefore appear as such in the 


operand ¢(x). Now suppose that a continuous ¢(x) satisfies the inequality 
| | W(X x) 


in a left neighborhood of x=X. This, with (13), leads to the identical 
inequalities that gave us Theorem III. Hence (15) holds for such a ¢(z). 

Let then a continuous ¢(x) possess a finite pth left derivative at x=X, 
and hence also left derivatives of all lower orders. Then, as a result of a 
first theorem in Taylor’s expansion, we have with finite N, in a left neighbor- 
hood of x=X, 

gi o(X) 
| d(x) — P(x)| << N(X — P(x) = > (a — X)*. 


u=0 Me 


If (x) is continuous in (x, X), {f(D)}*[o(x)—P(x)] will exist, as seen 
above, and be given by (15). On the other hand, P(x) is but a polynomial in 
x, so that {f(D)}%P(x) exists, and could be evaluated by (11). Hence 


THEOREM V. If f(D) is of order p, and if (x) is continuous in (x0, X), 
and possesses a finite pth left derivative at x =X, then {f(D)}*Xo(x) exists, and 
is given by 

x 
(19) - ») 


70 


u=0 u! 


* This reduces to Griinwald’s result if x;= x9. 
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Though this theorem requires less of ¢(x) than Theorem IV, we shall 
nevertheless find Theorem IV more useful in our development. To illustrate 
(19), we shall take the operator log D, whose order is one. By direct calcu- 
lation we have A [log u](/) = —1/t. Hence, by (19) and (3), we get 

xX $(X) — 
(20) {log D}29(x) = f a — [vy + log (X — xo) ]¢(X). 

It will be seen that this second proof uses the hypothesis that f(D) is of 
finite order p only to enable us to assume the existence of A [u-#f(u) ](é), 
for i>0, u.=0, 1,---, p, and the validity of inequality (13). This suggests 
that we define f(D) to be of extended order p if A|u-*f(u) |(t) exists for ¢ >0, 
w=0,1,---, p, and (13) is satisfied. The first proof also uses the fact that 
D-f(D) is of order zero. But it can be proved that if f(D) is of extended 
order p, D-*f(D) is of extended order zero. Hence all of our existence the- 
orems are valid for operators of extended finite order. 

6. Existence theorems for operators of type zero. The crucial theorem 
for operators of type zero is the following: 


TueoreM VI. If f(D) is of type sero, while o(x) is analytic for x.<x<X, 
with the radius of convergence at x, greater than X—x, then {f(D)}*@(x«) 
exists, and is given by the convergent series 


(21) { f(D) =A (us) (X — 21) +A — + 


As a consequence of this theorem, if ¢(«) is continuous in (xo, X), but 
analytic in some left neighborhood of X, then by choosing x; in this neighbor- 
hood, with X —«x, less than half of the radius of convergence of ¢(x) at X, 
both (9) and (21) become applicable, and so give 


TueoreM VII. /f f(D) is of type zero, while (x) is continuous in (x9, X), 


and analytic in a left neighborhood of x=X, then {f(D) }x (x) exists, and, if 
x1 is chosen as indicated above, is given by 


(22) { f(D) }2,6(x) = (x1) + [f)(X —x)o(x)dx. 


It may be noted that with 1 for f(D), formula (21) reduces to the Taylor 
expansion of ¢(x) for «=2;. More generally, (21) is the result of operating 
on this Taylor expansion with {f(D)}%, term by term. 

Our proof of Theorem VI is an extension of the first existence proof for 
operators of finite order. As in that proof, we use the finite difference re- 
duction formula, with limits x, X, viz. 
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(x1 


On the other hand, we shall let m vary with Ax, in fact equal eats , with 
fixed and positive e«. Our proof will require the following condition on e: 


l — (XxX 


O<e< 


where / is between X —x and the radius of convergence of ¢(x) at x. Note 
that the left hand member of the reduction formula uses values of x only in 
the interval (%:, X), whereas in the right hand member the values spread 
over the interval (x,—mAx, X). Since mAx <«¢<l, all of these x’s fall in the 
interval of convergence of the Taylor expansion of ¢(x) at 21; and so this 
Taylor expansion may be used to define ¢(x) for «<x, for the purpose of 
our proof. 
This proof consists essentially in establishing the following: 
(a) For fixed V, lim by [u-*-1f (2) ](q, Ax) 


= y=0 


= (X — 


u=0 


zx m 


(c) With m = {e/Ax}, lien [u-»—1f(u) ](q, 


u=N 


= h(N); lim h(N) = 0. 


Since (b) allows us to neglect its term of the reduction formula, (a) and (c) 
together give us Theorem VI by means of the limit criterion. 

(a) This is immediate. 

(b) Formula (4) allows us to write 


By the law of the mean we have 


741 
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= — OmAx); 0< 6 < 1.* 


Ag™ 
The Taylor expansion of ¢(«) at x; enables us to define the function of a 
complex variable ¢(z). Let M be the upper bound of the modulus of ¢(z) 
on, and hence also within, the circle center x,, radius]. The smallest distance 
from £—@mAx to this circle is 1— |-@mAx—x,|, which certainly exceeds 
1—e—(—x,) for all és in (x1, X). By applying the standard inequality of 
complex variable theory to |¢°™(£—@mAx) |, we thus obtain 


Mm! 
[i — (€ — z,))* 


so that we can write 


A\~-™)= An¢(é) { (2-2) / Mm! 
{( ) < > Alw™|(s, Ax) 


Ax. 
AgE™ s=0 [2 (x — sAx — 


AE 
It is easily seen that 


m(m+1)---(m+s— (e + sAx)™-! 
s! (m — 1)! 


A[u-™](s, Ax) = 


Now the inequalities imposed on ¢ make (e+sAx)/[l—e—(x—sAx—x,)] 
an increasing function of sAx. Since sAx<x—4%,, we thereby obtain, on re- 
placing sAx by x—«, the inequality 
e+ sAx e+ (x — x) 
< 


l—e—(x— sAx — l—e 


and so find in succession 


A yy M(x — x) + (*- 
< 
Aé™ l 


| 


€ 


€ 


* This, as also the use of the law of the mean in §5, requires ¢(x) to be a real function of the real 
variable x. If (x) is a complex function of a real variable, its real and imaginary parts separately 
will satisfy the assumption of existence and continuity of derivatives or of analyticity stated for 
(x) so that the demonstrations given are valid for these parts. Combining the two results thus 
obtained therefore yields the same result for the complex ¢(x). 
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If 6 is a real fixed quantity in the analytic sector of f(z), we can choose for 
the C’”’ of §3 a circle, center 1/Ax, radius 1/Ax—4, and so, through the 


corresponding contour integral and condition (b) of §3, obtain 
Ax) | (1 — 6Ax)’" 


> “0 |A [f](r, Ax) |Ax is then less than times the sum of a geometric 
progression which is easily seen to have a finite limit as Ax—+0. The 
essential factor is thus e*/4*. Now the inequalities imposed on e€ can be re- 


written 
e+ (X = %1) 
< < 1 


l—e 
Hence, by choosing « sufficiently small, we obtain 


4 m 


Ar>+0 l—e Ax 
thereby establishing (b). 
(c) As in part (b), we obtain 
A*o(x7 ) Mu! 
Ax (1 — 


On the other hand 


1 —p— 
A [u-*-'f(u) ](q, Ax) = — —f 


ridy (i — 


where W encloses 1/Ax, but excludes the origin. The contour W will consist 
of W,, that part of the C’”’ of §3 for which |z|>R, R<1/Ax, joined to W2, the 
arc of the circle center the origin, radius R, cut off by C’’’, and excluding, 
with W,, the origin. Such a contour will be valid when R exceeds the distance 
of the vertex of C from the origin. We have 


1 
J — (1 — RAx)e 
Now R-«/(1—RAx)?*+! has a minimum with respect to R for 


R= 
(q+ 1)Ax + pAx 


This value of R is less than 1/Ax, and exceeds »/|(X —x:)+e], so that, for 
sufficiently large p, it will give a valid contour. With it we have 
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+1 
R-+e [(q +> 1)Ax + (1 + y 
(1 — q+1 


and, as uw<m, we obtain 


For W; we have |z|>R. Since W, is part of C’’’, we easily find that 

1 wl 4 

~f x1) + €] +f | | de] . 
Cc 


2a J w,(1 — pert 2a dow | 1 — zdx| ot! 


Now our discussion of A [f](r, Ax) in §3 proves that this integral has a finite 
limit as Ax—>+0. Symbolizing the product of 1/(27) and this limit by 
| |A [f](X—a1) | |, we are thus led to the following form for the 4(N) of the 
statement of this part of the proof, viz., 


pre 


p=N 


2 (F(X — a1) + 


p=N € pet 1 


Recalling that we have 0< [(X—2:)+e]/(J/—«) <1, we see that the second 
series converges. By choosing « sufficiently small to have 


(X — x1) +€ 


< 1, 
l—e 

the convergence of the first series is assured. As a consequence of their 
convergence, these series approach zero as limit as NV increases indefinitely. 
The same is therefore true of h(N). (c) has thus been proved, and with it 
Theorem VI. 

We turn now to the formal properties mentioned in the introduction. 

7. Differentiation with respect to the upper limit. We can obtain the 
derivative of A [f](¢) under a general hypothesis. If A [f(u) ](#) and A [uf(u) ](é) 
exist for 0<4:<t<t,* then the terms of the relation 


= Aluflu)(— dae 


* The relation given below shows that if A[uf(u)](¢) exists in a neighborhood, and A[f(u) ](¢) 
exists for one é in that neighborhood, it exists for every ¢ therein. 


744 
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obtained from Theorem II, exist, since by (12) this relation becomes 


= AL + fA 


By keeping 4, constant, and differentiating with respect to ¢, we get 


TueoreM VIII. Jf A[f(u)](#) and A [uf(u)]|(¢) exist in a certain neighbor- 
hood of t, then (d/dt) A[f(u) ](t) exists, and is given by 


d 
(23) = A [uf(u)]@. 


By the use of (9), we immediately obtain the 


Corottary. If A[u-f(u) |(X and A[f(u)]|(X exist in a certain 
neighborhood of X, then (d/dX) {f(D)}21 exists, and is given by 


d x x 
(24) = {Df(D)} 2,1. 


In extending this corollary to ¢(x) as operand, it is desirable to replace 
the X left neighborhood of our existence theorems by a complete neighbor- 
hood, so that d/dX can stand for the derivative as ordinarily used. If, how- 
ever, we retain the left neighborhood, then the following still remains valid, 
provided d/dX is understood to mean left derivative, an observation that 
is essential to most of our applications of these formulas. 

For f(D) either of finite order, or of type zero, we have, as a result of(23), 


[f(w) — x)o(x)dx = [uf(u) — x)o(x)dzx, 


since the continuity of A [uf(u)](X—x), for and a neighborhood 
of X, permits differentiation under the integral sign. Hence, by (9), we shall 
have (d/dX) { f(D) }xo(x) = { Df(D) }%o(x), provided we first prove this re- 
lation for lower limit x. We shall choose x;, so that the special expansions 
hold. 

First let Df(D) be of order zero. f(D) is then also of order zero, so that 
we can use (15), and write 

xX-h 


A [f(u) (X — x)o(x)dx. 


{ f(D) }2,6(x) = 


lim 
z 


By Leibnitz’s rule we have 
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A [f(u) — x)o(x)dx = A[f(u)](h)o(X —h) 


X-h 
f A [uf(u) — x«)o(x)dx. 


Furthermore, by (14), we have 
| A[uf(u) (X — x) | L(X — x), | (A) | S 

These inequalities show that the result of the last differentiation uniformly 
approaches [*A [uf(u)](X —x)(x)dx as limit in a neighborhood of X, as 
h—+0. Hence by a well known criterion of differentiation,t we have, as 
desired, 

d , x 
2002) = fA (X= 


71 


If now Df(D) is of order p, we can use the first existence theorem for operators 
of finite order with f(D) as of order p, and write 


p-l 
= { D-°f(D) }2,6(x) + — (x1). 
p=0 
Since D-D-*f(D) is of order zero, we can use the special case just proved, 
along with (23), in differentiating both members of this equation, thereby 
obtaining on the right the expansion of { Df(D)}2¢(x). Hence 


THEOREM IX. Jf Df(D) is of order p, and if o(x) is continuous in (xo, X), 
and has a continuous pth derivative in a neighborhood of X, then 


d 
(25) = {Df(D)}2,6(2). 


Corotiary. If D*f(D) is of order p, and if (x) is continuous in (xo, X), 
and has a continuous pth derivative in a neighborhood of X, then 


da” 
(26) = {D*f(D)}7,0(2). 


If f(D) is replaced by D-*f(D), and n by p, the hypothesis of this corollary, 
restricted to a left neighborhood of X, reduces to the hypothesis of Theorem 
IV. Under this hypothesis, (26) therefore reduces to 


* The first because p=0 for uf(u); the second because the p of f(u) may be taken to be —1. 
Though p, as defined in §5, is either zero or a positive integer, it can be assigned a negative value, 
as is convenient here, with (14) remaining valid, provided a positive ¢ can still be chosen. 

Goursat, Cours d’ Analyse, vol. 1, 1910, p. 74. 
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x a * 
Formula (27) is a direct extension of Riemann’s form for D" for R(n) >0. 
The extension of Theorem IX to operators of type zero offers no difficulty. 
We first observe that the result of differentiating series (21) term by term 
is the expansion of {Df(D)}*@(x). Hence it is only necessary to prove the 
resulting series uniformly convergent in a neighborhood of X to obtain the 
desired result. Since Df(D) is also of type zero, no loss of generality ensues 
if we prove the series for {f(D)}*¢(x) uniformly convergent. Turning to the 
discussion of (c) §6, we observe that the single series in which h(N) can be 
written is a majorant for the corresponding part of the series for { f(D) }*¢(x). 
Now the discussion of §3 shows that we can write 


to 


This integral is continuous in X, and hence bounded for the neighborhood of 
X in question. On the other hand, through the choice of x made in (c) §6, 
we shall have, for a sufficiently small neighborhood of X, 

(X +e 
< 


l—e 


0 <r <1. 
As a result, the terms of {f(D)}%@(x) will be less in absolute value than 
those of a convergent series of positive constants, and so the series is uni- 
formly convergent. We thus have 

TuHeorEM X. If f(D) is of type zero, and $(x) satisfies the hypothesis of The- 
orem VII, extended to a complete neighborhood of X, then (d/dX) { f(D) }*o(x) 
exists, and is given by (25). 

8. The law of successive operations. In the present section we shall 
consider certain conditions under which the relation 


(28) { = f(D) 


is valid. Inasmuch as {f2(D)}%,6(£), which serves as operand for f,(D), may 
be discontinuous at x=», we shall introduce the following extension of 
our fundamental definition. If ¢(x) is discontinuous for x=x», while 
f(D) exists for sufficiently small h, then {f(D)}*o(x) is to be de- 
fined by 


(29) { f(D) = fim 


= 
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provided the limit in question exists. Under the hypothesis of Theorem II, 
changed to allow for a discontinuity of ¢(x) for x=xo, the existence of this 
limit is equivalent to the convergence of the improper integral thus occurring 
in formula (9). This convergence is amply assured if $(x) satisfies in a right 
neighborhood of » the inequality 


(30) | | S M(x — > 0. 


It will be convenient to say that ¢(x) then has M(«—2o)-!+" as majorant in 
the neighborhood. With (30) to replace continuity of ¢(x) at x =x», Theorem 
II, with formula (9), continues to hold. Our existence theorems therefore go 
over, as do also the results of the preceding section.* 

Consider, however, the special case f.(D) =D", n other than zero, or a 
positive integer. We have, by (12) and (6), 


{D} 2,1 = — x0) = — + 1). 


This is discontinuous for x=» when R(n)>0, so that, without the above 
extension of our definition, (28) could only hold for R(m) <0. With this ex- 
tension, we can have R(n) <1, since { D"}%,1 then satisfies (30). On the other 
hand, for R() >1, let fi(D) =D-". We have 


(% — 
Zoth r(- nN + 1) 


which diverges as h->+0. The left hand member of (28) therefore fails to 
exist in this case. 

Volterra has encountered the same difficulty in the related theory of 
functions of composition; but his solution appears to the writer to be but 
a verbal evasion.f Among other possibilities, the difficulty might be removed 
by a study of the commonly neglected arbitrary series that Riemann adds 
to the definite integral in his formula for D*. In the absence of a definitive 
solution, the writer leaves the breach open to view.{ This possible failure 


* The differentiation of an improper integral under the integral sign that is required here is 
easily justified by the criterion of differentiation referred to in §7. 

Tf V. Volterra, Functions of composition, The Rice Institute Pamphlet, vol. 7 (1920), p. 202. 

t This difficulty does not appear in the theory for infinite lower limit; but the validity of our 
definition for finite lower limit is thereby rendered questionable. It is to be noted, however, that 
this failure occurs in the first place for the commonly accepted Riemann-Griinwald form for D*. 
Furthermore, in all other respects the theory for finite lower limit is satisfactory; and if not for its 
own value, it would still be required as a foundation for the theory for infinite lower limit. Finally, 
in the various tentative modifications of the definition considered by the writer, the present theory 
remains the indispensable basis ror the extension. 
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of (28), because of the non-existence of the second of the two successive 
operations, forces us to restrict f(D) to finite orders zero or one, the latter 
only made possible by the extension of definition just given. Because of this 
restriction of f2(D), we shall only consider f;(D)’s of finite order. 

Our first consideration is to find conditions on ¢(x) which will insure the 
existence of the left hand member of (28). For this purpose f;(D) may be 
taken of order zero, the extension to arbitrary finite order being easily 
made. We shall then want {f2(D)}.,¢(£) to exist and be continuous for 
xo<x<X, and to satisfy in a right neighborhood of x» an inequality of 
type (30). 

First let f2(D) be of order zero. Then, to insure the existence of 
{ f(D) }2,6(€), we shall want $(£) to be continuous for x»<£<X, and to 
have M(é—x»)-!+7, n>0, as majorant in a right neighborhood of a». The 
same conditions turn out to be sufficient to yield the remaining require- 
ments for {f2(D)}%,¢(é). In fact, note that, due to its continuity, (£) will 
have M’(—29)~!+* as majorant over the whole interval («o, X). By applying 
(15), and using Lt-!+* as majorant for A[f2](é), in accordance with (14), 
we easily establish the continuity of {f:(D)}%,¢(é). Furthermore, by the 
substitution of majorants, and reduction to the first Eulerian integral, (15) 
yields 


| {fe(D)} | S LM’Ble, n)(a — 


which is of type (30). 

When f.(D) is of order one, the use of the first existence theorem for 
operators of finite order requires ¢(£) to possess a continuous first derivative 
for %»<£SX, since x must vary from x) to X. This time, ¢’(£) is assumed to 
have M(é—x»)-*+", »>0, as majorant. Since no loss of generality ensues 
if m is assumed less than one, $() will then have M’(—«)-!+7 as majorant. 
By applying (17) with «—«,=(x—%»)/2, i.e. by writing 


= f A[u-¥f(u) — 86" (Ode + A — 


f “A (a — 


and using the majorants Lf-*+* and L’t-1++ for A[f2](¢) and A [u-*f2(u) 
respectively, as given by (14), in conjunction with the above majorants 
for and $(é), we establish the stated requirements for { f(D) 
under the added condition e+7>1. 

The desired conditions are therefore the following: 
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(a) for f2(D) of order zero: is continuous for with 
M n>0, as majorant; 

(b) for f(D) of order one: $’(x) exists and is continuous for x» <x < X, with 
as majorant, where and e+7>1. 

We proceed now to establish (28) for f:(D) of order zero under the above 
conditions on ¢(x). The following preliminary result is fundamental. 

As in the derivation of (4) §1, we find 


P 


(31) A Ax) = QUA ](r, Ax)A [fo(u) — 7, Ax)Ax. 


r=0 
If we let p = { (X —x»)/Ax}, and have Ax—+0, then, by a slight modification 
of the method used in establishing (15), we obtain 


x 
(32) A — x0) = f A [fi(u) — x)A [fo(u) — xo)dx,* 


Zo 


provided f(D) and f(D) are both of order zero. By (15) this becomes 


(33) { f(D) }7,A (a — avo) = A [fi(u) fo(u) (X — 2x0). 


Let then f:(D) and f(D) first both be of order zero, with ¢(x) satisfying 
condition (a) given above. We can in this case apply (15), and write 


x 
The improper double integral corresponding to this iterated integral exists, 
since the latter, and hence the former, is absolutely convergent. Con- 


sequently the order of integration can be changed to give 


x x x 

{ } 2, { fo(D) } = f f A [fi(u) — x)A [fe(u) ](x — 
Zo g 

By (32) and (15) this reduces to the desired relation (28). 

Now let f:(D) be of order zero, f2(D) of order one, with ¢(x) satisfying 
condition (b). Let x; be chosen between x» and X. We have, by Theorem IV, 
= }2,{D-YA(D) } 

x 
+ (01) { } 2,4 (a — x1). 


* This formula is of special interest in connection with Volterra’s functions of composition of 
the closed cycle group. (See V. Volterra, loc. cit., pp. 181-251.) If A[f:(u) ](X —2x) is written g,(X—x), 
and A[fz(u) go(x—-xo), then (32) shows A |(X —2xo) to be Volterra’s so that 
this symbolic product of the g’s corresponds to the actual product of the related f’s. 

Tt See de la Vallée Poussin, Cours d’ Analyse, vol. 2, 1925, pp. 19-22. 
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Since D-*f2(D) is of order zero, (28) can be applied to the first term, and (33) 
to the second term, of the right hand member to give 


} { fo(D) } = {D-*fs(D) fo(D) +A fous) — arr) 


{ f:(D)fo(D) } 


(29) then shows that to demonstrate (28) in this case, we need but establish 
the relation 


lim {f(D)}=,{ f(D) 24 = 2,60). 


Now we have directly 


2.6 — (f(D) }2, 


The first term of the second member of this equation is immediately seen 
to approach zero as limit as x,—%». As for the second term, return to the 
discussion of the conditions imposed on ¢(x). We can assume without loss 
of generality the inequalities 0<«e<1,0<n<1. Since e+7>1 we can choose 
a positive \ such that \<e+n-—1. We therefore also have X<e. Then in 
connection with the integral appearing in the second term, we have for the 
corresponding majorants 


= (x — Ble — 0). 
This second term will therefore be less in absolute value than 
— — xo) tt, 


Since e+7—1—A>0, this term also approaches zero as limit as 4:2». The 
desired relation is thus established, and with it, (28). 

The extension to fi(D) of arbitrary finite order pi, with f.(D) of order 
zero or one, is now easily made. D-*f,(D) will be of order zero, so that, 
under the above conditions on ¢(x), 


{ } = } 2,6(2). 
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We have observed that the results of §7 remain valid under (29) and (30). 
Note also that the derivative appearing in Theorem IX and Corollary I 
is continuous in a left neighborhood of x=X. Suppose then that Df,(D) 
is of order p, and that ¢(x) possesses a continuous pth derivative in a left 
neighborhood of x=X. Then {f2(D)}%,(£) will possess a continuous p:th 
derivative in a left neighborhood of «=X. Now Da-.D-f,(D) is of order 
pi; Du-D-*f,(D)f2(D) is of order not greater than p. Hence we can operate 
on both sides of the above equation by d/dX* in accordance with the 
corollary of Theorem IX, and by (26) obtain (28). 
These results can be stated as 


TueoreM XI. and f.(D) are of orders p; and pz respectively, with 
p2 equal to zero or one, while Dif.(D) is of order p; and if (x) has a continuous 
pth derivative in a left neighborhood of x= X, a continuous poth derivative for 
xo<x<=X, while for this interval where is 
positive and such that D~*f.(D) is of order zero,* then (28) is valid. 

The restriction of f.(D) to order zero or one was necessary in order that 
the result should apply to ¢(x) =1, the simplest case. However, by requiring 
(x) and a sufficient number of its derivatives to vanish for x =xo, the order 
of f(D) can be arbitrarily large. In fact under the specific conditions stated 
below, formula (17) gives 


{ fo(D) } 2,6(€) = } 
As D-+1f,(D) will then be of order one, the theorem applies. Hence the 


Corottary. The relation (28) holds for p2>1, provided the corresponding 
conditions of the theorem are replaced by the following: °*-®(x) exists, and 
is continuous, for x»Sx<X, with (xo) =0, for 1, -- , p2—2; 
exists, and is continuous, for x»<x<X, with (22) |< M(x—x9)-?+", where 
n is positive, and such that D-"f.(D) is of order p,—1. 

The reader can apply these results to more than two successive operations, 


and to the commutativity of the operators. 
When either of the f’s is a polynomial, no restriction of the order of f(D) 


is needed. In fact, if P(d/dx) is a polynomial in d/dx we obtain, by (26), 
d 
(34) P }2.0(x) = 
under the condition that, if P(D)f(D) is of order p, ¢(x) satisfies the hypoth- 
esis of Theorem IX. On the other hand, through (17), we get 


* This is another way of stating the condition e+7>1 used in the proof. 
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x d 
— Sa — 2) Pyles), 


u=0 


P(D) Ly P,( x0) (x9). 
v=0 y=0 

For (35), ¢(x) is to possess a continuous mth derivative in (%o, X), and a 
continuous pth derivative in a left neighborhood of X, where p is the order 
of P(D)f(D). Formulas (34) and (35) can easily be extended to the case 
where f(D) is of type zero. They probably also admit of extension to the 
case where P(D) is not a polynomial, but of type zero over the plane. (See 
$14.) Though the disagreement between (35) and (28) was to be expected 
as a result of the finite difference reduction formula, it may suggest a solution 
of the difficulty discussed above. 

9. Leibnitz’s theorem generalized. The operators f*(D),m=1,2,3,--- , 
are intimately associated with the generalization of Leibnitz’s Theorem for 
repeated differentiation of a product of two functions. A simple relation 
between A [f™(x)](#) and A[f(x)]() follows directly from our definition. 
We have 


(= 


A[f'(u) Ax) = — + 1)AxA [f(u) + 1, 42). 


Hence, for t>0, A[f’(u)](Q) and A[f(u)](t) coexist, and satisfy the relation 
(36) A[f’'(u) ]@ = — tAl[f(u)]@.* 
By induction, we obtain 
(37) A [f™(u) }() = (— 


It is easily proved by the use of Cauchy’s integral formula with circular 
contour for f(z), and the corresponding conditions on f(z), that, if f(z) 
is of type zero over a certain sector, f(z) is also of type zero over any sector 
interior to the sector of f(z), and of the same angle. Likewise it can be 
shown that if f(z) is of finite order p, f‘(z) is of order p—n, or zero (according 
as p>mn, or Sn), over any sector interior to that of f(z), and of angle less 
than that of the sector of f(z). However, the finite difference relation given 
above immediately shows that if f(D) is of generalized order p, f’(D) is of 

* Comparison of this formula with (23) suggests a duality which is strikingly borne out, under 


special hypotheses, in a study of A[f](¢) for complex t, coupled with the extension to type one sug- 
gested in §17. 


7 
753 
where 
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generalized order p—1 (or zero if p=0), with a corresponding extension to 
f(D). A more complete statement is that D"f‘™(D) is of the same order or 
generalized order as f(D). 


Turning now to the theorem desired, we shall first prove the special case 
(38) = + 


where ¢(x) satisfies the conditions associated in our theorems with the 
existence of {f(D)}2,¢(x). We have, by definition, 


A {(X—x2)/Ar} (— 1 rf(r) 1 A 


r=0 
( A x A 
A\)* 
Ax 
Since Df’(D) is of the same type, or finite order, as f(D), { Df’(D)}Xo(x) 


will exist, so that the last term vanishes with Ax. Hence (38). 
We can rewrite (38) in the form 


— rAx)o(X — rAx) 


{(D)}2,(x — X)o(x) = 


and obtain, by induction, 


(39) { {(D)}2,(x — X)"o(x) = {f™(D)}7,0(2). 


If then P(x) is a polynomial of degree m, we can expand it in powers of 
(«—X), and obtain, by (39), the terminating Leibnitz expansion 


P'(X 
1" 


1! 
POmM(X x 


m! 
This method will now be extended to {f(D)}X(x)¢(z). 

We shall assume y(x) to be analytic in the closed interval (xo, X) with 
the radius of convergence of its Taylor expansion at x=X greater than 
(X —xo). Then, for this interval, we have 

¥'(X) 
v(x) = W(X) + ——(x — X) + (s=— JP 


2! 
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When f(D) is of finite order p, f(D) is of order zero. Writing the remainder 
after p terms of the ¥(x) expansion («—X)*x(x) we have, by (39), 


Since f(D) is of order zero, the integral formula (15) is applicable. Further- 
more, as the series for x(x) is uniformly convergent over (x9, X), while the 
integral for { f(D) } is absolutely convergent, we can integrate term 
by term. This is the same as operating with f(D) term by term, or with 
f(D) in the original series. We thus obtain, by (39), the generalized Leibnitz 
expansion 


n=0 n! 


{ f(D) }7,,0(x). 


For f(D) of type zero, we will designate the remainder after m terms of 
the ¥(x) series by R,,(x), and prove directly that 


lim = 0. 

Applying Theorem II to this expression, we observe that R,,(x) uniformly 
approaches zero as limit along (xo, x1) as m—>®, so that the integral likewise 
has zero for limit. On the other hand, for x; sufficiently near X, the expansion 
of Theorem VI is applicable to {f(D)}2Rn(x)o(x). The first N terms can 
be directly treated. On the other hand, the /(NV) of part (c) of §6, with 
R,,(x)@(x) in place of (x), is an upper bound for the absolute value of the 
rest of this expansion. We thus see that 


where M,, is the upper bound of the function of the complex variable 
R,,.(z)@(z) over the circle center x, radius /, while L,, depends only on f(z), 
(X —2,), and the radius of convergence of the expansion of R,,(z)@(z) about 
z=x;. Now the radius of convergence of R,,(z) is the same as that of (sz), 
so that L,, is independent of m. On the other hand, R,,(z) uniformly ap- 
proaches zero over the circle of radius], so that M,,—-0, as m2. The limit 
in question is thus proved to be zero, and we can state 


TueorEeM XII. Jf {f(D)}X(x) exists under the hypotheses of any of 
our existence theorems, and if (x) is analytic along the closed interval (xo, X), 
with the radius of convergence of its Taylor expansion at x=X greater than 
(X—2»), then { f(D) } o(x) is given by the generalized Leibniiz ex- 
pansion (40). 
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As a corollary, we have, by letting ¢(x) identically equal 1, 


which is to be compared with series (21), which may be written 


(42) = {fD) + {D-Y(D) + 
In each case ¥(x) is analytic along the closed interval (xo, X); but in the 
first the radius of convergence at x= X exceeds X—xo, in the second that 
at x=» exceeds X — Xp. 

We reserve for $14 the application of (41) to entire operators. 

10. e**@(x) as operand; f(D+ a). From our definition we have 


1 


A[f(u + a) |(r, Ax) = 


For real a, and sufficiently small Ax, the equation 


results in a positive A\x. We can then write 
A[f(u + a) ](r, Ax) = (1 — [f(u) ](r, Aix). 


As Ax—+0, and we have simultaneously rA,x—t. Hence 
under the sole condition that a is real, we obtain 


(43) A[f(u + = e*A[f(u) 


When f(z) is of type zero, and hence also when it is of finite order, 
this result is obtained immediately, for a both real and complex, by the use 
of the contour integral formula (8) of Theorem I. 

The theorem of this section will be restricted to f(D) of finite order. 
When /(D) is of order zero, f(D+<a) also is. By (15), we have 


x 
LD) = f AL — 


x 


and so, by (43), and (15) again, we obtain 


(44) { f(D) = e* {f(D + a)}2,0(x). 
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When f(D) is of order p, D-*f(D) is of order zero. We then have 


{ f(D) = de/dX*{ D-*f(D) 
= e°X(d/dX + a)*{(D + a)-*f(D + a)} =,6(2) 
x 
= {f(D + a)} 


the first by (26), the second by (44) for operators of order zero and poly- 
nomials in d/dX, the last by (34). We can therefore state 


THEOREM XIII. Jf f(D) is of finite order, and $(x) satisfies the hypothesis 
of the existence Theorem IV, then relation (44) is valid. 


By letting (x) =1, (44) and (8) yield a contour integral for { f(D) } Ze. 
11. x»=—«; g(x) =e. Let f(z) be analytic to the right of the line 


R(z)=c. Then 
1 


x 1 Ax 
Ax 1!Ax 


( 1 
= q 
I Ax Ax ) 


provided f(1/Ax—e-*4=/Ax) can be expanded in powers of e~***/Ax. Now 
| e~ade/Ax| = e~R(@Ax/Ay = 1/Ax — R(a) + sz, lim es, = 0. 
Az—+0 
Hence if R(a)>c, this absolute value will be less than 1/Ax—c, for Ax 


sufficiently small. As the radius of convergence of the Taylor expansion of 
f(z) about 1/Ax is at least 1/Ax—c, the above is valid, so that 


{ f(D) = lim (—=") e°Xf(a). 
Ax 


Ax—+0 


Conversely, if f(z) is an analytic function of z, and { f(D)}* .e** exists 
for some a, { f(A/Ax) }* ce must converge for all positive Ax’s less than some 
positive «. Then f(z) will be analytic within all circles center 1/Ax, radius 
_e-*4z/Ax | where 0<Ax<e. As these circular regions cover the half-plane 
R(z) >R(a), f(z) is analytic to the right of the line R(z) = R(a). Hence 


THEoREM XIV. The necessary and sufficient condition that {f(D)}~ .e* 
exist for some a, when f(z) is an analytic function of z, is that f(z) is analytic 
to the right of some line R(z)=c. In that case {f(D)}* .e% exists for R(a) >c, 
and is given by 


(45) { = f(a). 
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If c <0, we can let a=0, and so obtain 


(46) { f(D) = f(0). 


The above results were obtained without assuming f(z) of type zero, 
though the analyticity condition of Theorem XIV is a weaker form of the 
analyticity condition for an operator of type zero. If f(z) is of type zero, 
we can apply Theorem XV of the next section to obtain 
(47) lim = 

This can also be obtained directly by expressing the remainder after p terms 
of the Taylor expansion { f(A/Ax)}* ,e% as a contour integral, finding for its 
limit as Ax—>+0, p= {(X—x»)/Ax}, an integral like that of formula (8), 
and observing that this approaches zero as limit as x»~>— ©. If we further 
restrict f(z) to order zero, we can use (15) in (47), and by the change of vari- 
able X —x=1/, obtain through (45) 


(48) [f](t)dt = f(a).* 


That is, A[f]() satisfies the Laplace integral equation when f(z) is of order 
zero. The derivation of (48) suggests that we may consider relation (45) a 
generalization of the Laplace integral equation. 

12. x» = — ©: general case. Our definition, for — ©, is 


A x 
{ f(D) }~26(x) = lim {;(—)} $(x). 


Ax—+0 


Hence the relation 


(49) = lim {f(D)}7,6(x) 
is subject to proof. Since, in our definition, we consider the limit of an 
infinite series, some restriction on the behavior of ¢(x) as x->—© will 
have to be introduced to insure the existence of the limits involved. The same 
condition will turn out to be adequate for (49). 
We assume f(D) to be of type zero. Then f(z) will certainly be analytic 


* When A[f](#) can be directly found from its definition, formula (48) leads to the evaluation 
of a corresponding definite integral. Thus, (6), the formula for A[u"](#), yields the well known in- 
finite integral for the gamma function for R(m) <0, while (3), as transformed by (12), results in an 
infinite integral for the Eulerian constant y. Ina similar manner, formula (8) leads to the evaluation 
of corresponding contour integrals. 
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to the right of some line R(z)=c. Let d designate the lower limit of these c’s. 
Then, for Ax sufficiently small, and rAx greater than a positive h, there is a 
positive L for each b greater than d such that 


(50) |A[f](r, Ax) | < Le®(r42), 


To prove this fundamental inequality, we reconsider the discussion of the 
contour integral for A[f](r, Ax) given in §3. For Ax sufficiently small, and 
rAx>h, r will be sufficiently large to have, along C’’, 


(z)dz 
f <1. 
eo (1 — sAx)t! 


Since, for Ax sufficiently small, we shall have \ less than e*4* even with 6 
negative, a relation like (50) holds for this contribution to A[f](r, Az). 
Along Cr. my we can have, with / and m sufficiently large, R(z)<b’, where 
b’ <b, and b’<0. We can then write 


f fae f 
ce (1 — (1 — b’Ax) cr, — 


The latter integral has a finite upper k a for Ax sufficiently small, in 
accordance with §3. On the other hand, since <b, we have, again for 
sufficiently small Ax, 

1 


——— < 
1 — 
Hence an inequality (50) exists for the Ci, contribution. Finally, we may 
have to change C;, so that it will consist of the segment of R(z)=0’’, 
d<b'’ <b, cut off by the former C;,m, joined to the part of the former Ci. 
to the left of R(z) =6’’. Since along this new C;,m we have 

|} 1 — zAx| 2 1 — Ax, 
we find that 


f f(2)dz IK’ 
(1 — ~ (1 — 


where / is the length of C;,m, and K’ the upper bound of |f(z)| along it. 
Hence, as in the case of C},m, a relation (50) holds. By combining these 
three results we get (50) itself. 

If in (50) we let Ax—>+0, rAx—t, we obtain, for t>h, 


(51) | A[f](¢) | S Le*. 


We can now prove 
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TueoreM XV. Jf f(D) is of type zero, with specified d, and if, for some 
positive M, and real c greater than d, (x) satisfies the inequality 


| o(x) | S 


jor every x less than some real x, relation (49) will be valid. 


Choose 6 between c and d. By (50), and the condition on $(x), we have 


- 


X— x 
< LMe= p= { 
r=p+l1 Ax 


provided x»<%, and also x%»<X—h. Since this geometric progression con- 
verges, {f(A/Ax)}*..¢(x) also converges. Furthermore, on summing this 
progression, we find its limit, as Ar>+0, to be [LM/(c—b) 
This expression approaches zero as limit as x%»——%. We can therefore 
apply the limit criterion, with in place of v, to the identity 


and obtain the theorem. 

The use of the limit criterion assumes the existence of {f(D)}*o(x) 
for all xo’s less than X. Granting this, its corollary gives the existence 
of both members of (49). Hence 


Corottary I. If (x) is continuous for x<X. and satisfies the X-neighbor- 
hood conditions of any of our existence theorems for finite Xo, then, under the 
above hypothesis, both members of (49) exist, and are finite. 


It is also not difficult to establish 


Corottary II. Jf the X-neighborhood condition of Corollary I is not 
known to be fulfilled, but instead {f(D)}*.6(x) is known to exist, then the 
existence of {f(D)}%o(x) for finite xo follows. 


The rest of this section will be devoted to the law of successive operations 
for x»=—®. For finite xo, the order of f2(D) had to be zero or one, unless 
(x), and a sufficient number of its derivatives, vanished at x=x». In the 
present case this restriction on the order of f(D) disappears. We shall, how- 
ever, still restrict ourselves to operators of finite order. 
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First, in Theorem XV, let f(D) be of order zero. Then, by (49) and (15), 
we obtain 
x x 


Break up this integral over limits (— ©, X—a), and (X—a, X). By applying 
to the resulting integrals inequality (51), with b between c and d, and the 
hypothesis of Theorem XV, we obtain, for X <m, and a>h, 


x a 


+ [LM/(c — = 


That is, |{f(D)}%..@(x) | satisfies the same inequality that |¢(x) | satisfies 
except for the factor M. It is also easily seen that {f(D)}%.(x) is con- 
tinuous in X. 

Let then f:(D) and f2(D) both be of order zero, with d’s equal to d; and d, 
respectively. If, in the hypothesis of Theorem XV, we have c>d, as well 
as ¢>dz, our last result shows that the existent {f2(D)}*.@(x) can be used 
as operand for {f,(D)}*., so that we can write 


x z 
2260) = ff 2) | - | de. 


Since this iterated integral is absolutely convergent, the corresponding im- 
proper double integral exists.* It can therefore be rewritten 


[fi l(X — &)A [fo] (E — x) dé | o(x) dx. 


Now the d of f,(D)f2(D) does not exceed both di and dz. We can therefore 
use (52), with f,(D)f2(D) as operator, ¢(x) as operand, and, by applying 
(32), obtain 

(53) {fulD) = {fa(D)fe(D) 


Before (53) can be extended to operators of arbitrary finite order, several 
preliminary results must be obtained. First, we have 


under the same X-neighborhood conditions as for finite xo, along with the 


* The reasoning is the same as it: §8 for which a reference has been given. 
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usual inequality on |¢(x)|.* In fact, our inequalities easily show that the 
integral resulting from differentiating {*A[f](X—x)o(x)dx under the 
integral sign is uniformly convergent in X. Secondly, we have to discard 
the reduction formula (17), since the d of D-* f(D) will be greater than that 
of f(D) when the latter is negative and p jis not zero. By §10 and formula 
(17) with x, and x» identical, we obtain in its place 


d p 
= {(D — D-ef(D)}%, $(2x) 
(55) 
p—l d 
+ — (x ') 6(2) | 


where, for validity, ¢(x) and its first p derivatives are continuous in (xo, X). 

To allow xo to approach —o as limit in (55), we shall want (x), and 
its first p derivatives, to be continuous for x<X. Also, for some c greater 
than d, and some positive M, we must have, for x<, 


|o(x)| Me; 


As a result, we also have, for x <4, 


Now choose / less thanc. The d of (D--1)-*—1f(D) will then also be less than c. 
Choose 6 between this d and c. Then, by (51), 


| A — — xo) | S 


As b<c, these two inequalities give us 


lim A [(u — — xo) | = 0. 
x 


We thus obtain 
d 
(56) = — (= o(2). 


Though (56) reduces all operators of finite order to operators of order 
zero, for which we have already established the law of successive operations, 
its conditions are stronger than those yielded by the following more extended 


* See the first footnote of §8. 
T If ¢(x) behaves “regulariy” as x->— «, the inequalities for 1>0 will follow from the one for 


d 

dx 
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treatment. The operators f,(D) and f2(D) will now be of arbitrary finite 
orders p; and pz respectively with corresponding d, and dz. We shall require 
the inequalities 


When d:=c,, we shall also require, to insure the existence of {f2(D)}2..6(é), 
| | M 2e**, for < %1, with > de. 


In the latter case c2>c:, so that, for some x2, we shall have for «<2, 
My,e* <Mie**. In either case, we can prove that, if J is less than c, 


d# 
for x < x3, = 0,1,2,--+, pe. 


In fact, through (54) extended, we can write 


(D — = {D*(D — 1)-f2(D) 


By reducing the first term of the right hand member of this equation by 
formula (17) with p=y, X=x, %1.=x9=x—a, we can easily apply our in- 
equalities, by methods already made familiar, to obtain the desired result. 
We can therefore use (56), with p: in place of p, (D—/)-f,(D) in place of 
f(D), and in place of to obtain 


{(D — {(D — 2.6(8) 
d pa 
= {(D — (< {(D — (8). 


Now reduce the first member of this equation by our proved result for opera- 
tors of order zero, the second member by operating with (d/dx —/)*: formally, 
as is justified by (54). We thus obtain 


{(D — f(D) fo(D) = {(D — + { fo(D) 20} 


Operating on both sides of this equation by (d/dx—1)»1+»2 yields our law of 
successive operations for operators of arbitrary finite orders. 

In this discussion we have merely concerned ourselves with the con- 
vergence difficulties introduced by letting x»=—. When we also supply 
the discussion of the existence of derivatives tacitly assumed above, a dis- 
cussion that does not introduce anything essentially new, we obtain 


{ 
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THEOREM XVI. Let f,(D) and f2(D) be of finite orders p; and p2 respectively, 
with corresponding d, and dz, and let D*f2(D) be of order p. Let $(x) and its 
first p2 derivatives be continuous for x =X, and also let the first p derivatives of 
(x) be continuous in a left neighborhood of x=X. - Finally, let us have the 
inequalities 

| p(x) | S for x<X, w=0,1,2,---, po, with c, > di, 
and, if c, does not exceed do, let us also have 
| | S Moe", for x < X, with c2 > de. 
Then formula (53) is valid, and both of its members exist. 


13. x»=—: special case. When d=0, the existence theorem of the 
preceding section still requires an exponential inequality for |¢(x)| as 
x—»+—«, This can be replaced by an algebraic inequality if certain assump- 
tions are made about the behavior of f(z) in the neighborhood of those singu- 
larities that lie on the axis of imaginaries. The operator D” is typical. 

Let then f(z) be of type zero, and analytic to the right of the axis of 
imaginaries. We shall first assume the origin to be the only singularity with 
real part zero. The assumptions required are the following: 


(a) f(z) is analytic within a circular sector of radius d, and angle greater 
than 3, which has its vertex at the origin, and is bisected by the positive half of 
the real axis, 

(b) in this sector, for some real m and positive K, | f(z) | satisfies the inequality 


| f(z)| = K|2|. 


Let S designate the interior of the infinite analytic sector of the type 
zero condition, S’ the rest of the z-plane; s the interior of the circular sector 
of radius X, s’ the rest of the interior of the circle. It will be convenient to 
have small enough for this circle to lie wholly within S’. Since the origin 
is the only singularity with real value zero, there will be a line R(z) = —m, 
x, >0, to the right of which f(z) is analytic, except for z’s in s’.. Now in the 
argument leading to inequality (50) of the preceding section, replace d by 
—k, and choose the b’’ of that argument between 0 and —x«, and also suffi- 
ciently near zero to have the line R(z)=6’’ cut the sides of s’. If then we 
remove from C’’’, as modified in that argument, the portion of this line that 
is in s’, we shall have along the resulting open contour C” 


< 
Jciv (1 — zAx)rt! 
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where —x is between 0 and b’’, and hence is negative.* For the purposes 
of this section we further modify C’”’ as follows. Let C,” consist of two seg- 
ments in s, starting from a point z=6 on the real axis, running parallel to 
the sides of s, and terminated by R(z)=6’’. Such a contour is possible for 6 
sufficiently small. Join this toC*, where we remove from C’” the portions of 
R(z)=b”’ that lie between the ends of C;’. Then C;’ with the shortened C” 
forms an admissible C’’’. Now if C* is thus shortened in the above inequality, 
the result is simply strengthened. As for C,", replace 6 by 1/[2(r+1)Az], 
and transform z by {=(r+1)Axz. Using condition (b), we obtain 


r+i1 


If the sides of C,/. be extended to infinity, we obtain the same integral that 
occurred in §11, except that m replaces p—e. This integral was there shown 
to converge, and be bounded with respect to r forr =p. The same is thus true 
of the C,', integral for r>m. Combining these results, we are enabled to state 
that, for Ax sufficiently small, and rAx greater than a fixed positive h, we have 
with a positive L, 


(57) | A[f](r, Ax) | < 


(rAx) m+1 ; 


Hence, also, for ¢ greater than 4, we have 


L 
(58) — +4 


This result can be immediately extended to the case where there are a 
finite number of singularities of the above type on the axis of imaginaries. 
If these singularities are at points z=z;, then on each we impose conditions 
like (a) and (b), where in (a) the vertex of the sector is now at z;, while the 
inequality in (b) is replaced by 


| f(z)| Kil 


The line R(z) = —x, can be chosen once for all, and C’’’ modified near each 
of the singularities. As a result, (57) and (58) will follow, provided m is 


* Inequality (b) of this section, in conjunction with the choice of b’’ made here, allows us to 
conclude that |f(z) | has a finite upper bound along that part of R(z)=5’’ used in C’, as is required in 
this proof. 

+ This inequality can be used as the basis of a simple derivation of certain of the Heaviside 
asymptotic expansions, and extensions thereof. 


} 
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the least of the m;’s. For ease of reference we shall speak of a function and 
corresponding operator of this kind as being of degree m. We can now state 


THEOREM XVII. If an operator f(D) of type zero, with d=0, is of degree m, 
and if for x <x, x, <0, we have 


| o(x)| S M(— 
with positive n and M, the equivalence relation (49) will hold. 


CoroLiary. With this hypothesis replacing that of Theorem XV, Corollary I 
and Corollary II of the latter theorem continue to hold here. 


In the proof of this theorem the geometric progression of the preceding 
section is replaced by a series that can be written 


X m+1 1 
u> (1 - =) 
rAx (rAx — 


provided x9<%, and, also, x%»<X—h. Since [1—X/(rAx)]™*+ is bounded as 
Ax— +0, and x»—— ©, while we have 


= 1 (- 
< f (¢ — X)--"dt 


r=p+1 (rAx n 


recourse can again be had to the limit criterion to give the theorem. 

The case ¢(x) =1 is of special interest. When d <0, the discussion of §11 
applies, as well as the resulting formula (46). When d>0, the same dis- 
cussion shows {f(D)}*,.1 to be non-existent. When d=0, (46) still holds, 
provided f(z) is analytic at the origin; but the equivalence relation (49) seems 
to require further assumptions. The following theorem, which we state 
without proof, contains several simpler cases, and can be considered the 
extension of (46) for d=0. 


THEOREM XVIII. If f(z) is of type zero, with d=0, and if, except for the 
origin, it is of degree of greater than —1, while for the analytic sector vertexed 
at the origin it approaches a finite limit K as 2-0 in the sector, then 


(59) =K = { f(D) }%1 


We turn now to the law of successive operations. As before, f;(z) and f2(z) 
will be of finite order. The case of most interest is the one in which both 
d, and d2 are zero, the treatment of the cases where but one d is zero then being 
obvious. On the whole, the development of the preceding section can be 
followed. 
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First let f(D) be of order zero, while otherwise it, and $(x), satisfy the 
hypothesis of Theorem XVII. We can again use (46), and break up the 
infinite integral over limits (-«2, X—a), (X—a, X). Choose a greater 
than h, and let X be less than x;. We then easily obtain 


x a 


X-a 0 


X-a X-a 
f A[f\(X x)o(x)dx <LM (X 


—-X/a 
= LM(-- xy f (1 + 
0 


where, in the latter, we have set ‘= —X/(X—<x). It is convenient to assume 
X<-—a, so that —X/a>1. We can then break up this integral over limits 
(0,1), and (1,—X/a). The first part converges, and is independent of X. 
For the second, we can write, with some fixed k, 


—-X/a -X/a 
f (1+ < ef 
1 1 


The case m=0 can be avoided. For m0 we thus obtain the inequalities 
(60) m>0O: | {f(D)}%6(«)| 
(61) m<0: | < 


Now let f:(D) and f2(D) both be ot order zero, with d: and d2 zero, and 
associated m, and mz. No loss of generality ensues if we assume the d of 
fi(D)f2(D) to be zero.* The corresponding ms is evidently not less than m, 
the least of the three quantities mm, m2, m:-+-m2. We can then show that if 
¢(x) satisfies the hypothesis of Theorem XVII for m so defined, the law of 
successive operations will be satisfied. It will be sufficient to show that 
}206(€), and exist in 
accordance with Theorem XVII, since the argument of the preceding section 
will then be valid here. The inequality of Theorem XVII is the primary 
consideration. Since the three operators involved, f2(D), fi(D), fi(D)fe(D), 
are of degrees mz, mi, and m; respectively, we have to show that the corre- 
sponding operands ¢(é), {f2(D)}%.6(€) and $(x) satisfy inequalities with 
exponents and m;—y; respectively, where the 7’s are all 
positive. Note that our hypothesis makes ¢(x) satisfy an inequality with 


* This d may be less than zero; but in that case the actual inequalities are even stronger than on 
the assumption that it is zero. 
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exponent m—y7 where 7 is positive. This suffices for the first and last cases; 
for by identifying this inequality with the desired inequalities, we are setting 
M2—N2=m—n, M3—N,3=m—xn. Since m does not exceed mz or m3, we thus 
have 7227, ns27, that is, 72 and 7; are positive, as was desired. For m, we 
must use the inequalities (60) and (61). The case m,=0 can be avoided since 
mz can always be decreased in the inequalities on |f,(z)|, at least for 
|s—z;|<1, and by making this decrease less than 7 there will at worst result 
a corresponding decrease in m and 7 in the original inequality on (2), 
with the new 7 still positive. For m:>0, we see from (60) that {f2(D)}*.o(£) 
satisfies an inequality with exponent equal to that of the inequality for $(é). 
That is, we may set m—71=m—n, and as before, obtain m7. =7. For m.<0, 
(61) shows that the exponent for {f2(D)}2.@(£) is but —12, if m2—m is the 
exponent for ¢(). That is, we may set m:—7=— 72, where we have iden- 
tically m.—2.=m—n. By combining the two equations, we obtain 7:=m+ 
m,—m-+n2=n. A positive m therefore results. The sufficiency of the m—n 
exponent for ¢(x) has thus been demonstrated. 

It is unnecessary to go into the details of the extension of these results 
to operators of arbitrary finite orders, as the steps of the procedure of the 
previous section are easily verified here. We can thus state 


THEOREM XIX. Let f,(D) and f(D) be of finite orders p; and pz respectiveiy 
with d, and dz zero, and associated m, and mez, and let Def.(D) be of order p. 


Let (x) and its first p, derivatives be continuous for x<X, and also let the 
first p derivatives of o(x) be continuous in a left neighborhood of x=X. Finally, 
for all x’s such that x <x, <0, let 


| (x) | | (x) | = X)™-, i, 2, * 5 Pa, 


where » and m are positive, and m is the least of the three quantities m,, m2, 
m+m2. Then formula (53) holds, and both of its members exist. 


14. Entire operators; A[f|(/)=0. If f(z) is an entire function of the com- 
plex variable z, and satisfies condition (b) of §3 over the whole z-plane, 
then f(D) will be said to be of type zero over the plane. Since entire trans- 
cendental functions of genus zero are known to satisfy this condition, their 
corresponding operators are of type zero over the plane. Polynomials in D 
are also included. 

We first prove that, for such operators, A[f](é) vanishes identically. In 
formula (8) of §3 chooseC so that its vertex is at the origin. Let Cy be the 
portion of the line R(z) = —N, N>0, between the half-lines of C. Since f(z) 
is entire, the integral in (8), limited to that part of C which is to the right 
of this line, will equal the same integral over Cy. Hence we have 
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1 
A[f]® = lim e'*f(z)dz. 
247i Cn 
By choosing x of condition (b) less than ¢ cos a, this limit is seen to be zero. 
An immediate consequence of this result is that, for continuous 
o(x), { f(D) }* (x) is independent of the finite lower limit xo, since by (9), 


{ f(D) o(x) = {f(D)} Xe(x). 


The same is evidently true for x»= — ©, if (x) satisfies the hypothesis of 
Theorem XV. We can now easily show that when f(D) is of type zero over 
the plane, {f(D)}*¢(x) reduces to the formal result obtained by expanding 
f(D) in powers of D. The function ¢(x) is of course assumed to be analytic 
in a left neighborhood of «=X. We can then choose x; sufficiently near X 
to apply the Leibnitz expansion (41) to {f(D)}2¢(«). We thus have 


Now f(D) is of type zero over the plane for every n. Hence 
{f(D) 1 = = (PO), 


the last by (46). We therefore have the standard expansion 
) 


(62) {f(D) = f(0)$(X) + 


Suppose now, conversely, that { ne is independent of xo in a 
certain xo interval. Differentiation of (9) with respect to xo gives 


A[f])(X — x)$(xo) = 0. 


If then (xo) does not vanish in this interval, A[f](#) must vanish over a 
corresponding interval. Now formula (8) shows A[f](é) to be an analytic 
function of ¢ for every real and positive ¢. Hence if A[f](#) vanishes over an 
interval, it vanishes identically. The question thus raised is answered by 


Tueorem XX. If f(D) is of finite order, A[f\(t) vanishes identically when, 
and only when, f(D) is a polynomial; if f(D) is of type zero, A[f](t) vanishes 
identicallly when, and only when, f(D) is of type zero over the plane. 

The direct part of this theorem has already been demonstrated. As for 
the converses, let f(D) first be of finite order p. Then f(D) will be of order 
zero, so that, for R(a) >d, we shall have, by (48), 
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f(a) = [f 


Since under our hypothesis A [f](#)=0, (37) gives us A[f](#)=0, so that 
f(a) =0 for all a’s in at least a half-plane. f(a) is therefore a polynomial in 
that half-plane, and, being analytic, is a polynomial throughout. 

Now let f(D) be of type zero, with A[f](#)=0. Then, for R(a)>d, 


f(D) = {f(D)}* 


We can apply (45) to the first member of this equation; and, as e** is an en- 
tire function of x, (41) will yield a convergent series for the second. We thus 
get 


"(D)}%1 "(D)}*1 


fla) = {f(D)} 71+ 
Since this power series in @ converges in a half-plane of a, its radius of con- 
vergence must be infinite, and so f(a) is entire. To prove that it is of type 
zero over the plane, note that, from the series, we have 


= f~(O). 


Now let X be any positive number, however small, and choose x; between 
0 and X. Formula (41) will then yield the convergent series 


{ f(D) = — + X-3f"(0) — -- 
Since this converges for every positive X we must have 


lim [ = 0. 


This condition on the coefficients of the expansion of an entire f(z) in powers 
of z is equivalent to condition (b) of §3 holding over the z-plane. Hence f(z) 
is of type zero over the plane. 

The scope of Theorem XX is clarified by the following two observations. 
First, f(z) may be entire, and of type zero in a sector of angle greater than 7, 
and yet not of type zero over the plane; secondly, f(z) may be a transcendental 
function of type zero over the plane without being of genus zero. For the first 
case consider the function 


f(z) = 
0 


Since the integral converges uniformly over every bounded region of the 
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z-plane, f(z) is an entire analytic function of z. Now it can easily be seen that, 
if ¢ is considered as a complex variable, the positive half of the real ¢ axis, 
used in the above integral for contour, can be replaced by any half-line from 
the origin which makes an angle @ between — 7/4 and 7/4 with that positive 
t axis. For any one @, we find 
Ag 

R(e*z) + Be 
for R(e*z)>—Be. By combining the inequalities for and 6= we 
thus easily see that f(z) is in fact of order zero over any sector of angle less 
than 32/2 bisected by the positive half of the real z axis. It is therefore also 
of type zero. That it is not of type zero over the plane is seen by considering 
negative real values of z, for which we have, with arbitrarily large NV, 


N —N? 
> f e~*te-'dt > — 1]. 
0 
For the second observation consider 
= TI E | 
z) = — —--—— 
(n log n)? 
whose zeros are +m log n,n =2,3,---. >1/(n log m) does not converge, 
f(z) is not of genus zero. On the other hand 
sinh (x | z| /log NV) 
/logN 


f(z) |< < 


n log n 


n=2 


where Py(|z|) is the polynomial in |z| formed from the first N —2 factors. 
By expressing the hyperbolic sine in terms of exponentials, we see that 
condition (b) of §3 is satisfied over the plane, that is, f(z) is of type zero over 
the plane.* 

15. The Laplace integral equation. Except for a few results that fol- 
lowed directly from our definition of generalized differentiation, the pre- 
ceding sections studied that definition for operators which we called of type 
zero. In the present and following sections, we shall make an independent 
study of operators given as Laplace integrals. We have seen in $11 that 
A[f]@® satisfies the Laplace integral equation (48) when f(D) is of order 
zero. We turn now to an extension of the converse of this result. 

It has been shown in the literature that if [°y(#)e**dt, where y(t) is 


* For the standard derivation of the same inequalities in the case of functions of genus zero see- 
Borel, Fonctions Entiéres, chapter 3. 
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continuous for ‘2a, converges for {=f o, then it converges for all ¢’s with 
R(¢)>R(Ko), and represents an analytic function of ¢ in that half-plane.* 
This proof is readily extended to the case where y/(¢) is continuous only for 
t>a, by breaking up the interval of integration. With this in mind we state 


THEOREM XXI. Let y(t) be a continuous function of t for t>0, and let 
SSv@e*'dt, considered improper at both its limits, converge for some value of ¢. 
Then, if 


f = 
0 


in the resulting half-plane of convergence, we will have, for t>0, 


Axr—+0 


Before we turn to the proof, note that when f(D) is of order zero, A [f](é) 
may be discontinuous for ¢=0. Hence the assumption of continuity for y(¢) 
only for positive ¢. Such an assumption of mere continuity is in accord with 
the literature. Since we have observed that for f(D) not only of order zero, 
but of type zero, A[f](é) is analytic for positive ¢, we see that the present 
development must be a quite independent study of our fundamental defini- 
tion. 

The proof of the convergence theorem for Laplace integrals can easily 
be extended to show that successive derivatives of the integral can be found 
by differentiating under the integral sign. We therefore find, for the f(¢) 
of our theorem, 

on rf(r) p—t/Azgr 
(= /Ax) _ 


o 


A[f](r, Ax) = 


provided 1/Az is in the half-plane of convergence. Let t=rAx-r. With the 
help of Stirling’s formula for r! we obtain 
2 1/2 2 
A[f](r, Ax) = f 

1+¢€, 0 
where ¢,—0 as r-«. The function er attains a maximum value of one 
for 7=1. Hence (e!~*r)’ stays equal to one for r=1 as ro, but otherwise 
becomes inappreciable, as r increases, except for an ever narrowing neighbor- 
hood of r=1. This suggests that we break up the integral over limits 
(0, 1—A), (1—A, 1+A), (1+A, ©), where A is between zero and one, and 


* For references, see Pincherie, loc. cit., p. 40. 
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show that the first and third parts can be neglected in finding the limit of 
A[f](r, Ax). 

With this in mind, let b be a real number in the half-plane of convergence 
of the Laplace integral. That means, with our change of variable, that 


0 


converges. Now rewrite the integrand (e!*r)"(rAx-r) so that it reads 
For fixed A, and sufficiently small, 
will monotonically increase from r=0 to r=1—XA, and mono- 
tonically decrease from r=1+A tor= 0. Wecan therefore apply the second 
law of the mean for integrals,* and obtain, with 0<@<1-—-A, 


f (el-tt (vyAx-7)dr 
0 


0 


6 


The first term of the right hand member is always zero. As for the second 
term, the integral, expressed in the original variable ¢, is 
1 prac) 

— e~ (t)dt, 

TAX 2-8 
and, due to the convergence of {,°e~*4p(#)dt, stays bounded irrespective of its 
limits of integration, as rAx approaches a finite limit. On the other hand, as 
Ax—>+0, e!-*+*42-77, for r=1—X, becomes and remains less than a fixed 
positive quantity which is itself less than one. Since at the same time r 
must increase indefinitely, we thus obtain 


[r/(2r) 
lim ——— 
arto 
Hence the (0, 1—A) contribution to A [f](r, Ax) can be neglected in studying 
its limit. An entirely similar proof shows the same to be true of the (1+A, ©) 
contribution. We thus have, provided either limit exists, 


tr)? = 0. 


* In the present instance we need the second law of the mean for an improper integral that may 
be only conditionally convergent. If, however, we first apply this law to the corresponding integral 
with positive lower limit « (see de la Vallée Poussin, Cours d’ Analyse, vol. 2, 1925, pp. 1-3) and if we 
then let @ be a limit value of the corresponding 0,’s as e—-+0, we easily obtain the desired result. 
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lim A[f](r,Ax) = lim 
Ax>+0 ) +, 


rAzeot 


—r 


Since (e!~*r)’ is positive, and ¥(rAx-r) is continuous in r, we have 


r/(Qme) 


[r/(2m) 
= y[rAx(1 + f (er) "dr, 
1 + 
with —1<@<1. Now consider the special case ¥(#)=1. From the Laplace 
integral we find 


For this f direct calculation gives 


so that, from the above expression for lim A [f](r, Ax), we obtain 


+e, =" 


Combining these results, we thus see that 


lim sup A [f](r, Ax) S My, lim inf A [f](r, Ax) = m, 
Ax—+0 
where M, and my are the upper and lower bounds of ~[#(1+6A) ] as @ varies 
from —1 to 1. Now let A->+0. The continuity of Y makes M) and m, both 
approach y(¢) as limit. Hence the upper and lower limits of A[f](r, Ax) 
both equal i.e., A[f](@ exists, and equals 
16. Operator expressed as a Laplace integral. With the help of the pre- 
ceding section we shall now prove 


THEOREM XXII. Jf f(¢) is given by the convergent Laplace integral 
= 
0 


where W(t) is continuous for positive t, and the integral is considered improper 
at both its limits, and if (x) is continuous in the closed interval (xo, X), then 
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x 
(64) = [v(x 


under either of the following two auxiliary conditions: 
(a) the improper integral J* y(t)dt is absolutely convergent for positive h; 
(b) $(x) has a finite total variation in a left neighborhood of x =X. 


It may be worth noting that (a) is the necessary and sufficient condition 
on a ¥(#) continuous for positive ¢ that [2¥(X —x)¢(x)dx converge for every 
continuous ¢(x); while (b) is the necessary and sufficient condition on a 
continuous ¢(x) that this integral converge for every ¥(¢) which is continuous 
for positive ¢, and for which ¥(t)dt converges. 

Since the preceding section proves that A[/](#) exists, and equals (i), 
it is sufficient for the proof of our theorem, as in the treatment of operators 
of order zero given in §5, to show that 


A x 
lim lim sup { i(=)} o(x)| = 0. 
ho>+0 Ax—+0 Ax 


We have by definition, and from the preceding section, 


A x q 
o(x) = DAL, — = 


x— r=0 


Ax) = f —y(t)dt. 


We shall now break up this integral over limits (0, &), and (k, »), where k 
is greater than / but independent of r and Ax, and consider the two sums 
into which the above sum is thus broken up. 

The treatment of the sum arising from the integrals with limits (k, ©) 
is independent of the special conditions (a), (b). Let 


e~t/Azgr 


We observe that a,(¢) is a monotonically decreasing function of ¢ in the 
interval (k, ©), due to the inequalities k>h>rAx. The same will then be 
true of a,(¢)e** for sufficiently small Ax. As in the last section, the second law 
of the mean for integrals is applicable, and gives 


= a,(k)e* S Na,(k)e**. 


The sum in question is thus not greater in absolute value than 
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MN oa,(k)e**Ax, 
r=U 
where M is the upper bound of |¢(x)| in (xo, X). The above inequalities 
k>h>rAx also show that a,(k) increases with r, as r varies from 0 to g. 
Since (¢+1)Ax<h+Ax, we find this sum to be less in absolute value than 


(h + 


As Ax—>+0, q increases indefinitely, and so a,(k)—»0. This sum can therefore 
be neglected in our discussion. ay Fhe 
For condition (a) it will be sufficient to observe that the sum for the (0, £) 


integrals will not exceed in absolute value 
k q e~t/Azgr 
uf ve | ae 
0 r=0 


r 


t 
< =1 


But we have directly 


Hence this sum is less in absolute value than Mf « | ¥(t) |dt, and hence also 


A x k 


Now let /-++0, and at the same time let kR->+0, while keeping k>h. Due 


to the convergence of the last integral under condition (a), it will approach 
zero as limit with &, thus proving our result. 
For condition (b), we shall write this sum in the form 


q k 
r=0 0 


with a,(¢) as already defined, and use the identity 


— rAx)B,Ax = $(X) + [¢(X — Ax) — o(X)] 


[6(X — ghz) — — — 1]A2)] 


We can write 


= f wl) = 


r=8 0 r=8 


Integration by parts gives the relation 
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J = J J J | vd (t)dt. 


Let NV; be the upper bound of | f*y(r)dr| in the interval O<$¢<k. Note that 
N;,, is finite, since the convergence of the Laplace integral entails the con- 
vergence of this integral. We then have 


| <= Ny [ + | ve (2) | 


Now we easily verify that 
ye(k) <1, ve (t) = aa(t) — a(t). 


Furthermore, we have, for a,_:(#), and similarly for a,(¢), 


J ” < J 


q k 
r=8 0 


so that we find 


Returning to our identity we thus obtain 


— rAx)Ax| < 3N;[]| o(X)| + 


r=0 
where V¥_, ¢(x) is the total variation of ¢(x) in (X —h, X). Under hypothesis 
(b), this is finite for sufficiently small 4, and so does not then increase as 
h—0. On the other hand, N; approaches zero as limit, as k, along with h, 
approaches zero as limit. Our theorem is thus proved under (b). 
To illustrate (64), consider the operator B(D, n). Through the change 
of variable x =e-‘, the usual integral for the beta function becomes 


Bg, n) = fra 


where R(n) >0 (and R(¢)>0). Since condition (a) is satisfied, we thus have, 
for continuous in (xo, X), 


Zo 


x x 
(65) { B(D, n)}2,6(x) = f [1 — ]"-19(x)dx.* 


* (65) in conjunction with (44) leads to the solution of certain linear differential equations with 
exponential polynomial coefficients by means of definite integrals. Note, of course, that B(D, m) 
is of order zero for R(n)>0. 
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17. Carson’s form; e~*” as operator. Carson has given a form for gen- 
eralized differentiation which, with our notation, reads, if 


= 


then 


d x 
(66) { = x(X — x)o(x)dx.* 


We shall show that this form results from our definition in either of the fol- 
lowing two cases: 

(a) x(t) is continuous for t=0, with lim,...e*x(t) =0 for sufficiently large 
¢;x’(d) exists for t>0, and, with (x), satisfies the hypothesis of Theorem XXII. 

(b) x(t) is continuous for t>0, with f>|x(t)|dt convergent, and $'(x) 
exists, and is continuous, for x»SxSX. 

It may be noted that in case (a) Carson’s form reduces to that of §16, 
while in case (b) it is related to that of §16 much as our operators of order 
one are related to those of order zero. 

In case (a), let first x(0)=0. We have directly 


d x x 
x(X — x)o(x)dx = f x’ (X — x)o(x)dx. 


On the other hand, integration by parts of the integral for f(¢)/¢ gives 
= 
0 
so that, by Theorem XXII, we have also 


x 


(66) thus follows. If x(0)=c, we have 


fx — cletdt = 


The case just proved can therefore be applied to f(D) —c, so that 


* J. R. Carson, The Heaviside operational calculus, Bulletin of the American Mathematical Soci- 
ety, vol. 32 (1926), pp. 43-68. Numerous papers on this subject by Carson are to be found in the 
Bell System Technical Journal. 
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{#(D) — = AS — x) — ¢)o(x)dx, 


which easily reduces to (66) 
In case (b), replace X —x by a new variable. We thus get 


d * x 


where we returned to the old variable x in the end. Now by §§15 and 16 


x 
If we turn then to the first existence proof for operators of finite order, with 
p=1, we see that it will hold here provided 


p 
| A I(r, Ax) | Ae 
r=0 
is bounded as Ax—>+0. But the discussion of $16, with u~'f(u) in place of 
f(u), shows that for k>X—x» 


P k 
lim sup Ir, Aa) | az f |, 
Ax—+0 r=0 0 
which is here assumed finite. Hence formula (17), with p=1, can be used to 
give 

which is just what we found for the other member of (66). 

More generally, if x(¢) and ¢(x) satisfy the hypothesis of Theorem XXII, 
(66) is equivalent to the relation 


{ f(D) = 


which offers no difficulty when f(D) is of finite order, or of type zero (see §7). 
However, the complete discussion of this relation when f(£)/¢ is given by a 
Laplace integral offers considerable difficulty, and can only be made} the 
subject of a separate investigation. We shall merely append an examination 
of the special operator e~*?, a>0, which, in addition to its relation to the 
Laplace integral treatment, throws considerable light on our previous work 
with operators of type zero. 
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This operator comes under Carson’s treatment by assigning to x(¢) the 
value 0, for OSt Sa, 1, for >a. Since x(¢) is not even continuous for ¢>0, 
agreement of the results with our definition cannot be sought for in the above 
two cases, but must be obtained directly. From our definition, 


(x) = > — rAx), p= 
Ax 
The coefficient of ¢(X —rAx) attains its largest value for rAx<aS(r+1)Az. 
As in the treatment of the Laplace integral equation, it can be shown that 
only values of rAx in a neighborhood of this value affect the limit as Ax—+0. 
We thus similarly obtain, for continuous ¢(x), 


(67) X — <a: =0;X¥ —x%>a: { (x) = ¢(X— a),* 
which agree exactly with Carson’s results.| We may note in passing, that 


(31) gives the relation 


r —alArgs 


A [e~*f(u) \(r, Ax) = ———A[f(u) — s, Az), 


ene 
from which, in a similar manner, we find 
(68) < a: A[é-f(u) = 0; > a: A[e~*f(u)] = ALf(u)](¢ a), 


provided f(D) is of type zero. If we replace f(u) by u~'f(u), we also obtain, 
by (12), 


(69) X—xo<a: {e-*f(D) = f(D) 1. 


Consider now some non-formal aspects of this and related operators. We 
found in §3 that, when f(D) is of type zero, A[f](¢) exists for every positive 
t. By contrast, the formula 


* For X—xo=a, terms on but one side of the maximum are included. Due to approximate 
symmetry of the coefficients with respect to this maximum, the result for X—xo=a is seen to be 
(X—a)/2. 

Tt The reader may be interested in the following formal “derivation” of the formula of §16 from 
this formula. Writing symbolically 


f(D) = 


and noting that {etD} X 4(x) vanishes for we would be led to 
X-z, 


By replacing X —t by x, we obtain the formula in question. A rigorous proof along these lines may be 
possible. 
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e~A[*](r, Ax) 

shows that A [e-*“](¢), while zero for every other positive #, fails to exist for 
t=a through becoming infinite. Stronger still is the contrast furnished by 
e*?, a>0, for which A [e™](¢) fails to exist for every positive ¢ not exceeding 
a certain positive a, and is zero for >a. Of course e~*? and e* are not of 
type zero. They are however closely related to operators of type zero, since 
the corresponding analytic functions satisfy the analyticity condition (a), 
given in §3, for operators of type zero, and also the inequality of (b), not, 
however, for each positive x, but only for x >o, ko>0. Calling operators satis- 
fying (a), and this qualified (b), operators of type one, we easily find from 
§3 that, for them, A[/](¢) exists for ¢ greater than some positive a. Also, 
by a modification of the treatment of part (b) of §6, we obtain the existence 
and expansion in series (21) of {f(D) }7.0(z), provided X —x, is greater than 
this a and the radius of convergence of $(x) at x; is greater than X—2, by 
more than a certain fixed positive 8. These results were not included in the 
paper since the method used gave values to a and # larger than those 
demanded by the operators themselves. They serve, however, to clarify 
the non-existence of A [e-*“](#) and A [e-*](¢) for certain ?’s,* and the differ- 
ence in form of {e-2? }2, for X —x»9<a, and X —x9><a. 

We may, in fact, think of our definition of generalized differentiation as 
not beginning to work, in the latter case, until X—xo>a. As a increases, 
this period of adjustment, as we may call it, increases. It is then interesting 
to observe that in the case of the operator e~” this period of adjustment is 
never completed, since, for finite %o, 


(70) = 0. 


Here, then, we must take x)= — ©, for which, at least, (45) holds. e-?* can 
be considered of type higher than one. This failure of our definition of 
generalized differentiation, with its partial failure in the case of operators 
of type one, throws into greater relief its peculiar applicability to those 
operators we have called of type zero. 


* That A[e~“](¢) and A[e™](é) are identically zero for >a corresponds to e~*? and e*” being 
operators of type one over the plane. 
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INTEGRAL SURFACES OF PAIRS 
OF PARTIAL DIFFERENTIAL 
EQUATIONS OF THE 
THIRD ORDER* 


BY 
ERNEST P. LANE 


I. INTRODUCTION 


There is already in existence an extensive theoryf of the integral surfaces 
of linear homogeneous partial differential equations of the second order. It is 
known that, by suitable choice of the parametric curves on an integral surface 
of a single equation of this kind, the equation can be reduced to an equation of 
Laplace when the surface sustains a conjugate net, or else to an equation 
of the parabolic type when the surface sustains a one-parameter family of 
asymptotic curves. Moreover, an integral surface of two essentially distinct 
equations of the second order is either a developable surface or else is a non- 
developable surface immersed in ordinary space S;. Finally, an integral sur- 
face of three such equations is a plane. 

It is natural to seek to develop a theory of integral surfaces of equations 
of the third order analogous to the theory briefly indicated in the foregoing 
paragraph. Some work in this directiont has already been done. On an in- 
tegral surface S of a single equation of the third order of the form 


(1) + + SC Suse + Diw»t+T = 0, 


where not all of A, B, C, D are zero and T denotes, as throughout this paper, 
a linear combination of x, xu, X», Xuu, Yuv; Tov, there exists a covariantly defined 
triple§ of one-parameter families of curves whose differential equation is 


(2) Ddu*® — 3Cdu?dv + 3Bdudv? — Adv* = 0. 


In fact, it will be shown in the next paragraph that at each point P, of the 
surface S the triple of directions of these curves is the unique triple which is 


* Presented to the Society, December 30, 1929; received by the editors November 20, 1929. 

Tt Segre, Su una classe di superficie degl’iperspazi legata colle equazioni lineari alle derivate parziali 
di 2° ordine, Atti della Reale Accademia delle Scienze di Torino, vol. 42 (1907), p. 1047. 

t Bompiani, Determinazione delle superficie integrali d’un sistema di equazioni a derivate parziali 
lineari ed omogenee, Rendiconti del Reale Istituto Lombardo di Scienze e Lettere, vol. 52 (1919), 
p. 626. 

§ Segre, loc. cit., p. 1079. 
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apolar to every triple of directions of curves of section of S and a suitably 
restricted variable hyperplane through P,. There are different possibilities 
as to the coincidences of the families of curves (2), and as to the correspond- 
ing canonical forms that can be obtained for equation (1) by appropriate 
choices of the parametric curves on the surface S. 

We shall now explain more precisely Segre’s geometrical definition of the 
covariant triple. »f one-parameter families of curves represented analytically 
by equation (2). Let us consider a point P, on a surface S, and indicate as 
usual by the symbol S (2, 0) the linear space of least dimensions that con- 
tains the osculating plane at the point P, of every curve on the surface S$ 
that passes through P,. It is well known that this space is determined by the 
six points %, Xu, %», Yuu, Xuv, Xv, SO that it is ordinarily a space of five dimen- 
sions. Any hyperplane with coédrdinates &, - - - , "+, which contains the 
space S (2, 0), is restricted by the conditions 


(2a) = 0, 0, 0, = 0, = 0, =0, 


the summation ranging from 1 to m+1. This hyperplane cuts the surface 
S in a curve with a triple point at P,, the directions of the triple-point 
tangents being given by the equation 


But by means of the conditions (2a) we find from equation (1) the relation 
A + 3B + 3C +D = 0, 


which says that at the point P, the triple of directions given by equation (2) 
is the unique triple of directions which is apolar to every triple of directions 
given by equation (2b). Geometrically, if three directions (2b) coincide at 
all, they coincide in one of the three directions (2). Thus the origin of equa- 
tion (2) and its geometrical significance are made clearer. 

This paper is concerned with integral surfaces of a pair of linear homo- 
geneous partial differential equations of the third order. The first problem 
is to reduce the pair of equations to canonical forms. It is found that there 
are six such canonical forms corresponding to six projectively distinct geo- 
metrically described classes of integral surfaces. The basis of the classifica- 
tion lies in the discussion of the singular triples of covariant families of curves 
in the next section, where the first canonical form is obtained. In the third 
section the other five canonical forms are reached. In the fourth section the 
integrability conditions are briefly discussed, and some geometric results are 
obtained. 
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II. THE FIRST CANONICAL FORM OF THE DIFFERENTIAL EQUATIONS 


In this section singular covariant triples of families of curves are defined 
on an integral surface of a pair of differential equations of the third order, 
and a beginning is made of the reduction of the pair of equations to canonical 
forms, the first canonical form being obtained. 

Let us consider in a linear projective space of m dimensions S, an integral 
surface S of a pair of differential equations of the form 


A + 3Bruuv + + Devvv + T = 
A’ tuuu + 3B tune + SC’ + + T’ = 0. 


Let us suppose that these equations are essentially distinct in the sense that 
the respective coefficients of the third derivatives are not proportional. Let 
us further suppose that the surface S is not an integral surface of more than 
two essentially distinct equations of the third order, and is not an integral 
surface of any equation of the second order. 

The surface S is an integral surface of a pencil* of differential equations. 
A general one of these can be written, on multiplying the first of equations 
(3) by a function A and the second by y, in the form 


(4) + + + + T = 0, 


(3) 


where 
(5) B=AB+HB’, y=r+HC'’, 5=AD+ yD". 


On the surface S there exists a system of covariant triples of one-para- 
meter families of curves. This system depends linearly on the ratio A/y, 
the differential equation of a general triple being, after the analogy of equa- 
ton (2), 


(6) ddu® — 3ydu*dv + 3Bdudv? — = 0. 


Such of these triples as consist of two coincident families and one distinct 
family will be called singular triples of the first kind, the two coincident 
families may be referred to as a double family, and the distinct family as a 
single family. Such of the triples as consist of three coincident families will 
be called singular triples of the second kind; the three coincident families may 
be referred to as a three-fold family. Those values of \/u which correspond 
to singular triples are roots of the quartic equation obtained by setting equal 
to zero the discriminant of the binary cubic form in equation (6), namely, 


(7) (ad — By)? — 4(ay — B?)(65 — 7”) = 0. 


* Bompiani, loc. cit., p. 630. 
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Furthermore, those values of \/u which correspond to singular triples of the 
second kind are roots of the three quadratic equations 


(8) ai — By = 0, ay — Bf? = 0, B56 — y? = 0. 


The differential equations (4) that correspond to values of A/u satisfying 
equation (7) may be called singular equations. 

Since every algebraic equation has at least one root, it follows that on 
every integral surface S of system (3) there is at least one singular triple of fami- 
lies of curves. Let us suppose in the remainder of this section that the surface 
S sustains no singular triple of the first kind. Then there exists on S at least 
one singular triple of the second kind. Let us suppose that we have made a 
transformation of parameters so that the curves of this singular triple have 
become the u-curves. Now equation (6) shows that there exists a value of 
the ratio \/u such that B=7y=5=0, a0. Let us take as the second of equa- 
tions (3) the equation (4) that corresponds to this value of \/u. Thus we 
see that the fundamental differential equations can be written in the form 


(9) 3Bruuv + 3CXuve + Dxvvv +T= 0, 
+ T’ = 0. 


Equations (5) now become 


(10) B=dAB, y=, 


and therefore equation (7) reduces to 
(11) B°(4BD — 3C*)d? + 2C(2C? — 3BD)du + = 0, 


while equations (8) become 
(12) — ABC) = 0, drAB*) =0, A(BD—C?) =0. 


System (9) can be still further simplified. Every solution of equation 
(11) must, under the hypotheses that have been made, also satisfy equations 
(12). It is obvious that the solution \=0 does so. Now it can be shown that 
D+#0 by showing that the supposition D=0 leads to a contradiction; the 
details of this indirect proof need not be elaborated here beyond saying that 
two cases may be considered according as C=0 or C#0. Let us take D=1; 
the second factor of the left member of equation (11) vanishes only if \+0. 
The third of equations (12) gives B=C?, and equation (11) now becomes 


— 4)? = 


equations (12) being all satisfied by the roots of this equation. Therefore 
equations (9) can be written in the form 


0 

0, 
4 

a 
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+ + T = 0, 
Xuuu + T’ = 0. 


On an integral surface S of this system the covariant triples have the differential 
equation 


(14) — Cdv)* + (C*A — dv? = 0. 


Of these triples the only ones that are singular are the one for which X=0 and 
the one for which C*\—p=0. 

In order to make the final step in the reduction of system (3) to the first 
canonical form, let us observe that the v-curves on the surface S have not 
yet been specialized. Let us suppose that they are now chosen as the curves 
of the singular triple for which C-\—y=0. This choice amounts to making 
C =0 in equations (13). Our results may be summarized as follows. 

If the integral surfaces of system (3) have on them no singular triples of the 
first kind, then this system can be reduced to the canonical form 


(15) + T= 0, + T’ 0, 


(13) 


for which the differential equation of a general covariant triple is 
(16) Adu? — pdv? = 0, 


and the singular triples are given by \*y? =0. 


Incidentally it has been shown that there are just two distinct singular triples 
of the second kind on an integral surface S of a system of the form (3) which 
has on it no singular triple of the first kind. 


III. COMPLETION OF THE REDUCTION TO CANONICAL FORMS 


In this section the reduction of system (3) to canonical forms is continued 
and completed. Having already considered and disposed of the case in 
which an integral surface of system (3) has on it no singular triple of the first 
kind, we may now suppose that an integral surface S has on it at least one 
singular triple of the first kind. Let us suppose that the parametric curves 
on the surface S have been so chosen that the double family of a singular 
triple of the first kind consists of the w-curves and the single family consists 
of the v-curves. Now equation (6) shows that there exists a value of the ratio 
/u such that a=y=5=0, B~0. Let us take the equation (4) that cor- 
responds to this value of \/u as the second of equations (3). Thus we see 
that we can use as our fundamental equations the system 


+ + T= 0, 


17 
(17) 3Xuuv + T’ = 0. 
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Equations (5) now become 

(18) yY=N, ND, 

and therefore equation (7) reduces to 

(19) A(AD? + 4C*)\3 — — 3C*Au? + = 0, 
while equations (8) become 

(20) MAAD — wC) = 0, NAC — pw? =0, — = O. 


It can be shown by an indirect proof that there is another singular triple 
on the surface S besides the triple dudv?=0. In fact, if there were no other 
singular triple then \=0 would be a quadruple root of equation (19). Con- 
sequently we should have C=D=0, A #0. Taking A =1 we should find from 
equation (6) that every triple of the system 


3ududv? — ddv? = 0 


is singular, and a contradiction would thus be reached. 

System (17) can be reduced still more by taking as the first equation 
therein another singular equation. Then u=0 is a solution of equation (19). 
It follows that 


(21) A(AD* + 4C%) = 0. 
Three possibilities present themselves: 
A=0, C#0. 
A=0, C=0, D#0. 
A #0, AD? + 4C* = 0. 
Let us for the moment suppose that the singular triple corresponding to 
u=0 is of the second kind. Since »=0 must be a solution of equations (20) 


it follows that C=AD=0, and two cases appear. First, if C=A=0, D=1, 
system (17) takes the canonical form 


(22) T=0, 3xuue+ 7’ =0, 
for which the differential equation of the covariant triples is 


Adu® + 3ududv? = 0, 


and the singular triples are given by Auv’=0. Therefore on an integral surface 
of system (22) there is one singular triple of the first kind and one of the second 
kind, so related that the curves of the three-fold family of the second triple are the 


4 
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curves of the single family of the first triple. In the second case, when C= D=0, 
A =1, the canonical form of system (17) is 


(23) Lune T= 0, + T’ = 0. 
The differential equation of the covariant triples is 
3yududv? — = 0, 


and the singular triples are indeterminate, every covariant triple being singular. 
There are a one-parameter family of singular triples of the first kind and just 
one singular triple of the second kind on an integral surface of system (23). 

Let us finally suppose that the singular triple corresponding to n=0 is 
of the first kind. The possibilities not yet considered are the following: 


1. A=0, C #0. 
2. ACD #¥ 0, AD* + 4C* = 0. 


It is necessary to consider two subcases in connection with the first possi- 
bility, according as D=0 or D0. In the first subcase, when A = D=0, 
C =1, the canonical form of system (17) is 


(24) T=0, 7’ = 0. 


The differential equation of the covariant triples is 


Adu?dv — pdudv? = 0, 


and the singular triples are given by \*u?=0. On an integral surface of system 
(24) there are just two singular triples; both are of the first kind; the single family 
of each triple is the double family of the other. In the second subcase, when A = 
0, C=1, D0, the canonical form of system (17) is 


(25) + + T = 0, + T’ = 
The differential equation of the covariant triples is 
ADdu® — 3ddu*dv + 3ududv? = 0, 


and the singular triples are given by \u?(3\—4Dy) =0, their differential 
equations being, respectively, 


dudv? = 0, du?(Ddu — 3dv) = 0, du(2Ddu — 3dv)? = 0. 
On an integral surface of system (25) there are just three singular triples; all 


are of the first kind; two of these triples have the same single family, which is also 
the double family of the other triple. 
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For the last possibility, when AC¥0, D=1, A = —4C*, the canonical 
form of system (17) is 


(26) — + + + T= + T’ = 0. 
The differential equation of the covariant triples is 

Adu® — + 3ydudv? + = 0, 
and the singular triples are given by Au =0 and 

u/s = [3 + 5(— 15)"?]C?/8, 
their differential equations being, respectively, 
(27) dudy? = 0, (du + Cdv)(du — 2Cdv)? = 0, 
{4du + [1 15)'/2]Cdv}?{2du + [— 7 + (— 15)/?2]Cdv} = 0. 


On an integral suface of system (26) there are four singular triples; all are of 
the first kind; there is no family common to any two of the singular triples. 

Thus the reduction of system (3) to canonical forms is completed. There 
are six of these forms written in equations (15), (22), (23), (24), (25), (26). 
Each canonical form has been characterized by a different projective geomet- 
ric description of its integral surfaces, as may be clearly seen in the follow- 
ing way. Let us associate with each canonical form a symbol (9, qg) to in- 
dicate that on an integral surface there are p singular triples of the first kind 
and g of the second kind. Then the six canonical forms in the order designated 
above have, respectively, the symbols 

(0,2), (1,1), (2,1), (2,0), (3,0), (4,0), 
which are obviously all distinct. 

It seems appropriate to say here precisely what is the relation between 
the present paper and the paper of Bompiani cited earlier. On page 630 of 
his paper Bompiani attacks the problem of reducing a pair of third-order 
equations to canonical forms, using apparently the same point of view that we 
have adopted. On page 631, he erroneously states* that “since the dis- 
criminant itself is of the third degree in the coefficients, therefore in the param- 
eter, there will exist in general three equations in the pencil having the de- 
sired property.” The words third and three should obviously be fourth and 
four, respectively. He obtains our equations (17), and then, appealing to some 
general theory developed earlier in his paper, arrives at two canonical forms 
which do not differ essentially from our canonical forms (23) and (24). He 
does not discover our four other canonical forms. He does not develop a 


* Author’s translation. 
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theory based on our canonical form (23), but confines his further studies to 
our canonical form (24), obtaining extremely interesting results to which we 
shall refer again in the next section. 


IV. DEDUCTIONS FROM THE CANONICAL FORMS 


For each of the six canonical forms of the differential equations under 
consideration there are certain integrability conditions that must be satis- 
fied by the coefficients. The complete calculation of all of these would extend 
this paper beyond the bounds assigned for it. So the integrability conditions 
will only be discussed briefly in the first four cases here. The reader is re- 
ferred for further details of these cases and the theory of the last two cases 
to the work of one of my students, Mr. C. F. Bowles, who is following up this 
study in his Chicago doctoral dissertation. Moreover, there are certain geo- 
metrical consequences easily deducible from the differential equations and 
the integrability conditions. Some of these geometrical results will also 
claim our attention in this section. 

It is convenient to rewrite equations (15) in order to give explicit ex- 
pressions for the terms of the second and lower orders: 


Nuun = AXun + + + + mx, + dx, 


(28) 
= San + h' Xu» + + + X» + d'x. 


The form of these equations readily yields a geometric theorem, the state- 


ment of which is facilitated by Bompiani’s definition of the osculating space 
S(k, 0) at a point P, of a surface. This space S(k, 0) is the linear space of least 
dimensions containing the osculating linear space of k dimensions S;, at the 
point P, of every curve on the surface through P,. It follows from this defini- 
tion that the space S(k,0) is determined by x and the derivatives of x up to 
and including those of order k, so that the space S(k,0) is ordinarily of $k 
-(k+3) dimensions. In particular, as was pointed out in Section I, the space 
S(2,0) at a general point of one of our surfaces is the space S; of the points 


(29) 


Now the form of the first of equations (28) shows* that the osculating space 
S;3 at any point of a u-curve on an integral surface of system (28) lies in the space 
S(2, 0) of the surface at the point. The second of (28) gives a similar theorem 
regarding any v-curve on the surface. 

We may be permitted to indicate here a couple of well known facts. The 
space S(3, 0) at a point of a surface is ordinarily a space Sy. But at a point 


* Bompiani, loc. cit., p. 628. 
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of an integral surface of two equations of the third order, such as we have 
under consideration in this paper, the space S(3, 0) is a space S;, since the 
two equations are two linear relations connecting the ten points determining 
the space S(3, 0). 

Let us consider the integrability conditions of equations (28). By means 
of the processes of differentiation and substitution it is possible to express 
each of the derivatives Xuuuu, Xuuuv; Xuvvv, Uniquely as a linear combina- 
tion of Xuu», Xue» and derivatives of lower orders including x undifferentiated. 
Then it is possible to express each of the fifth derivatives of x as a linear 
combination of the same derivatives and xu». Consequently the deriva- 
tive Xuuuvv» can be calculated in two ways as a linear combination of %uuvv, 
Xuuvy Luv» and derivatives of lower orders. When these two expressions are 
equated, two cases arise, according as a,b,’ or a,=b,’. In the first case, 
when a,5,’, we obtain a differential equation of the fourth order in which 
the only fourth derivative is x11... Therefore, if a,#bi, every fourth deriva- 
tive of x can be expressed as a linear combination of Xuuv, Xuvv and derivatives 
of lower orders, and an iniegral surface of system (28) is immersed in a space 
S;. The integrability conditions are to be found from the fact that each of 
the derivatives Xyuuvv ANd Xuu»»» can be calculated in two ways. In the 
second case, when a,=5,’, a differential equation of the third order results 
when the two expressions for Xuuu.v» are equated. In virtue of assumptions 


already made, this equation must be an identity so that eight additional 

integrability conditions are found. Therefore, if a,=b,’, every fifth derivative 

of x can be expressed as a linear combination of Xuuvv, Xuuvy Luv» and derivatives 

of lower orders, and an integral surface of system (28) is immersed in a space Ss. 
Let us rewrite equations (22) in the form 


= + + bxv» + lxy + MX» + dx, 


(30) : 
= Xun + Xuy +O + + m'x, + d'x. 


The second of these equations tells us again that the osculating space Ss at 
each point of a v-curve is the space S(2, 0) at the point. 

In order to calculate the integrability conditions of system (30) one would 
first of all express Xuuuv, Xuuvvy Xvvvv aS linear combinations of Xuuu, 
Xuvy and derivatives of lower orders. Then Xuuuuv, Luuusv, 
*»vvv» can be expressed as linear combinations of Xuuuu, Xuuu» Xuv» and deriva- 
tives of lower orders; moreover, Xuuv»» can be so expressed in two ways, 
the coefficient of xu.««. being zero in one expression and being a’ in the other. 
When these two expressions are equated, two cases arise, according as a’ 
~0, or a’=0. In the first case, when a’ +0, we obtain a differential equation 


| 
“ 
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of the fourth order in which the only fourth derivative is x..u.. Therefore, 
if a’ #0, every fourth derivative of x can be expressed as a linear combination 
Of Xuuuy Luv» and derivatives of lower orders, and an integral surface of sys- 
tem (30) is immersed in a space S;. The integrability conditions are to be 
found from two expressions for Xuuuu». In the second case, when a’=0, a 
differential equation of the third order results when the two expressions for 
Xuuvvy are equated, which must be an identity, so that eight other integra- 
bility conditions are found, but the space of immersion of an integral surface 
of system (30) is not restricted to be other than a space S,, with n=7. 


Rewriting equations (23) in the form 
(31) = OXun + hxu» + + + mx, + dx, 
Luuv = Xuu + tue + Zee + + m' xX» + d’x 


we observe that the osculating space S; at each point of a u-curve lies in the 
space S(2, 0) at the point. The derivatives %uuuu, Tuuvv can be expressed 
uniquely as linear combinations of x,»0, %»»» and derivatives of lower orders, 
whereas 141.» can be so expressed in two ways. Equating the two expressions 
for Xuuu», We Obtain the following eight integrability conditions: 
+l, +ah+h? +m, 
ab’ + m= bf + h'd’, =1i +al+hl +d, 
m,+am'+d=m! +am+h'm', 
d,+ad=di/+ad+hd. 


(32) 


It is not possible to express, by the processes of differentiation and substitu- 
tion, all derivatives of the fifth or any higher order in terms of derivatives 
of lower order. Therefore an integral surface of system (31) may lie in any 
space S, with n=7. 

Equations (24) may be rewritten in the form 


Xuuv = + + + lxy + MXy + dx, 


(33) 
Xuve = Xun + + + m'x, + d'x. 


This system of equations together with the integrability conditions and the 
integral surfaces thereof have been studied by Bompiani,* who has considered 
the analogy between this system of two equations of the third order and the 
Laplace equation of the second order, and has studied particularly transfor- 
mations of this system analogous to the well known transformations of La- 
place for the equation that bears his name. Equating the two expressions 


* Bompiani, loc. cit., pp. 632-636. 
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for Xuu»» obtainable for equations (33) leads to eight integrability conditions 
of which two are a’=b=0. The space in which the integral surfaces lie is 
any space S, with n=7. 

There is an interesting interpretation of the conditions a’ =b=0 which 
seems to have escaped notice hitherto. Let us consider the ruled surface R, 
of u-tangents constructed at points of a v-curve. Let us consider the linear 
space of least dimensions which contains the osculating planes, at points of 
a generator xx, of the surface R., of every curve on R, that intersects the 
generator xx,. This space is determined by the points x, %,, Xv», Xu, Xuvy 
Xu»» and is ordinarily a space S; called the tangent space S; of the ruled sur- 
face R, along the generator xx,. But the last of equations (33) shows that for 
an integral surface of these equations this space is a space S,. Therefore, 
for an integral surface of equations (33), the osculating planes, at points on a 
generator xx, on a ruled surface R.,, of all the curves on R,, that intersect the line 
xx, lie in a space S,. There is a symmetric theorem with u and 2 interchanged. 

The analogy which interested Bompiani is further illuminated by the 
following consideration. One of my students, Mr. G. D. Gore, has remarked 
to me that if two surfaces have their points in one-to-one correspondence 
so that their tangent planes at corresponding points intersect in straight lines, 
then each surface is an integral surface of a system of equations of the type 
(33), or else of an equation of Laplace, provided that the parameters of the 
surfaces are suitably chosen. 
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ON THE OVERCONVERGENCE OF SEQUENCES OF 
POLYNOMIALS OF BEST APPROXIMATION* 


BY 
J. L. WALSH 


1. Introduction. There are many cases where the sequence of polynomials 
of best approximation to an analytic function in a given region C converges 
to that function (or its analytic extension) not merely in C but in a larger 
region containing C in its interior. It is the object of the present paper to 
show that many such results can be derived easily from a single general 
theorem on the degree of approximation to an analytic function. We shall 
discuss also the corresponding facts for approximation to harmonic functions 
by harmonic polynomials; the analogy between the two theories is close. 
There are a number of cases to be treated, according as best approximation 
is measured (1) in the sense of Tchebycheff, (2) by line integrals taken over 
the curve bounding the region considered, (3) by line integrals taken over 
the unit circle in a new plane, after conformal mapping of the original 
region onto the interior of this circle, or (4) by surface integrals over the 
original region. 

The term overconvergence is used to denote the behavior mentioned 
above, that although a given function is defined and approximated in a 
certain region, the sequence of polynomials approximating the function in 
the given region may converge uniformly in a larger region containing the 
given region in its interior. The term overconvergence has recently been 
used by Ostrowski in a somewhat different connection. Our primary topic 
is the overconvergence of sequences of polynomials, but we devote some 
space (§$§11, 12) also to approximation where overconvergence need not 
take place. 


THEOREM I. Let C be an arbitrary closed limited point set (not a single 
point) of the z-plane, whose complementary set with respect to the entire plane 
is simply connected. Let w=¢(z) be a function which maps conformally the 
exterior of C onto the exterior of the unit circle in the w-plane so that the points 
at infinity correspond to each other. Let Cr denote the curve |o(z)|=R>1, 
that is, the transform in the z-plane of the circle |w|=R. 


* Presented to the Society, February 22, 1930; received by the editors April 7, 1930. An abstract 
of this paper was published in the Proceedings of the National Academy of Sciences, vol. 16 (1930), 
p. 297. 
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If the function f(z) is analytic on and within Cpr, then there exist polynomials 
of respective degrees n, n=0, 1,2, - - - , such that the inequalities 


M 
(1). | f(z) — pa(z)| ae R>1, 


where M is independent of n and of z, are valid for every z in C. 

If the polynomials p,(z) are given so that (1) is valid for every z in C, then 
the sequence {p,(z)} converges everywhere interior to Cr and uniformly on 
any closed point set interior to Cr, and thus f(z) is analytic throughout the 
interior of Cr.* 

2. Tchebycheff polynomials. The Tchebycheff polynomial of degree n 
for approximation to f(z) on C is the polynomial 7,(z) of degree such that 


max | f(z) | zonc, 


is less than 
max | f(z) | zonc, 


for any other polynomial p,(z) of degree . The Tchebycheff polynomial 
exists and is unique.{ The present writer has already proved elsewheref the 
following theorem, but the proof is so short and so typical of the reasoning 
used later that it will be given here. The theorem was first proved by Faber§, 
using an entirely different method, and only in the restricted case that C is 
bounded by an analytic Jordan curve. 


THEOREM II. Let C and Cpr have the same significance as in Theorem I. 
If the function f(z) is analytic interior to Cr, then the sequence {7,(z)} of 
Tchebycheff polynomials for approximation to f(z) on C converges to f(z) in- 
terior to Cr, uniformly on an arbitrary closed point set interior to Cr. 


By the first part of Theorem I, if R; be an arbitrary number less than R, 
there exist polynomials p,(z) of respective degrees m such that 


M 
| f(z) — pn(z) | =z: zon C. 
1 


* Various parts of Theorem I are due to various writers, notably S. Bernstein, M. Riesz, Faber, 
Fjeér, Szegé. See Walsh, Miinchner Berichte, 1926, pp. 223-229. An arbitrary function of the form 
ao+ayz+ ++ * +4n3" is said to be a polynomial of degree n. 

Tt Tonelli, Annali di Matematica, (3), vol. 15 (1908), pp. 47-119. 

} See Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544, especially 
pp. 513, 514, and also Boundary values of an analytic function and the Tchebycheff method of approxima- 
lion, these Transactions vol. 32 (1930), pp. 335-390. 

§ Crelle’s Journal, vol. 150 (1920), pp. 79-106; especially p. 105. 
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This inequality, holding for the polynomials ,(z), must also hold for the 
Tchebycheff polynomials: 


M 
| — S 5 on, 
1 


and since R,<R is arbitrary, Theorem II follows from the second part of 
Theorem I. 

If C’ is an arbitrary closed limited region, we denote by C the totality 
of closed limited regions into which the boundary of C’ divides the plane; 
the boundary points of C (considered as a set of regions, not as a point set) 
are precisely the boundary points of C’, and if inequality (1) holds for all 
points of C’, or even for all points of the boundary of C’, then (1) holds also 
for all points of C. The curve Cz is defined as in Theorem I from this point 
set C, by means of the mapping of the complement of C. Thus, if the func- 
tion f(z) is analytic interior to Cr, then the sequence {x,(z)} of Tchebycheff 
polynomials for approximation to f(z) on C’ converges to f(z) interior to Cr, 
uniformly on an arbitrary closed point set interior to Cr. It will be noticed, 
in fact, that the Tchebycheff polynomial is the same for approximation to 
f(z) on C, or on C’, or on the boundary of C or C’. The function in the 
left-hand member of (1) has one and the same maximum for all these 
point sets. 

Throughout the present paper we shall use the notation Cz in the follow- 
ing sense. Let C be an arbitrary closed limited point set and D the set of 
points which can be joined to the point at infinity by Jordan arcs which do 
not meet C. Then the image of |w|=R>1 when D is mapped onto the ex- 
terior of |w|=1 in the w-plane so that the points at infinity correspond to 
each other shall be denoted by Ce. 

3. Tchebycheff approximation with a norm function. The notion of ap- 
proximation by the method of Tchebycheff with a norm function will now 
be introduced. Let the function p(z) be given continuous and different 
from zero on C. Then a Tchebycheff polynomial for approximation to f(z) 
on C with the norm function (z) is a polynomial 7,/ (z) of degree m such that 


max [| p(z)|| f(z) — w/(z)| ], on C, 


is no greater than 


max [| p(z)|| f(z) — pe (z)| J, 2 on C, 


for any other polynomial p,/ (z) of degree n. The existence of the polynomial 
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m(z) can easily be proved* and the uniqueness follows from the original 
method of Tonelli. Jf C and Cr have the same significance as in Theorem I 
and if f(z) is analytic within Cr, then the sequence of Tchebycheff polynomials 
{ar,/ (z)} for approximation to f(z) on C with an arbitrary norm function (2) 
converges to f(z) interior to Cr, uniformly on an arbitrary closed point set 
interior to Cr. 

If R; is an arbitrary number less than R, the first part of Theorem I 
informs us that a sequence of polynomials p,(z) of respective degrees m 
exists so that 


M 
| f(z) - pn(z) | =—, zonc. 
RY 
If we have |p(z) | <P for z on C, we have also 


MP 
| p(z)|| #2) — palz)| S c, 


from which follows 


MP 
| p(z) || — S—> «zon. 
Ry 
If we have |p(z)|=q>0, z on C, it follows that 
MP 
| f(z) — ——> zon, 


and our result is an immediate consequence of the second part of Theorem I. 

If we consider the ordinary Tchebycheff polynomial 7,,(z), it is of course 
a matter of indifference whether we consider approximation to f(z) on C, 
or approximation to f(z) on the boundary I of C, for the function in the left- 


* The proof as given in the case of reals for the ordinary Tchebycheff polynomial applies without 
essential change. See for instance de la Vallée Poussin, A pproximation des Fonctions, Paris, 1919, p. 74. 

Tt Loc. cit. The principal modifications to be made in his treatment are the following (in his 
notation, p. 109, except for the norm function n(x)): 

p=max |¥(x)n(x)|, Pa(xr)=¥ (ar). 
Choose e<p/2 and 6 so that |«’—x’’|<é implies 
| | <e, | <e. 
Choose w so that, in the circles |x,—x| <5, we have 
| ¥ (x) —wP,(x) | | n(x) | <u, 

and so that on the entire point set A we have 


w|Pn(x)| |n(x)|< 


where in A’ 
|¥(x)n(x) | Su’’<p. 


a 
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hand member of (1) has its maximum in C on. A similar remark holds 
for the polynomial 7,’ (z), if the norm function /p(z) is analytic on C. 

4. Approximation in the sense of least pth powers. We turn now to 
consideration of polynomials of best approximation in the sense of least 
pth powers. Let » bean arbitrary positive number greater than unity,* and 
let the point set C now be the closed interior of a rectifiable Jordan curve I. 
Let m(s) be an arbitrary function continuous and positive on I, where s 
indicates arc length on I’; this weight or norm function is usually chosen as 
unity, but that is not necessary. A polynomial of best approximation is a 
polynomial 7,,(z) of degree m such that 


f | f(z) — |?n(s)ds 
is not greater than the corresponding expression 


formed for any other polynomial p,(z) of degree m. The polynomial 7,(z) 
can easily be shown to exist; its uniqueness follows from the method recently 
used by Julia} in a similar situation. 


THEOREM III. Let the function f(z) be analytic within Cr, where the point 
set C is the interior of the rectifiable Jordan curve T. Then the sequence of poly- 
nomials {7,(z)} of best approximation to f(z) on C in the sense of least weighted 
pth powers as measured on T converges to f(z) throughout the interior of Cr, 
uniformly on any closed point set interior to Cr. 


We shall have occasion to use the following well known inequality for 
arbitrary continuous functions F(x) and G(x): 


(2) | s( f | ax) ( f |G(2)| de) 


If R, is an arbitrary number less than R, there exist by Theorem I poly- 
nomials p,(z) of respective degrees m such that 


M 
| f(z) — pa(z)| on I. 


From this it follows that M’ exists such that 


* Much of our work is valid if p is assumed merely positive. 
7 Acta Litterarum ac Scientiarum (Szeged), vol. 14 (1929), pp. 217-226. 
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M’ 


whence we deduce the corresponding inequality for the polynomials 7,(z) 
of best approximation: 


M’ 
(3) f | f(z) — ma(z) |? n(s)ds < 


The function m(s), being positive and continuous on I, has a positive mini- 
mum #’ on I’, so we may write 


(4) fi f(2) — Tn(2) |? dss dss 


Here we apply Cauchy’s integral formula 


S(2) — = —f 


and use (4) inconjunction with (2), setting a=1/p, F(x) =| f(t)—7,(2) 
G(x) =1/ |t—2|?/@-», dx = |dt|. If we so restrict z as to lie on an arbitrary 
closed point set interior to ', we have then 


Pp 


(5) | f(2) — 
where M’’’ depends on the particular point set to which z is restricted. 
For definiteness we consider (5) to hold on an arbitrary Jordan curve 
I’ interior to . The sequence {7z,(z)} then converges, by the second part 
of Theorem I, interior to the curve Cr/, and uniformly on any closed point 
set interior to Cr/, where Cr/ is the image in the z-plane of the circle |w |= Ri 
when the exterior of I’ is mapped onto the exterior of the unit circle in the 
w-plane so that the points at infinity correspond to each other. When I’ 
approaches I’ uniformly, the curve Cr/ approaches Cr, uniformly.* Since 
R,(less than R) is arbitrary, and since the convergence of the sequence 
{,(z)} is uniform on any closed point set interior to Cr’, Theorem III is 
established. 
Theorem III was proved for the case p=2, u(s)=1 by Szegéj for the case 
that [' is an analytic curve and by Smirnofff for the case that T is the most 


* Carathéodory, Mathematische Annalen, vol. 72 (1912), pp. 107-144, especially pp. 126, 127. 

7 Mathematische Zeitschrift, vol. 9 (1921), pp. 218-270. 

t Journal de la Société Physico-Mathématique de Léningrade, vol. 2 (1928), pp. 155-178, 
especially pp. 177, 178. 
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general rectifiable curve. Theorem III was also proved by Szegé for the 
case p=2 and I a circle.* In all these cases the method was different 
from the present one. Indeed, under the present hypothesis, the polynomial 
of best approximation to an arbitrary function f(z) is of the form 


= aoPo(z) + aiPi(z) + + anP,(2), 


where the polynomials P;(z) depend on I but not on f(z), and where the 
coefficients a;(i <n) are independent of m. The method used by both Szegé and 
Smirnoff is the study of the asymptotic properties of the polynomials P ;(z) 
and of the coefficients a;. The first part of Theorem I is used by both writers. 

A less specific result than Theorem III for certain more restricted types 
of curves has recently been established by Dunham Jackson. 

We have proved actually more than is stated in Theorem III, for we 
have used in the proof only inequality (3), by way of hypothesis on the 
polynomials 7,(z). 

5. Least pth powers and conformal mapping; Jordan regions. There is 
a result analogous to Theorem III which applies even if the curve T is not 
rectifiable. This consists in measuring approximation not on I but on y, 
the unit circle in the w-plane, after mapping the interior of I’ onto the in- 
terior of y, setting w=(z), z=¥(w). This method has recently been used 
with success by Julia,t in the analogous situation of approximation of har- 
monic functions by harmonic polynomials. Indeed, the present paper would 
probably not have been written without the impetus due to his paper. 

Let the function (6) be positive and continuous on y, where @ is arc length 
on 7; we consider as the polynomial of degree m of best approximation the 
polynomial 7,,(z) of degree such that 


(6) f | fle) — wa(z) |? n(0)d0, = yw), 


is less than the corresponding expression for any other polynomial of degree 
n, where f(z) is given analytic on and within I’. The notation y is to be used 
later as well; by measure of approximation with least pth powers on y we 
shall understand the integral (6) or (for harmonic functions) the integral 
analogous to it; the given region C is to be mapped conformally on the 


* Mathematische Zeitschrift, vol. 6 (1920), pp. 167-120. 

Tt On certain problems of approximation in the complex domain, presented to this Society December 
28, 1927, abstract published in the Bulletin of the American Mathematical Society, vol. 34 (1928,) 
p. 151; the paper is expected to appear in the same Bulletin. The abstract does not state the principal 
results of the paper, and that paper and the present one were written entirely independently of each 
other. The methods used are different in the two cases. 

t Loc. cit. An arbitrary point interior to I is made to correspond to the center of . 
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interior of y. Theorem IVa will be proved by almost precisely the method 
used in the proof of Theorem III. As in Theorem III, the polynomial 7,(z) 
exists and is unique; this may be proved by the method of Julia. 


THEOREM IVa. Let the function f(z) be analytic within Cr, where C is the 
interior of the Jordan curve T. Then the sequence of polynomials {7,(z)} of 
best approximation to f(z) on C in the sense of least weighted pth powers as 
measured on y converges to f(z) throughout the interior of Cr, uniformly on 
any closed point set interior to Cr. 


We can proceed as in the proof of Theorem III, now (as in expression 
(6) ) making frequent use of the theorem that the mapping of the interior 
of T onto the interior of 7 is continuous in the closed regions. Inequality (3) 
holds, where the integral is now taken over vy instead of I’; the values of the 
integrand on y are the values of the functions at the corresponding points 
of ['. Cauchy’s integral formula is likewise valid, the integral being taken 
over y, and hence (5) holds for w on any closed point set interior to y, 
that is, for z on any closed point set interior to I; the number M’’’ depends 
naturally on this point set. This point set can be chosen the closed interior 
of a Jordan curve I’ interior to I’, so by the reasoning previously given based 
on the results of Carathéodory, Theorem IVa now follows. 

The case of Theorem IVa for p=2, n(@)=1, is of particular interest, 
for in this case approximation is in the sense of least squares on y, and the 
polynomial 7,,(z) is of the form* 


Tn(Z) = aoPo(z) + asPi(z) +--+ + a,P,(2), 


where the polynomials P ;(z) depend on the region C and not on the function 
f(z) and where the coefficients a;(i<m) are independent of m. This yields, 
then, a sequence of polynomials {P,(z)} in terms of which can be developed 
an arbitrary function f(z) analytic on and within I, and the development 


aoPo(z) + a:Pi(z) +--+ + +--- 


converges uniformly to the function f(z) on and within I. This problem for 
the most general Jordan curve T was long ago proposed by FaberT; a solution 
was more recently announced by Fejér,{ but so far as the present writer is 
aware the details have not yet been published. 

These polynomials {P,,(z)} may be obtained by starting with the special 
polynomials {z"}, and orthogonalizing and normalizing this latter set with 


* Compare Szegi, loc. cit. 
{ Mathematische Annalen, vol. 57 (1903), pp. 389-408. 
t Géttinger Nachrichten, 1918, pp. 319-331. 
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respect to integration on y. A corresponding remark holds naturally in 
every case below, for p=2, n(s)=1. 

Theorem IVa is closely related to Theorem III, for there is a relation 
between arc length on I (if T is rectifiable) and arc length on y, and the 
functions m(s) and (6) are arbitrary. The writer knows, however, no proof 
that Theorem III is contained in Theorem IVa. 

6. Least pth powers and conformal mapping; general regions. Theorem 
IVa is in reality but a special case, proved first because of its simplicity, 
of a more general theorem: 


THEOREM IV. Let C be an arbitrary closed limited simply connected region 
and let the function f(z) be analytic interior to Cr. Then the sequence of poly- 
nomials {x,(z)} of best approximation to f(z) on C in the sense of least weighted 
pth powers as measured on y converges to f(z) throughout the interior of Cr, 
uniformly on any closed point set interior to Cr. 


Under the conformal map w=¢(z), z=y(w) of C onto the interior of y, 
almost all (i.e. all, except possibly for points of a set of measure zero) points 
of y correspond to accessible boundary points of C. For, as Carathéodory 
has pointed out, the function ¥(w) is limited interior to y, and hence by 
Fatou’s theorem lim,.,,,<:~(re*®) exists for almost all values of 6. A radius 
0<r<1, @ constant, for which this limit exists therefore corresponds under 
the conformal map to a Jordan arc from the point (0) to a boundary point 
of C. When this limit exists for a particular value of 0, we define ¥(e‘) as 
this limit. 

The functions f(z), ,(z) (about to be introduced), 7,(z) are to be defined 
on ¥ after conformal transformation by means of their limiting values by 
radial approach to y; these limiting values exist for almost ail values of 0, 
by Fatou’s theorem. Moreover, for any point of y corresponding to an acces- 
sible point z’ of the boundary of C, and thus for almost all points of , these 
limiting values exist and coincide with the values of the functions f(z), 
p»(z), mn(z) at the point z’. For radial approach to w=¢(z’) corresponds to 
approach to z’ along a Jordan arc, and for such approach the functions 
involved have limiting values, f(s’), p(s’), 

Cauchy’s integral formula applies in the w-plane to any function such 
as f(z), pn(z), mn(z), the integral now being taken in the sense of Lebesgue. 
We have, for instance, 


1 
= — 


where y’ is the circle |w;=p<1. Keep w fixed. When p approaches unity 


== id 
= pe", 


t—-w 
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through a sequence of values, the integrand, considered as a function of 8, 
approaches the limit f[y(¢)]/(¢—w) for almost all values of 6. During this 
approach of p to the limit unity the integrand remains uniformly limited. 
It follows that Cauchy’s formula 

1 ¢ 

= 


dt 


is valid; a similar result naturally holds for the functions /,(z), 7,(z). 
By Theorem I there exist polynomials p,(z) of respective degrees m 

such that 

M 

| f(z) | =s=—> zonc. 

RY 
This same inequality is valid almost everywhere for w on y, for the two 
methods of defining the functions f(z) and ,(z) on y, namely by radial 
approach and by direct correspondence w=¢(z), z=y(w), are equivalent 
almost everywhere on y. Hence we have 


M’ 
fi f(z) Pn(2) |» n(6)d0 


from which follows inequality (5) as before. 

The proof of the theorem now follows without essential change from 
the proof given for Theorem IVa; the relation of the curves Cr’ and Cr, 
is discussed in more detail below in connection with Theorem V. 

7. Generalizations. Theorems III and IV persist even for the case p=1. 
The proofs in that case are even more simple than the proofs we have given 
in detail, and the modifications are left to the reader. This is true for all 
of the later theorems to be proved; they are valid also for p=1, although 
the proofs are slightly different from those given for an arbitrary value of p 
greater than unity. 

There are cases of approximation analogous to Theorems II, III, and IV, 
where approximation with an arbitrarily small preassigned error is not 
possible. For instance, the function f(z) may no longer be analytic interior 
to C but may have a singularity there. Or the function f(z) may be analytic 
as prescribed in Theorem III, but the approximating functions may (in 
Theorems II, III, or IV) all be required to take on values at prescribed 
points interior to C different from the values of f(z) at those points. In the 
simplest cases, this subject has been treated by F. Riesz,* Julia,j and the 


* Acta Mathematica, vol. 42 (1919), pp. 145-171. 
+ Bulletin des Sciences Mathématiques, vol. 62 (1927), pp. 370-384; Annales de l’Ecole Nor- 
male, (3), vol. 44 (1927), pp. 289-309. 
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present writer.* The complete extensions of Theorems III and IV still 
remain to be given, however, and the present writer hopes to consider them 
on another occasion. We remark, though, that the requiring (in addition to 
the other requirements) of the approximating functions to coincide with the 
functions approximated at a finite number of points interior to C does not 
alter any of the results of the present paper. 

8. Surface integrals. Thus far we have considered primarily line in- 
tegrals as measures of the closeness of approximation. We now take up the 
possibility of using surface integrals instead. Let C be an arbitrary closed 
Jordan region, let the function f(z) be analytic in the closed region, and let 
the norm function (z) be positive and continuous in C. The measure of ap- 
proximation of the polynomial p,(z) to f(z) shall bet 


(7) f J — pals) |? n(2)as, 


and it follows from the method used by Julia (loc. cit.) that the polynomial 
m,(z) of best approximation exists and is unique. We now prove a result for 
more general regions than Jordan regions. 


THEOREM V. Let C be an arbitrary limited closed region. If the function 
f(z) is analytic interior to Cr, then the sequence {7,(z)} of polynomials of best 
approximation to f(z) in the sense of least weighted pth powers over the area C 
converges to f(z) interior to Cr, uniformly on an arbitrary closed point set 
interior to Cr. 


It is of course true (compare §2) that the boundary of C may separate 
the plane into more than two regions. Let D denote the region which is the 
aggregate of all points which can be connected with the point at infinity 
by Jordan arcs which do not meet C. The curve Cz is defined as usual as the 
transform of the circle |w | =R when D is mapped onto the exterior of |w|=1 
in such a way that the points at infinity in the z- and w-planes correspond 
to each other. The region C of course lies interior to Cr. Theorem I applies 
here, if the point set C (of Theorem I) is interpreted as the complement 
(with the respect to the entire plane) of D. 

Let R; be an arbitrary positive number less than R. Then by Theorem I 
there exist polynomials p,(z) of respective degrees m such that 


M 
| f(z) — pa(z)| S 


* See the reference in the footnote in connection with Theorem II. 
t+ In case the boundary of C has area, either upper or lower integral may be used here. 
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Thus we have (7) less than or equal to some M’/R,"; the same inequality 
holds if ~,(z) is replaced by 7,,(z), and when we notice that (z) has a positive 
minimum on C, we have 


[fire - ras s 


Let K be an arbitrary circle of radius 7 interior to C. Then we have 
1 
Tr K 


where z denotes the center of K and ¢ is the variable of integration. In fact 
this relation can be deduced by a single integration from Gauss’s mean- 
value theorem for harmonic functions.* Let us apply inequality (2), setting 
F(x) = |?, «=1/p, G(x) =1. We have 


the integral over K is not greater than the integral over C, so we have 


M 
| f(2) — a(z)| 


where M’’’ depends on r but not on z. This inequality holds then for every z, 
provided merely that z is interior to C and at a distance at least r from the 
boundary of C. The inequality thus holds, for properly chosen M’’’, for z 
on an arbitrary Jordan curve I’ interior to C. Since Ri<R and I’ are both 
arbitrary, Theorem V follows from Theorem I and the results of Carathéo- 
dory previously used. 

It will be noticed that the situation is more complicated here than pre- 
viously, for C is no longer a Jordan region. Nevertheless the results of Cara- 
théodory apply, for D is a region whose complete boundary lies in the (closed) 
region C, and hence when I” is uniformly near the boundary of C, the curve 
Cr; is uniformly near the curve Cr,. The curves Cr, and Cr/ are the trans- 
forms of the circle |w |=, when the region D and the exterior of I’ respec- 
tively are mapped onto |w|>1 so that the points at infinity correspond to 
each other. The region D is the kernel of the exteriors of a properly chosen 


* For the method used here, compare Kellogg, Potential Theory, Berlin, 1929, p. 268. The 
method is due to Zaremba; see Bouligand, Mémorial des Sciences Mathématiques, Fascicule 11, 
pp. 20-21. 
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sequence of curves I’. Carathéodory’s Satz V applies directly, it being 
noticed that the convergence of the functions involved is uniform.* 

For the particular case p=2, m(z)=1, Theorem V treats the general 
method of approximation used by Bergmann,f Bochner,{ and Carleman.§ 
Again we have approximating polynomials of the form 


= aoPo(z) + aiPi(s) + --- + anP,(2), 


where the polynomials P;(z) are independent of f(z) and where the coeffi- 
cients a;(i <n) are independent of”. It will be noticed that here too we havea 
solution of the problem of Faber mentioned above, and that the present 
result holds for much more general regions than Jordan regions. 

Theorem V requires more of the function f(z) than that it shall be analytic 
in the closed region C, if the boundary of C divides the plane into more than 
two distinct regions. Whatever C mav be, if f(z) has a singularity exterior 
to the region D used above, uniform approximation of f(z) in C with an 
arbitrarily small error is impossible; if f(z) has no singularity except in D, 
then f(z) is analytic interior to some Cr and the hypothesis of Theorem V is 
satisfied. In particular, if C is an arbitrary limited region whose boundary 
divides the plane into but two distinct regions, a function f(z) analytic in the 
(closed) region C is analytic within some curve Cr, and hence the sequence 
{an(z)} of polynomials of best approximation to f(z) on C converges uniformly 
in the closed region C, in fact converges interior to Cr, uniformly on any 
closed point set interior to Ce. This same remark applies in the case of 
Theorem IV, if C is simply connected; compare the footnote to Theorem XII. 

We do not carry out the analogue of Theorem V after mapping of C 
onto the unit circie y; this is easy to do, but due to the arbitrariness of the 
function n(z), would yield little new. A double integral over C is equal to 
the corresponding double integral over the interior of y, with an additional 
factor in the integrand, the square of the derivative of the mapping function. 
It may be remarked that the function m(z) need not be continuous, although 
for simplicity we have made that assumption, but even in Theorems III 
and IV as well need merely be positive, integrable, and bounded from zero. 
We do not, however, mean to imply the complete equivalence of Theorem V 
and the analogous theorem obtained by studying approximation measured 


* The theorem for harmonic functions (used below) corresponding to Theorem I is not an exact 
analogue of Theorem I, but is to be found as Theorem III of a paper by the present writer, Bulletin 
of the American Mathematical Society, vol. 33 (1927), pp. 591-598. 

+ Mathematische Annalen, vol. 86 (1922), pp. 238-271. 

t Mathematische Zeitschrift, vol. 14 (1922), pp. 180-207. 

§ Arkiv for Matematik, Astronomi, och Fysik, vol. 17 (1922-23). 
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over the area interior to y. The latter can be obtained with ease by the 
reader, in the special case corresponding to Theorem V that C is simply 
connected. 

9. Approximation to harmonic functions. We turn now to the analogues 
of Theorems I-V, for approximation to harmonic functions by harmonic 
polynomials. The results and methods are in the main so similar to those 
’ already used that we need not enter into full detail. The analogue of Theorem 
I is not difficult to prove,* provided that C is a Jordan region, and leadsf 
directly to the analogue of Theorem II, also for the case that C is a Jordan 
region, and even if C is an arbitrary limited region. This result, the analogue 
of Theorem II, naturally persists even though we consider the harmonic 
Tchebycheff polynomial with the norm function n(x, y). 

The analogue of Theorem IV is likewise easy to prove: 


THEOREM VI. Let the function u(x, y) be harmonic within Cr, where C 
is an arbitrary closed limited simply connected region. Then the sequence of 
harmonic polynomials {x,(x, y)} of best approximation to u(x, y) on C in the 
sense of least weighted pth powers as measured on y converges to u(x, y) through- 
out the interior of Cr, uniformly on any closed point set interior to Cr. 


In the proof of Theorem VI it is essential to know, in order to use Poisson’s 
integral, that for such a function as u(x, y) the functional values on y found 
by conformal transformation coincide almost everywhere with the functional 
values found by radial approach to y after conformal transformation. This 
presents no difficulty, since lim ,.1, -<: W (re) exists for almost all values of 0; 
such a value @’ corresponds to an accessible point of the boundary of C, 
and the radius @=0’ of y corresponds to a Jordan arc interior to C abutting 
in ~(e’). The limit of u(x, y) along this arc is naturally the value of u(x, y) 
at the end point. 

In the proof of Theorem VI there enters the derivative of Green’s function 
for the circle y in the place of the function 1/(¢—w) of Theorem IV. 

This general situation, of considering best approximation to a harmonic 
function by harmonic polynomials in the sense of least pth powers as meas- 
ured on ¥, has recently been studied by Julia (loc. cit.), and important general 
properties derived. 

The analogue of Theorem III is not so simple, for the precise analogue 
of Cauchy’s integral is Green’s formula 


* See Walsh, Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 591-598. 

t Walsh, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544; especially 
p. 513. The theorem is there stated and proved only for a Jordan region C, but the proof can be 
given in the more general case. See Theorem III of the paper referred to in the preceding footnote. 
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1 aG 
(8) u(x, 9) — = f _[u(z, 9) — male, 9) Eds, 


where G is Green’s function for the region, and comparatively little seems 
to be known about 0G/dn for an arbitrary rectifiable Jordan curve T. We 
may take an extreme case, however, and assume the curve I to have con- 
tinuous curvature. It follows that dG/dn is continuous on I’, and we may state - 


THEOREM VII. Let the function u(x, y) be harmonic within Cr, where the 
point set C is the interior of the Jordan curve T, assumed to have continuous 
curvature. Then the sequence of harmonic polynomials {x,(x, y)} of best 
approximation to u(x, y) on C in the sense of least weighted pth powers as 
measured on T' converges to u(x, y) throughout the interior of Cr, uniformly on 
any closed point set interior to Cr. 


This particular measure of approximation for p=2, m(s)=1, has been 
considered by S. Bernstein,* Brillouin,t and Picone,f and for this restricted 
case Theorem VII has been proved by Merriman§ by the present methods. 

The analogue of Theorem V presents not the slightest difficulty: 


THEOREM VIII. Let C be an arbitrary limited closed region. If the function 
u(x, y) is harmonic interior to Cr, then the sequence {x,(x, y)} of harmonic 
polynomials of best approximation to u(x, y) in the sense of least weighted pth 
powers over the area C converges to u(x, y) interior to Cr, uniformly on an ar- 
bitrary closed point set interior to Cr. 


Here too we have for the case p=2, n(x, y)=1, approximating poly- 
nomials 7,,(x, y) of the form 


= aoPo(x, y) + aPi(x, y) +--+ + anP,(x, 


where the polynomials P;(x, y) are independent of u(x, y) and where the 
coefficients a;(i<m) are independent of m. In particular if C is an arbitrary 
limited region whose boundary divides the plane into but two distinct regions, a 
function u(x, y) harmonic in (the closed region) C is harmonic within some 
curve Cr, and hence the sequence {x,(x, y)} of polynomials of best approxima- 
tion to u(x, y) on C converges uniformly to u(x, y) in the closed region C, in 
fact converges interior to Cr, uniformly on any closed point set interior to Cz. 


* Paris Comptes Rendus, vol. 148 (1909), pp. 1306-1308. 

¢ Annales de Physique, vol. 6 (1916), pp. 137-223. 

t Rendiconti dei Lincei, 1922, pp. 357-359. These three references were unintentionally omitted 
in the writer's report referred to above, on approximation of harmonic functions by harmonic 
polynomials. 

§ On the expansion of harmonic functions in terms of normal orthogonal harmonic polynomials, 
not yet published. Presented to the American Mathematical Society in April, 1928. 
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10. Generalizations. We make a few remarks about the existence and 
uniqueness of the polynomials of best approximation. The harmonic 
Tchebycheff polynomial of best approximation with a norm function unity 
to a function harmonic interior to an arbitrary Jordan curve I’, continuous in 
the corresponding closed region, has been considered independently by Julia, 
in a paper presented to the Bologna Congress (September 1928) and not yet 
published, and by the present writer.* It is of course immaterial here whether 
we study approximation to u(x, y) on T or in the closed region C bounded by 
IT’. The Tchebycheff polynomial always exists in this case, but is not neces- 
sarily unique; this same remark holds for an arbitrary limited region C 
bounded by a point set I, and whether or not the norm function n(x, y) 
(continuous on C) is unity. 

In any of the situations of Theorems V—VIII, the harmonic polynomial 
of best approximation always exists, for in every case boundedness for a 
sequence of approximating polynomials of the measure of approximation in 
C implies uniform boundedness of the sequence of polynomials in an arbitrary 
closed region interior to C, and the method as given by Julia applies. In 
these same situations, the harmonic polynomial of best approximation is 
likewise unique; this also follows from the method given by Julia for the case 
of Theorem VI, m(s)=1, in the paper to which reference has been made 
several times. The method and result apply too in the cases of approximation 
to analytic functions already taken up, where approximation is measured 
by an integral. The same method and result apply also for approximation 
to analytic and harmonic functions in the similar cases to be treated below. 
The uniqueness of the polynomials of best approximation, it may be pointed 
out, does not enter in any way into Theorems IT-VIII. 

It will be noticed that the theorems we have stated for harmonic func- 
tions, like those for analytic functions, are not the most general that we 
might have stated. They involve, in fact, not necessarily the sequence of 
polynomials of best approximation, but any sequence of polynomials which 
converges, according to some measure of convergence, like a convergent 
geometric series. Let us for definiteness describe the situation as in Theorems 
III-V for approximation to an analytic function, although of course the 
situation is similar for harmonic functions. We can show (from Theorem I) 
under certain restrictions on the region C, that if f(z) is analytic interior 
to Cr, there exists a sequence of polynomials of respective degrees m such 
that the measure of approximation (considered in any one of several ways) 
is of the order 1/R,"? for an arbitrary Ri<R. We can show on the other hand 


* Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544; §4. 
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that any sequence of polynomials of respective degrees m such that the 
measure of approximation is of order 1/R," for an arbitrary Ri<R, con- 
verges to f(z) not merely on C, but throughout the interior of Cr, uniformly 
on any closed point set interior to Cr. This conclusion naturally follows, 
then, for the polynomials of best approximation. 

A similar remark applies to the discussion of §§$11 and 12 below. 

It will be noticed too that each of Theorems II—V gives a result relative 
to the degree of the best approximation to the given function. In Theorem II, 
for instance, suppose f(z) actually to have a singularity on Cr. If R, is an 
arbitrary number less than R, we surely have for some M, 


| f(z) — Mi/R*> onC. 


Yet there exists no number R, greater than R such that 


| f(z) = | < M./R®, zonC. 


Similar results for the other measures of approximation can obviously be 
written down, for analytic functions and for harmonic functions. 

11. Approximation to less restricted analytic functions. It is worth 
noticing that the inequalities we have been using in proving the overcon- 
vergence of the sequences of polynomials are precisely the natural equalities 
that might be used in proving the simple convergence of the approximating 
polynomials when less stringent requirements are put on the functions 


approximated. In every case corresponding to Theorems III-VIII where we 
deal with a Jordan region C, if the function to be approximated is analytic 
or harmonic in the interior of the region C and continuous in the closed 
region, then the sequence of polynomials of best approximation converges 
to the function interior to C, uniformly on any closed point set interior to C. 
Let us prove this fact, for instance, in the situation corresponding to 
Theorem III.* 


THEOREM IX. Let the function f(z) be analytic interior to C, continuous in 
the corresponding closed region, where C is the interior of the rectifiable Jordan 
curve T. Then the sequence of polynomials {x,(z)} of best approximation 
to f(z) on C in the sense of weighted pth powers as measured on T converges to 
f(z) throughout the interior of C, uniformly on any closed point set interior to C. 

We introduce the following notation for the measure of approximation: 


* For the sequence of Tchebycheff polynomials, we have convergence to the function ap- 
proximated, uniformly in the closed region C. Compare, for more general regions C, the end of §2 
and the beginning of §12. 
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= | f(z) — |? n(s)ds. 


The function f(z) can be uniformly approximated by a polynomial as closely 
as desired in the closed region C, so lim,..€,=0. We have, as in (4), 


Tr Tr 


n(s 
nN 


We apply Cauchy’s integral formula, as to (4), and find 
| f(z) — 


where z is restricted to lie on an arbitrary closed point set interior to C; 
the number NW depends on this point set but not on m. Theorem IX follows 
at once. 

We state explicitly the theorems corresponding to Theorems IV—VIII 
as well. These theorems are for the most part not entirely new; their present 
interest lies in their proof by the methods already used. Many of these 
methods are used here for the first time to prove these particular theorems. 
The theorems are, however, more general than those proved elsewhere, either 
with respect to measure of approximation, by introducing a weight function 
and considering an arbitrary value of p instead of p =2, or in treating regions 
more general than those treated hitherto. References to the literature are 
to be found in connection with the theorems previously given. 


THEOREM Xa. Let the function f(z) be analytic interior to C, continuous 
in the corresponding closed region, where C is the interior of an arbitrary Jordan 
curve T. Then the sequence of polynomials {x,(z)} of best approximation to 
f(z) on C in the sense of least weighted pth powers as measured on the circum- 
ference yy converges to f(z) interior to C, uniformly on any closed point set 
interior to C. 


THEOREM X. Let C be an arbitrary limited simply connected region. If the 
function f(z) is analytic interior to C, continuous in the corresponding closed 
region, and if f(z) can be approximated in the closed region as closely as desired 
by a polynomial in z, then the sequence {7,(z)} of polynomials of best approxima- 
tion to f(z) in the sense of weighted pth powers as measured on the circumference 
y converges to f(z) interior to C, uniformly on any closed point set interior to C. 


THEOREM XI. Let C be an arbitrary Jordan region. If the function f(z) 
is analytic interior to C, continuous in the corresponding closed region, then the 
sequence {x,(z)} of polynomials of best approximation to f(z) in the sense of 
weighted pth powers over the area C converges to f(z) interior to C, uniformly 
on any closed point set interior to C. 


1930] 811 


812 J. L. WALSH [October 


In Theorems Xa and XI the region C is restricted to be a Jordan region, 
for it is only for such a region that we know that an arbitrary function f(z) 
analytic in the interior and continuous in the closed region can be approxi- 
mated as closely as desired by a polynomial in z. The formal requirements 
for approximation exist in Theorem XI, however, if C is an arbitrary limited 
region, simply connected or not, and in particular if the weight function (z) 
is chosen as unity, then for p=2 we have a set of polynomials {P,(z)} be- 
longing to C. Any function f(z) which can be approximated arbitrarily 
closely leads in Theorems X, Xa, and XI to a series 


f(z) = aoPo(z) + 


where the polynomials P;(z) depend on C but not on f(z), where the coeffi- 
cients a; depend only on f(z) and where the series converges to the sum 
f(z) interior to C, uniformly on an arbitrary point set interior to C. The 
partial sums of the series are the polynomials of best approximation. 

If C is a circle, the polynomials P,(z) are, except for numerical factors, 
the polynomials 2” respectively. 

This remark on the special form of the polynomials 7,(z) applies also in 
connection with 


TuHeorEM XII. Let C be an arbitrary limited region. If the function f(z) 
is analytic interior to C, continuous in the corresponding closed region, and if 


f(z) can be approximated in the closed region as closely as desired* by a poly- 
nomial in z, then the sequence {x,(z)} of polynomials of best approximation 
to f(z) in the sense of weighted pth powers over the area C converges to f(z) 
interior to C, uniformly on any closed point set interior to C. 


Theorem XII has the advantage over Theorem X of holding for multiply 


connected regions. 
We refrain from writing down the analogues of Theorems XI and XII 
obtained by conformal mapping, considering approximation in the sense of 


* It may be noticed that here and elsewhere in the present paper this measure of approximation 
may be taken either in the sense of Tchebycheff or in the sense of weighted pth powers as used in the 
theorem itself. We remark that analyticity of f(z) in the closed region C does not ensure the satis- 
faction of the condition of the theorem, except in the case that the boundary of C divides the plane 
into precisely two regions. Compare Walsh, Mathematische Annalen, vol. 96 (1926), pp. 430-436; 
437-450, especially p. 433 and p. 441, footnote. In particular, if C is not simply connected, the 
function f(z) can have no singularities interior to a Jordan curve K which lies entirely interior to C. 
For the sequence {wa(z)} converges uniformly to f(z) on K, hence represents a function analytic 
everywhere interior to K coinciding with f(z) on K and therefore coinciding with f(z) everywhere 
interior to K. 
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least weighted pth powers over the area interior to y in case C is simply 
connected. Compare the remark made relative to Theorem V. 

12. Approximation to less restricted harmonic functions. The theorems 
on harmonic functions are also not difficult to treat. 

We consider first the Tchebycheff measure of approximation. Let C’ 
be an arbitrary closed limited region and let C denote the totality of closed 
limited regions into which the boundary of C’ divides the plane. The bound- 
ary points of C (considered as a set of individual regions, not as a point set) 
are precisely the boundary points of C’. If the function u(x, y) is harmonic 
interior to C’, continuous in the closed region, it is immaterial whether we 
approximate u(x, y) in C’, or on the boundary of C or C’. On all of these 
point sets, the maximum of 


| u(x, y) — pa(x, y)|, 


where p,(x, y) is a harmonic polynomial, is one and the same. This fact 
also holds for the approximation of u(x, y) on C, if by u(x, y) we mean not 
necessarily the harmonic extension of the given function u(x, y) defined in 
C’, but the function u(x, y) defined on the entire point set C as the function 
which is continuous on C, which in the boundary points of C (i.e. considered 
as a set of regions, not as a point set) takes on the values of the given func- 
tion u(x, y), and which is harmonic in the interior points of C.* If the 
sequence of Tchebycheff harmonic polynomials, or any other set of harmonic 
polynomials, converges to u(x, y) on the boundary of C’, that sequence 
converges on the entire point set C to the function u(x, y) as just defined. 
Only such a function u(x, y) actually or potentially defined on C can be 
uniformly approximated in the closed region C’ by harmonic polynomials. 
A necessary and sufficient condition that such a function can be so approxi- 
mated, which is a necessary and sufficient condition for the convergence of 
the sequence of Tchebycheff polynomials to the function, is contained in 
the second paper just referred to. 


THeorEeM XIII. Let the function u(x, y) be harmonic interior to C, con- 
tinuous in the corresponding closed region, where C is the interior of an arbitrary 
Jordan curve T with continuous curvature. Then the sequence of harmonic 
polynomials {xn(x, y)} of best approximation to u(x, y) on C in the sense of 
weighted pth powers as measured on I’, converges to u(x, y) throughout the interior 
of C, uniformly on any closed point set interior to C. 


* Compare Walsh, Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 591-598; 
p. 597. 
Also Crelle’s Journal, vol. 159 (1928), pp. 197-209; pp. 204-205. 
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THEOREM XIV. Let C be an arbitrary limited simply connected region 
whose boundary is also the boundary of an infinite region. If the function 
u(x, y) is harmonic interior to C, continuous in the closed region, then the se- 
quence {x,(x, y)} of harmonic polynomials of best approximation to u(x, y) 
on C in the sense of weighted pth powers as measured on the circumference y 
converges to u(x, y) interior to C, uniformly on any closed point set interior to C.* 


In particular if the weight function is unity and p=2, we have a set 
of harmonic polynomials {P,(x, y)} belonging to the region C, and the 
sequence {7,(x, y)} corresponds to the partial sums of the series 


u(x, y) = aoPo(x, y) + a,P;(x, y) 


where the coefficients a; depend only on u(x, y). This remark can be ex- 
tended to the most general limited region. 


THEOREM XV. Let C be an arbitrary limited simply connected region. If 
the function u(x, y) is harmonic interior to C, continuous in the corresponding 
closed region, and if u(x, y) can be uniformly approximated in the closed region 
as closely as desired by a harmonic polynomial, then the sequence {x,(x, y)} 
of harmonic polynomials of best approximation to u(x, y) on C in the sense of 
weighted pth powers as measured on the circumference yy converges to u(x, y) 
interior to C, uniformly on any closed point set interior to C. 


THEOREM XVI. Let C be an arbitrary limited region whose boundary is 
also the boundary of an infinite region. If the function u(x, y) is harmonic 
interior to C, continuous in the closed region, then the sequence {7,(x, y)} of 
harmonic polynomials of best approximation to u(x, y) on C in the sense of 
weighted pth powers as measured over the area C converges to u(x, y) interior 
to C, uniformly on any closed point set interior to C. 


If p=2 and the weight function is unity, we have a set {P,(x, y)} of 
harmonic polynomials belonging to the region C, and the sequence {7,(x, y)} 
corresponds to the partial sums of the series 


u(x,y) aoPo(x,y) + a,P,(x,y) + 


where the coefficients a; depend only on u(x, y) and where the polynomials 
P,,(x, y) are normal and orthogonal with respect to the area C. When C is 


* Here we apply a general theorem on approximation to harmonic functions; see the paper by 
the present writer in Crelle’s Journal to which reference has just been made. That paper was pre- 
sented to the American Mathematical Society in December, 1926, and an abstract of it was published 
in the Bulletin of that Society, vol. 33 (1927), p. 150. Compare also Julia, a paper presented to the 
Bologna Congress, September, 1928, and not yet published. 
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a circle, the polynomials P,,(x, y) are precisely those which lead to the ex- 
pansion of u(x, y) in Fourier’s series. In this case, the expansion of u(x, y) 
is the same whether we have best approximation in the sense of least squares 
over the area C or over the circumference of C. 


THEOREM XVII. Let C be an arbitrary limited region. If the function 
u(x, y) is harmonic interior to C, continuous in the closed region, and if u(x, y) 
can be approximated in the closed region as closely as desired by a harmonic 
polynomial,* then the sequence {x,(x, y)} of harmonic polynomials of best 
approximation to u(x, y) on C in the sense of weighted pth powers as measured 
over the area C converges to u(x, y) interior to C, uniformly on any closed point 
set interior to C. 


Theorem XVII holds even for harmonic functions in ” dimensions. In 
particular if C is bounded by a simple closed surface, and if u(x, y, - - -) is 
harmonic in the closed region, the hypothesis of the theorem is satisfied. 

Nowhere in the suggested proofs of Theorems IX—XVII is there used 
the fact that the sequence {7,(z)} or {z,(x, y)} is the sequence of poly- 
nomials of best approximation, although the existence and uniqueness of 
those polynomials of best approximation are assured as in connection with 
the previous theorems. It is sufficient for the conclusion of Theorems 
IX-—XVII in each case if €,, the measure of approximation of the polynomial 
to the function (compare the proof of Theorem IX), approaches zero with 
1/n. Moreover, we have assumed for simplicity that the functions f(z) and 
u(x, y) are continuous in the closed regions considered, but that restriction 
can be materially lightened in the several cases, as an inspection of the proofs 
will show. 

13. Application to the Dirichlet problem. As Julia points out, the fact that 
for a Jordan region the harmonic polynomial of best approximation to a har- 
monic function, either in the sense of Tchebycheff or in the sense of weighted 
pth powers as measured on y or on I, refers merely to the boundary of the re- 
gion, gives us a theoretical solution of the Dirichlet problem. The Tchebycheff 
harmonic polynomials of best approximation are the same for the boundary 
values and for the harmonic function taking on those boundary values (i.e. 
the corresponding solution of the Dirichlet problem), and the sequence of 


* It will be noticed in particular that if C is not simply connected, the function u(x, y) and its 
harmonic extension can have no singularities interior to an arbitrary Jordan curve K which lies en- 
tirely interior to C. For the sequence } 7n(x, y){ converges uniformly to the limit «(x,y) on K, hence 
represents a function harmonic everywhere interior to K, which coincides at some points interior to 
K (namely at points interior to both K and C) with u(x, y), and which therefore coincides with 
u(x, y) everywhere interior to A. 
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those polynomials or of the other polynomials mentioned converges interior 
to the given region to the solution of the Dirichlet problem which corresponds 
to the given boundary values. With the Tchebycheff method of approxima- 
tion the actual determination of the polynomials of best approximation 
seems to be extremely difficult. In the cases of Theorems XIII—XV the form- 
ulas for the polynomials of best approximation (p=2, m(s)=1) involve 
only comparatively simple line integrals, so the method of solving the 
Dirichlet problem has some practical value. The numerical computation 
can in certain cases actually be carried out, as has been done notably by 
Bergmann.* 

The question of the actual convergence on I of the approximating 
sequences that we have been considering in §§11 and 12 is an interesting 
one.} If approximation is in the sense of Tchebycheff, the sequence of poly- 
nomials of best approximation naturally converges uniformly in the closed 
region C in every case we have treated. If approximation is measured by a 
line integral, in every case the measure e, of approximation approaches zero 
with 1/n, and it follows that we have 

qlim 7,(z) = f(z), qlim 7,(x, y) = u(x, ), 


in the sense of quasiconvergencef on I. That is to say, from every sub- 
sequence of the z,(z) [or 7.(x, y) ] can be extracted a new subsequence which 


converges almost everywhere on I to f(z) [or u(x, y) |. 

If e, is an integral taken over I’, measure (in the term quasiconvergence) 
is to be taken in the sense of arc length on I. If ¢, is an integral over y, 
we have quasiconvergence on y and hence on I’, but measure is here to be 
taken in the sense of arc length on y. Nevertheless, even in this case, measure 
may be taken in the sense of arc length on L if I is rectifiable. 


* See for instance Zeitschrift fiir Angewandte Mathematik und Mechanik, vol. 8 (1928), pp. 
402-413. 

Tt There is also the corresponding question in §$1-10 of the convergence on Cpr; this question 
seems to be entirely unanswered in the general case. S. Bernstein has established some results in 
this connection for approximation on a point set C which is an interval of the axis of reals. 

t See Walsh, these Transactions, vol. 32 (1930), pp. 335-390. 
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ON BIRKHOFF’S PFAFFIAN SYSTEMS* 


BY 
LUCIEN FERAUD 


INTRODUCTION 


The Pfaffian systems to which this paper is devoted were defined and 
considered for the first time in 1920 by G. D. Birkhoff in the Chicago Col- 
loquium lectures. Later he was led to a consideration of them in his memoirf 
Stability and the equations of dynamics and published in his bookt Dynamical 
Systems the demonstration of the important results he announced there. 

I shall set down later the precise definition of those systems; for the 
present it is sufficient to say that the Hamiltonian form can be obtained from 
them by a natural particularization, and to give their fundamental property: 
namely, of being of the same form after any point transformation of the de- 
pendent variables. This last statement must be compared with the well 
known invariance of the Hamiltonian form under the canonical transforma- 
tions, and so one is naturally led to the question of the analytic significance 
of the Pfaffian form, and that is the first point studied here. First of all, any 
Pfaffian system is related to a differential expression w so that the choice of a 
special form for the system is equivalent to the choice of w. Moreover it is 
easy to see that any system under consideration admits fw as a relative 
integral invariant and is precisely the “characteristic system” of fw’. So without 
referring to any dynamical problem, I first intend to make as clear as possible 
the interest attached to the Pfaffian form and the necessity of its use. For the 
same purpose in the case where a certain number of integrals are known, I 
give an extension of Poisson’s and Lie’s theorems and also several other pro- 
perties relative to the use of the known integrals for reducing the order of 
the system. At the end of the first section I find a very simple expression for 
the integral invariant of order equal to the order of the system, and con- 
sequently a noteworthy form for the “ast multiplier” ; this last multiplier is 
the square root of the determinant formed with all the coefficients appearing 
in the first members in the Pfaffian system. 

As an elucidation of the way in which one can be led to the consideration 
of Pfaffian systems in dynamical problems, I study in the second section the 


* Presented to the Society, September 11, 1930; received by the editors June 29, 1929. 
t American Journal of Mathematics, vol. 49 (1927), p. 1. 
t American Mathematical Society Colloquium Publications, vol. IX, 1927. 
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reduction of the Lagrangian to the Pfaffian form. The entire question de- 
pends on a system of simultaneous partial differential equations in the 
F;;, G; (which define a point change of variables) and the X;, Z of the form w 
(which determines the Pfaffian system under consideration). Hence a whole 
class of problems arises when we regard some of the functions F;, G;, X;, Z 
as known and the others as a solution of the system of simultaneous partial 
differential equations. In applying this general process I obtain first a re- 
duction to the normal form in a way which presents the advantage of leading 
directly to the result, and I give afterwards a reduction to the Hamiltonian 
form. 

At the beginning of the third section I briefly review, following there 
Birkhofi’s book quoted above, the most important properties of the Pfaffian 
systems considered from a dynamical point of view, together with the dif- 
ferent problems to which they can be applied. Then, in applying results of 
the first section, I show how, after the greatest possible reduction, the final 
order of the dynamical system for the three-body and some similar problems 
can be obtained in a very simple way. 

Finally I consider the “prepared” Pfaffian expression w which Birkhoff 
attaches to a Pfaffian system in the vicinity of an equilibrium point, and I 
study the reduction of w to a canonical form 4, in fact the reduction of w to 
the sum of w and of a perfect differential dE. 

This is a problem of fundamental importance from a dynamical point of 
view, of which Birkhoff* has given a formal solution by a process that does 
not introduce small divisors. This last fact suggests at once the possibility 
of establishing the considered reduction by the use of convergent series, but 
it does not give a demonstration of that possibility. So I was led to consider 
this problem not ‘only in a formal sense but in an actual sense. For this 
problem I have obtained a solution which I have shown to be both formal 
and actual, in the case of two degrees of freedom. Indeed at the end of this 
paper I demonstrate, when m=2, that the considered reduction can always 
be established by means of analytic functions.f 


I 


We shall consider systems of differential equations of the following form: 


(I) + (7 i, 2, 2m), 


* American Journal of Mathematics, loc. cit. 
t Some of the results of this paver have been briefly indicated in two notes published in the 
Paris Comptes Rendus, vol. 188, p. 1029 and p. 1144. 
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where X; and Z are 2m+1 functions of the x; and of t, and 


Such systems give the extremals in the variational problem that can be 


stated by 
ty 2m dx; 
sf x42] a=0. 
t j=1 dt 


Let us introduce now the system 


zn aX; aZ 
(II) dYoaijdx; + = 0 (i 1, 2m) 


j=1 i 


from which the former arises when the variables x; have to be functions of ¢. 
The system (II) is very closely connected with the Pfaffian expression 


2m 
w= >) Xjdx; + Zdt, 
and it is interesting to consider with some attention those connections in 
order to realize fully the analytic significance of systems (I). For that pur- 
pose one can refer to E. Cartan, Legons sur les Invariants Intégraux,* where 
those connections are to be found among other still more powerful results. 
Here we are going to enunciate only the properties that seem to be the 
most important in dynamics and to recall at the same time some definitions 
that may facilitate a reference to the book cited. 

For the system (II) we have a relative integral invariant fw and it is a 
linear integral invariant. Furthermore to every form w there corresponds in 
general a system (II) and only one, admitting fw as a relative integral 
invariant. It is called the characteristic system of fw or the associated system of 
the form w’ (w’ being the bilinear covariant of the form w).t Hence the sys- 
tems (II) can be defined as the systems admitting a linear relative integral 
invariant. If we now suppose the existence of known integrals, we cau 
extend to our systems Poisson’s theorem and also Lie’s theoremt (evidently 
with the particular case =m due to Liouville) that gives the reduction of 


* Paris, Librairie Hermann, 1922. See particularly chapter XII entitled Systems admitting a 
relative integral-invariant. 

{It is the “first Pfaffian system” of Whittaker, A Treatise on the Analytical Dynamics of 
Particles and Rigid Bodies, Cambridge, 1927, p. 307, and also, according to Morera, the “associate 
of the Pfaffian expression w,” Rendiconti, Accademia dei Lincei, vol. 12 (1st sem. 1903), pp. 113-122. 

t See Levi-Civita e Amaldi, Lesioni di Meccanica Razionale, vol. II, part 2, p. 380; Bologna, 1927. 
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the order of a system when there are given m integrals independent and 
moreover in involution. 

In a more general manner Cartan gives the largest reduction in the order 
of the system that can be made, when integrals are known, independent 
but not necessarily in involution. He shows the way in which this reduction 
can be obtained and states a theorem giving the number by which the order 
of the system can be diminished. In particular if w can be written as an exact 
differential with respect to the known integrals, the problem can be solved 
by one quadrature. Finally let us point out that whatever may be the 
number of integrals given, the order of the system is to be reduced by an even 
number, so that if we know 2k+1 integrals, the order of the system will be 
reduced by at least 2k+2. It is clear that those properties belong also to the 
systems (I), if none of the integrals we have to consider is ever t=C. 

In chapter I of the same book, Cartan shows that the Hamiltonian 
equations can be characterized as those which admit the integral invariant 
with w; Ht, and he calls this last expression “tenseur quantité 
de mouvement-énergie.” By any change of variables w; will be transformed 
into a form w and the Hamiltonian system into a system (I); furthermore, 
the system (I) will be determined by w, just as the Hamiltonian system is the 
only one that belongs to w;. So we can conclude that in their more general 
form the dynamical systems can be represented by a linear differential 
expression w. 

It is evident now that every particularization of the form w will give a 
particularization for the corresponding system: the Hamiltonian system is 
to be obtained when w is taken in the particular form w;. Naturally the ques- 
tion arises whether a different particularization of w can lead to a system 
more appropriate to the study of certain problems of dynamics and also 
whether avoiding the reduction to the Hamiltonian form would not be in 
some cases a simplification. Birkhofi* opened the way in that direction when 
he first defined as a Pfaffian system} the system (I) corresponding to a form 


* Loc. cit. 

Tt To avoid all difficulties let us make the following remarks about the different denominations 
that are to be used: 

(1) Equations in which the first members are linear differential expressions, when not distinguish- 
ing any of the independent variables, are known as Pfaff’s equations.and systems of such equations 
as Pfaff’s systems. 

(2) The systems studied in this paper were named Pfaffian systems by G. D. Birkhoft; when 
there might be some confusion they can be designated as “dynamical Pfaffian systems.” 

(3) In a preceding note, we have already referred to the first Pfaff’s system of a form w, so called 
by Whittaker. 

(4) Finally, in the theory of skew-symmetric determinants we have later to deal with expres- 
sions spoken of by Cayley as “Pfaffians.” 
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w in which X; and Z do not involve ¢. Further, he uses the name generalized 
Pfaffian system when X; and Z are periodic in ¢ with the same period. 

We will limit ourselves hereafter in this paper to the consideration of the 
dynamical Pfaffian systems. For those systems Z=C is an integral, and by 
use of it and by elimination of dt, it is easy to show that any such system of 
order 2m is in fact equivalent to a system of differential equations of order 
2m—2. After this reduction the system obtained is analogous to a Pfaffian 
system, with the difference, however, that the functions X; and Z involve ¢; 
we can say, in other words, that X; and Z involve ¢ as in a generalized 
Pfaffian system but are no longer periodic in that variable. 

Furthermore, the Pfaffian form is preserved by any of the following 
changes of variables: 


fin, *s X2m) (i=1 ’ 2, 2m), 
i= 
f; and ¢ being 2m+1 arbitrary functions. Let us suppose now that we have 


2k+1 integrals not involving ¢, independent of each other and independent 
of Z=C: 


Fi(a1, Xam) = Ci, 


F2(x1, X2m) C2, 


Fonyi(%1, Xem) = 
The change of variables 
= F,, +++, Longs = Foes, 
Forze = = Lom = 

transforms w into another form @ and Z=C into another integral Z=C. 

The given system in which we know the 2k+1 integrals is the system 
that gives the extremals in the variational problem 6/a=0 when we have re- 
placed, in @, #1, Z2, +--+, Zx4: by arbitrary constants. If we write this sys- 
tem, we see at once that it can admit solutions only if a certain determinant 
(characteristic) is 0. This last equality allows us to express one of the 
variables Z2442, - - + ,Z2m in terms of the others, and to reduce w to a form con- 
taining only 2m —2k—2 variables. The system which gives the extremals will 
be of that order 2m—2k—2 and still of the same form, i.e., it will admit an 
integral such as Z=C, so, in dealing with this last fact and by elimination of 
dt, its order can be possibly reduced by two units more. 

It is clear that the system we consider now in which Z =C is an integral 
admits as a relative invariant integral 
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2m 
f Xidx;. 
i=1 


From this can be obtained at once by Stokes’ theorem the absolute integral 
invariant 

2m 2m 

f 

j=l 
It has been known, since Poincaré’s Méthodes Nouvelles de la Mécanique 
Céleste, vol. III, No. 247, that from an absolute invariant of order 2 can be 
deduced a set of others, of orders 4, 6, 8,---, successively to the last of 
order 2m. In the case m=2 by one operation we have the volume invariant 


f | aij xed x3dX4, 


where |a;;| is the skew-symmetric determinant ‘of the aj; It is easy to 
verify this result by showing that the rational expression |a;;|1/? is the “last 
multiplier” of the system. This verification suggests that the preceding 
result may be valid whatever may be the number 2m of the independent 
variables occurring in the system. 

That is what we shall now demonstrate. We suppose, for exaraple, that, 
in a;;, 7 indicates the rank of the row, j that of the column, and we call Ai; 
the minor corresponding to a;;. The resolution of the system gives 2m equa- 


tions: 
+ 


Xe 


| ai; | 
We want to show that |a;;|!/? is the last multiplier, so that 
2m | ag; |"/2P 


(1) 


i=1 Ox; 


0. 


We shall remark, first, that in the preceding sum all the terms containing 
second derivatives of Z vanish, because the A;; themselves form a skew- 
symmetric square array. Let us write 
A ij 
fi = | 
and equate to 0 each of the coefficients of the terms involving 
OZ OZ 


OX, OxXe OXn 
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in the relation (1). Thus, we have the 2m relations 


j=1 Ox; 


If one of these relations is satisfied, on account of the symmetry of the 
indices, the same will be true for all the others. Then we shall limit ourselves 
to a verification of the first one of these relations. 

Each term in this equation involves one second derivative of one of the 
X;. This derivative in any arbitrary term can be found by taking for ex- 
ample in fi, (s#1) one factor a, and in this factor 0X,,/dx, which is to be 
derived with respect to x,. So, an arbitrary term can be written 


M, 


the indices u, v, s taking all the values between 1 and 2m, but under the 
following condition: the four numbers 1, s, #, v must all be distinct. The 
way in which this condition can be brought about is to be explained as fol- 
lows: first, s#1 because fi:=0; then f,, is the minor corresponding to a, 
in the “Pfaffian” | a;;|'/? and in a “Pfaffian” each index can be written only 
once, so u, v are entirely distinct from 1 and s; moreover, u#v because 
dy1=0. We shall now show that there exists one term which is just the 
negative of the one we have written above; thus they will vanish together, 
and, since the first term was arbitrary, we can conclude that all the terms 
vanish. 

The first equation with which we are dealing involves the expression 
df;./dx, because v~1. But f,, surely contains terms in which there is to be 
found the factor a,, because all the numbers 1, s, u, v are distinct. Hence, 
after differentiation we have a term such as 


07X, 


It remains to show that M’=—M. For that purpose we first remark that 
in the expansion of the whole determinant |a;;|, M |a;;|!/? can be considered 
as the coefficient of the product a:,¢., and M’|a;;|"? as the coefficient of 
the product @;,¢@,;. Now the truth of the assertion that one of these coeffi- 
cients (M |a,;|"/? and M’ |a;;|*/2) is the negative of the other appears at once 
when we take the expansion of the determinant |a;;| according to Laplace’s 
theorem written in the following form: 
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a2, 


| aj; | = 1)” Qu-1,r  Qu-1,s * * Gu-1,t 
Gup 
Qu+i,r Gu+i,s Gu+1,t 


,r Goam,s * Gem,t 
1,---, 2m), 
where we consider the minors of the second order composed of elements of 


the rows of rank 1 and uw. 
So the last of Poincaré’s successive invariants can be written 


f | aij one dx2m 


and this form, interesting because of its simplicity, has been directly obtained 
by a simple verification. 

By using exterior calculus we can present this result in a slightly different 

form. Referring to Cartan (Legons sur les Invariants Intégraux, p. 78) we 
know that if {Q’ is an absolute integral invariant (Q’=)°a;;[dxidx;]), 
/(Q’)™ is the absolute integral invariant of order 2m. Hence what we have 
established above is equivalent to the formula 
(IIT) (Q’)™ = K | ai; dXom. 
This formula can be obtained also by merely using the rules of the exterior 
calculus. But whichever way one proceeds, one has to deal with the expres- 
sions called “Pfaffians”* in the theory of skew-symmetrical determinants, 
the definition of which can be stated as follows: * 
the sum being extended to all the terms that are different, g being the 
permutation number of + , dom. 


II 
By the use of Hamiltonian systems as a first step it is easy to see that 


the change of variables 
OL 
= fi q; aq’ 


OL 
= f 2m\ aq’ 
* See Cayley, Recherches ultérieures sur les déterminants gauches, Crelle’s Journal, vol. 55, pp. 
299-313, and, for example, T. Muir, The Theory of Determinants, vol. 11, London, 1911. 


Also von Weber, Vorlesungen i/ber das Pfaff’sche Problem, Leipzig, Teubner, 1900, where the 
Pfaffians are mentioned as “Pfaffsche Aggregat.” 
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transforms any Lagrangian system, given by a function L(g, g’) in the 
variables g, g’, into a Pfaffian system in the variables x1, %2,--- , Xam. Let 
us fix our attention for a while on the most general transformations by which 
we can pass from Lagrangian to Pfaffian systems. Suppose now that by 
means of the transformation 


(2) qi = %2, Xam); qi = Xom) 


the following equality 


2m 
(3) LiF, G) DX Xam) x} + °°" 


holds as long as the variables x; satisfy the system 


(4) (j =1,2,---, 2m). 


In these relations (4), x;, Z are 2m+1 functions of %2, +--+, A is 
|a;;|, the determinant of the 


and A,; is the minor corresponding to the element a,;; in that determinant. 
Furthermore, we know that (4) gives the extremals (6fZ =0) if we replace 
L by the second member of the equation (3); so this system (4) will take the 
place of the Lagrangian equations after the transformation (2). The equation 
(3) must be satisfied only when we have (4), and for that the necessary and 
sufficient condition is 

kel 
Moreover, let us remark that the relations g/ =0q;/dt give, in the new 
variables, 


which are to be satisfied at the same time as (4); hence, we have in addition 
to (5) the following m conditions:* 


j=1 Ox; k=1 


* In (5) and (6) the fractions A;;/A can be replaced by fj;/A which are also rational expressions. 
The f;; are the minors of the Pfaffian |A [ue according to the definitions we have already recalled at 
the end of § I. 


| 
4 
ay 
2m | 
OX; OX; | 
se 
Ox; Ox; 
Sar 
2m OF; 
— 
j=1 Ox; 
| 
| 
¢: 
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The m-+1 relations (5) and (6) constitute a system which we call (S) relating 
F;, G;, X;, Z, all functions of 2m independent variables x (L being always a 
given function). 

This system (S) in which F;, G; are considered as given functions and 
X;, Z as the unknown functions is in general completely integrable;* therze- 
fore, we conclude that by an appropriate choice of the X; and Z a Lagrangian 
system can in general be reduced to a Pfaffian system by use of a transforma- 
tion (2) in which F; and G; are all arbitrary. In a similar way we can assume 
the X;, Z given, and then we have a solution in F;, G;. Hence, it follows that 
we can reduce any Lagrangian system to the Pfaffian system corresponding to a 
form w arbitrarily chosen. 

In particular in the case 


o= Vm+id + Vm+2d + Yomd 
— 91d — — — Yam — 


we can, by the preceding general process, write the given system 


dYom 
dt 


This is the “normal form” considered by Birkhoff,t who has shown that any 
Lagrangian system can be reduced to it in an actual sense by solving equa- 
tions deduced from a variational principle. The method we give here is 
purely formal, but on the other hand it leads directly to the normal form, 
and thus the resolution with respect to dy,/dt, dys/dt, - - - , dyam/dt of the 
differential equations of the extremals is rendered unnecessary. 


From the most general point of view, we can say that if we consider as 
known a certain set of functions among the F;, G;, X;, Z, the other functions 
can be given by the system (S) under the condition that this system admit 
a solution (with respect to the unknown functions considered). As an 
example, it is easy to see that we obtain, by use of the system (S), the reduc- 
tion to the Hamiltonian form when we suppose given the F; and the X; in 
the following way: 


* Indeed the system (S) can, in general, be written in such a form that it will appear, accord- 
ing to Riquier’s theory (Les Systémes d’Equations aux Dérivées Partielles, Paris, Gauthier-Villars, 
1910) to be “orthonome” and “passif,” consequently completely integrable, i.e., admitting an exis- 
tence theorem. When we say “in general” we may leave out of consideration some exceptional 
points. It is easy to see that these points are extremely uncommon. 

t Xjdxj;+Zdt. See first section. 

t Dynamical Systems, loc. cit., p. 56. 


d 
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Fi = = Fu = 
X41 = Xm+1) Xm4+2) Aan 
= 0, X m+2 = 0, Xom 


the G; and Z being the only unknown functions. 


III 


In this section we shall consider the Pfaffian systems formerly defined, 
from a different point of ‘view, in order to show the use one can make of 
these systems in dynamical problems. First, for that purpose, we have to 
recall the fundamental results given for the first time by Birkhoff when he 
defined and introduced the consideration of those systems. In his book 
already cited* he demonstrates that in a formal sense “the Pfaffian equilib- 
rium problem” can in general be reduced to Hamiltonian form, with the 
following consequence: “the normal form in the Hamiltonian case serves 
also in the Pfaffian case.” An analogous statement can be made for general- 
ized Pfaffian systems with respect to the “generalized Pfaffian equilibrium 
problem.” According to these results there is to be found in the two follow- 
ing chapters of the same book a study of stability and existence of periodic 
motions based on the use of Pfaffian as well as Hamiltonian systems. Further- 
more let us recall the following remark which shows the significance of the 
form of the dynamical equations for stability: the Pfaffian systems possess 
the same property as the Hamiltonian “of automatically fulfilling all of the 
conditions for complete stability, once the obvious conditions for first order 
stability are satisfied.” 

It is not without interest to obtain, from the considerations developed 
in the first section, the least order to which the system can be reduced in 
some classical problems of dynamics. The results are of course well known, 
but we shall give the following demonstration on account of its simplicity. 
In the problem of three bodies one starts with a Hamiltonian system of the 
eighteenth order for which one knows the energy integral H=C and nine 
other integrals (all independent of each other). We can consider the system 
as Pfaffian, and according to a statement made above,} by the use of the nine 
integrals we can reduce its order by ten. After this reduction it will be of the 
same Pfaffian form and still admit the energy integral H=C. Then it will 
be of order 8, still reducible by two units more, by the *'sc of H =C and elimi- 
nation of ¢t.{ This result can be generalized for the m-bo ‘y problem for which 


* Pp. 89-94. 
{ First section, p. 821. 
t First section, p. 821. 
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the order of the system can be reduced to 6n—12. In the case of the “three- 
body problem in a plane” by an analogous treatment the final order of the 
system can be made equal to 4. 

In his memoir Stability and the equations of dynamics G. D. Birkhoff 

gives a special process which reduces a prepared linear differential form 
Ridé, + - - - +Qdt corresponding to a Pfaffian 
system (in the vicinity of an equilibrium point for this system) to the sum 
of a canonical form w and of a perfect differential dE, by the use of a succes- 
sion of changes of variables such as 
(C) 
F;, G; beginning with terms of at least the second degree.* But the reduction 
was only considered there in a “formal sense,” so the question remained open 
whether or not it could be accomplished by convergent series. In the rest 
of this section we shall obtain, for the case of two degrees of freedom, an 
actual transformation, i.e., a change of variables of the form (C) defining the 
considered reduction by means of analytic functions F;, G;. With Birkhoff’s 
notations, Ri, Re, S:, Sz, Q are functions of &, &, m, m2; Ri, Re, Q begin with 
terms of the second order at least, whereas in S,, S; the lower terms are 
respectively £,, &. By the change of variables 


= &, 

m = it Eo, 

(G; beginning with terms of at least the second degree) the preceding form 
becomes 


(7) 


— 0G; 
+ dijz + Se + + Qdi. 
One 

* If we consider only the reduction of a Pfaffian system to a Hamiltonian system it is sufficient 
to reduce w+dE to a canonical form 3. 

Properly choosing dE =) we can be sure that all the coefficients of i.e. of (w’)"™ Iw, 
vanish only if the same is true of the coefficients of (w’)”~! and therefore of the coefficients of (w’)™. 
The fact that all these coefficients do not vanish in our problem, even in the vicinity of an equilib- 
rium point, is a result of the condition \asj | ~0 and of the formula (III). Then the possibility of 
an actual reduction follows as a consequence of Goursat’s theorem stating the existence of conjugate 
groups of functions: Le Probléme de Pfaff, Paris, Gauthier-Villars, p. 186. 


@= dé, + + R, | 
0&1 
+ d [s 
2 
dG; 
+ + Se + 5, | 


1930] ON BIRKHOFF’S PFAFFIAN SYSTEMS 829 


Suppose now that the following system, in which £ is any function whatever 
of £1, £2, m1, m2 (we now omit the bars) 


ae; — 


OE 0G2 
— —— + + Rs 


(8) 


admits a solution EZ, G,, G2. Then by subtracting the exact differential 
OE 


from the preceding sum @ we see it is sufficient to take for G:, G, a solution 
of (8) in order to make vanish the coefficients of the terms in dé, and dé in 
the above expression of @. It remains now only to establish the existence of a 
solution for the system (8). 

Let us change our notation; with 


E = G; = Ue, 
f= %2, 
the system (8) can be written 


Sy — + 
x1 


Si, Ri, Re being now expressed by means of the variables %2, «3, and 
the two unknown functions we, 13. 
Writing the condition of integrability for this system and introducing 
two new functions by 
Ou2 
Ox, 
we have 


7) 
Sima + + 1 + on = Us 


Ox, Om Ox, OX, 


Ox, Oust Ox OX2 
OS. OS, AS, 


U5 
OX2 Om 


(9) [ (= =) OR, OS, + OR; 


Ou2 


{ 

| 
m= %3, Ne = Xa, 
Ou; Ou, Ou2 
— = + + 4 
Ox, OXe OXe Ox2 
Ox, ) 
Ous Ou, 
Ox, Ox. 
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For the purpose of studying this linear system of simultaneous partial 
differential equations of the first order we can refer to C. Bourlet’s thesis* 
Sur les équations aux dérivées partielles simultanées and especially to the 
second part of it devoted to the case of linear systems; it is clear then that (9) 
is of the form 

OX, i>i Xk h>k xh 
where the a are functions of the x and uw. So this linear system belongs to 
the class denoted there as “canonique” and moreover it is completely in- 
tegrable, i.e. the two expressions of every “doubly principal derivative” can 
be shown to be identical by the use of the system itself and of the equations 
that can be deduced from it by differentiation. If we remark that the coeffi- 
cients @ are in our case analytic in the vicinity of .=%#.=x;=2,=0, 
Uy = Uz = Uz = Uy = Us = 0, Theorem VIII of Bourlet can be applied to our system. 
Hence we conclude that (9) admits a solution analytic near 7; =x2,=2;=x,=0, 
and for which “;=%2.=u3;=u,=u;=0. This solution is to be obtained by 
taking all the “parametric derivatives” equal to 0. Furthermore in the case 
where all the parametric derivatives are equal to 0, we observe that for the 
solution all the first derivatives vanish. Hence the G; do not involve terms 
of the first order, and after the change of variables (7) determined by the 
solution under consideration the function Q in @ still begins with terms of the 
second order at least and we are still in the vicinity of an equilibrium point. 

We achieve the reduction to the Hamiltonian form by 


The two last equations can be solved so as to give £1, & in the vicinity of the 
origin, the Jacobian D(é,, &)/D(é, &) being there equal to 1, since the 
0°E/dn.0£;, vanish, as is easy to verify by differentiating (8). 

If we pay special attention to the terms of lower degree, the resolution 
of the equations (10) gives 


* Also Annales de l’Ecole Normale Supérieure. (3), vol. 8 (1891), supplément, p. 1. 


Ni = Ni, 
(10) “an “am 
0G, 0G: OE 
Sr— + Ss— + S32 = és. 
One One One 
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and that enables us to state that we remain in the vicinity of an equilibrium 
point. So by the successive use of the two changes of variables (7) and (10) 
in which G;, Gz are a solution of the system (8), analytic in the vicinity of 
x;=0, u;=0 we can reduce the expression w to £,dy1+é&dy2+Qdt in which Q 
begins with terms of the second order at least. In conclusion we have accom- 
plished in a formal sense, i.e. by use of convergent series, the reduction which is 
proposed in Birkhoff’s memoir. The prepared linear form from which we 
start has been transformed by a change of variables (C) into the sum of a 
canonical w and of a perfect differential dE. 

The way we have proceeded suggests the following remarks: 

(1) dE itself vanishes in the vicinity of the point under consideration; 

(2) the unknown functions F;, G; which determine the change of variables 
are given by a system of partial differential equations, which system is 
linear, and completely integrable, and which we have written out entirely; 

(3) in the system (9), m, 2 are parametric variables for the function Gi, 
so every term of the solution G,; must involve either £,, & or both, and 


Gi = + 


In the same way, £, m, 2 being parametric variables with respect to G, 
for the solution of (9), we can write 


G2 = 


It follows that the solution whose existence we have established both in a 
formal and in an actual sense, is different from the formal solution that can 
be obtained by a succession of changes of variables according to the general 
method of Birkhoff. 


Tt This conclusion, the main result cf §3, has been extended, during the printing of this paper, 
to the general case, i.e., for any number of degrees of freedom. Cf. Paris Comptes Rendus, vol. 190, 
p. 358. The method used for this extension is almost the same as the one explained in detail above. 
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ON CERTAIN IDENTITIES IN THETA FUNCTIONS* 


BY 
CLAIBORNE G. LATIMER 


1. The purpose of this paper is to obtain certain identities in Jacobi’s 
theta functions by a new method. This method may be outlined as follows. 
We consider two sets of elements S and S;, conceptually distinct, such that 
the elements of S are in one-to-one correspondence with the elements of Sy. 
In certain cases these elements are algebraic numbers and in other cases 
they are quaternions; in every case, corresponding elements have the same 
norms. We construct two functions ®(x, y,---) and yi, ---), the 
terms of which are in one-to-one correspondence with the elements of S 
and S, respectively. Hence there is a one-to-one correspondence between 
the terms of ® and those of Y. We then show that if «1, 91, - - - are properly 
defined linear functions of x, y, - - - , the corresponding terms are equal and 
therefore ®(x, y, - - -)=W(a1, v1, 

We shall prove Jacobi’s well known fundamental identity,f i.e. 


P(x, y, 3, W) = + = (x1, y1, 21, 


where 21, Vi, 21, @: are certain linear functions of x, y, 2, w. It will be shown 
that the terms of ® are in one-to-one correspondence with the set of all 
(Hurwitz) integral quaternions.{ The above identity is then proved by em- 
ploying certain well known properties of these quaternions. A generalization 
of this identity is obtained in a similar manner by employing sets of integral 
elements in generalized quaternion algebras. These sets were determined 
by the writer in a former paper,§ employing a definition of integral element 
due to Dickson.§ 

The other identities are obtained by employing sets of elements not 
integral in general. We also obtain Schroeter’s identity by the same method. 


* Presented to the Society, March 30, 1929, and December 27, 1929; received by the editors in 
October, 1929. 

¢ Cf. Tannery and Molk, Eléments de la Théorie des Fonctions Elliptiques, vol. 2, p. 162. Kro- 
necker’s notation for the theta functions will be used throughout this paper. 

Hurwitz, Vorlesungen die Zahlentheorie der Quaternionen. 

§ American Journal of Mathematics, vol. 48 (1926), pp. 57-66. We shall hereafter refer to this 
paper as J. 

4] Algebras and their Arithmetics, pp. 141, 2,6. In J, Dickson’s property U’ was used instead of U. 
In the algebra of rational quaternions, the integral elements under the definition used in J are the 
same as the Hurwitz integral elements. 


832 


IDENTITIES IN THETA FUNCTIONS 833 


The use of algebraic numbers and quaternions, and in particular their 
arithmetics, to obtain identities in theta functions is believed to be new 
and not without interest. 

2. Proof of Jacobi’s fundamental identity. Part of the argument used 
to establish this identity may be repeated verbatim later on to prove a 
generalization. 

We shall recall certain well known definitions and properties of real 
quaternions. If X=x+yi+z2j+wk is a real quaternion, where 7, 7, k are 
the usual quaternion units, the conjugate of X is X’=2x—X and the norm 
of X is N(X)=XX’'=2?+y*+2+w*%, Then N(XY)=N(X)N(Y) and 
(XY)’=Y’X’. 

In the algebra of rational quaternions, the (Hurwitz) integral quaternions 


are those in the form 
3(E + ni + Sj + AR) 


where £, 7, ¢, X are integers which are all even or all odd. The set S of all 
such quaternions is closed under multiplication. 
By definition* 
Bo(x, = Dog 


where g is a complex number, |g|<1. Since these functions are absolutely 
convergent we have, dropping the parameter gq, 


where for 7=2 [j=3] the summation extends over all systems of four odd 
[even ] integers £, n, ¢,. Assume for the present that x, y, z, w are real and let 


X=x+ t+ wk. 
Let the real part of the quaternion Y be designated by R(Y). Then 


#(x, 2, w) = Dog 
2 


where ® is as defined in §1 and the summation extends, without duplication 
or omission, over all elements of S. The terms of ® are thus in one-to-one 
correspondence with the elements of S. 

Let U be an element of S of norm unity and let x, y:, 21, w: be defined 
in terms of x, y, 2, w by 


Xi = XU, 


* It will be understood throughout this paper that the limits of summation are — © and +0 
unless otherwise stated. 
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where 
Xi, = yit + + wik. 


Let 2 be an arbitrarily chosen element of S and let r be the corresponding 
term of (x, y, z, w). Since S is closed under multiplication, 
= 


belongs to S. Let 7: be the term of (x, y:, 21, wi) which corresponds to 2). 


We have 
N(Q:) = N(Q)N(U) = NQ), 


Q,X{ = (QU)(XU)’ = (QU)(U'X’) = OX’. 


Hence 


= gh (Mg2iR(OX’) = 


Since r =7; is a formal identity in x, y, z, w, we may discard our assumption 
that they are real. U belongs to S and therefore the same is true of U’. 
Hence by means of 2U =Q,, we have a one-to-one correspondence between 
the terms of P(x, y, 2, w) and ®(x, 1, 21, wm). And, as we have just seen, 
corresponding terms are equal. Therefore 


(1) B(x, y, 2, w) = V1, Wi). 
If we take as U one of the elements 


k) 


and change the signs of certain of the variables, (1) becomes Jacobi’s identity. 
The only other elements in S of norm unity are +1, +7, +7, +k. If we take 
one of these as U, (1) is trivial. 

3. The sets of integral elements in generalized quaternion algebras. 
Consider the rational algebra A, with the basal numbers 


1, J = (ya)"j, = (af), 


where a, 8, y are positive odd integers such that aSy contains no square 
factor>1. A is a subalgebra of the algebra of real quaternions and hence 
has the properties mentioned in §2.* 

Two of a, 8, y are congruent, modulo 4, and therefore, after applying 
a cyclic substitution if necessary, we may assume that a=6 (mod 4). An 
integral element of A is defined as an element which belongs to a set S which 


* In J we considered an algebra A, with a multiplication table which involved certain para- 
meters aand f. Let a=a,5,8=(;5, where 4 is the g.c.d. of a and 8, and assume that a<0 and 6>0. 
If in the multiplication table of A we replace a, (;,5,K by —8, a, y, yK respectively, it will be seen 
that A, is equivalent to A. We shall quote the results of J in terms of the new notation. 
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S then XY also belongs to S. We shall not employ explicitly the properties 
R, U, M. 

Let a=Aa’, B=BB’, y=Cy’ where A, B, C are defined as follows. A is 
the product of all the prime factors A; of a such that —fy is a quadratic 
non-residue of every A;; or A =1 if a contains no such factor. B and C are 
similarly defined with a cyclic substitution on A, B, C and on a, 6, y. If 
Q is the number of prime factors in a’ 6’ y’, there are exactly 2°=¢ odd 
integers H;(i=1, 2,- - - , incongruent modulo a’B’y’ such that 


(2) ByH? + 1 = 0 (mod a’), yaH;? + 1 = 0 (mod f’), aH? + 1 = 0 (mod 7’). 


Let H be one of the H; and let S;[S;’, S;’’] be the totality of elements in 
the form 


(3) 


where &, 7, ¢, \ are rational integers such that 


¢ = (mod a’), 
(4) n = Ay'Hd (mod 8’), 
= Ap’Ht (mod 7’), 


and such that the first [second, third] of the following conditions is satisfied: 


§=n=f=), 
$=), 
n=hr (mod 2). 


We shall say that an element in the form (3) has the coédrdinates &, 7, ¢, i. 
It will be noted that S; is the intersection of S/ and S/’. 

If a=y (mod 4), by the proof of Theorem 3, J, S; has the properties 
R,C, U, M. On the other hand, if a=7~+2 (mod 4), the sets S/ and S/’ have 
these properties. For every H, we thus have either one or two sets of integral 


elements. 
From (2) it follows that (4) is equivalent to 
d= — (mod a’),. 
(S) = — a'CHy (mod 


= — a’BHn (mod ¥’).. 


has certain properties R, C, U, M.* By property C, if X, Y are elements of 


= 


* J, p. 57. 
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If n, ¢, \ satisfy (4) and if f= or n=A (mod 2), by employing (5) it may 
be shown that they may be written in the corresponding forms below: 

n = +1, 

¢ = 2y'a'm, — a! BHr + By'Hp, 

= 2a'B’m; — a'CHr + B’p, 

p< 2a’, < 287’; 

n = 2B’y'm, + Ap’Hr + 

2y'a'ms + 1, 
= 2a'p’m; — B'CHr + a'p, 
0< p< 26’, < 2a’, 


(a) ¢ =X (mod 2): 


(6) 


(b) = \ (mod 2): 


where m, M2, M3, 7, p are integers, r and p subject to the indicated inequal- 
ities. Conversely, if », ¢, \ may be written in the forms (6a) [(6b)], they 
satisfy (4) and [n=)] (mod 2). 

4. Construction of functions corresponding to the sets S;,S/, Sj’. Let q 
be a complex number |g| <1; a=A/a’, b=B/B’, c=C/y’, and 


0) = 
| 


Gilx; 7, p) = 


me 
H,(x; 7, p) = 
ms 
where 7, p are integers and 7, ¢, \ are given by (6a). Let F2(x;7, p), G2(x, r), 
H.(x; r, p) be defined in the same way except that we use the expressions 
(6b) for n, \. We may write 


Fy(x, 1) = — rki), 


where k=(log qg)/2. The other five functions may be similarly expressed in 
terms of theta functions. Hence each of these six functions is absolutely 
convergent. Then 

Wo(s, 4) = 33(x)Fi(y, 2s)Gi(z; 2s, 24)Hi(w; 2s, 22) 
i, 


where the summation extends over all systems of four even integers &, , £, » 
such that 7, ¢, \ may be written in the forms (6a) with 7, p replaced by 2s, 2¢ 
respectively. For every such system, there is a corresponding element of S;, 


1 
= — J+ K). 
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Conversely, if 2 is an element of S; with even coérdinates, £, 7, ¢, A, there 
is a uniquely determined pair of integers s, ¢, O<s<B’y’, O<t<a’, such 
that Wo(s, #) contains exactly one term corresponding to 2. Let 


Wi(s, 4) = de(x)F ily, 2s + 1)Gi(z; 2s + 1, 24)Hi(w; 2s + 1, 22). 


The above argument regarding YW, may be repeated for VW, except that 


£, n, ¢, \ are odd, r is replaced by 2s+1, and & has odd coérdinates. Hence a 
B’y’—1 a’—1 3 

(7) s=0 t=0 


Q 


hy 

where we assume for the present that x, y, 2, w are real, a 

, y w 

a 

and the summation extends, without duplication or omission, over all & 


elements of S;. The terms of ®; are thus in one-to-one correspondence with 
the elements of S;. 

We shall next construct functions ®, and ®;, the terms of which are in 
one-to-one correspondence with the elements of S/ and S{’ respectively. 
As noted before, both S/ and S/’ contain S;. Accordingly, we shall obtain 
®, and ®; by adding properly chosen functions to ®;. 

The 7, £, \ codrdinates of every element of S/ may be written in the forms 
(6a) and £=%, f= (mod 2). Furthermore, if such an element does not be- 
long to S;, 7=A-+1 (mod 2), and therefore in (6a) r=p+1 (mod 2). There- 
fore if we set 


set 


SS 


B’y’—1 a’—1 
= 93(x) D> ily, 2s)Gi(z; 2s, 2¢ + 1)H1(w; 2s, 2¢ + 1), 
s=0 t=0 


ou =02(x) D> Fily, 2s+1)Gi(z; 25+1, 2¢4+1)Hi(w; 2s+1, 2¢+1), 
t=0 


s=0 


it follows that ¢2o+¢2 is equal to the expression on the right of (7), where 
in this case the summation extends over all the elements of S/ which do 
not belong to S;. Then 


bo(x, W) = Bi + doo + Gar = 
Q 


Ae 


where the summation extends over all the elements of: S/. If we let 


t 
| 
| 
| 
| 
| 
| 
| 
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y’a’—1 p’—1 
= Fe(y; 2s, 2¢ + 1)G2(z, 2s)Ho(w; 2s, 2¢ + 1), 
s=0 t=0 
y'a’—1 B’—1 
$31 = I(x) Fe(y; 2s + 1, 2¢ + 1)Ga(z, 2s + 1)H2(w; 2s + 1, 2¢+ 1), 


s=0 t=0 


it may be shown as for ®, that 
@;(x, y, z, w) = $1 + + O31 = @e%iROX, 


where now the summation extends over all the elements of S/’. 

5. Identities in functions which correspond to sets of integral elements. 
For each of the sets S;,S/, Si’ we have a corresponding function ®;(7 = 1, 2, 3). 
As noted in §3, S; has the properties R, C, U, M if a=y (mod 4), while S’ 
and S” have these properties if a=y+2 (mod 4). Let S be one of the sets 
which has these properties and let @ be the corresponding function. Let 

a’ Bp’ 
The argument of §2 beginning “Let U be an element of S - - - ” and leading 
to (1) may now be repeated word for word, it being understood that we 
employ the @, Xi; and S of this paragraph and the X and Q of the preceding 
paragraph. We have then 


TueoreM 1. Let S be one of the sets S;, Si, Si’ which has the properties 
R, C, U, M, and let ® be the corresponding ®;. If U is an element of S of norm 
unity and if %1, ¥1, 21, W: are defined in terms of x, y, 2, w by means of XU =X, 
then* 
O(x, y, 2, w) = V1, 21, Wi). 


6. Special cases of Theorem 1. If a, 8, y are assigned numerical values, 
to write out explicitly the identity of the above theorem it is necessary to 
determine an element U as there defined, i.e. a unit belonging to S. In some 
cases a unit yields a trivial identity, as was seen at the end of §2. Further- 
more, the algebra may have no unit which yields a non-trivial identity. 
This is the case if a=8=1, y=7; the only units being +1, +K. 

By the proofs of Theorems 2 and 3 of J, every element with integral 
codrdinates and integral norm belongs to a set of integral elements. The 


* We have considered only those algebras in which a, 8, y are odd. The same method is being 
used in a Kentucky thesis, employing the algebras in which one of these parameters is even and the 
results of Professor Darkow on the arithmetics of such algebras. See Annals of Mathematics, vol. 28, 


pp. 263-70. 
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problem of determining those algebras which contain units yielding non- 
trivial identities is therefore equivalent to that of determining those values 
of a, 8, y such that the equation 


a’ + a’ BCn? + B'CAS? + Bd = 4a'B’y’ 


has a solution in integers, two of which are ~0. This, of course, is a very 
difficult problem. We shall give two classes of algebras in which such a unit 
may be determined and the corresponding identity written out explicitly. 
Let B=y=1 and let a be a product of distinct primes, each in the form 

4n+1. Then A=B=C=8'=7'=1, where u, v are relatively 
prime. We may take 

1 u+v 

U +i+—J + “—*x), 

2 a a 
For example, if a=5, u=2, v=1, H=3, it will be found that ® may be 
written 


4 
y, 2, w) = g)3a(y, g) Dig? — Gtki, — 2tki, 
t=0 


4 
+ d2(x, g)d2(y, Dog? — 6thi, — 2tki, 


t=0 
By the theorem, 


y, 2, w) = B(x, y1, 21, W1), 
where we find 


Similar results may be obtained if a is a product of distinct primes, 
each in the form 3u-+1, one of 8, y is unity and the other is 3, noting that 
the notation must be so chosen that a=8 (mod 4). 

If the method of the preceding paragraphs be applied to the algebraic 
integers in the field defined by an imaginary cube root of unity and if we set 


y) d3(x, q°) + q°); 
we obtain the known identity 


} 

} 

| 

| 

1 5 1 2 
1 3w 1 
n= w= —(x+ 3y—2+ w). 
2 5 2 # 
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where 
= 3(x+y), = — y). 


7. Proof of Schroeter’s identity. The sets of elements used hereafter will 
not be integral in general. Let 7, p be positive integers and let s, ¢ be integers 
such that ¢ is prime to 


A = rs? + pi’. 
Let p=r'?, r=ip'/?, and let S be the totality of numbers in the form 
Q = + apr), 
where &£, 7 are integers such that 
(8) = — rsy 
Let S; be the the totality of numbers in the form 
Q; = ip + mr, 
where m are integers. If U =A-/*(sp+i#r) and 
QU 


it may be shown that Q, belongs to S; if and only if 2 belongs to S. The 
numbers of S are therefore in one-to-one correspondence with the numbers 


of Si. 
It may be shown that if yw is an integer and if 


@,(x, y) = err — rsuki, + prtpki, g?"4), 
where k=log gq, then 
y) = Dog 
where the summation extends over all pairs of integers £, 7 such that 


E=rsu, n=— ty (mod A). 
Then 


4-1 
y) = >> 4, (x, y) = @) e2ik ex’) 
u=0 


where 
X = + ypr) 
and the summation extends over all the numbers of S. 
It is readily shown that 


where 
Xi = xp + 
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and the summation extends over all the numbers of 5}. 
Let «1, y: be defined in terms of x, y by 


XxX, = XU. 
By means of 2;,=QU we have a one-to-one correspondence between the 
terms of ® and ¥. For corresponding terms, 
N(Q) = N(Q)N(U) = N(Q), 
= (QU)(U'X"’) = OX’. 
Hence corresponding terms are equal and 
B(x, y) V(x, yi). 


If this is expressed in terms of theta functions and y is replaced by —y/pr, 
we obtain Schroeter’s formula: 


O3(rsx + ty, pix + SY, q”) 
4-1 
= Dig er wi 03(Ax rspki, q*)ds(Ay pripki, 


u=0 


8. An analogue of Schroeter’s identity. Let p, r, s, ¢ be defined as in the 
preceding paragraph, except that 


rs? + pt? = A?, 
where A is a positive integer. Let S [.S,] be the totality of numbers in the form 
Q=E+nr [% = mz], 
where &, 7 [£, m] are integers such that 
Let U=sp+ir. If 
(9) QU = AQ, 


it may be shown that 2, belongs to S: if and only if 2 belongs to S. Let wu be 
an arbitrarily chosen integer and 


y) = gre — rsuAki, + pripAki, 
Then 


@,(x, y) = tern eet pray i, 
where the summation extends over all pairs of integers £, » such that 


é=rsu, n=—ty (mod A). 


id 
i 
> 
4 
? 
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4-1 
(x, y) = 4,(x, y) = @ Ox’), 
u=0 2 
where the summation extends over all the numbers of S and X =x+ypr. 
If we set 


4-1 
V(x, v1) = x, — rsphki, — ptpAki, q”’), 


u=0 
it may be shown in a similar manner that 


where the summation extends over all the numbers of S; and Xi=%xp+ 7. 
By (9), the terms of ® are in one-to-one correspondence with the terms 
of W; and furthermore, for corresponding terms, N(Q)=N(Q). Hence 


if we set 
AX, = XU 


it follows that 


If we express this in terms of theta functions and replace g4’, Ax, prAy, rAx, 
by g, x, #1, respectively, we obtain the identity below. 


THEOREM 2. If p, r are positive integers and s, t, u, v are integers such that 


rs? + pl? = A?, 


where A is a positive integer prime to t, then 


A-1 rspki rtuki 


u=0 


. . rspki tuki 


u=0 
where 
= (rsx — ty)/A, = (ptx + sy)/A. 


For the case r=s=t=1, p=3, the identity of the above theorem is 
equivalent to the identity mentioned at the end of §6. Forr=p=2, s=t=1, 
the above identity reduces to 


g) = g?) + g?)82(y1, 9”), 


This is a special case of Schroeter’s identity. 
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9. An extension of Schroeter’s identity. In this and the next paragraph 
we shall obtain identities in functions of four variables similar to Schroeter’s 
identity and to the identity of the preceding paragraph. 

Let a, b, c be positive integers and let s, ¢, u, v be integers such that 


s? + bet? + cau* + abv’? =A 
is prime to 6=s?+dct*. Let 
I = J = (ca)'/*7, K = (ab)'/?k, 
where i, j, & are the quaternion units, and let 
A = su — btv, B= sv+ ctu. 
Let S be the totality of quaternions in the form 
Q = + nl + SJ + 2K), 
where &, 7, ¢, A are integers such that 
= acA abBy, 
Let S; be the totality of quaternions in the form 
= ml + oJ + 
where £1), m, £1, A: are integers, and let 
U + + uJ + 0K). 
It may be shown that if 
(11) QU =, 


then Q, belongs to S; if and only if 2 belongs to S. We have therefore by 
means of (11) a one-to-one correspondence between the elements of S and 
those of Sy. 

If &, n, §, \ satisfy (10), there is a uniquely determined pair of integers 
OSp<A, 0Sv<A, such that 


(12) =o (mod A). 
By means of (10) we find 
(13) =—Ap+t+ dBy, — (But (mod A). 


Conversely, if u, v are arbitrarily chosen integers and if &, n, ¢, \ satisfy 
(12) and (13), they also satisfy (10). Let 


4 
(mod A). 
4 
> 
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p= — Aut dBy, = — (But cAp), 


2 : 
= Ay bu ki, q*) 


-03[bc(Ay — dvki), q*4]83[ca(Az — pki), — rki), 


where k=log g. It may be shown that 


by, = Vig ber? +act*+abn*) (Ext i 


where the summation extends over all quadruples &, 7, ¢, \ which satisfy 
(12) and (13). 
If we set X =A"?(x+yI+2J+wK) it follows that 


4-1 
y, 2, wW) = By = igh (MeriR (ax), 

2 
where the summation extends over all the elements of S. It is readily shown 
that if 


W(x1, V1, 21, Wi) = Q)Ps(bey1, g**), 


then 
V(x1, V1, 21, Wi) = 
2) 

where the summation extends over all the elements of S,; and X;=%,+yiJ 
+z,J+u.K. By means of (11) there is a one-to-one correspondence between 
the terms of ® and those of ¥. If we let x;, 41, 21, w: be defined in terms of 
x, y, 2, w by X,=XU, it may be shown as in the preceding proofs that the 
corresponding terms of ® and W are equal and hence 


B(x, ¥, 4, w) V(x, 21, 

Expressing this in terms of theta functions, replacing y, 2, w by y/(bc), 
z/(ca), w/(ab) respectively, and making similar replacements for 2:1, w:, we 
obtain the identity below. 

THEOREM 3. Let a, b, ¢ be positive integers and let s, t, u, v be integers 
such that 

s? + bet? + cau? + abv? =A 
is prime to 6=s*+bc#. Let A=su—btv, B=sv+ctu. Then 


4-1 


-03(Ax — duki, g4)d3(Ay — bebvki, g*4)03(Az — capki, g°*4)33(Aw — abrki, 


| 
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= sx — ly — uz — VW, 
= betx + sy + buz — cuw, 
caux — avy 4- sz + ctw, 
abvx + auy — biz + sw, 
= — Au + bB», 
= — Bu—CAp. 
10. An extension of Theorem 2. Let a,b,c be positive integers and let 
s, t, u, v be integers such that 
s? + bet? + cau? + abv? = A?, 
where A is a positive integer prime to 6=s?+dcf. Let A, B, p, r be defined 
as in the preceding paragraph and let 
A, = su+ biv, By, = sv — ctu. 
Let S be the totality of quaternions in the form 
Q=E+tnl + 
where £, 7, ¢, \ are integers which satisfy (10). Let 5S; be the totality of 
quaternions in the form 
where &, m, 1, Ai are integers such that 
(14) 6&) = — — 
= — aAyy (mod A). 


As in the preceding paragraph, if £, n, ¢, \ satisfy (10), there is a uniquely 
determined pair of integers u, v; OS ~<A, 0<v<A, such that 


(15) [=p, =T (mod A). 
If we set 
b,, = + bev?) 92 (Gust x — q*’) 

-03(bcAy — dvbcAki, — pcaAki, — rabAki, 
it may be shown that 


2 2 2 2 : 
= + ben*+cat"+abr 


where the summation extends over all quadruples which satisfy (15). Hence 


4-1 
0 


Q 


a 


4 
4 
a 
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where the summation extends over all the elements of S and X=x+ J 
+2J/+wK. 
Set 
pi = Ay — bBy, = cAp. 
In ®,, replace p, 7 by pi, 7: respectively and let W,, be the resulting function. 


It may be shown as for ® that 
4-1 


V(x, V1, 21, = vy = Do gh av) 


vO Q) 


where the summation extends over all the elements of S,; and Xi=x+yJ 
+z.J+wiK. If we set AX,=XU, AQ,=QU where U=s+il+uJ+wkK, it 
may be shown that Q, belongs to S, if and only if 2 belongs to S and that the 
corresponding terms of ® and W are equal. Hence 

4; w) V(x, 41; W1). 


If we express this in terms of theta functions, replace g4*, Ax, Abcy, 
Acaz, Aabw by q, x, y, 2, w respectively and make similar replacements for 
%1, V1, 21, Wi, we Obtain the identity below. 


THEOREM 4. Let a, b, c be positive integers and let s, t, u, v be integers 


such that 
s*? + bet? + cau? + abv? = A?, 


where A is a positive integer prime to 5=s*+bct?. Let 
A = su — biv, Ay = su+ bi, p= pi = Aw — OBy, 
B=sv+ctu, By =sv—ctu, r= —Bu-—cAv, 1= Byt+cAp, 


where w, v are arbitrarily chosen integers. Let 


F(x, 2, w) = > +der*) (« = 
A 


B, v=0 


( bbcvki pcaki tabki 
A A A 


and let F, be the function obtained from F by replacing p, r by pi, 71 respectively. 


Then 
F(x, 2, w) F,(x1, ¥1, 21; w1) 
where 


4, = (sx — ty — uz — vw)/A, 21 = (caux — avy + sz + ctw)/A, 
y1 = (betx + sy + doz — cuw)/A, w; = (abvx + auy — biz + sw)/A. 


UNIvERsITY OF KENTUCKY, 
LEXINGTON, Ky. 


THE CONSISTENCY AND ULTIMATE DISTRIBUTION 
OF OPTIMUM STATISTICS* 


BY 
HAROLD HOTELLING 


1. Definitions. It has been customary to assume somewhat loosely 
that when a quantity is calculated from a random sample to estimate a 
parameter of a hypothetical frequency distribution, the accuracy of the de- 
termination will increase without limit as the number in the sample in- 
creases. A consistent statistic is a function of the observations actually 
possessing this property, which we define more precisely as follows. If p is 
the true value of the parameter (e.g. the true declination of a star) and p’aa 
estimate of p calculated from data (e.g. the geometric mean of the declina- 
tions arrived at by a class in astronomy), then #’ is a consistent statistic if 
for every two positive numbers 6 and ¢ a number N exists such that if the 
sample contains more than JN individuals the probability is less than ¢ that 


|p—p'| >6. 


However, some statistics, such as averages of biased measurements, or rank 
correlation coefficients as direct estimates of product-moment correlations, 
are not consistent. The utility of such a statistic, if any, lies in ease of com- 
putation, together with sufficient accuracy for ordinary purposes, though 
the accuracy cannot be increased beyond a certain point by multiplying 
observations. 

It has also been common to assume loosely that the probability distribu- 
tion of a statistic calculated from m observations has a shape which ap- 
proaches that of the normal (“Gaussian”) curve as increases. But in some 
cases this is not true. For example the range 7 of a sample of m from a rec- 
tangular population of breadth p has the probability 


p” 


(r < p) 


of falling in the range dr. The form of this distribution does not approach 
normality. 

If the probability of obtaining an observation in the range x+4dx is 
f(x, p)dx, and if observations 21, - - - , x, have been obtained, then 


* Presented to the Society, December 30, 1929; received by the editors in December, 1929, 
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L= log f(x, p), 
i=1 


or any quantity whose difference from this does not involve p, has been 
defined by R. A. Fisher as the logarithm of the likelihood.* The same 
definition holds if the probability that an observation shall be exactly x is 
finite and equal to f(x, p). Thus we deal simultaneously with continuous 
and with discontinuous distributions of x. For a multivariate distribution 
of any kind and for a multiplicity of parameters this and the following defini- 
tions may be extended in obvious fashion. 

The value / of » which makes L a maximum is a function of x, - - - , Xn; 
it will be convenient to use Fisher’s designation of this function as the 
optimum statistic or optimum estimate of p. Examples of optimum statistics 
are the mean of a sample from a normal distribution for estimating the mean 
of the population, and the ranger of a sample from a rectangular distribution 
for estimating the range of this distribution. The variance of any quantity, 
the square of its standard error, is defined as the mean value, or mathematical 
expectation, of the square of its deviation from its mean value. The co- 
variance of two quantities is the mean value of the product of their deviations 
from their respective mean values. In the paper cited Fisher shows? that, if 
an optimum statistic has a distribution approaching the normal form, its 
variance approximates to the reciprocal of the mean value of —0*L/0p? as n 
increases. As an extension to the case of simultaneous estimation of para- 
meters pi, - : - , Px, he uses for the variances and covariances of the optimum 
statistics the elements of the inverse of the matrix 


where E signifies the mathematical expectation. In this way Fisher arrives 
at results of wide practical importance, including a condemnation of the 
general use of the method of moments for fitting frequency curves. 

Apart from the question whether the hypothesis of an ultimately normal 
distribution is satisfied, it is not clear what conditions, particularly of con- 
tinuity, are necessary in order that the proofs which have been given shall 


* On the mathematical foundations of theoretical statistics, Philosophical Transactions, vol. 222A 
(1922), pp. 309-368. 

+ By a method similar to one used for the same purpose by Pearson and Filon, Philosophical 
Transactions, vol. 191A (1898), p. 229. 
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be valid. Thus Fisher’s application (op. cit. p. 333) to the location of the 
Type III curve breaks down if <1, though all values greater than —1 are 
possible. 

We shall put ¢=log f. Then since the total frequency of the population 
is unity, fe¢dx=1. Differentiating twice we have 


nf = — n 


provided the second derivative exists and the integrals converge. The right- 
hand side of the equation is the mean value used by Fisher and others. 
Likewise for problems of simuitaneous estimation of two or more para- 
meters we find that the mean value of 


and that of 


are identical. 

2. Theorems. We shall prove explicitly the theorems below for fre- 
quency functions of one continuous variable. However, the extensions to 
any number of variables are perfectly obvious; and the corresponding 
theorems for discrete variables follow immediately by replacing each value 
of the variable by an interval within which the probability may be supposed 
uniformly distributed. 

The true value of p will be denoted by fo, its optimum estimate by ), 
and the probability that a random value of x lies between a and 6 by 
Sef(x, p)dx. The following properties of the distribution function f will 
be used: 

(a) f is a continuous function of « except on a set of values of « of measure 
zero. 

(b) f is a continuous monotonic function of / in a p-interval including 
po for all values of x in some interval. 

(c) In a p-interval including po, 0f/0p is a continuous function of ~ ior 
every value of x; x°0f/0p approaches a continuous function of p as x +; 
in some x-interval df/0p does not vanish. 

The theorems are the following: 

I. If (a) and (b) are satisfied, p is a consistent statistic. 

II. The distribution of p approaches the normal form if (a) and (c) are satis- 


fied. 


Op 
Opi Op; ! 
0h 
|| 
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. Under hypotheses (a) and (c) the variance of p bears to 


E n bc log f(x, po)/Apo]*f(x, po)dx 


nf [d°o(x, po)/dpe PwWdx, 


a ratio which approaches unity as n increases. 

IV. If f(x, pi, +--+, px) is a frequency function satisfying the conditions 
(a) and (c) for each p;, the optimum joint estimates of pi, --- , px have a dis- 
tribution approaching the normal form as n increases. The variances and co- 
variances, each multiplied by n, approach the elements of a matrix whose inverse 


consists of the elements 
f = 
—« OP; Op; 
where f. 

In §6 we shall correct the usual proof of the formula for the covariance 
of two frequencies. 

The hypothesis of Theorem II which is violated in locating a Type III 
curve for which the parameter of shape, p, is not greater than unity is that 
of continuity of the first derivative with respect to the parameter of location, 
which Fisher denotes by m. Variation of m determines a translation of the 
curve along the axis. When »=1 the curve makes an angle at one end with 
the axis; when p<1 the angle is 7/2. Translation therefore causes an 
ordinate corresponding to a fixed value of x to change at a discontinuous 
rate when # has such values. By a transformation of x the curve can be 
thrown into a form tangent to the axis and so satisfying the hypotheses 
(c), but the transformation must depend upon the location as well as the 
shape of the curve. 

3. Reduction of infinite to finite range. Three kinds of infinity are in- 
volved in the problem. The range of x may be infinite, or may increase 
indefinitely as p approaches some value. Secondly, we shall divide the 
range into subintervals whose lengths will eventually approach zero. Finally, 
the number in the sample is to increase indefinitely. 

The infinite range we dispose of at once by the simple expedient of 
transforming the variable into one of finite range and using the invariantive 
property of the optimum statistic. Thus we may put x=tan 0. The distri- 


850 [October 


1930] OPTIMUM STATISTICS 


bution f(x, p)dx then becomes 
F(6, = f(tan p) sec? 6d8, 
and the likelihood, 
L = log [f(tan 6;, p) sec?0;] = Q+ log p), 

where x;=tan 6;. Since Q does not involve p, the value of » which makes L 
a maximum is exactly the same as before. However the range of the variable 
6 is finite. 

The new frequency function satisfies the same conditions as the old 


concerning the continuity and non-vanishing of its first derivative with 
respect to p. This is true even at the ends of the range, since there 
dF /dp = lim (1 + x*)af/ap, 

which is continuous by hypothesis (c). The integrals in Theorems III and IV 
have the same values whether calculated from the distribution of x or from 
that of 6. 

4. Approximation by grouped distribution. Let the range of the variable 
x, which we shall from now on assume finite, be divided into m intervals 
Ji, Jo, Im of respective lengths /,,---,Jn. For convenience we take 
these intervals such that the frequencies 


Sil?) f(x, p)dx 


are all equal when p has the value f» which it takes in the population in 
question. The maximum length / can be made arbitrarily small by using a 
sufficiently great number m of intervals, provided that in measuring the 
length of an interval we exclude any subintervals in which /fdx is zero. 

Hypothesis (a) shows that if x is in J;, the ratio f,(p)/l, can by increase 
of m be made to differ as little as we please from f(x, p), unless x is one of a 
set of values of measure zero and so can be neglected in considering proba- 
bilities. Consequently, if in a sample of m the number falling in the class 
J, be denoted by ,, the logarithm of the likelihood derived from the grouped 
data, which may be taken as 


L’ = yn log f:(p) yin, log lt, 
t=1 


the second sum not involving / and so not affecting the maximizing value, 
differs arbitrarily little from 


L = Dog fxs 


4 
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This is true for every value of p; and by hypothesis f(x, p), and therefore 
Land L’, are continuous functions of p. Therefore if p’ and # denote respec- 
tively the values maximizing L’ and L, the difference |pb’—$| can be made 
arbitrarily small by increasing m. Consequently if our theorems are true 
for data grouped in this way, and for every sufficiently large value of m, 
they are true also for ungrouped data. This fact enables us to concentrate 
our attention upon the variables m, ---, #m, which are finite in number. 
5. Proof of Theorem I. Consider the expression 


L= log z:, 
t=1 
where m; is the number of observations in a particular sample of m falling in 
the interval J,, so that -n,=n. Let 
L = Lr when = n,/n; 
L = Lz when x = fA’); 
L = Ly when % = f:(po) = 1/m (¢=1,2,--+,m). 
Then Le is the maximum value of Z when the 2, are subject only to the 
restriction 


(5.1) = 1; 


Lz is the maximum value when they are subject to the severer condition 
that a value of p exists such that 


(5.2) = 
and Ly satisfies the last condition but is not the maximum. Hence 
Ir 


Now Bernoulli’s law of great numbers shows that, when m is large 
enough, we can assert with a probability greater than 1—e that 


(5.3) | — | <4, 


e and 6 being arbitrarily small. When this condition is satisfied, since L 
is a continuous function of the z,, Le—Ly has an upper limit which ap- 
proaches zero with 6. The same will therefore be true of Lg—Lz. We shall 
next prove it true of each of the quantities 


| f(b’) — felpo) | 


Since the hypotheses of Theorem I show that some at least of the functions 


t=1 
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f:(p) have single-valued continuous inverses when m is large enough, it will 
then follow that |f’—p|, and so, by §4, |#—po|, are arbitrarily small, 
thus establishing the theorem. 

To fill in the gap in the argument, let Z; be the maximum value of L 
for a fixed value of z:, and subject otherwise only to (5.1). Then Le>JZ). 
It is easy to see that this maximum is determined by 


(5.4) 2, = n(1 21)/(n m1) (i = 3, ,m), 
and equals 


Ly = m log 21 + (m — m) [log (1 — 21) — log (n — m)] 


yon; log n;. 
i=2 
Obviously Z; is a continuous function of z; from 0 to 1, not inclusive, and 


changes sign only for z:=m/n. By the theorem on inverse functions, 2; is 
therefore a double-valued continuous function of Li, the two branches be- 
coming equal for z:=,/n, where L:=Lz. Hence, for any 5’>0, 


| n,/n| < 


if Le—L, is sufficiently small. This will be true a fortiori if 22, 23, - - - , 2m 
have values other than (5.4) and if Le—L is sufficiently small, for Le—L; 
is still smaller. 

In the same way each of the quantities 


| n,/n | <i 
when Lr—L is small enough. Putting L =Zz, which as we have seen will be 
arbitrarily close to Lr, we have 
| — m/n| <8 
and therefore from (5.3), 


| f(b’) — filpo) | <6 +8, 


the required inequality. 

A geometrical interpretation may render the foregoing argument more 
intelligible. The 2, being codrdinates in m-space, (5.1) is a hyperplane con- 
taining the curve (5.2), the point R representing the observations, the point 
Z on the curve at which the parameter p takes the optimum value p’, and 
the point M where p takes its true value fo. The likelihood L is constant over 


t 
# 
4 
m 
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a system of approximately spherical hypersurfaces about R. The point Z 
is the point of the curve which lies on the smallest of the approximate spheres 
meeting the curve, and is therefore approximately the nearest point on the 
curve to R. The argument shows with probability greater than 1—€e that Z 
lies arbitrarily close to R and therefore to M, and that the values of the 
parameter at Z and at M differ arbitrarily little. 

The curve (5.2) may be quite irregular. For example the arc length may 
fail to exist, owing to infinitely rapid oscillations of some of the ordinates 
of the frequency function when f varies. The conditions of Theorem I 
require only one codérdinate—that is, the integral of the frequency function 
in some x-interval—to be continuous and monotonic with respect to , 
and then only in a short p-interval. The subsequent theorems require func- 
tions of a smoother sort. 

6. Distribution of class frequencies. The familiar demonstration by 
means of Stirling’s formula shows that the probability that m, will fall be- 
tween any limits is given by the integral between these limits of a normal 
curve of variance proportional to m, apart from terms which vanish as n 
increases. We now examine the joint normal distribution of all these class 
frequencies in order to deduce that of . 

Let the deviations 

- r, = n,/n — 1/m 
of the observed relative frequencies from their values in the population be 
taken as the cartesian coérdinates of a point R in m dimensions. The values 
of the n,/n obtained from random samples have the binomial distribution 
with mean 1/m, and therefore with variance 


o? = (1 — 1/m)/(mn). 


If each 7, were determined from a different random sample of nm, the points 
R would form a globular cluster in the m-space. The distribution of proba- 
bility would have, in fact, a spherical symmetry whenever 1 is large enough 
for the binomial to be replaced by the normal distribution; for the probability 
of R falling in the volume element dridrz - - - drm would be the product of 
the m separate probabilities, or 


U = 


t=1 


where 


However the points R which we are considering are confined to the hyper- 
plane Vn_i of equation >>r,=0, since all the codrdinates are derived from 
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the same sample. The imposition of this restriction destroys the mutual 
independence of the class frequencies, giving instead a covariance between 
any two of them which will now be seen to equal —1/(nm*). 

The derivations which have been given of the covariance or correlation 
between sampling deviations in class frequencies are objectionable because 
of the inconsistent assumption that the deviation of an observed class fre- 
quency from its mean value is compensated, in the same sample, by devia- 
tions of the opposite sign in all the other class frequencies distributed exactly 
in proportion to the mean values. Since we are attempting an accurate 
treatment we must therefore turn aside to give an accurate proof of this 
much-used proposition. The accurate proof is simpler than the customary 
one. 

In any problem of sampling grouped values, let f; be the mean frequency 
in the 7th class in a sample of n, and let f;+6f; be the observed frequency. 
Then from the elementary theory of the Bernoulli distribution, 


E(6fi)? = f(1 — fi/n), 
E(6f;)? = — fi/n). 


Combining the 7th and jth classes we have, by the same principle, 


+ 8f)* = (f+ f) (1 2) (if. 


Subtracting the first two of these equations from the last and dividing by 2 
we have the familiar expression for the covariance, 


07; = = — fifi/n. 


Substituting f,=f;=1/m, we have the result needed for present purposes: 
the covariance of any two of our 7; is —1/(mm*). The density of the points 
R in V1 is therefore proportional to 


1 m—1 m—1 
exp ( er Dawn), 
2 t=1 


where ||a,,|| is the inverse of the matrix of variances and covariances. 
In accordance with the results just obtained, the latter matrix is 


(1 —1/m)/(nm) —1/(nm?)_ --- — 1/(nm*) 
—1/(mm*) (1 — 1/m)/(mm)--- — 1/(nm?) 


— 1/(nm*) — 1/(mm*) - (1— 1/m)/(nm) 


t 
€ 
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It is easy by straightforward algebra to obtain the inverse of this matrix 
or of the more general one in which the class frequencies are unequal, though 
Karl Pearson resorted for the latter purpose to a complicated trigonometric 
method.* With the help of >>7.; r,=0 we obtain simply 


m—1 m—1 


m 
t=1 


s=1 t=1 
Thus the density distribution in V,,_; is spherically symmetrical. 
Let us take new cartesian codrdinates yi, ye, - - - , Ym With the same origin 
as the r, and such that y,,=0 on V,,;. On this hyperplane the density dis- 
tribution, being symmetrical, will be given by 


1 m—1 
ex ——mn yi? d¥m-1. 
p 
t=1 


Now suppose that each point R is projected orthogonally upon a line 
which, without loss of generality, we assume to be the y-axis. The linear 
density of the resulting points is found by integrating the last expression 
with respect to ye, Vs, - - - , Ym—1, an easy matter because it is the product of 
factors involving only one variable each. The result shows that the linear 
density of the projected points is normally distributed with variance 
(6.1) . o2 = 1/(mn). 

7. Proof of normal distribution. In addition to R, each sample deter- 
mines a point Z in V »_1, the coérdinates 2, - - -,2m of Z being the deviations 
from 1/m of the proportions fal’ ing into the several classes of the total fre- 
quency in a population having for its parameter p the value ’ for which the 
likelihood of the given sample is a maximum: We shall now find an approxi- 
mate geometrical construction for Z when R is known. 

Since the codrdinates of Z are the relative frequencies in a population 
of the form under consideration, minus 1/m, they must satisfy the equations 
(7.1) Z=filp)—1/m (¢ = 1,2,---,m) 
which define a curve in V,,, in terms of the parameter p. This curve C 
passes through the center P of our globular cluster; and since it follows from 
the hypotheses of Theorem II that the functions f,(p) have continuous 
first derivatives of which one at least does not vanish, C is approximated in a 
neighborhood of P by the tangent straight line, along which the distance 
measured from P is 


* On the criterion that a given system of deviations from the probable in the case of a correlated system 
of variables is such that it can be reasonably supposed to have arisen from random sampling, Philosophical 
Magazine, vol. 50 (1900), p. 157. 
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The point Z for a particular sample is that for which 


(7.3) L= yon log (z, + 1/m) 

t=1 
is a maximum for variations of z, subject to (7.1). For any constant value 
of L, (7.3) is the equation of a hypersurface. The problem of maximizing 
L subject only to the condition 


(7.4) = 0 
would be the problem of determining one of these hypersurfaces tangent to 
the hyperplane (7.4). The solution of this problem is simply z,=,/n—1/m; 
the point of tangency is R. 

Putting Le for the value of Z at this point, Lz for its value at Z, and 
621, - - - , 6z, for the differences in codrdinates of these points, we have, apart 
from terms of higher order, 


Lz =Lr+ + 4 52, 520. 


t 
Now from (7.3) we have at R, where z,=2,/n—1/m, 
OL/dz, = n, 0°L/dz, Oz, = 0 if s 1, = — n/n ifs =t. 


Moreover >.6z,=0, since both Z and R lie in V,,;. Thus Z is the point on 
the curve C for which 
(62:)2/ Nt 


is a minimum. For large values of 7 the denominators tend to equality and 
the point Z therefore to the nearest point on the curve to R. 

This shows that the points R are in the limit projected orthogonally 
upon C, or approximately upon the tangent line. The distance s along this 
line will then have a normal distribution with variance (6.1). The distribu- 
tion of p will therefore approach the normal form with a variance, derived 
from that of s by means of (7.2), equal to 


(7.5) 1/{mn [fe (po) |?} 


Since this / is identical with p’, which approximates ? for the fine grouping 
implied by large values of m, Theorem II is established. 

It is important that the last of the conditions (c) prevents the vanishing 
of the denominator of (7.5). If this condition were not insisted upon it 
would be easy to find parameters whose optimum estimates did not tend to 
a normal distribution and whose sampling deviations might therefore easily 
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be misinterpreted. Such for example would be g=(p— o)?; the distribution 
of an optimum estimate of g would approach the form e~*¢ dq/[2(kmq)?/*]. 

8. Evaluation of variance. To prove Theorem III we multiply (7.5) by 
n and let m increase without limit. Since by definition 


po) 1/m, 
and since, apart from terms of higher order in m=", 


= f(x, Pyli, 
so that 


(b)?/flp) = log f(x, p)/ap]}?f(x, pyle, 
it follows that the expression 


m fe (bo) = (po) Po) 


will, as m increases, approach the value for p= pp of 


fre log f/dp)*f dx, or 


where f =e* is taken as zero outside the range of x. This proves Theorem III. 

9. Extension to more than one parameter. For each of k parameters 
pi, * ++, Pe separately, Theorems I, II, and III hold. Since the optimum 
estimate of each has in the limit a normal distribution, their joint distribution 
approaches that for which the frequency element is proportional to e~*7/?, 


where 
k k 


T= — pio)(pi — Pio) 


i=1 j=l 


is a positive definite quadratic form. Here pio represents the true value of 9;, 
and the carats have been dropped from the ; in denoting the optimum 
estimates. The matrix of the g;; is the inverse of that of the variances and 
covariances. 

Let us apply a linear transformation which reduces T to 


T= 
and let the inverse transformation be 


(9.1) qn = — pio). 


Equating coefficients, 
(9.2) gig = 
h 
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Taking the q’s instead of the p’s as parameters we observe from the form 
of T’ that their optimum estimates are in the limit distributed normally 
and independently with variance 1/n. Hence from Theorem III, 


(9.3) dx = 1. 
To show further that 


(9.4) f (86/dqn)(6/dqie* dx = 0 if h ¥1, 


we put 
gn = (un — 
qi = (un + /2'/?, 
un = (gn + 
ur = (— ga + qu)/2"?. 
The left member of (9.4) equals one-half of 


that is, 


But these integrals are equal because they are respectively m times the vari- 
ances of u, and “;, both of which have, by their definition, the same variance 


as the q’s. 
Now since, by (9.1), 


we have 
= Ani A (06/090). 


h 


Taking the mean values of both sides and using (9.3), (9.4), and then (9.2), 
J dz = Ans = 
Thus Theorem IV is proved. 
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THE NOTION OF THE GREEN’S FUNCTION IN THE 
THEORY OF INTEGRO-DIFFERENTIAL 
EQUATIONS. II* 

BY 
J. D. TAMARKINt 


1. Problem and hypotheses. We are concerned here with an integro- 
differential boundary value problem (*) consisting of an integro-differential 
equation 


(1.1) L(u) = u™ + Pyi(x, + --- + p)u 


= f(x) + f h(x, 


together with m linear boundary conditions 


(1.2) Li(u) = A,(u, p) + Bu, p) + fetes p)u(x)dx = 0; 


p) = p'pio(x) + p*"pa(x) + --- + pix), 


(s) = (s) 
A,(u, p) = Bu, p) = (u), 


s=0 s=0 


p) = Diptaie(x) 
s=0 
[I; 10, 13, 19]. The coefficients ¢;(x;p) of [I; 19] are assumed here to be 
identically zeros while the function /(x,£; p) is defined by 


(1.4) h(x, = Pno(x) &). 
s=0 
We assume that our problem (*) satisfies hypotheses (A) and (B) of 
[I; 10, 13] while hypothesis (C) of (I; 19] is replaced by 
(C) i. The function /,(x, £) has partial derivatives of the first order 


* Presented to the Society, December 28, 1926; received by the editors June 24, 1930. 

+ The present paper is a continuation of a paper published in these Transactions (vol. 29 (1927), 
pp. 755-800) under the same title. We shall refer by [1] to this paper as to notation and bibliography 
of the subject. See also Errata to i} at the end of the present Note. 
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which are of bounded variation in (x, £).* The function 4,_:(x, &) is of 
bounded variation in (x, £). The remaining functions h,_2(x, £), - - - , Ao(x, 
are bounded and integrable on (a, b) with respect either to x, or to &, or 


to (x, £). 
ii. The function h,(x, £) considered as a kernel of a Fredholm integral 
equation possesses a reciprocal §,(x, £) as defined by 


h,(x, + (x, = (hn-Bn)(x, £) = h,)(x, ).T 


2. A lemma of the theory of integral equations. The following well 
known Iemmatf will be very useful for our discussion. 


Lemma 1. Jf a kernel K(x, &) is equal to the sum of two other kernels, 
(2.1) K(x, = Ki(x, &) + K2(x, &) 
and if the reciprocals of the kernel K,(x, &) and of the kernel 
(2.2) §) = Ko(x, — (®1- K2)(x, &) 
exist, then the reciprocal of K(x, &) exists and is given by 
(2.3) R(x, E) = Rix, E) + — (Mo- Ki)(x, £).§ 
Formula (2.3) is easily proved if we write the integral equation 
y(x) = f(x) + K-y(x) 
y(x) = f(x) + y(x) + Ki-y(x), 
whence, by definition of the reciprocal and by the hypothesis of Lemma 1, 
= f(x) + Ke-y(x) — [f(x) + Ke-y(x)} 
= f(x) — f(x) + Ko-y(x), 
y(a) = f(x) — r-f(x) — — 


in the form 


which, being compared with 


* A function f(x, ) will be said to be of bounded variation in (x, £) if it is of bounded variation 
in £ for each x, and in x for each £, the total variation being in each case uniformly bounded on 
(a, b). A function will be designated simply as integrable if it possesses the properties of the functions 
Itn-2,* * , Ao below. 

} The notation A: B=(A- B)(x, &), A-f(x) will be used throughout this paper to designate 
the “ composition” of two kernels ye A(x, s)B(s, &)ds, or, respectively, the composition of a kernel and 
a function, f A(x, s)f(s)ds. The reciprocal of a given kernel will be usually designated by the corre- 
sponding letter of the German alphabet. 

t Hellinger-Toeplitz, Iniegralgleichungen und Gleichungen mit unendlichvielen Unbekannten, 
Encyklopidie der Mathematischen Wissenschaften, II;, 1927, pp. 1379-1380. 

§ It is hardly necessary to specify various conditions of integrability which should be added 
in the statement of Lemma 1., 
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v(x) = f(x) — &-f(x), 
yields the desired result. 
3. The extension of certain results of [I]. Asin [I; 15] we define 


b 
(3.1) T(f; x, &) = p™" f G(x, t; f(t, 


The symbol A(u; x, ) will be used as a generic notation to designate a linear 
form in m arguments Ue, Un, 


A(u; x, = p) 
i=l 
whose coefficients \;(x, £; ) are defined as sums of a finite number of prod- 
ucts of the form 
E(e),* 
the functions ¢(x), ¥(£) being continuous and of bounded variation on (a, d). 
Likewise, A(u; x) will designate a linear form 


A(u; x) = Duals; p) 


whose coefficients \;(x; p) are sums of a finite number of terms [¢(x) |E, 
where E may depend on p and other variables, including x. With this nota- 
tion we have [I; 15] 


Lemna 2. (i) Jf f (x, £) is any function integrable on (a, b), then the integrals 
(3.3) x, £) (s = 0, 1); T.(f; x, £) 


tend uniformly (in x, £ and p) to zero as |p | +00 and p remains in (Ds). 
(ii) If f(x, ) is any function of bounded variation on (a, b) then 
(3.4) | x, 8) |< NV,/|p| (s = 0,1,---, 
| x, 8) |< 
where the constants N, V; have the same meaning as in [I; 15]. 


(iii) If f(x, ) is any function whose first derivatives are of bounded variation 
on (a, b), then, in (Ds), 


* By E(p), E(p, x), E(p, x, =), *++ we designate functions which remain uniformly bounded 
on the respective ranges of their arguments. 
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x, f(x, + A(@z ; x, £)/p + E/p’, 


(3.5) 
To(f; x, &) = + x, )/p + E/p?, 


while 
(3.6) YT x, = A(@z; x, &) + E/p’? (s = 1, i). 


The proof of Lemma 2 is obtained in precisely the same manner as the 
proof of the corresponding Lemma 1 of [I; 15]. The foot-note on page 772 
of [I] should be used in deriving (3.6).* 

Remark. Lemma 2 can be applied even when f(x, £) is replaced by a 
function of the type A(u; x, £) with the result 


6 
f Ao(@z > s)G(s, g; p)ds Ao(@z ; x, £)/p 


3.7 
+ p)/p + p™-*(E-G)(x, p) + E/o*, 


the function Ao being the same on both sides of (3.7). 


Lemma 3. The following rules may be used when operating with the 
symbol A: 

(i) Ai@; x, £)+A2(@; x, =AG; x, 

(ii) If f(x, £) is any function of bounded variation on (a, b), then 


b 
(3.8) f s, x) f(s, E)ds = E/p. 


(iii) Under the hypothesis of (ii) 


b 
(3.9) f A Gs; s)f(s, = 8), 


(iv) f As (Ge; 2, 5, ds = B/p. 


The rules (i) and (iii) follow immediately from the definition of the 
symbol A. Rule (ii) follows from Lemma 3 of [I; 16], and rule (iv) is readily 
proved by using the definition of the symbol A and applying rule (ii). 

4. The formal expression for the Green’s function of problem (*). Let 
G(x, £;p) denote, as usual, the Green’s function of the associated differential 
boundary value problem 

L(u) = f; L(u) = 0 (i= 1,2,---,m). 


* The subscripts x, ¢ will be used to designate the dependence of the quantities &;’, ”; “of 


[I : 14] respectively on x or on ¢. If the distinction between &’ and &’’ is not essential, we shall use 


simply @. 
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If p is not a pole of G(x, £; p) then our problem («*) is equivalent to the 


integral equation 


u(x) = F(x; p) + H-u(x; p) 
where 


(4.1) F(x; p) =G- f(x), 
(4.2) H(x, p) = (G-h)(x, p). 
If the reciprocal (x, ;) of the kernel H(x, £;p) exists, then 
u(x) = F(x; p) — S-F(x, = G — §-G)-f(x). 


Hence the Green’s function I'(x, £;p) of the problem (*) is given by 


(4.3) I(x, p) = G — §-G)(x, p) = G(x, p) — f G(x, s; p)G(s, p)ds. 


Therefore the whole question is reduced to the discussion of the kernels 
H(x, £; p) and (x, £; p). This discussion can be carried through if we 
restrict p to range over the domain (D) [I; 23], on the basis of the known 
behavior of G(x, £;p) on (D) and of the results of the preceding §§2 and 3. 
The restriction above concerning p will be assumed in the sequel without 
being mentioned explicitly. 

5. The discussion of the equivalent integral equation. We start with 
the kernel H(x, £; p). On substituting expression (1.4) for A(x, &; p) into 
(4.2) we see at once that 


H(x, p) = pTillin; + Tiina; &) + &)- 


Hence, by Lemma 2, 
(5.1) H(x, p) = hn(x, &) + x, + E/p, 
(5.2) T (In; x, h,(x, £)/p + > £)/p + E/p’, 


where /(@/ ; x, £) is an expression of type A.* 
We proceed now to the reciprocal §(x, £; p). We set in Lemma 3 


Ki(x, £) h,(x, K.(x, £) ; ‘1, £) + E/p. 


Since the reciprocal &:(x, £)=b,(x, &) exists by hypothesis we have 
only to investigate the existence of the reciprocal of the kernel 


Ko = (az; x, §) — + E/p = x, + E/p. 


* (af ; x, £) will not be used as a generic notation. It is completely determined by formula(5.2). 


n 

id 
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By Lemma 3 the iterated kernel 
Ko (x, & p) = E/p. 
Since this can be made as small as we please by taking |p| sufficiently large, 
the reciprocal @o’’(x, £; p) of the kernel Ko®(x, &;) exists in (D) and is 
itself of the type E/p. But, from 
u=f+Kof=f+Kof+Ko-u, 
u = f+ Ko-f— 80’ -(f + Ko-f) = f+ (Ko — — Ro’ -Ko) 
it is readily seen that 
Ro = — Kot Ro’ + Ro’ -Ko = — x, + E/p. 
Substitution into (2.3) gives now 
(5.3) G(x, & p) = R = &) — x, &) + (x, & p) + E/p. 
We can prove now the following 
TueoreM 1. Under the hypotheses (A),(B),(C) above, the Green’s function 
I'(x, of the problem (x) is meromorphic in p; furthermore, in (D), 
(5.4) I'(x, p) — G(x, p) = — (©-G)(x, p) = E/p”. 


The first statement of Theorem 1 is proved in precisely the same manner 
as the corresponding statement of Theorem 3 of [I; 21]. The second 
statement follows immediately from (4.3), (5.3) if we apply Lemmas 2 and 
3, and Remark to Lemma 2. 


Corottary. Under the hypotheses of Theorem 1, Theorems 5 and 7 of 
[I; 23, 26] also hold. 
6. The equiconvergence theorem. It was stated in [I, p. 788 ]} that in the 
equiconvergence theorem the Birkhoff integral 
1 b 
(CR) a 


has to be replaced in the present theory by the integral 


J (Cr) 


1 b 


a 


This leads to the 


t See also the paper of Lichtenstein referred to in the foot-note { on page 755 of [I]. 
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THEOREM 2. Under the hypotheses (A), (B), (C) above, if (Cr) denotes 
a circle in (D) about the origin, the difference 


1 


J ( 


b 
pr-tdp G(x, t 
Cr) a 


(6.2) Tr(f) = If) 
tends to zero as R-+~, for any integrable function f(x), and uniformly in x 
on (a, b). 

Set 


1 
(6.3) dr(x, t) = — ™ t; p) — G(x, t; p)) 
R 


Then 
b 
(6.4) Tr(f) = f or(x, t(f(t)dt, 


and, by the classical theorem of Lebesgue,f Theorem 2 will be proved if we 
prove the following: 
(i) The function ¢e(x, ¢) is uniformly bounded for (Cr) in (D), x, ¢ 


on (a, b). 
8 


(ii) As R-+o the integral 
tends to zero, uniformly in (x, a, 8) on (a, d). 

To prove (i) we observe that the integral of the second line of (6.3) 
reduces to p'-"7(h,; x, ) if I'(x, £; p) be replaced by G(x, &;). Since by 
Lemma 2, 7,(h,; x, t)=E/p and, by Theorem 1, [—G=£E/p", we have 


or(x, t) = ,(E/o)dp 
R 


which proves (i). 
To prove (ii) we have, in view of (4.3) and (3.1), 


(6.5) 
+ h(x, Dao, 
R 


t Sur les intégrales singuliéres, Annales de Toulouse, (3), vol. 1 (1909), pp. 25-117 (52, 68). 
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where 


hy (x, = pno(x) 
Now, by (5.3), 

+ (1-5, -G)(x, t; p) + (E-G)(x, t; p)/p. 
Since (1-§,) (x, ; p) is of the type A(G/ ; x, £), an easy application of Lemma 2, 

Remark to Lemma 2, and Lemma 3 gives 

t; p) = t) + x, 
— x,t) + p) + E(x, 
i=1 


+ p" "(E-G)(x, t; p) + E/p. 
Again, by (5.2), 


pT (hn; x,t) = t) + x,t) + E/p, 
and, finally, 
p"(Q-G)- hy (x, t) Ti(hn; x, t) 

(6, + E/p)- (lin E/p) (x, t) 

= An) (x, t) (L- Ten) (x, t; p) + hn) (x, t; p) + E/p. 
It should be observed that in these formulas we have to consider only the 
leading terms in the brackets of the coefficients of the linear forms / and A, 
the contributions of the remaining parts being included in the expression E/p. 


On collecting all these results and taking in account the reciprocity 


relations 
we see at once 


= + Daj! Els, ) 
(CR) 


E) dp 


It is readily seen however that 


B E B E 
f A(@i’ ; x, = —; f dt = —; 


p p 


E 
f p"-(E-G)(x, t; p)dt = —- 
p 


44 
J. 
a 
4 
Hence 
eZ 
ig 
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8 
f t)dt = f Ep~*dp, 
a (Cr) 


which yields the desired result. 

The reader will find no difficulty now in extending Theorem 6 of [I; 24] 
as well as in applying the above results to various problems of expansion of 
an arbitrary function in a series of fundamental functions of the problem («), 
and of the summability of such series. Our results are also readily extended 
to the case where the right-hand member of the integro-differential equation 
(1.1) has the more general form considered in [I; 19-26]. This extension 
(in the case where instead of a single integro-differential equation of nth 
order we deal with a system of  integro-differential equations of the first 
order) is treated in a Thesis by F.C. Jonah, which will be published elsewhere. 


ERRATA CORRIGENDA TO THE PAPER [I] 


Page 769, foot-note: The integrand should be replaced by 
{ — 0). 

Pages 763-764: The expressions for the pseudo-resolvent used in the 
text are correct only in the case of real kernels. Since it is essential here 
to consider complex-valued kernels as well, the following modifications 
should be made: 7 ,w, of the last formula on page 763, and in the formulas 
on lines 3, 11, 16, page 764, should be replaced by their conjugates, @/ , 
@,. The same remark concerns w, on 8th line. 


Pages 774-775: The right-hand member of (29) should be replaced by 


and w;;o, £;; in the next two lines should be replaced by w;;.0;, Z;; respectively. 
An analogous correction should be made in the formula (34). In (30) a; 
should be replaced by @/. 

Pages 785-786: It is not always possible to draw the family of contours 
(Cz) in (D) in such a way that one and only one pole of the Green’s function 
be enclosed between any two consecutive contours. Hence the terms in the 
series expansion of the Corollary of 25 should be grouped, each group con- 
taining the terms that correspond to sets of poles between the consecutive 
contours (Cy). This situation, which was stated correctly in the author’s 
paper referred to in the foot-note § on page 755, is overlooked in [I] and 
in the author’s paper referred to by “D” in [I]. The same remark, appar- 
ently, should be made concerning all the publications on the subject by 


various other authors. 
Brown UNIVERSITY, 
PROVIDENCE, R. I. 
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ANALYTIC FUNCTIONS IN THE IRREGULAR FIELD 
OF ALL NUMERICAL FUNCTIONS* 


BY 
E. T. BELL 


1. Introduction. To distinguish them from the elements with which 
we shall be chiefly concerned, we shall call real or complex numbers scalars. 
As it is usually immaterial in the sequel whether the scalars are real or 
imaginary, either may be understood unless the contrary is expressed. Scalars 
will be denoted by small Latin letters, a, b,---,x,y,---. 

For the moment only, let a, 8,---, &, », w denote elements of an ab- 
stract field F whose zero, unit elements are w, 7 respectively, and in which f 
sums, products, quotients, differences are written as usual, a+, a8, a/8, 
a—B. The properties of products such as aa are assumed in the customary 
form.t To the classical postulates and definitions of F, it is convenient for 
our purpose to add the following definition: An element é of F is called 
regular or irregular according as there exists or does not exist a uniquely 
defined element £’ in F, called the reciprocal of £, such that &’=n. The 
unique irregular element in F is w. 

Suppose now that elements a, 8,--- and the four fundamental opera- 
tions upon them (addition, subtraction, multiplication, division) are defined 
so that the resulting system JF differs from F only in the existence in JF 
of an infinity of irregular elements. Then /F is called an irregular field. 
The postulates for /F were precisely stated in a former paper,{ and numerous 
instances were given there and elsewhere.§ The foregoing description of JF 
is sufficient for the present, as we shall discuss an instance of /F in some { 
detail. In the papers cited the algebra (theory of finite processes) in /F was : 
fully treated; here, we consider the analysis (theory of essentially infinite 
processes) so far as it relates to functions in 7F having power series expan- 
sions in JF, for the particular instance mentioned. Elements of the 7F con- 4 
sidered will be denoted by small Greek letters, a, 8, - - - ,w, , &, °°: 


Before proceeding, it may be of interest to state an example of the 
similarities and differences between analytic functions in a scalar field and 


* Presented to the Society, April 5, 1930; received by the editors in February, 1930. ; 
+ See, for example, L. E. Dickson, Algebren und ihre Zahlentheorie, 1927, pp. 23-24. a 
{ E. T. Bell, Annals of Mathematics, vol. 27 (1926), p. 511. 
§ E. T. Bell, Algebraic Arithmetic, 1927. 
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their correspondents in JF. It was shown by Tannery* that if S(x), C(x) are 
uniquely defined for all values of «, and have the addition theorems 

S(x + y) = S(x)C(y) + C(x)S(y), 

C(x + y) = C(x)C(y) — S(x)S(y), 

and if there exists a single value of x for which C(x), S(x) are continuous, 
then they are continuous for all x, and, the trivial case where both vanish 
identically being excluded, 


(1.1) 


(1.2) S(x) = e* sin bx, C(x) = e** cos bx, 
where a, b are constants. If in addition 
(1.3) S*(x) + = 1, 


then S(x)=sin bx, C(«)=cos bx. Further instances of completely solved 
systems of functional equations will be found in Osgood (loc. cit.) and in 
Van Vleck and H’Doubler.f Remarks similar to the following, for the above 
set, apply to all. 

We note first that the values of S(x), C(x) are scalars, as also is x We 
shall require our functions in JF, that is their “values,” to be in the same 
IF as their arguments. Second, if x is not scalar, continuity is not significant, 
and hence must be dropped in JF. Third, the right-hand member of (1.3) 
is the unit scalar; in JF it must be replaced by 7, the unit element in/J/F, 
which is such that, if — is any element of JF, n=. Fourth, the (scalar) 
solution of (1.1), (1.3) having been shown to exist under the stated hypoth- 
eses, the power series for the sine and cosine follow in the usual way, and are 
absolutely convergent for all finite values of the argument. 

In JF the situation corresponding to (1.1), (1.3) is 


S(a + B) = S(a)C(B) + C(a)S(B), 
C(a + B) = C(a)C(B) — S(a)S(8), 


where S(£), C() are to be uniquely defined for every ¢ in JF; and 
(1.31) S*(é) + C*(é) = 9. 


The conclusion is that 


(1.11) 


* See, for example, W. F. Osgood, Lehrbuch der Funktionentheorie, 1926, pp. 582-586. 
+ E. B. Van Vleck and F. H’ Doubler, these Transactions, vol. 17 (1916), pp. 9-49. 
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S(— = —S@), C(— 
S(w) = , C(w) = 1, 


(1.5) 


where w is the (unique) zero element in JF, defined by w§=w for all & in JF 
(w also is irregular). 

Further, from the definition of derivatives in JF with respect to &, 
indicated by D,;, it follows that D,S()=C(é), D:C(~)=—S(é). The next 
is in striking contrast to the scalars S(x), C(x). In the instance of IF con- 
sidered, there is uniquely determined a constant finite scalar, say p, when £ 
is a designated element of JF, such that S(£), C(£) as in (1.4) are reducible 
to the forms 

S(é) = C'(&) sin p + S’(€) cos p, 
C(é) = C’(é) cos p — S’(é) sin p, 


where C’(), S’(€) are certain finite linear homogeneous functions of certain 
elements of JF which are uniquely determined when £ is given, and which 
further satisfy the same functional equations (1.11), (1.31), (1.5) as C(&), 
S(£). The sense in which infinite processes exist, or are convergent, in IF 
will appear as we proceed. 

The similarities and differences illustrated above arise from two sources: 
the existence in JF of an infinity of irregular elements, and the specific inter- 
pretations assigned to the four fundamental operations. 

2. The JF of all numerical functions. We shall recall from previous 
papers a minimum of definitions and theorems to make the present self- 
contained. 

If for all finite integral values >0 of the scalar variable x the scalar func- 
tion (x) is finite and uniform, £(x) is called a numerical function of x, and 
is said to be regular or irregular according as £(1) 0 or &(1)=0. The unit, 
zero numerical functions, n(x), w(x) are defined by 


n(1) = 1, +1) = 0, w(n) = 0 (n = 1,2,---). 


The numerical functions a(x), B(x) are defined to be equal when and only 
when a(n) =8() for all integers n>0. If a(x), B(x) are equal, the equality 
is written a=8. Hence the following are equivalent statements: 


(2.1) a = 8, a(n) = B(n) (n = 1,2,---). 


As such symbols a, 8, - - - occur only in relations of equality as just defined, 
it is unnecessary to define them separately. The special irregular field JF 
to be discussed has as its elements the set of all a, B, - - - , n,w, &, - - - , where 
a(x), B(x), ---, &(x),---+ is the set of all numerical functions; n(x), w(x) 
are as above defined, and ¢ is regular or irregular according as (x) is regular or 
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irregular. To avoid repeating m=1, 2, ---, we make the convention that 
any relation involving 1 is to hold for all integral values >0 of nm. The funda- 
mental operations in JF are defined by the following pairs of statements, post- 
ulated to be equivalent: 


(2.2) = o(n) = cé&(n); 
(2.3) ¢=atB, $(n) = a(n) + B(n); 
(2.4) = af, o(n) = 


the summation referring to all distinct matrices (d, ¢) of integers d>0, ¢>0 
such that dt=n. 

It was shown elsewhere* that if and only if & is regular, there exists in 
IF a uniquely determined element £’, called the reciprocal of —, such that 
££’ =n, and an explicit form for £’(m) in terms of &(d), where d runs through 
the positive integral divisors of m, was given. Here it is sufficient to know 
that £’ exists when and only when £ is regular. Writing £’ =7/é=£-' (€ regu- 
lar), we thus define division in JF. 

From (2.2), (2.3), aa+b8+ ----+cy is defined, and from (2.4) the 
definition of ££ - - - &, follows: 


= fif2--- &, ¢(n) = (ms) Eo( me) + &(n,), 


the summation referring to all matrices (m, m2,---, m,) of integers n;>0 
(j=1,---, 7) such that n=nm,---n,. If &=h&=--- =£,, we write 
If is regular, and £’ is the reciprocal of &, &-" is defined by 
If a is any element (w not excluded) of JF, by definition a®°=y. If & is any 
element of JF, ni =£, w£ =w; the unit element 7 is unique, as also is the zero 
element w. The properties of scalar multiplication defined in (2.2), addition 
in (2.3) and multiplication in (2.4) are abstractly identical with those of the 
similarly named operations in a field, and hence with respect to these opera- 
tions the elements of JF form a ring, say 7R. Adjoining to 7R division in JF 
as above defined, we see that /F is abstractly identical with common algebra, 
except that in JF division is impermissible by each of an infinity of elements 
of JF (the irregular elements), instead of merely by the unique zero. Details, 
if desired, will be found in the papers cited; the foregoing is sufficient for 
what follows. 

3. Components. Throughout this section, — is an arbitrary element of 
IF, r is an arbitrary integer 20, and p=£(1). We shall define elements 
£.(a=0, - - -, r) in IF, the components of such that 


* E. T. Bell, Téhoku Mathematical Journal, 1921. 
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r—a 


(3.1) tr=rl >) fa. 


a=0 (r = a)! 


It is easily shown that if the c, are scalars, and the &/ elements of JF, a 
resolution of the form 


v= 
a=0 


is, if it exists, unique. Thus (3.1), when the & are determined, will be the 
unique resolution of & into its components in JF. If s is an integer <0, 
and is irregular, does not exist; if is regular, =(£’)-*", —s>0, &’=the 
reciprocal (in JF) of £, so that this case is included in (3.1). Hence (3.1) is the 
general case. The resolution of powers into components enables us to pass, as 
will be seen later, directly from finite to infinite processes in JF. We proceed 
to find the components &,. 

Let n=qi" - - - g;ti(>0,---, t;>0) be the resolution of m>1 into a 
product of powers of distinct primes qi, -- - , g: (1 is not a prime); write 
=0, ---+#;. Then no resolution of the integer m>0 into 
more than 7(m) factors >1 is possible. 

By definition, we take 
(3.2) = 0 (a>m(n), n=1,2, ---); 
(3.3) (b <0). 


Hence we need consider only £,(”), n>1, 0<a<7(n). 

Let m be an integer >1; let ai, d2,---, a, be s integers >0, and P, 
P,,--.+,P, bes distinct integers >1 which, without loss of generality, may 
be assumed in ascending order, P}<P2< - -- <P,, such that 


(3.4) = eee P,*. 
Write a=a,+a.+ --- +a,. We shall call (3.4) a decomposition of n(>1) of 
degree a. 


Consider £(m)(n>1). If b>r, no decomposition of » of degree b con- 
tributes to é*(m). By the definition in §2 of multiplication in JF, 


>> having the signification there stated. Hence, if we define &,(”) to be 
the sum 


(3.5) 


extended over all decompositions of ” of degree a when ar, the total con- 
tribution of all the decompositions of degree a of n to &(n) is 


dg! 
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! r—a 
(3.6) 


(r — a)! 
since, for example, the particular decomposition (3.4) must be written 
n= ‘oe P,% 


in order to contribute to é*(m). 

Finally, then, with £.(”)(a=0, m>0) as defined in (3.2), (3.3), (3.5), we 
see by these and (3.6) that the required resolution of é(r=0) into its com- 
ponents &, is (3.1). 

In discussing infinite processes in JF, all powers are resolved into their 
components. From the definitions, all products of components are products 
in JF. The last remark may be emphasized, as the final theorems derived 
from power series in JF are of precisely the same forms as their correspondents 
in a scalar field. 

In (3.1) we have resolved a power into its components. There is a re- 
ciprocal resolution of £ into a polynomial in & of degree r. Writing (3.1) 
for the moment in the form 

a=0 
we observe that the M,(r) are rational numbers depending only upon a, r 
and that the sequence £o, £,--- is uniquely determined in JF when & 
is given. In (3.7) replace r by 0, 1, - - - , 7, and solve the resulting system of 
equations (of determinant 1) for the &. Then 


(3.8) & = SNe, 
a=0 


where the N,(7) are rational numbers depending only upon a, 7, and the 
representation (3.8) is unique. The explicit forms of the N.(r) will not 
be required. 

For completeness, we state the components of sums and products. Let 
a, B be any elements of JF. Write d6=a+8, ~=aG6. We seek ¢,, W,, where 
ris aninteger=0. The results are 


(3.9) 


as may be proved directly from the definition of £.(m), or immediately from 
the exponential theorem as in §6; 


Yr = (a8), SN. 


[October 
a=0 
a=0 
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and, therefore, 


(3.10) (a8), = >) >) DON 
a=0 b=0 c=0 
The following is a useful relation. Let x be an arbitrary scalar, an 
arbitrary element of JF. Then 


(3.11) (xt), = 


4. Derivatives in/F. The following definitions enable us to attain com- 
plete isomorphism between derivatives of functions in JF and the like for 
scalars. The derivatives D;é*, Dé. of —*, &., where a is an integer=0, and & 
is regular, are the respective elements aé*—!, £,_, of JF —that is, 


(4.1) D&* = at", Debs = (a= 0). 


If £ is irregular, (4.1) by definition is restricted to the case a>0. From (4.1) 
there follow easily all the formal properties of derivatives of sums, products, 
quotients, etc., in JF, in complete isomorphism with the like for scalars. 
5. Analytic functions inJF. Let & be an arbitrary element of JF, and 
let R be the region of convergence of f(x), the scalar function defined in R by 


f(x) = 
r=0 


Then we define >> ~0c,¢" to be the analytic function f(£) of § in IF if and only 
if (1) lies within R. 
Write fo(x) =f(x), fa(x) =d*f(x)/dx*(a>0), p=£(1). Then, by the above 
definition, if f(€) is an analytic function of £ in JF; the series 


j=0 


is absolutely convergent, and its sum is f.(p)(a@=0). 

Let be an arbitrary integer>0. Then (see §3), the resolution of &() 
contains at most components £,(”). Denote by Then, if & is 
analytic in JF, 


— a)! 


and the last is the sum of not more than z(m) absolutely convergent series, 
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the &.(m) being numerical constants with respect to the summations. Per- 
forming the summations, we have 


=(n) = Dd fal p)Ea(m) 


or, what is the same, by the definition of equality in JF, 
= 
a=0 


in which the upper limit of the summation may if desired be taken as ©. 
To summarize: If & is any element of IF, and if &(1) lies within the region 
of convergence of the scalar function f(x), where 


f(x) = + + cox? 
then, by definition, f(£), where 
= con + + +---, 


is an analytic function of & in IF, and it follows that 


(5.1) = Dfalp) (p = &(1)), 


where fa(p) is the scalar 
Denote by f,(x) (r 20) the rth derivative of f(x) with respect to x. Then, 
if 2 lies within R, the series 
(r+ 7)! 
Xo? 
j! 


j=0 
is absolutely convergent and its sum is f,(%o). Hence f,(é), where 


(r+)! 
= Libres #4, 
i=0 J* 


is an analytic function in JF of é, and, from what precedes and §4, we have 


= Dyf(®) = fal 
a=0 
where PD," indicates r successive derivations with respect to &. 
From (5.1), (5.2), we have the MacLaurin expansion of any analytic 
function f(£) in JF, 


(5.3) fo=>d fal. 


a=0 


a=0 
a=0 
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Similarly, if £, a are any elements oi JF such that £(1)—a(1) lies within 
the region of convergence of f(x), we have the analogue in JF of Taylor’s 
theorem for scalars, 

(5.4) f® = 


a=0 a ! 


From the definition of analytic functions in JF, it is in short clear that 
the analysis of scalar analytic functions for values of their arguments within 
the com plete intersection of the respective regions of convergence of the scalar func- 
tions goes over unchanged to IF by a mere reinterpretation of the scalar variabies 
as elements of IF and of the four fundamental operations upon scalars as the 
corresponding operations in IF. (In division it is necessary to avoid irregular 
divisors.) 

As a detail in the transposition from scalars to their unique correspondents 
in JF, we may repeat a remark in the introduction: The scalar unit 1 corre- 
sponds to 7. For example, cos? £+sin? = 7 is true; cos? +sin? ismean- 
ingless, since cos? £, sin? are in JF, and 1 is not. Similarly for 


siné+sin(—&) =, siné+sin(— & =0, 


the first of which is true and the second meaningless. 

6. The elerrentary functions in JF. In illustration of §5, we shall next 
briefly consider the exponential, circular and hyperbolic functions in JF. 
Since p(=£&(1)) lies within the region of convergence of each of exp x, sin x, 
cos x, sh x, ch x (because &(1) is, by the definitien of numerical functions, 
finite), each of exp &,---, ch &, where & is an arbitrary element of JF, is 
an analytic function of in JF. We have 


expé= 


r=0 7: 


(- 
sing= 2 (2r + 1)! 

sa 2 (2r + 1)! 
Hence, if we define E(é), - - - , by 


E(t) = = Dik, BE) = 
a=0 a=0 


a=0 


C(é) (Esa Esa42), S(é) > E4043), 


a 
os & 
ché = | 
= 
> 
a=0 
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an immediate application of (5.1) gives the corresponding reduced forms, 
exp = E(£) exp p; 
sin = C(£) sin p + S(&) cos p, 
cos = C(é) cos p — S(é) sin p; 
sh = A(£) ch p + B(E) sh 9, 
ch € = A(é) sh p + B(E) ch p. 
From either (6.1) or (6.2) follow all the usual properties, except those con- 
cerning continuity and scalar periodicity, which are meaningless here, of 
scalar exponential, circular and hyperbolic functions for the corresponding 


analytic functions in JF in exact isomorphism. Suppose these are developed. 
Then we may, at once, write down a second isomorphism, as follows: 


(6.2) 


exp x] sinx | cosx| shx | che 
expé| sing | cosé| shé | ché , 
E(é) | S(é) | C(é) | BE) | AG) 


corresponding functions being in the same column of the table, the complete 
isomorphism being such that, if any given relation holds between the mem- 
bers of a particular row of the table, say the first, as it is the most familiar, 
then the relation holds also when the members of that row are replaced by 
their correspondents in each of the remaining rows. The isomorphism 
includes derivatives, D; being the correspondent of d/dx. 

In the preceding theory, we started from the fundamental theorem of 
arithmetic (unique decomposition into primes). There is a generalization to 
functions of the elements in any commutative semi-group, as may be seen 
from the algebra developed by the author.* The ultimate interpretation of 
properties of analytic functions is, as I will show elsewhere, a theory of com- 
pound partitions of matrices of rational integers. 


* E. T. Bell, Algebraic Arithmetic, chapter IV. 
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THE THEOREM OF DEDEKIND IN THE IDEAL THEORY 
OF ZOLOTAREV* 


BY 
H. T. ENGSTROM{ 


I. INTRODUCTION 
Let K(@) be the algebraic field generated by a root @ of the irreducible 
equation 
f(x) = + 
and let ~ be a rational prime. The theorem of Dedekind on the connection 


between ideals and higher congruences which is fundamental in the theory 
of algebraic numbers is the following: 


THEOREM 1. If p is not a divisor of the index of 0, and 


is the decomposition of f(x) in prime functions (mod p) then 


p = eee 


is the prime ideal decomposition of p in K(0), and Np;=p'* where f, is the degree 
of &;(x). Furthermore 


#,(6)). 


This theorem was first used by Zolotarev{t in 1874 as a definition of 
ideals. This definition is not general on account of the exceptional character 
of the index divisors, for the ideal decomposition on this definition depends 
on the particular equation used to define the field. Dedekind first attempted 
to establish a definition of ideals in terms of the equation defining the field, 
but for a general theory he was forced to his abstract definition which is now 
classical. He proved Theorem 1 on this basis in 1878. Zolotarev also gave 


* Presented to the Society, November 29, 1930; received by the editors in January, 1930. 

t National Research Fellow, California Institute of Technology. 

t G. Zolotarev, Théorie des nombres entiers complexes, avec une application au calcul intégral, 
Bulletin de l’Académie des Sciences, St. Petersburg, 1874. Abstracted in Fortschritte der Mathe- 
matik, vol. 6 (1874), p. 177. 

§ Dirichlet, Vorlesungen iiber Zahlentheorie, edited by Dedekind, 4th edition, §72-85 and §141. 

q R. Dedekind, Uber den Zusammenhang zwischen der Theorie der Ideale und der Theorie der 
hiheren Kongruenzen, Gottinger Abhandlungen, 1878, p. 15. 
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up his attempt to define ideals directly in terms of the equation defining the 
field and in 1880* he succeeded in giving a general definition. On the basis 
of this definition Theorem 1 is no longer obvious. In the following paper I 
give a simple proof of the theorem by first developing the theory of con- 
gruences for ideal moduli in terms of the Zolotarev ideals. 

The problem of determining the prime ideal decomposition of a rational 
prime p in the general case was solved by Kronecker’s theory of forms.f 
Henself in 1894 showed that in this theory there exists an analogy to the 
Theorem of Dedekind which is valid for all primes. The calculation of the 
prime ideal decomposition by this method, however, is based on an integral 
base of the field. In the Zolotarev theory the ideal decomposition may also 
be calculated for any from an integral base of the field.§ The problem of 
determining the ideal decomposition of p directly from the equation defining 
the field is solved by the Theorem of Ore.|| In a later paper I shall establish 
these results directly from the Zolotarev definition. 


II. FUNDAMENTAL DEFINITIONS AND THEOREMS ON ZOLOTAREV IDEALS 


Greek letters are used to represent the integers of an algebraic field K 
of mth degree. Italic letters represent rational integers and a rational 
prime. 


DEFINITION 1. w; is said to divide w2 (mod p)if there exists ac, prime to p, 


such that ¢-w2/w, is an integer of K. 


The notation w; lw will be used to denote the divisibility of we by w; 
(mod 


DEFINITION 2. Jf €|1 then is a unit (mod 


DEFINITION 3. If wi\w2 and ws\w: then w, and ws are called associates 
(mod 


In questions of divisibility (mod /) associates are not regarded as distinct. 


* G. Zolotarev, Sur la théorie des nombres complexes, Journal de Mathématiques, (3), vol. 6 
(1880), pp. 51-84, 129-166. For a modern account of the theory see N. Tchebotarev, The foundations 
of the ideal theory of Zolotarev, American Mathematical Monthly, vol. 37 (1930), pp. 117-128. 

t L. Kronecker, Grundziige einer arithmetischen Theorie der algebraischen Grissen, Journal fiir 
Mathematik, vol. 92 (1882), pp. 1-122. 

t K. Hensel, Untersuchungen der Fundamentalgleichung einer Gattung fiir reelle Primzahl als 
Modul und Bestimmung der Theiler ihrer Diskriminante, Journal fiir Mathematik, vol. 113 (1894), 
pp. 61-83. 

§ Cf. N. Tchebotarev, loc. cit. 

|| ©. Ore, Uber den Zusammenhang zwischen den definierenden Gleichungen und der Idealtheorie 
in algebraischen Kérpern, Mathematische Annalen, vol. 98 (1927), Theorem 9, p. 585. 
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DEFINITION 4. Jf x is not a unit (mod p) and |ww2 only when x \a or 
then x is said to be a prime (mod 


THEOREM 2. Each integer in K has a unique decomposition in primes 


(mod p). 
THEOREM 3. There exists a complete residue system (mod p) in K, 


(1) ao = p, a, G2, * Ae 1), 


such that a;|\p,i=1, 2,- --,o. 


THEOREM 4. All prime divisors (mod p) of p are contained in the set (1). 


DEFINITION 5. For each rational prime p, to each prime divisor r(mod p) 
we associate a symbol ¥, called a prime ideal divisor, and say that an integer w 
contains the ideal divisor 3* if w is divisible (mod p) by r*. 


Corresponding to each rational prime dividing N(w) as a modulus, w will 
contain certain ideal divisors. We write w symbolically as the product of all 
ideal divisors contained in w, i.e., 


THEOREM 5. Each integer in K has a unique decomposition in prime 
ideal divisors. 


An integer w of the field is determined to an absolute algebraic unit by 
its divisors for the rational primes which divide its norm as moduli. Theorem 
5 is a symbolic statement that a representation of an integer w by its divisors 
for the rational primes dividing N(w) as moduli is unique (cf. Tchebotarev, 
loc. cit. p. 125). 


DEFINITION 6. Jf $ is the prime ideal divisor associated with the prime 
divisor 7 (mod p), the power of p dividing N(r) is called the norm, N(%), of 8. 


DEFINITION 7. The norm of a product of prime ideal divisors is the product 
of the norms of the factors. 


III. CONGRUENCES FOR IDEAL MODULI 


Let wi, we, - - - , #, be an integral base of K and =z an arbitrary integer 
of K. Then 


(2) Tw; = + A2jwe + AnjWn mM), 


where N(x) =+|a,;|. We determine a normal base for multiples of 7 as 
follows. Of all multiples of 7 in the form 
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(3) 6101 + Ce #0, 


let 2; be that for which |c;| is least. Since N(s)w; is of the form (3) such in- 
tegers exist. We obtain the set 


2; = 


Q2 = + 
(4) 


It is readily shown that every multiple of 7 in K is a linear combination of 
2, 22, - - - , 2, with rational coefficients and conversely. Furthermore, if a 
multiple of 7 has the form (3) then c;=0 (mod 6;;). Since the integers (2) 
also form a base for multiples of +, the determinants |a;;| and |b;;| are each 
divisible by the other, i.e., = bee Ban. 

Suppose that 7 is a prime (mod ) and that § is the prime ideal divisor 
associated with 7. Let N($)=>)’, i.e., N(r)=p/q where (p, g)=1. We 
prove the following lemmas: 


Lemma 1. Jf w;=0 (mod then 6;;40 (mod 

For if w,=0 (mod $) there exists a c, prime to p, such that cw; is a 
multiple of 7. Hence c=0 (mod 6;;) and therefore b;;40 (mod p). 

Lemma 2. 6;;40 (mod p?), i=1, 2,---,m. 

For since +|p there exists a c, prime to p, such that cp, and hence cpux, 
is a multiple of Hence cp=0 (mod and therefore b;;40 (mod 

From Lemmas 1 and 2 we obtain the following theorem: 

THEeoreM 6. If N(r)=p/q, (p,¢)=1, precisely f of the integers 
bi, - - , ban are divisible by p. 


Let w;,, Wi,,° be the basis integers for which b;;=0 (mod re- 
taining the order in (4). We have the following theorem: 


THEOREM 7. If a is a linear combination of w;,, wi,, - - - , wi, with rational 
coefficients, then 


(5) C1Wi; + CW + + 0 (mod $) 
if and only if 
(6) + i, = 0 (mod p). 


For if a=0 (mod §) there exists a c, prime to p, such that ca is a multiple 
of 7. Hence ¢-c;=0 (mod and therefore c;=0 (mod Since |p it 
follows that 
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C1Wi, + Cowig + = 0 (mod $). 


Hence c;_1=0 (mod p). Continuing in this way we obtain (6). 


THEOREM 8. Every integer w in K satisfies a congruence of the form 


(7) @ = + Cwi, + (mod 
If b;;40 (mod p) we may choose a d; such that d;b;;=1 (mod p). Multiply- 

ing Q; in (4) by d; we obtain, since 29;=0 (mod §), 
= + + (mod §). 


Hence, by successive elimination of the w,’s for which };;40 (mod p) from 
the expression for w in terms of the basis integers, we obtain (7). 
From Theorems 7 and 8 we obtain immediately 


THEOREM 9. The norm of a prime ideal divisor § is equal to the number of 
incongruent residue classes (mod §$) of integers in K. 


To extend Theorem 9 to any ideal divisor we prove the following lemma: 


Lemma 3. The number of incongruent classes (mod M-N) is equal to the 
product of the number of classes (mod IN) and the number of classes (mod %). 


For we may determine an integer » of K divisible by Mt such that u/N 
is prime to 9t.* Then, if »; and ¢; run over a complete residue system 
(mod Mt) and (mod MN) respectively, the integers yu+{; form a complete 
residue system (mod 9-9) as may be shown in the usual way. Using 
Definition 7 we obtain the following theorem: 


THEOREM 10. The norm of an ideal divisor It is equal to the number of 
incongruent classes (mod MM) of integers in K. 


The theorems on congruences for ideal moduli in Section 8 of Hilbert’s 
reportf follow directly. 


IV. THE THEOREM OF DEDEKIND 
Let 6 be a primitive integer of K and a root of the equation 
(8) f(x) = + 
If wi, we, , is an integral base of K and 


(9) = + + ++ + 


* The existence of u follows from the independence theorem of Tchebotarev, loc. cit., p. 127. 
{ D. Hilbert, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 4 (1894-95), pp. 
191-192. 


(¢=1,2,---,m), 
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we have 
De = ked 


where D, is the discriminant of @, d is the discriminant of K, and ky= |a;;| 
is the index of 6. By solving (9) for wi, ws, - - - , w, we obtain the following 
theorem: 


THEOREM 11. Every integer w in K can be expressed in the form 


_ bo + 5:0 + 
he 


The following theorem follows from Definition 3: 


THEOREM 12. If p does not divide ke then every integer of K is associate 
(mod p) to a polynomial in 0. 


THEOREM 13. If F(x) and G(x) are relatively prime (mod p), then F(@) 
and G(@) are relatively prime (mod p). 


For if F(x) and G(x) are relatively prime (mod ) there exist polynomials 
A(x) and B(x) such that 


A(x)F(x) + B(x)G(x) = 1 (mod p) 
and hence 
A(0)F (0) + B(@)G(@) = 1 (mod p). 


Since all primes (mod p) divide p (mod p) it follows that any common 
divisor of F(@) and G(@) must be a unit (mod p). 


DEFINITION 8. By Theorems 3 and 12 we may choose any prime function 
o(x) (mod p) in such a way that 6(0)|p. We shall call such prime functions 
“normal.” 

THEOREM 14. If p does not divide ke and (x) is a normal prime function 
(mod p) then $(0) is either a prime or a unit (mod p). 


Every polynomial F(x) is either prime (mod ~p) to ¢(x) or divisible 
(mod p) by ¢(x). In the first case (0) is prime (mod p) to (9). In the second 
case F'(@) is divisible (mod p) by #(@), for we have 


= o(0)G(6) + 


and since $(0)|p, it follows that ¢(6)|F(@). Hence every integer in K is 
either divisible by $(@) or prime to it and, by Definition 2, it follows that 
$(0) is either a prime or a unit (mod Pp). 
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THEOREM 15. If p does not divide kp and (x) is a normal prime function 
(mod p) of fth degree, then N(p(0) ) #0 (mod p/*'). 


Suppose that V(#(@) )=0 (mod p). Then ¢(@) is not a unit (mod ) 
and hence is a prime (mod p). Let §$ be the prime ideal divisor associated 
with the prime divisor ¢(@). We have 


Hence, from Theorem 12, any integer w in K satisfies a congruence of the 
form 

w = + + ---+ db; (mod $8). 

Since p=0 (mod §), it follows that the number of incongruent classes of 


integers in K is less than or equal to p’,i.e., N($) < p’. Hence, by Definition 6, 
N($(6) ) 40 (mod p/**). 


We are now prepared to prove the anologue of Dedekind’s theorem: 


THEOREM 16. If p does not divide ke and 


where o;(x) is a normal prime function (mod p) of degree f;,i=1,2,---,7, 
then 
(10) cp = - 
where (c, p)=1 and ¢ is a unit (mod p), is the decomposition of p in distinct 
prime divisors (mod p). 

For let 


I(x) = - - + pM(x). 
Then 


— pM(8) = $1(8)*p2(8)*: - - - 
Taking the norm of both sides we have 
— p"N(M(6)) = - - 


Since it follows from Theorem 15 that N(M(@) )40 (mod 
and furthermore V(¢;(@) )=0 (mod p*‘). Hence ¢;(@), i=1, 2,---,r, isa 
prime (mod ) and furthermore, by Theorem 13, ¢;(@) and @;(@) are distinct 
(mod p) for i#j. Also, M(@) is a unit (mod ) and there exisis a c, prime to p, 
such that c/M (0) is a unit (mod and (10) follows. 

Expressed in terms of the ideal divisors of Zolotarev, Theorem 16 becomes 
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THEOREM 17. Under the hypothesis of Theorem 16, 
Pir Ber, = p%, 
where 3; is a prime ideal divisor associated with the normal prime divisor 
(mod p), i=1, 2,---,7. 
To express this theorem in the form of Theorem 1 we must remove the 
condition of normalcy of the divisors ¢,(x). Suppose that 


fx) = (mod 


is a decomposition of f(x) satisfying the conditions of Theorem 1. By 
Theorems 3 and 12 there exists a prime function decomposition 


f(x) = (mod 9) 
i=1 
in which the ¢;(x) are all normal and 
(11) oi(x) = (mod p;7 = 1,2,---,7). 
This may also be shown directly as follows. Suppose 
f(x) = + pM(x). 
t=1 


Since we have supposed that # is not an index divisor it follows by a criterion 
due to Dedekind* that if e;>1 then M(x) 40 (modd ®,(x) ). Now let 


pda) =| / 


j=l 


We distinguish two types of (x), (1) those for which M(x)=0 (modd 9, 
®,(x) ) and (2) those for which M(x)40 (modd p, ®,(x) ). If ©;(x) is of 
type (1) we write ¢,(x)=®,(x)+pP.(x), if ®,(x) is of type (2) we write 
o:(x) =®,(x). Then 


(12) f(x) = + pM"(2), 


i=1 


where M’(x)=—[P,(x)]? (modd p, ®,(x) ) in case (1) and M’(x)=M(zx) 
(modd p, ®,(x) ) in case (2). Hence M’(x) 40 (modd ®,(x) ), i=1,2,--- 7, 


* Cf. P. Bachmann, Allgemeine Arithmetik der Zahlenkorper, Leipzig, 1926, p. 277. 
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ie., M’(x) 40 (modd 9, ¢;(x) ). Setting in (12) we see that ¢,()**|p, 
i=1,2,---,7r,i.e., all the ¢,(x) are normal. 

If e;>1, it follows from (11) that ®,(6) is divisible (mod ) by precisely 
the first power of ¢;(9) and by no other divisors of . Hence we may write 
as the greatest common divisor (mod of and ®;(9); symbolically, 
Pi=(p, &:(0) ). If e;=1, then p will contain precisely the first power of 
¢;(0) and again $;=(p, ®,(0) ). Hence we have Theorem 1. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIF. 


POLYNOMIALS OF BEST APPROXIMATION ON AN 
INFINITE INTERVAL* 


BY 
JAMES M. EARL 


Introduction. This paper is concerned with an extension of certain stu- 
dies of the degree of convergence of methods of approximation to a given 
function. The approximating functions are polynomials determined so as to 
minimize the integral over an infinite interval of the product of a non-negative 
weight function and the mth power of the magnitude of the error. The essen- 
tial point of this discussion is that the interval of integration is infinite. The 
case of a finite interval has been considered by Jacksonj{ and others for poly- 
nomials as well as for other types of approximating functions. 

The problem may be formulated more precisely as follows. Let f(x) be a 
given function of x defined on an infinite interval S. Under suitable restric- 
tions on f(x) and the non-negative veight function r(x), there exists a deter- 
mination of the coefficients in the ja,lynomial 


Pr(X) = do + ax + dex? + +++ + 


for which the integral 


(1) fro | f(x) — pr(x) |"dx 


is a minimum. When the coefficients in p,(x) are so determined, the poly- 
nomial /,() is called an approximating polynomial of degree » and is denoted 
by Pnn(«) while the value of the minimized integral is denoted by Jm,». The 
problem is to investigate the degree of the uniform convergence of P»,(x) to 
f(x) when m is a fixed positive number and 7 is allowed to become infinite. 
The Hermite series and the Laguerre series are two important special 
cases of the least-square problem, m = 2, on the doubly infinite interval (— ©, 
*) and the simply infinite interval (0, ©) respectively. The former corre- 
sponds to the weight function r(x) =exp(—<?) and the latter to r(a) =exp 


* Presented to the Society, April 7, 1928; received by the editors in May, 1930. 

¢ See D. Jackson, On the convergence of certain trigonometric and polynomial approximations, 
these Transactions, vol. 22 (1921), pp. 158-166; Note on the convergence of weighted trigonometric 
series, Bulletin of the American Mathematical Society, vol. 29 (1923), pp. 259-263; and bibliographi- 
cal references there noted. 
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(—x). In these special cases, the problem of uniform convergence has been 
extensively studied by various methods.* The method used here consists of 
obtaining an expression which gives an upper bound for the error in the 
approximation to f(x) in terms of the integral /,,, and then of obtaining upper 
bounds for J, to be substituted in this expression. By this method, results 
on uniform convergence are obtained for very general exponential weight 
functions, for the doubly infinite as well as for the simply infinite interval, 
and for any given positive m. While these results possess considerable 
generality, they are intended to suggest rather us to exhaust the wide range 
of applicability of the method. 

The arrangement of the paper is in summary as follows. After a statement 
of well known theorems for reference in §1, the questions of the existence and 
the uniqueness of the approximating polynomials are considered in §2. The 
upper bounds for the magnitude of the error f(x) —Pmn(x) obtained in §3 
involve Imn; the question of degree of convergence is thus reduced to the 
problem of determining upper bounds for the integral J,,,. This is done in §4 
for the case of an essentially even weight function on the doubly infinite 
‘interval; the upper bound for J,,, obtained depends not only on the nature 
of f(x) but on the behavior of r(x) for la’ #e values of |x]. Application to the 
special case of an exponential weight function r(x) is made in §5. The case 
of a simply infinite interval taken for definiteness as (0, © ) is made to depend 
on the above in §6 and it is found that the necessary restriction on r(x) for 
large values of |x] is less for the simply than for the doubly infinite interval. 
Section 7 contains a method for the treatment of essentially skew weight 
functions on the doubly infinite interval. It is shown in the application to an 
exponential weight function that the necessary restriction on r(x) for large 
positive values of x can be weakened at the expense of increasing the restric- 
tion on r(x) for large negative values of x. Unification of the results of §§3 
to 6 is incidentally effected in §7. 


1. Theorems for reference. The theorems due to S. Bernstein, tA. Markoff, 


* For bibliography, see E. Hille, A class of reciprocal functions, Annals of Mathematics, (2) 
vol. 27 (1926), pp. 427-464. See also W. E. Milne, On the degree of convergence of the Gram-Charlier 
series, these Transactions, vol. 31 (1929), pp. 422-433; the concluding section of Chapter III in the 
colloquium lectures of D. Jackson, The Theory of Approximation, New York, 1930; and an abstract 
by J. M. Earl, The degree of convergence of Hermite and Laguerre series, Bulletin of the American 
Mathematical Society, vol. 35 (1930), p. 455. 

+ S. Bernstein, Sur l’ordre de la meilleure approximation des fonctions continues par des polynomes 
de degré donné, Mémoire couronné, Brussels, 1912. 

t For proof see M. Riesz, Eine trigonometrische Interpolationsformel - - + , Jahresbericht der 
Deutschen Mathematiker-Vereinigung, vol. 23 (1914), pp. 354-368. 
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P. L. Tchebycheff,* and D. Jackson,f respectively, that follow are lettered 
for convenience of reference. 

In Theorems B, M and T below, let ¢,(x) with derivative g,’(x) be any 
polynomial of degree m which satisfies the stated hypothesis. 


Tueorem B. Jf |g,(x)|<L on (a, b), then (x)|<nL/[(b—x) (x—a)]}"” 
on (a, b). 

TueoreM M. /f |q,(x)|<L om (a, b), then (x) | <2n?L/(b—a) on (a, b). 

TueoreM T. (a) If |g,(x)|<L on (—a, a), then |qn(x)|<L|2x/a|" when 
x is not on (—a, a). 

(b) Zf |\qn(x)|<L on (0, a) [or on (—a, 0)], then |q,(x)|<L|4x/a|" on 
(a, [or on (—o, —a)]. 


THEOREM J. Jf on the interval (a, b), f(x) has a pth derivative f(x) which 
satisfies a Lipschitz condition of order u with coefficient L, that is 


| f( x2) — f(x) | = L| (0<au& 1) 


for every pair of values x;, x2 on (a, b), then for each integer n> p, there exists a 
polynomial p,(x) of degree n such that 


| f(x) — pa(x)| < KL[(b — a)/n]?*™ 
uniformly on (a, 6) where K is an absolute constant. 


2. The existence and the uniqueness of the approximating polynomials. 
The first lemma below may be used as the basis for proofs of existence of 
approximating functions in a variety of least mth power problems. A similart 
lemma has been proved for bounded§ h’s. The functions /,(x), - - - , ha(x) 
are called properly independent on a point set S if every linear combination 
of these functions in which the coefficients are not all zero is different from 
zero on a sub-set of S of positive measure. The set S may be thought of as 
bounded or not bounded in this section. 


* For proof see S. Bernstein, Lecons sur les Propriétés Extrémales et la Meilleure Approximation 
des Fonctions Analytiques d’une Variable Réelle, Paris, 1926, pp. 7-8. 

Tt See, for example, D. Jackson, On the approximate representation of an indefinite integral - - - , 
these Transactions, vol. 14 (1913), Theorem VIII, p. 354. 

1D. Jackson, A generalized problem in weighted approximation, these Transactions, vol. 26 
(1924), pp. 133-154; pp. 133-137. 

§ Shohat has removed the restriction of boundedness in a special case for polynomial approxi- 
mation; see J. Shohat, On the polynomial of best approximation to a given continuous function, Bulletin 
of the American Mathematical Society, vol. 31 (1925), pp. 509-514; p. 510. 
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Lemma 1. Suppose that the functions I(x), ---, hn(x) are properly in- 
dependent on S and that the integral 


J= fi x) |"dax 
8 


exists for each set of coefficients (1, - +--+, ¢n). Then there exists a positive con- 
stant A which is independent of the c’s such that 


The generality of the hypothesis that the integral J exists for each set of 
coefficients is apparent on noticing that this hypothesis is satisfied for exam- 
ple when each / is measurable and has a summable mth power on S. The 
proof of Lemma 1 follows. 

Let C denote the set of points (c:, - - - , cn) in m dimensions such that 
c.=1 for some & and |c,|<1 for all k=1,---, . Corresponding to each 
point of C, the integral J is positive. The set C is closed. Therefore since J 
is a continuous function of ¢, - - - , Cn, bounded for all points of C, there 
exists a least J=A which is positive. 

Now let the c’s in J be arbitrary. The lemma is true if the c’s are all zero. 
Suppose then that some ¢, say c;, is not zero and has at least as great magni- 
tude as any other coefficient. Then the coefficients in the quotient [ci/(x) 
+ +++ +¢nhn(x)]/ce are a point of C so that J/|c.|"2A and from this fol- 
lows the inequality (2). 


THEOREM 1. Suppose that for each polynomial p,(x) of degree n, the integral 
(1) exists and that fs r(x)dx=R>0. 

(a) If m is positive, at least one approximating polynomial P »,(x) exists. 

(b) If m exceeds unity, the approximating polynomial Pmn(x) is unique. 

(c) If m=1 and f(x) is continuous, the approximating polynomial P mn(x) 
is unique. 


Statement (a) of this theorem follows from Lemma 1 by the usual reason- 
ing. The usual proof of (b) applies here while (c) may be proved by extending 
a proof given by Shohat* for the case of a finite interval S. These proofs are 
omitted. 

3. The degree of convergence of the approximating polynomials. Here 
(a, b) denotes a finite interval which is a sub-set of the set S which may be 
thought of as bounded or not bounded. If r(x) satisfies Hypothesis Y (given 
below) on this interval, then upper bounds in terms of m and Imn for |f(x)— 
Pnn(x)| on (a, b) and (a+e, b—e) are given below by expressions (9) and (10) 


* J. Shohat, loc. cit., pp. 511-513. 
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respectively where ¢ is any preassigned positive constant less than 3(b—a). 
In the proofs, U denotes the least upper bound of |f(x)| on (a, 6) and it is 
assumed that |P».(x)| attains its maximum value 7; on (a+je/k, b—je/k) at 
x=a«;(j=0,1,---,), & being any given positive integer. Various constants 
which are independent of are denoted by the single letter c. The minimized 
integral J», is of course taken over the whole of S. 

Lemna 1. /f r(x) has a positive lower bound v on (a, b) and if r;>4U, then 
(3) jy) (Gj =1,---,&). 


By Theorem B, |Pian(x)|<(kn/e)rj;-1 on (a+je/k, b—je/k). It follows 
by the law of the mean that 
| Pmn(x) — (kn/e)w « — 


whenever |x—x;|<a,(2kn;,/e) so that |Pmn(x)| 247; on an interval w 
of length cx;/(n7;-1) which lies wholly on (a+je/k, b—je/k) and has x; for 
one end point. It follows that 


| f(x) — Pmn(x) | = | Pn(x)| — | f(x) | = - 


on w and, since r(x) =v on w, that 


(4) Tan r(x)dx = 


w 


The inequality (3) of the lemma results on solution of this inequality for 7;. 
Hypothesis Y. The function r(x) is said to satisfy Hypothesis Y on 

(a, b) if there exist positive constants D, d and non-negative constants g, 
s such that r(x) has a positive lower bound v= Dd*t* on (a, b) except perhaps 
on (/+2) non-overlapping sub-intervals (a,a+d), (yi-d, yitd) (i=1,---, 
Ll) and (b—d, b) on which r(x) behaves as follows: 

r(x) =D(b—x)* whenever b—x<d, 

r(x)=D(x—a)* whenever x—a<d, 

r(x) =D\x—y,|* whenever |x—y;|<d. 

Under Hypothesis Y, the weight function may become zero in a restricted 
manner at a finite number of interior points as well as at the end points of 
(a, b). If, for example, S is the interval (0, ©) and (a, b) is (0, A), then using 
the upper bound (9) of Theorem 2 for the error, it is seen that there is no 
weakening in the degree of convergence provable caused by allowing the 
weight function to become zero at a finite number of interior points of (0, A) 
provided the order of vanishing in no case exceeds s=1. The essential novelty 
of the convergence proofs given here lies in the difference in the effect of 
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allowing r(x) to vanish to a given order at interior points of (a, b) as compared 
with the effect of allowing r(x) to vanish to the same order at one or both end 
points of (a, d). 

In Lemmas 2 and 4 below, (a, 8) denotes any given interval which is 
interior to (a, b) and which contains the intervals (y;—d, y;+d) ({=1,---,2). 


LemMA 2. Suppose that r(x) satisfies Hypothesis Y on (a, b) and that 
7o>4U. Then 


(5) To S c(m**1Zn,)'!™ if xo is on (a, B), 


(6) S if xo is on (a, a) or on b). 


If xo is on (a, B), then by Theorem B, |P/n(x)|<cnmo on (a, 8). Steps 
similar to those used in the proof of Lemma 1 except that w is here replaced 
by w’ of length 1/(2cm) with xo as one end point and that r(«) which is re- 
placed by v in relation (4) is here replaced by D|xo—x|*, result in inequality 
(5). 

If x is on (a, a) [or on (8, b)], Theorem M gives |P‘n(x) | <cn*ro. The 
proof of (6) is similar to the proof of (5) but w’ is here replaced by w’”’ of 
length 1/(2cn?) and s is replaced by g. 

The following lemma results on setting s=g=0 in inequalities (5) and 


(6). 


Lemma 3. If r(x) has a positive lower bound on (a, b) and if ro>4U, then 
mn)! ™. 


Lemma 4. Suppose that r(x) satisfies Hypothesis Y on (a, 6) and that 
we>4U. Then 


if x, is on (a, B), 


(8) 


where H =1+(m+1)-*, if x, is on (ate, a) or on (8, b—e). 


If x, is on (a, 8), inequality (7) is obtained in the same manner as (5) 
of Lemma 2. If x; is on (a+e, a), then when ¢ is sufficiently small, r(x) has a 
positive lower bound on (a+4e, a+}e). Letxé be the maximum of |Pn.(x) | 
on this interval. By Lemma 3, 7¢ Sc(n*Jmn)/™ so that the inequality (8) 
results by successive applications of Lemma 1 with (a, 6) replaced by 
(a+te, athe) and € by }e. This establishes Lemma 4. 

If the magnitude of the error in the approximation to f(x) on (a, b) by a 
polynomial g,,(x) does not exceed €,, then U for the function f(x) —gn(x) does 
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not exceed e, and, since, by Lemma 2, the approximating polynomial P,,,(x) 
—q,(x) for this function does not exceed 4e, plus the sum of the expressions 
on the right in inequalities (5) and (6), the magnitude of f(x) —P a(x) does 
not exceed the expression (9) on (a, 6). Similar reasoning using Lemma 4 
instead of Lemma 2 results in the upper bound (10) of Theorem 2 for the 
error on (a+e, b—e). 

THEOREM 2. Suppose that f(x) can be uniformly approximated by a poly- 
nomial of degree n with an error which nowhere exceeds €,, on the interval (a, b). 
Let € be any positive number less than $(b—a). If r(x) satisfies Hypothesis Y 
on (a, b), then \f(x)—Pimn(x) | does not exceed 


(9) Se, + c[(n2@+v + on (a, b), 


(10) Sen + + on (a + €,b — ©), 
where H=1+(m-+1)-*. 


4. The order of magnitude of the minimized integral. An upper bound 
for the integral J, is obtained here for the case of an even weight function 
r(x). Extensions to the case of more general weight functions are then sug- 
gested. The set S is taken to be the doubly infinite interval on which r(x), 
as well as the product of r(x) and the mth power of each of the functions 
x* M(x) (a>0) and |f(x)—p,(x)|, is assumed to be summable where /,(x) 
is any polynomial of degree m and M(x) is even, non-negative, non-decreasing 
for non-negative values of x and such that on every interval (—<a, a), the pth 
derivative f‘”(x) of f(x), assumed to exist, satisfies a Lipschitz condition of 
order u with coefficient M(a). In addition to the above, let it be assumed 
throughout that f(x) and its first p derivatives are zero when x =0; this con- 
dition may always be realized by adding to f(x) a polynomial of degree p 
and since the approximations to f(x) are by polynomials of degree n>, 
there is no loss of generality in the assumption. 

It will be convenient to denote by Gu,(a, A), Hu-(a, A), Kn, and V,(x, a) 
the following expressions where A=a>0 and where g,(x) denotes a poly- 
nomial of degree n: 


A 


Hw-(a, A) = Gu-(a, A) + fw [M(x)x?*“]™dx, 


f r(x) | fla) — qa(x) 


V(x, a) = fla) + f’(a)(x — a) +--+ + f(a)(x — a)?/p!. 
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The various constants denoted hereafter by c are independent not only of n 
but of A, aand M(z). 

In Lemmas 1 to 3, let it be assumed that r(x) is an even function of x. 
The following lemma results by successive integrations from 0 to x. 


Lema 1. For every real value of x, | f°-?(x)|<M(x)|x|# (7=0, 1, 
p). 

Lemma 2. If M(x) =M< is constant, then for every integer n> p, there exists 
a polynomial q,(x) of degree n such that K,, does not exceed cGu; (a, A). 


By Theorem J, there exists a polynomial g,(x) such that 


(11) | f(x) — qn(x)| < cM(A/n)?** 


on (—A, A). Moreover, |f(x)| does not exceed MA**« on (—A, A), by 
Lemma 1, so that for points on (—A, A) by (11) and therefore for points not 
on(—A,A)by Theorem T, |does not exceed and cMA?*«|2x/A |» 
respectively. By Lemma 1, |f(x)| nowhere exceeds MA*+«|x/A |?+. There- 
fore, since (p+) does not exceed n, 


(12) | f(x) — qn(x)| S cM 2x/A|” 


when x is not on (—A, A) because then |x/A| exceeds unity. Since r(x) is 
even, the lemma results on replacing the error |f(x)—g,(x)| in K, by its 
upper bounds (11) and (12) on and not on (—A, A) respectively. 

In the following lemma, the restriction that M(x) be constant is removed. 


Lemma 3. For every integer n> p, there exists a polynomial q,(x) of degree 
n such that K,, does not exceed cHy,(a, A). 


The auxiliary function g(x) which is defined as f(x), V,(x, a) and V,(x, —a) 
when x is on (—a, a), (a, ©) and (— ©, —a) respectively satisfies the condi- 
tions of Lemma 2 with M = M(a), so that there exists a polynomial ¢,(x) such 
that the first integral on the right in the inequality 


(13) Ky 2" (2) gala) | mdz +2" f(z) 


does not exceed cGu,(a, A). Moreover, by Lemma 1, neither |f(x)| nor 
lg(x)| exceeds M(x)|x|*+* and therefore since the integrand in the second 
integral on the right in (13) is zero on (—a, a), this integral does not exceed 
a constant multiple of the last term in the expression for Hy,(a, A). This 
establishes Lemma 3. 
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The following theorem is an immediate consequence of Lemma 3 because 
the integral /,,,, never exceeds K,,. 


THEOREM 3. If S is the doubly infinite interval and if r(x) is an even function 
of x, then for every integer n> p, 


(14) cH u-(a, A). 


The significance of the various parameters entering into the somewhat 
complicated expression Hy,(a, A) will be made clearer as the applications 
of the above theorem are worked out in detail. 

Now, to what related classes of weight functions may the theory of this 
section be extended? This is a question which naturally arises because it is 
sometimes desirable to use results for a simple class of weight functions in 
obtaining results for other classes of weight functions. No complete answer to 
the question is given here. It may be pointed out, however, that the upper 
bound for J, in Theorem 3 is not increased as to order of magnitude when 
r(x) is replaced by a constant multiple of r(x), or more generally by the prod- 
uct of r(x) and a non-negative bounded function of x; the convergence of the 
error f(x) —Pmn(x) toward zero, on the other hand, may be retarded when the 
new weight function vanishes to a higher order than the original weight func- 
tion r(x). In the proof of Corollary 3 of the next section, it is noted that the 
magnitude of /,,, is essentially unchanged even when the exponential weight 
function r(x) is replaced by |(x) |r(x) where +(x) is any given polynomial. 
While the problem of the extension of simple classes of weight functions is 
important, the case of an arbitrary weight function may be treated indepen- 
dently as in §7 of this paper. 

5. The exponential weight function. Application of §4 to particular func- 
tions r(x) and M(x) involves two important steps illustrated respectively by 
Lemmas 1 and 2 below. In the first step, A in the expression for Hy,(a, A) 
is chosen as a function of m, the choice depending only on r(x). This, by 
Theorem 3, gives an upper bound for Jn, in terms of 2 and a which is chosen 
in the second step as a function of w. The upper bound for /,,, thus obtained 
may then be substituted for J,,, in Theorem 2, giving, as in Theorem 4 below, 
an upper bound for the error in the approximation to f(x) by Pmn(x) in 
terms of . 

The discussion of this section refers to the weight function r(x) =exp 
(—h|x|*) (A>0, o>1) and to M(x) =exp (j|x|*) (0S mj<h), except where 
explicit notation to the contrary is made. Notice that the exponent of |x| 
in both r(x) and M(x) is the same number a; Corollaries 1 and 3 state results 
which apply to M(x) =exp (d|x|*) (d=0) where 7 is less than o. 
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Lemma 1. The number A can be chosen as a constant multiple of n'/* so 
that 


(15) Hw,(a,A) c[ lo] m f ep (— hx?)[ M(x) 


The integral from A to © in the expression for Hy,(a, A) does not exceed 
the integral of exp (—4hx’), which is bounded, times the product of (2/A)™* 
and the maximum (2mn/(heo))™"/* of x™ exp (—4hx’) on (0, ©). The lemma 
therefore results on setting A equal to h'/" times the constant 4(2m/(heo))'". 


Lemma 2. If w>1 is assigned, then Im» does not exceed 


(16) (ptu) (l—mj/h) (wo) 


provided n is sufficiently great. 
Let v>1 be chosen so that 


is less than one half the expression (16). The lemma follows from Theorem 3 
on noticing that the expression on the right in (15) does not exceed (17) and 
therefore (16), provided a= [(v/h) (m/c) (¢—1)-(p+u) log and pro- 
vided u is so great that the integral from a to infinity in (15) does not exceed 
exp (— [h—®j]a*/v) which does not exceed one half the expression (16). 


THEOREM 4. Let p be any assigned positive number less than 1 and let 
(a, B) be any given finite interval. Then for n sufficiently great, the error |f(x) 
—Pnn(x)| does not exceed 


(18) (1—mj/h) (e—1) /a+1/m on B). 


Let the interval (a, b) in Theorem 2 be (a—e, 8+e); then g=s=0. Under 
the hypothesis on f(x), 5e, may be taken, by virtue of Theorem J, as 
cn-*), so that Theorem 4 results on substitution of the expression (16) 
for Imn in (10) with (w—1) and (1/k) taken sufficiently small. 

It is perhaps worth while to dwell at some length on the implications of 
Theorem 4; the specializations and extensions of this theorem included below 
are suggestive of the wide range of applicability of the methods of this paper. 

Notice first that uniform convergence results whenever the exponent of 
m in (18) is negative; it is necessary for this that o exceed 1. When m is 
positive and o does exceed 1, then uniform convergence does always result 
provided f(x) is restricted by taking p sufficiently great. It will be seen in the 
next section that when the doubly infinite interval is replaced by a simply 
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infinite interval, then it is necessary only that o exceed } instead of 1; this 
difference in restriction on o is compromised, in §7, in the case of a skew 
weight function. 

Next consider the most simple case, 7=0, in which f(x) satisfies an 
ordinary Lipschitz condition on (— ©, ©) with a constant coefficient. Under 
these circumstances, a sufficient condition for uniform convergence is that 
(p+u) (e—1)/o>1/m. This is also a sufficient condition for uniform conver- 
gence when f(x) is considerably less restricted for large values of |x| by 
taking M(x) =exp (d|x|*) (d20, i<c); this results because the expression 
(18) need not be altered in form when M(x) is replaced by a new function 
which nowhere exceeds a constant multiple of M(x). In particular, if 7 >0 is 
assigned, then there exists a positive constant such that the new function 
M(x) =exp (d|x|*) (d20, i<o) nowhere exceeds y exp (j|x|"). In fact, the 
following corollary results when p<1 and 7>0 in (18) are assigned so that 
p(1—mj/h) =¢. 


1. Suppose that r(x)=exp (—h|x|*) and that M(x) =exp 
(d|x|*) (d=0, i<o). Let o be any assigned positive number less than 1 and 
let (a, B) be any given finite interval. Then for n sufficiently great, the error 
—Pnn(x) | does not exceed on B). 


The following corollary restates the results of Theorem 4 and Corollary 1 
for the special case of the Hermite series in which r(x) =exp (—*) and m=2. 


Coro.iary 2. Let p be any assigned positive number less than 1. Then the 
error in the approximation to f(x) on any given finite interval by the nth partial 
sum of the Hermite series does not exceed 


(19) when M(x) = exp (jx?) <1), 
(20) cn~“l2)e(ptw)+1l2 when M(x) = exp (d| « |‘) (d 20, i< 2). 


A sufficient condition for uniform convergence on any given finite interval 
of the Hermite series when M (x) =exp(}2?) for example, is that p=>2, and a 
sufficient condition under the more restrictive hypothesis M (x) =exp(d|x |‘) 
(i<2) is that p21. 

Consider now an extension, of the type mentioned in §4, of the results 
for the weight function r(x) =exp(—h|x|). Let r(x) =exp(—A|x|*) be re- 
placed by r(x) = |r(x)|exp(—A|x|*), r(x) being any given polynomial. For 
this more general weight function, the expression (16) still gives an upper 
bound for the integral J,,, and on any finite interval which contains no root 
of r(x), the statements of all results on uniform convergence given for the 
weight function exp(—/|x\") remain unaltered. Moreover, any interval 
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(a, 8) on which r(x) does vanish, may be enclosed in an interval (a, 5) on 
which r(x) satisfies Hypothesis Y with g=0 and with s equal to the greatest 
order of vanishing of x(x) on (a, 8). The upper bound for the error in the 
approximation given in the following corollary is obtained by use of the ex- 
pression (10) of Theorem 2 because an upper bound for the error on (a, b) 
is an upper bound for the error on the sub-interval (a, 8) of (a, 5). 


3. Suppose that r(x) (h>0, o>1) 
where w(x) is a polynomial having no root of order greater than s on the given 
interval (a, B) and that M(x) =exp (d|x|‘) (d=0, i<o). Let p be any assigned 
positive number less than 1. Then 

| f(x) Pmn(x) | cn-e(ptu) (o—1) /o+(s+1)/m 
uniformly on (a, B). 

The result of this corollary corresponds to the result of Corollary 1; a 
result corresponding to Theorem 4, which may be readily stated, is left for 
the reader. 

Remark. When the weight function r(x) tends toward zero very rapidly 
when |2c | becomes infinite, the effect on the magnitude of Jn, of the interval 
S=(— ©, ©) being infinite is less pronounced. For example, if r(x) =exp 
(—exp x*) and M(x) =exp (exp |x|‘) (i<2), then A and a may be chosen, in 
the steps illustrated by Lemmas 1 and 2 of this section, as constant multiples 
of (log m)/? and (log log m)‘/* respectively so that Im, does not exceed 
cn-™»+#/e and hence, by Theorem 2, the error |f(x)—Pma(x)| does not 
exceed cn-e(e+)+1/m where p and (1/w) are positive numbers less than 1. 
For the case of a finite interval S and a weight function having a positive 
lower bound on S, the corresponding upper bounds for J,,, and the error on 
any given interval interior to S are cn—™?™ and cn-°(?+#+1/™ respectively. 
The details in the verification of the above statements are left for the reader. 

6. The simply infinite interval. In this section, the minimized integral 
Imn is over a simply infinite interval S, taken for definiteness as (0, ©), and 
the functions r(x), M(«) and f(x) satisfy the general hypotheses of §4 on this 
interval. In Lemma 1 below, an upper bound for Jn» is obtained in terms of 
an integral, with an even weight function, over the doubly infinite interval 
in which f(#) is the function to be approximated. The integral over the 
doubly infinite interval may then be bounded as is done in Theorem 5 below 
by use of Theorem 3. 


Lemma 1. If p,(t) is any polynomial in t of degree n, then 


(21) Inn f — pal 
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Let 3[p,(t)+p,(—2)], which is a polynomial of degree m at most in #=2, 
be denoted by g,(x). Then Jn, does not exceed the integral 


| 02) gals) 


which in turn does not exceed the expression on the right in inequality (21). 
This establishes Lemma 1. 

The following lemma is a result of Lemma 1 of §4 and of the formula 
for the pth derivative with respect to ¢ of f(#). The details of the proof 
are omitted. 


Lemma 2. The pth derivative with respect to t of f(t) satisfies a Lipschitz 
condition of order u with coefficient cM (a?)a”*“ on every interval —a St Sa. 


Let p,(t) in Lemma 1 be the approximating polynomial for f(é) corre- 
sponding to the even weight function p(é) = |t\r(@) on the doubly infinite 
interval. Then by application of Theorem 3, Jn, does not exceed cH,,(a, A) 
where y(t)=M(@) |\t|?**. The expression (22) is not less than a constant 
multiple of the expression gotten by putting x=? in cH,,(a, A) and then re- 
placing a?, A* by a, A respectively; therefore J,,, does not exceed a constant 
multiple of (22) as stated in the following theorem. 


TueoreM 5. Jf S is the simply infinite interval (0, ©), the integral Imn 
does not exceed a constant multiple of 


(22) 
+f r(x) [M(x)x?*"]™dx. 


The expression (22) corresponds to H,(a, A) of Theorem 3. The process 
of application of these results involves choosing A and a in terms of ” so 
that the integrals from A to infinity and from a to infinity respectively are 
negligible when becomes infinite. The non-negligible term of Hy,(a, A) 
is [M(a)(A/n)?*«]” which is large with respect to the corresponding term 
[M(a)(aA)%+/2/n]" of (22), provided a is small with respect to A. For 
example, let r(x) =exp (—A|x|*) and let M(x) =exp (d|x|‘) (i<o, h, d20). 
Let A and a be chosen as cn" and c(log n)‘/* as in §5. Then if S=(0, ©), 


(23) | f(x) Pnn(x) | < (o—1/2) /o+1/ m 
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uniformly on any given finite interval (a, 8) where a and p are positive and p 
is less than 1. Uniform convergence results when the exponent of ” on the 
right in inequality (23) is negative and for this it is necessary that o exceed 3 
instead of 1 as was the case for the doubly infinite interval with the same 
r(x) and M(x). The result (23) corresponds to that of Corollary 1 of §5; 
comparison of these results shows first that for a given type of r(x) and of 
M(x), a higher order of uniform convergence is to be expected on the simply 
than on the doubly infinite interval and second that the types of admissible 
weight functions for the simply infinite interval include types of weight 
functions inadmissible on the doubly infinite interval. 

Corresponding to each result of §5, there is a result for the simply in- 
finite interval gotten by replacing o in §5 by 20. When r(x) =exp (—x) on 
the interval (0, ©) and m=2, for example, the results obtained apply to the 
Laguerre instead of the Hermite series. Theorems on the degree of uniform 
convergence on any finite interval including the point x =0 may be developed 
by using expression (9) instead of expression (10) of Theorem 2 in the proofs. 
The details of these statements and the proofs are left for the reader. 

7. Essentially skew weight functions. The integral /,,, of this section 
is over the doubly infinite interval S. The discussion is intended to cover 
the case of essentially skew weight functions such as the exponential weight 
function discussed after the proof of Theorem 6 below; the discussion is, 
however, general and effects a unification of the results of §§4 to 6. The 
weight function r(x) is subject only to general conditions of integrability 
such as those of §4 but r(x) is not in general an even function of x. The func- 
tion f(x) is assumed throughout to have a pth derivative f‘” (x) which satisfies 
a Lipschitz condition of order u with coefficient M(a) on (0, a) and with 
coefficient M(—a) on (—a, 0) for every a, where M(x) and M(—«) are 
non-negative and non-decreasing for non-negative values of x. It is assumed 
as usual that f(x) and its first p derivatives vanish when x=0. 

Let it be explicitly understood that B is taken as zero, in Lemma 1 or 
in Theorem 6 of this section, only when r(«) is identically zero for negative 
values of x and that the integral over (—~, —B) in (25) is then zero. 
With this understanding, if B=0, the upper bound for J,,, of Theorem 6 
reduces essentially to the upper bound of Theorem 5 for the minimized 
integral over the simply infinite interval. On the other hand, when r(x) and 
M(x) are even functions of x and a=b and A=B, then Theorem 6 gives 
essentially the upper bound of Theorem 3 for the minimized integral over 
the doubly infinite interval with an even weight function. Thus, Theorems 3 
and 5 are essentially special cases of the more general Theorem 6. 
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A skew exponential weight function is used to illustrate the application 
of Theorem 6; the application follows the proof of the theorem which has 
for its basis the following lemma concerning the approximation to a particular 
type of function F(x). 


Lemma 1. Suppose that F(x) has a pth derivative which satisfies a Lipschitz 
condition of order u with coefficient L for all real values of x and that |F(x)| 
nowhere exceeds yp and is identically zero except perhaps on (—1,, lz). Then there 
exists a polynomial Q,(x) of degree n> p such that 


fiw | F(x) — Qn(x)|"dx + B)/n?]m(o+w 


whenever 0S51,5B,0<1,.5A and BSA. 
Let y=x+B= and let F(x)=¢(y)=y¥(4). Then by Lemma 2 of §6, 
y(t) satisfies a Lipschitz condition of order u with coefficient L(B+/,)‘#+)/2 


on —«<t<a so that by Theorem J, there exists a polynomial 7,(t) 
of degree m such that on —(A+B)"?<t¢<(A+B)!?, 
(24) |¥O — pa(t)| cL[(B + + 
Take* the polynomial Q,,(x) as 
Qn(x) = gn(y) = gn(t?) = + pa(—d)]. 

Since y(¢) is an even function of ¢, the error F(x) —Q,(x) on (—B, A) which 
is equal to y (¢)—q,(@), does not exceed in magnitude the expression on the 
right in (24) which in turn does not exceed cL [A (J.+B)/n?]*/2, It may 
be assumed as usual that the magnitude of Q,(x) does not exceed 2u on 
(—B, A) and therefore does not exceed 2u(4x%/A)" and 2u(—4x/B)" on 
(A, ©) and (—«, —B) respectively. Integration now yields the inequality 
of the lemma. 

THEOREM 6. Under the hypotheses of this sectionon r(x) and f(x), the 
minimized integral Im, over the dowbly infinite interval does not exceed a con- 
stant multiple of 


(25) [(M(a) + M(— B))(A(a + 


—B 
+f r(x)(— 4x”/B)™"dx + f 


* This device was suggested by Professor J. V. Uspensky. 


APPROXIMATION ON AN INFINITE INTERVAL 


—b 


+ [(M(a) + M(— b))(a + f ate 


wherever and BSA. 


The minimized integral J,,, does not exceed 


(26) 2m f r(x) | f(x) — F(x) |"dx + 2m f r(x) | F(x) — Q,(x) |™dx 

where F(x) and the polynomial Q,(x) of degree m are selected arbitrarily. 
Let F(x) be defined as the function which is zero when x is not on (—3, 2a), 
as f(x) —V,(x, —b) on (—), a), and on (a, 2a) as the polynomial of degree 
(2p+1) which agrees with F(x) and its first p derivatives at x=a and has a 
root of order (p+1) atx=2a. Then F(x) satisfies the conditions of Lemma 1 
with L=c[M(—}b)+M(a)], 1:=6, 1.=2a, and since a=1, w=cL(a+b)*. 
Let Q,(x) be chosen as in Lemma 1. Then the second integral in (26) does 
not exceed a constant multiple of the first term in the expression (25). The 
first integral in (26) does not exceed a constant multiple of the remaining 
three terms in (25). Therefore /J,,, does not exceed the expression (25). 
This completes the proof of Theorem 6. 

To illustrate the application of Theorem 6, consider the exponential 
weight function r(x) equal to exp (—h|x|") and exp (—h’|x|*’) (h, h’>0; 
a, o’>4) for negative and non-negative values of x respectively. Let M(x) 
be equal to exp (d|x|‘) and exp (d’ |x|’) (d,d’>0; i<o; i’<o’) for negative 
and non-negative values of x respectively. When A=cn'*", B=cn'/0’, 
a=c(log n)‘/* and b=c(log n)*’/*’, with the c’s suitably chosen, then it is 
found by use of Theorems 6 and 2 that if p is any assigned positive number 
less than 1 and if (a, 8) is a given finite interval, then 


(27) | f(x) — Prmn(x) | S m 


uniformly on (a, 8). This result corresponds to that of Corollary1 §5;a 
result corresponding to Theorem 4 may be stated; this statement as well 
as the details of the verification of the statements made above are left for 
the reader. 

In conclusion, notice that the admissibility of the above skew weight 
function requires only that (1/0+1/0’) <2 so that in the special case of an 
even weight function, ¢=o’, it is necessary that o=o’ exceed 1 as was the 
case in §5. If o and a’ both exceed 1 and o’<o then the weight function is 
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admissible on the basis of §5 but (1/¢+1/o’) in (27) must be replaced by 
(2/o0’) which increases the upper bound for the error essentially. If o’ is 
between 3} and 1, then the weight function is inadmissible on the basis of §5 
but is admissible here if « exceeds o’/(20’—1); the restriction on r(x) for 
large positive values of x can thus be weakened at the expense of increasing 
the restriction on r(x) for large negative values of x and vice versa. 


UnIvERsITy oF Iowa, 
Iowa City, Iowa 


ELEMENTARY PROPERTIES OF THE t,-FUNCTIONS* 


BY 
W. E. MAIERT 


The uniformization of the elliptic integral of the first species is given in 
classical form by the following expression of Weierstrass: 


<n 
lim > («+ + wk) = o( 
neo 2 2 
This leads to building up rationally an initial value of this g-function from 
the coefficients of the given biquadratic polynomial. The projective invar- 
iants of biquadratic forms and their covariants are connected through identi- 
cal relations which may be regarded as characteristic functional equations 
for elliptic functions. However, this method does not seem to reduce matters 
to their elements. 

Making use of some earlier investigations{ we shall link up the above 
uniformization with certain double series of the following form: 


e2ri(zhtyk) 
lim y) 


ace (hor + kwe)’ 


By means of this expression we are able to formulate the known properties 
of elliptic functions in a more natural way. In particular we shall derive the 
algebraic relation between #;(x, y) and #;(x/2, y/2) which is the simplest case 
of a division theory, the latter containing the corresponding developments of 
Abel. 

Moreover, these functions seem to be of interest for their own sake 
because of the existence of relations of the following type: 


which for w= p?**/* holds identically in x, y. 
Let w be complex, v=0, 1, 2, 3,4, and 7, complex. We form the polyno- 
mial biquadratic in w 


* Presented to the Society, April 18, 1930; received by the editors March 12, 1930. 
¢ Research Fellow of the International Education Board. 
t Mathematische Zeitschrift, 1930, Zur Theorie der elliptischen Funktionen. 
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4 


(1) = V(w), 
v=0 v! 
and the expressions 
(2) 24ror, — 24rir3 + 1277 = (24)?-S, 


(2’) + — — — 247 = (24)*-T, 


which are invariant under linear fractional transformations of w. 

Now the function V! which is two-valued in w is to be made one-valued 
in its dependence on a complex variable « by means of elliptic functions. 
The latter can be introduced in connection with two complex auxiliary 
magnitudes w1, w2 restricted by F(w2/w:) >0. Using the notation 

0<h?+ 


= >’ 


h,k h,k 


we write a system of two transcendental determining equations 


24\? S 
(=) = (wih + wek)-4, 


3 
(3) 


(—) (wih + wok), 
TO 


60 


140 


and we construct in the customary way the Weierstrassian expression 


lim >) (u + wih + wk)? = o( 1, =) = 9(u). 


The complex number z is then found as the unique solution mod w,, w2 of the 
additional determining equation 
(4) tT? — = - e(2), 
and it also appears that 
(4’) (z) = 278 — 6rotite + 
The above uniformization is then expressed by 
m1 — 


(5) To 2 — e(2) 


(5’) Vil? = — o(u + 


Between the two statements (5), (5’) there exists moreover the connection 
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1 d — (2) 
2 du — e(z) 


(6) (u) — o(u+ 2), 
which, in consequence of the addition theorem, leads to the integral repre- 
sentation 


To i = u(w) = u. 

This whole situation suggests a further problem concerning the number 
of the undetermined quantities involved. Without loss in generality we may 
place 7) = —1; then through a unimodular linear transformation the quadruple 
of coefficients 71, - - - , 7, in (1) is simultaneously transformed into another 
system 71*,--- , 74*; in this way the quantities on the right in (2), (2’) re- 
main unchanged. Now in making, according to the classical theory, the 
transition from the old to the new quadruple we have two degrees of freedom. 
These we wish to put in evidence. We succeed in doing so by introducing four 
new parameters x, y; 91, Q2 through the following conditions: 


(I) There is a one-to-one correspondence between 7, - - -,74and x, y; Q1, Qe. 
oS 
dy 
In other words, we wish to map the r-quadruple on two number pairs in 
such a way that the statements (2), (2) hold identically in one of them. This 


plan we carry out by making use of the periods implied by (3) placing 
Q; =; for j7=1, 2. Furthermore let 0<y<1; 


(11) 


+k? <n 


lim = (» = 1, 2,3,---); 


h,k 
e2ti(zhtyk) 


In particular for v=4 there exists 


(8) lim t,(0, 0). 
z,y~0 

Also, in addition to the previous condition t>= —1 we place r,=¢, for A=1, 
2, 3 and 74=t,—%,(0, 0). As analogous to (7), we still use the modular form 
t.(0, 0), which is of the —6th dimension. The functions ¢, introduced by (7) 
occupy an intermediate position between modular forms and elliptic func- 
tions. The latter can be represented rationally through the #,, but not con- 
versely. The expressions (7) lead to a theory which goes beyond the results 
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of Weierstrass. They represent meromorphic functions in x and y which are 
successively joined by the differential relation 


We 0 

Ox Oy 
which for a given /,_,; admits of the determination of ¢, but for an addit- 
ive term. The latter is not only meromorphic in each of the variables x, y 


but is even an analytic function of the single argument (wiy—w.x). If we 
add as a condition in the large (Bedingung im Grossen) the periodicity 


(10) = + 1, y) = 4(x, + 1), 


then this meromorphic term is found to be twofold periodic, that is, elliptic, 
and hence to be characterized through limiting conditions. The initial 
value (8), together with relation (9), the periods (10), and e.g. the limiting 
condition 


1 
a0) im {+ no, 
\@1Y — Wer 


is sufficient to determine #,(x, y). 
The above ¢, are not mutually independent but are connected by alge- 


braic recursions. Among others we have 


(11) 94? + + — + 
— 15t,(0, 0) + 2t2] + 35%(0, 0)} = 0, 


and 
(11’) t? - 2tits = 2ts = 3t,(0, 0) = 0, 
which allow us to transform the invariants (2),(2’) of the polynomial (1). 
According to (7), (8) the individual summands on the left side of (2),(2’) 
depend on x, y; their sums, however, as seen from (3), are independent of 
x, y, a fact which we recognize as equivalent to (11), (11’). For 
— 24[t, — £,(0, 0) ] — + = 12 [4.2 — 2tyts — 2ty + 2t4(0, 0) ] = 607,(0, 0), 
— 48to[t, — t4(0, 0)] + 24titots — + + 24t? [t,(0, 0) — t4] 

12[t2 + 2t2]{5¢4(0, 0) + 2tits — } + 24titets — 84% + 3612 

= — 140%,(0, 0). 
Moreover from (4), (4’), (7), (8) we infer 
t? + 2te = 

(12) 2t? ile 6ts + g’(z) = 0, 
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and from (10), (10’) obtain the value of the argument in (4), 
(13) = WO1Y — Wer. 
Substituting this value into the following identities: 


4 y 
(15) = 4(0, 0) + Vw), 
v=0 

we find the addition theorem of the g-function translated into the /,-language 

If the 7, quadruple is given through (1), the invariants may be computed 
from (11),(11’); and g(z) from (12); and thus a suitable triplet w;, ws, z can 
be determined as usual. The real values x, y then follow uniquely from (13). 

If \=1, 2, -- -, for a sufficiently small |w| and for wy—w«x40(mod 
«1, #2) Taylor’s theorem in two variables furnishes, as an immediate conse- 
quence of the differential relation of the original series, 


w=, y+w = + ») 


—h_,(x, y) 
v! 


—t_,(x, y). 
v! 


On the other hand if we develop a power series with indeterminate coefficients 
we obtain algebraic recursions between any three f so that the identity (16) 
yields an independent theory of the /, functions. 

The special case \ =4 gives 


(17) V(w) = — t,(0, 0). 


Studying the analytic continuation* of this function into the two complex 
y and x-planes we find that the right side of (17) is a function of z only, and 
even elliptic in z. By putting 


(13’) = — Wo 


* See Mathematische Zeitschrift, loc. cit. 
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which means a splitting of « according to periods, we can give a linear repre- 
sentation 


(14’) w=h(¢a+x,r+ y) — ti(q, 7) 


where w is itself an argument of the similar function (17). 

We next wish to emphasize the fact which characterizes the elliptic case, 
that two projective independent invariants of V remain invariant also 
under continuous %, y transformations. For this purpose we introduce fur- 
ther the covariants of V and the algebraic relation connecting them. In form- 
ing successive derivatives with respect to w, we are lead to the Hessian func- 
tion which, as V, is elliptic both in u and z. Moreover this covariant H has 
two further properties in common with the original polynomial: The opera- 
tion (9) transforms both times each coefficient into its right neighbor; to the 
final coefficient 7»>= —1 in (1) corresponds in (16’). Starting from 
the two simplest elliptic functions 1 and 9’ we thus reach, after four integra- 
tions with suitable determination of the constants, the functions V and H 
respectively. A similar situation prevails for the Jacobian; the degree of its 
coefficients is increased by 3 in é,, the order of the form by 2 in w. 

The determination of these constants we shall not carry out here; but we 
nevertheless note that, taking the first statement in (16’), we get 


@1 We 
32 (2+ y+w ) 
2 


2 
We @} We 
271 217 
where the é2, 4; may be eliminated by means of the recursion 


5[ts — te(0, 0)] + — #4(0, 0)] = 27. 


Now let us consider the biquadratic equation 
(17’) V(w) = 0, 
which determines discrete values of w. The corresponding determining equa- 
tion for u is, according to (14), 


= + 2). 


The arguments in this equation are connected by the relations 


u=-— (mod we). 
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On the other hand (17’) will be satisfied, according to (10), (14’), by 
(18) 


and the pairs of arguments 


z+1 x z+1 y+1 
& >) 

together with (18) furnish the complete system of solutions to (17’). 

This is the simplest example of the division theory of the functions 
t,. It corresponds to Abel’s theory of the division of arguments for elliptic 
functions. As in the case of the ¢, function the bisection is accomplished 
through an equation of the fourth degree; but in the present theory the struc- 
ture of the coefficients used is more obvious. 

The limiting case |w.|— admits of a simple check on (17’), (18); the 
expression (7) becomes a simply infinite series whose sum is a polynomial in 
x. In agreement with (1), (17’), (18) we have in particular, 


ww = 2ri(1l — x); wit1 = — 22), 
2 


WPT2 =" — 6x + 6x?), 


; (x — + 22°), 


wit, — + x‘). 


UNIVERSITY OF CHICAGO, 
Curcaco, ILL. 
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ON DIVISION ALGEBRAS* 


BY 
O. C. HAZLETT 


1. Summary. Linear algebras have been studied in great detail for 
many years, but they have usually been studied over a field F. In the papers 
by Dickson,} Cecioni,f A. A. Albert$ and others, a division algebra over a 
field F can be regarded as a division algebra defined over an algebra con- 
taining F. In the present paper, it is proved that every division algebra over 
a field F can be regarded as an algebra £, over a division algebra D,, where 
D, is in its turn an algebra E, over an algebra Dz, etc. where each of the 
component algebras D; is a division algebra defined over a field F; contained 
in E; of one of the three following types: 


(1) fields, 
(2) normal Dickson algebras, 
(3) algebras which contain no Dickson subalgebras. 


This paper does not determine whether there actually exist algebras of the 
third type, but the writer has the feeling that none such exist. This principle 
is applied to certain solvable algebras and it appears that under suitable 
conditions a solvable algebra is a direct product of solvable algebras. 

2. Relation to the literature; definitions. We shall use the term field to 
denote a set of elements with two operations called addition and multiplica- 
tion which is an abelian group with respect to addition and which, when we 
exclude the zero element (=the unit as to addition), is an abelian group with 
respect to multiplication. If, however, we do not insist on multiplication 
being commutative, then a set of numbers which is closed under the four 
rational operations (excluding division by zero) is said to form a division 
(or primitive) algebra, if it be always possible to solve for x in the algebra 


* Presented to the Society, May 2, 1925; received by the editors in April, 1930. 

t+ Linear associative algebras and abelian equations, these Transactions, vol. 15 (1914), pp. 31-46; 
New division algebras, ibid., vol. 28 (1926), pp. 207-234; New division algebras, Bulletin of the 
American Mathematical Society, vol. 34 (1928), pp. 555-560. 

t Sopra un tipo di algebre prive di divisori dello zero, Rendiconti del Circolo Matematico di 
Palermo, vol. 47 (1923), pp. 209-254. 

§ On the structure of normal division algebras, Annals of Mathematics, (2), vol. 30 (1929), pp. 
322-338; Normal division algebras in 4 p* units, p an odd prime, ibid., pp. 583-590. 
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both of the equations xy=z and yx=z when y and z are any two numbers 
in the algebra. These are division algebras over any field F.* 

When the field F is the field R of reals, it is well known that the only 
division algebras are (1) an algebra of one unit, the field R itself; (2) an 
algebra of two units, 1 and 7, the field C of ordinary complex numbers; (3) an 
algebra of four units (1, 7, 7, &), real quaternions. When the field of definition 
is C, the only division algebra is C itself. But when F is any other field, the 
nature and number of types of division algebras has not yet been fully de- 
termined, although recently much work has been done.f 

When F is any algebraic field, Dickson considered a general class of 
algebras that he called Type A. He defines an algebra of this type as any 
linear associative algebra A, the codrdinates of whose numbers range over 
F and for which the following properties hold: 

(a) There exists in A a number j satisfying an equation $(x) =0 of degree 
n with coefficients in F and irreducible in F. 

(b) Any number of A which is commutative with 7 is in F(z). 

(c) There exists in A a number /, not in F(z), such that ji=0j+0, where 
6 and @ are in F(i). 

All three of these conditions are satisfied by real quaternions, and the 
first two by any linear associative division algebra D over F, where we take 
i so that the degree of the irreducible equation in F satisfied by 7 is a maxi- 
mum. Dickson{ showed that every algebra of type A over F has a sub- 
algebra S over F which can be exhibited as an algebra L over a field K with 
units i%7*(k, s=0,---,r-—1). Multiplication is defined by the relations 
ji=0(i)j, 77 =g where 7 is an element of S satisfying in the field K a uniserial 
abelian equation of degree r, with the roots 7, 6(z), 62(z), - - - , 6*-1(z), where 
6"(i) =i and where g is a number of K. Dickson showed for r=2, 3 that g 
could be so chosen that in the algebra L, division (except by zero) is always 
possible and unique. Wedderburn,§ a few months later, showed that, for 

* Wedderburn, On hypercomplex numbers, Proceedings of the London Mathematical Society, 
(2), vol. 6 (1907), p. 91; A type of primitive algebra, these Transactions, vol. 15 (1914), pp. 162-166; 
On division algebras, ibid., vol. 22 (1921), pp. 129-135; Dickson, Linear Algebras (Cambridge Tract 
No. 16); Linear associative algebras and abelian equations, these Transactions, vol. 15 (1914), pp. 
31-46; Algebras and their Arithmetics, chapter V, Appendices I, II; Algebren und ihre Zahlentheorie, 
Ziirich, Fiissli, 1927, chapter III, etc.; F. Cecioni, Sopra un tipo di algebre prive di divisori dello zero, 
Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 209-254; Hazlett, On the theory of 
associative division algebras, these Transactions, vol. 18 (1917), pp. 167-176. 

t In addition to the papers cited above, see E. Artin, Uber einen Satz von Herrn J. H. Maclagan 
Wedderburn, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitit, 
vol. 5 (1927), pp. 245-250; Zur Theorie der hyperkomplexen Zahlen, ibid., pp. 251-260; R. Brauer, 
Uber Systeme hyperkomplexer Zahlen, Mathematische Zeitschrift, vol. 30 (1929), pp. 79-107. 


t These Transactions, vol. 15 (1914), p. 37. 
§ These Transactions, vol. 15 (1914), pp. 162-166. 
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general r, g can be so chosen that L (and hence S) is a division algebra. 
Wedderburn has called division algebras of the type of L Dickson algebras.* 

A quadrate (normal) division algebra is any division algebra which con- 
tains no numbers other than scalars which are commutative with every 
number of the algebra. Any division algebra is the direct product of a field 
and a quadrate division algebra. 

Several years later, Wedderburn{ proved that every division algebra of 
order 9 is either a field or a Dickson algebra. In a footnote of this paper 
he says that, although he has been unable to construct a division algebra 
analogous to Dickson algebras, but corresponding to a non-cyclic abelian 
equation, yet “it appears probable that they exist.” More recently, Cecioni§ 
considered division algebras over any field K whose order is a perfect square, 
n*, and which contain an element 7 whose reduced equation is an abelian 
equation of degree » with coefficients in K, and determined certain properties 
of them. In April 1926, Dickson published another beautiful paper|| on 
division algebras, in which he proved that just as there is a Dickson algebra 
corresponding to any cyclic group, so there is a division algebra corresponding 
to any solvable group. 

More recently, A. A. Albert] considered normal division algebras of order 
n? over a non-modular field F of type R,.** He proved (Theorem 21): Let 
A=BxC, where B is an associative normal division algebra of order ? over 


F, of type R,, and C is an associative normal division algebra of order m? 
over F, of type R,,. If A be an associative division algebra, then A is a normal 
division algebra of type Rinn.fTt 


* These Transactions, vol. 22 (1921), p. 134. 
¢t Wedderburn, these Transactions, vol. 22 (1921), p. 130. 
t On division algebras, these Transactions, vol. 22 (1921), pp. 129-135. 
§ Loc. cit. 
|| New division algebras, these Transactions, vol. 28 (1926), pp. 207-234. 
Loc. cit. 1, p. 322. 
** A normal division algebra is said to be of type Rx if it contain an element «x of grade m and type 
R,. The element x is said to be of grade ¢ if the degree of its minimum equation is ¢; and of type Ry 
if its minimum equation have a set of k ordinary complex roots which are polynomials in one of the 
set. 
tt In his proof that A is normal, he uses the assumption that B and C are of special types. If 
we define a normal algebra as any algebra A (not necessarily a division algebra) over F which is 
such that the only numbers commutative with every number of A are in F, then we easily prove 
THeoreM 1. Jf B and C be two normal algebras defined over the field F, then A=B X C is normal 
For let a=)>_ b,c; be a number of A commutative with every number of A where each b;<B and. 
each c;<C. We may assume without loss of generality that the 6; are linearly independent with 
respect to F. Since a is commutative with every number y<C, then Ddilciy) =) bi(yei). By the 
definition of a direct product, the 4; are linearly independent with respect to C and thus ciy=yei. 
Since C is normal, c;< F and a<B. Since a is commutative with every number of B, then a<F and 
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In the second paper,* he shows that every normal division algebra of 
order 42, p an odd prime, of the special type considered by Dicksonf is of 
type R2, and hence is “known,” as he calls it. A “known” algebra might be 
described as a division algebra ! which is a Dickson algebra with respect to 
a proper subalgebra = which, in its turn, is a “known” algebra with respect 
to a proper subalgebra.{ 


A is normal. 

Similarly in his proof that A is of type Rum, he uses the assumption that F(z) and F(k) are im- 
bedded in division algebras of a special kind, but this is not necessary. In fact, it is easy to prove 

THEOREM 2. Let F(i) be a field of order n defined by i of type Rn and let F(k) be a field of order m 
defined by k of type Rm. Then any number t that defines F(i, k), of order p, is of type Rp. 

For F(i, k) is defined as an overfield of F by any number ¢ satisfying an irreducible equation of 
degree p, say 

t=h =) ap(i)kP (8=0,--+, m—1) 
where ag(i)<F(i). Then 
m), 
where 6;, + - - , 0, is a complete set of conjugates of 7 with respect to F and qi, -- + , mis a complete 
set of conjugates of & with respect to F, is in F(i, k) and thus is a polynomial in ¢ with coefficients in 
F. Hence tis a root of @(£) = z(£—#,,;) =0 of degree mn and with coefficients in F. Since the minimum 
function of ¢ is a factor of ¢ (£), then / is of type p. 

* Loc. cit. II, p. 583. 

t New division algebras, Bulletin of the American Mathematical Society, vol. 34, p. 555. 

t Several of his theorems assert that if x be a number of a normal division algebra A satisfying 
certain conditions, then A contains a number satisfying certain other conditions and the proof of 
each of these theorems (32, 34, 35) actually uses numbers of A outside of F(x), although the theorem 
seems to be about F(x) rather than about A. Theorem 32: Let A be normal division algebra. Letx< A 
have the property that —x satisfies the minimum equation of x. Then the minimum equation of x has even 
powers only. Let x* be of grade p with o(w)=0 as its minimum equation. Then x has grade 2p and the 
minimum equation is o(w?)=0. We can readily prove 

THEOREM 3. Let x generate a field F(x) and let x have the property that —x satisfies the minimum 
equation of x. Then the minimum equation of x has even powers only; and if x? be of grade p with o(w) =0 
as its minimum equation, then x has grade 2p and its minimum equation is $(w*) =0. 

For if x(¢)=0 be the minimum equation of x, then —< is a root of x()=0 and thus ~ is a root 
of x(—£)=6. Since x(—£) =0 is of the same degree as x(¢) =0, the minimum equation, they must be 
identical except for a change of sign throughout, and thus x(¢)=0 contains only even powers of é. 
By hypothesis, F(x?) is of order p and, since x satisfies an equation of degree at most 2 with respect 
to F(x*), then F(x) is of order p or 2p. But, if the order were p, then x would equal a polynomial in 
x* of degree p. Transposing the term x, we have an equation ¥(¢) =0 containing precisely one term 
of odd degree with non-zero coefficient. Since x() is a factor of ¥(£), then —x must satisfy ¥(£) =0 
which implies x= —x and this is impossible. Hence F(x) is of order 2p and thus its minimum equa- 
tion is ¢(w*)=0. Instead of his Theorem 34, we prove the stronger 

THEOREM 4. Let F(x) be a field of order 2p and let x satisfy 

such that where =0 is cyclic. Then o(w) =0 is solvable. 

For since ¥(p) =0 is a cyclic resolvent equation of ¢(w) =0, then the adjunction of a root of the 
former reduces the group G of the latter to an invariant subgroup G, and the quotient group A; 
=G/G, is cyclic of order p. Now G, is the group of : 

= 7(w?—p;) =0 
for the enlarged field containing the p; and hence is of order 2*. Hence the group of ¢(w)=0 is of 
order 2*p and has a series of composition p, 2,--~- , 2. Thus the theorem. 
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3. General division algebras. Let D be a division algebra over any 
algebraic field F, and let it contain a number i whose reduced equation, 
(x) =0 of degree r, has at least two roots in F(z). Then this equation has a 
root in F(z) distinct from i, say @(z); and hence its distinct symbolic powers 
6, 0°, -- +, 0"=7 are, also, roots of ¢(x)=0. By previous work,* there is a 
number J#0 in D and a polynomial @(i) with coefficients in F such that 
Ji=6(i)J if and only if 0(z) is a root of ¢(«)=0. Moreover, corresponding 
to each root of ¢(x)=0 which is in F(z) there corresponds a number J #0 
in D which is essentially unique in the sense that all such numbers J corre- 
sponding to the same root are products of a particular such J by some (any) 
number in F(z). 

Accordingly, let J:, Je, - - - , Ji=1 be a set of non-zero numbers of D 
such that J,¢=0,(i)J,(k=1, ---, 1) where each 0, is a polynomial in 7 
and (by the foregoing remarks) is a root of ¢(x)=0. Also let the set of 
6,(k=1, ---, 2) be such that they form a closed cycle,t namely, such that 
if 0, and 6, be any two @’s of the set (coincident or distinct), then 0.0, is also 
in the set. Then we have 


Lemma 1. Let A be any algebra over F of Dickson’s type A (defined as above) 
and let i be any number 40 of A whose reduced equation, of degree r, has at 
least two roots, i and 6(i), in F(i). Then there is a number 7 #0 of A such that 


ji=O(i)j. If Ji, Jo, - ~~ , Ji be any set of numbers of A such that J, i=0,(i)J x 
is a polynomial in i where the 0's form a closed cycle (defined above), then the 
totality of numbers of the form B=)>.Ax(i)Jx, where the A, range over all 
polynomials in i with coefficients in F , form an algebra B of order rl. 


For the set of numbers B is closed under addition and subtraction. Also, 
J J i 1 =0,()J where 0,(z) is in the set of @’s since 
they form a closed cycle. Hence J;,J,=X(i)J; where X(i) is a polynomial 
in 7§ and the set B is an algebra over F. It is already known that the set is of 
order rl. Note that B contains 7 itself since if we let 6:=7 then 7,;=7 and thus 
=i. 

Dickson proved this lemmal|| for the case when the 6’s are symbolic powers 
of one of them. 

By this lemma, there is in the algebra D a subalgebra D, corresponding 


* Dickson, these Transactions, vol. 15 (1914), p. 35. 

¢ Hazlett, these Transactions, vol. 18 (1917), p. 171. 

t This is equivalent to saying that the corresponding substitutions (H) of Dickson’s paper in 
the Transactions for April, 1926, form a group. 

§ Hazlett, these Transactions. vol. 18 (1917), p. 171. 

|| These Transactions, vol. 15 (1914), p. 36. 
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to each root of the reduced equation ¢(x)=0 of the number i which is in 
F(i). Since D is an associative division algebra, so also is D:. Moreover, 
since the algebra D, is an algebra of the type A discussed by Dickson, his 
results apply here. Thus a number x of D, is commutative with all numbers 
of D, if x is in the field K generated by the elementary symmetric functions 
of 6;, 02, - - - ,@,. Also, D,, an algebra of order ri over F, can be regarded as 
a quadrate algebra Q, of order r? and rank r over K. Hence D over F con- 
tains a quadrate subalgebra Q, of order 7? defined over AK, where K is an 
overfield of F which lies in D. 

Since D is a quadrate division algebra, there is some overfield F; of F 
such that D is equivalent in F, to a simple matric algebra, M. Also, Q,, 
considered as an algebra over K, where K is an algebra over Fi, is equivalent 
to a simple matric algebra M, which is a subalgebra of M. Hence, by one 
of Wedderburn’s theorems, M is the direct product of M,; and a simple 
matric algebra M, of order p?, where (/)? is the order of D. By the foregoing, 
M,, considered as an algebra over K, where K is an algebra over F,, is 
equivalent in F; to Q; over K, where K is now an algebra over F; but, since 
M, contains all numbers of M commutative with every number of M,, this 
means that the numbers of K come from M, and K is equivalent in F; to a 
subalgebra of M2. Moreover, M, does not have a basis which, when expressed 
in terms of the numbers of D,, is rational in F. For, if it did, then (by one of 
Wedderburn’s theorems) M: would be equivalent in F; to a division algebra 
D; over F which is a subalgebra of D and thus* D would be the direct product 
of D, and another quadrate division algebra, D3, which contains all numbers 
of D commutative with every number of D,. Thus D; would be equivalent 
to M, and hence would be equivalent to D,; in Fi; and, since D,; and Ds are 
both subalgebras of D, then they would be equivalent in F. But this last is 
impossible since M, does not have a basis which, when expressed in terms of 
numbers of D, is rational in F. Hence M, does not havea basis rational in F.f 

Thus we have 

Remark 1. Let D be a division algebra over the field F and let D contain 
Q, when Q, is a quadrate division algebra defined over F(x) where x is in D but 
not in F. Then D can be represented as a division algebra defined over Q,. 

Applying this to our algebra D, we see that if D contain any Dickson 
algebra D, as a subalgebra, then D can be represented as a division algebra de- 
fined over a quadrate Dickson algebra Q;, where Q, is defined over F(a), an 
over-field of F. From the foregoing paragraphs, there is such a quadrate 
algebra Q, determined by 7 and any set of polynomials 6;(z), - - - , @:(¢) which 


* On division algebras, these Transactions, vol. 22 (1921), p. 132. 
+ I here want to thank Professor Wedderburn for pointing out a mistake in this part. 
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are roots of ¢(x) =0 provided the 6’s form a closed cycle. Since the symbolic 
powers of any such @ form a closed cycle, we may take these symbolic 
powers of @ which are distinct; then they (including 0" =2) satisfy an equation 
g(x) =0 of degree m with coefficients in K (=the field of the symmetric 
functions of 0, 62, - - - , @"=z) which is, moreover, irreducible in K.* In this 
case, Q, is a quadrate Dickson algebra of order n* over K. If m is composite, 
let n= pq where p is a prime. Then @ is a polynomial in 7 with coefficients 
in F such that its first p symbolic powers are distinct, form a closed cycle, 
to which the above results apply, and thus are the roots of an equation of 
degree p with coefficients in K'(= field of the symmetric functions of the 
symbolic powers of 8%) which is irreducible in K. The quadrate algebra, Q, 
defined by this closed cycle is accordingly a Dickson algebra of order p? over 
K. Applying Remark 1, we have 

REMARK 2. If the division algebra D has a Dickson proper subalgebra D,, 
then D, is a quadrate Dickson algebra Q; over F(a), where F(a) is an overfield 
of F, and D can be represented as an algebra Ey, defined over D;. Inits turn, D, 
can be regarded as an algebra E, over an algebra Dz, etc., where each of the 
component algebras D; is a division algebra (defined over a field F; contained 
in E;) of one of the three following types: 

(1) algebraic fields, 
(2) normal Dickson algebras, 
(3) algebras which contain no Dickson subalgebra. 

4. Solvable algebras. We now turn our attention to the algebras of Dick- 
son’s two most recent papers on division algebras. The above argument 
applies here. 

In the first of these papers,f he is concerned with any associative algebra I’ 
with modulus 1 over any field F with the following properties. 

(1) I is of order n?. 

(II) f contains an element i which satisfies an equation f(x) =0 of degree 
n irreducible in F. 

(III) The only elements of ! which are commutative with i are poly- 
nomials in i with coefficients in F. 

(IV) The roots of f(x) =0 are rational functions, 6,(i), of i with coeffi- 
cients in F. 

(V) The group, G, of f(x) =0 is solvable. 

(VI) contains elements j7,~0(r=1, - - - , m) satisfying j,i =0,(i)j,. 

(VII) The product of any j, and j, of VI is not zero. 


* These Transactions, vol. 15 (1914), p. 37. 
t New division algebras, these ‘Transactions, vol. 28 (1926), pp. 207-234. 
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Such an algebra he called of Type E. For convenience, we might call any 
algebra of this type a solvable algebra. Note that any solvable algebra whose 
order is the square of a prime is necessarily a Dickson algebra, and that all 
Cecioni and Dickson algebras are special cases of solvable algebras. 

In the following discussion, we shal! consider f(x)=0 as an ordinary 
algebraic equation and shall restrict attention to its roots @ in an overfield 
of F(i). Let G be the Galois group of order m of the equation f(x) =0. If 
the elements of G be denoted by 9,, the notation may be so chosen that, 
is the only substitution that replaces i by 6,(z), and also0,0, =0, if and only 
if 0,6,=0,. Moreover, since G is solvable, it has an invariant subgroup Gi 
of prime index p and order gq, such that every substitution of G can be ex- 
pressed in the form $0,(1<k<q; OSr<p), where 0; ranges over the sub- 
stitutions of G, and @ is a substitution of G not in G, and such that the pth 
power of ® is the lowest power of ® in G,.* 

If 0, and ©, be any two substitutions of Gi, then 0, is in G, and we have 
Sq) and ). Thus the totality of linear 
functions of 7,;=1, jo, - - - , 7, with coefficients in F(z) is a subalgebra, Au, 
of I’ of order mg = pq? over F. Moreover, each number of A; is commutative 
with every number of the field F; of the symmetric functions of 6,=3, 
62,---,0,. Since F(z) is an algebraic field of order n= pq with respect to F 
and ot order g with respect to F,, then F; is of order p with respect to F and 


is defined by an irreducible equation gi(x) =0 of degree p, with coefficients 
in F. Thus A; is a subalgebra S, of order g? and rank g over F;. 

From this it follows that we can arrange the n roots of f(x) =0 in p rows 
of g each and arrange similarly the corresponding solutions 7 #0 of the equa- 
tions ji=67 as in the accompanying array: 


$1(01) = i, $1(02) = 02, ---, = 

$2(61) = $2(62), 

= Jo, 


= op, (02), 
\ yp = Jp, 


where we have placed each solution 7 #0 directly below the corresponding 0. 
The gq 6’s in the first line are the roots of f(x) =0 of degree g, the q6’s in the 
second line are the roots of an equation f;’(x) =0 obtained by replacing 7 in 


* For details, see the paper by Dickson cited in the previous footnote. 
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the coefficients of fi(«)=0 by ¢2(z); etc. Since ®?<G, then ¢? is a root in 
the first row, but is not 7 unless ®=1. 

Now G, is the group of fi(x)=0 for the field F;. For, if we adjoin to F 
a root of gi(x) =0, this is equivalent to enlarging F to F; and the group is 
reduced to an invariant subgroup of G. Since any symmetric function of the 
roots of fi(~)=0 is unaltered by every transformation of G,, then the group 
contains G, and thus is precisely Gi. 

From this, it follows that the group of g:(«)=0 for the field F is the 
quotient group G/G,=H; and g,(x) =0 is a cyclic equation. Since g:(*) =0 
is completely solvable in F(z), we may denote any of its roots by (i). Since 
gi(y(x) )=0 has the root 7 in common with the irreducible equation f(x) =0, 
then it has all the roots of the latter and thus g,(x) =0 has ¥(@) as a root where 
6 is any root of f(x) =0. If h(x) =r(x—Y(6x) ) (ASk<n), then every coeffi- 
cient of (x) is a symmetric function of the roots of f(x) =0 and thus is in F. 
Moreover, every root of 4(x) =0 is a root of the irreducible equation g;(x) =0. 
Thus every root of g:(x) =0 is of the formy/(@), and h(x) is the gth power of gi (x). 

From this relation of the roots of gi(x)=0 to the roots of f(x) =0, we 
readily obtain a set of numbers j of the algebra I’ satisfying the equation 
For if be any root of f(x) =0 and j#0 a solution of ji =6), 
then 7 y (i) =()j. Moreover, if x(i) be any number of F such that there 
exists a number’ 0 satisfying Jy(i)=x(i)J, then =gi(x)J and 
hence x isa root of g:(x)=0. Accordingly, all such polymonials x are of the 
form (0), where @ is a root of f(x) =0; and we find a solution J #0 in T of 
each possible equation JY=xJ by taking asx in turn every polynomial of 
the form ¥(6) and then a corresponding J is the j corresponding to @ in the 
equation to ji =6j. 

It is to be noted that, although a number j in I’ such that ji= is es- 
sentially unique* in the sense that any other 7 satisfying the equation is of 
the form @(i)j, yet a number j in T such that jp(7) =¥(0)j is not essentially 
unique. For, since f(x) =0 has roots, there are n= pg essentially distinct 
numbers j that satisfy in turn the p possible equations jJ =xj=y(0)j. Since 
h(x) is the gth power of g.(x), the roots ¥(@) of h(x) =0 are equal in sets of ¢ 
each but the g corresponding j’s are not essentially equal. In fact, y(z) is a 
polynomial in 7 which is a symmetric function of the roots @ in the first row 
of the array I and the distinct roots of gi(x) =0 are respectively the y-func- 
tions of each of the roots in the first column, and thus each (¢,) is a sym- 
metric function of the roots in the kth row. Thus we may choose as the 
numbers j corresponding to the roots of g:(x) =0 any g numbers such that one 


* Since, under the assumptions, has the basis 7*j,(k, +, 7). 
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is chosen from each row. That is, we may choose the j’s of the first column; 
and sometimes we may so choose them that the corresponding 6’s form a 
closed cycle. In the latter case, these 7’s are closed under multiplication 
except, possibly, for multipliers in F(z). In any case, denote the j’s by 
J,=1, Je,---,Jq. The totality of numbers 


(a <F;1,t=1,---,) 

will be denoted by I. 
Then the set of numbers j corresponding to the roots of f(x)=0 is ob- 
tained by forming all possible products Jij:(k=1,---, p;/=1,---, 9) or, 


if we wish, by forming all possible products 7,J;. Every number of I is 
of the form 


jolt (s=1,---,qg;¢=1,---, p), 

where each 8<F(i) and therefore is of the form 
[py]! (k=1,---,q;1=1,---, 9). 
k,l 


Hence every number of I is of the form 


| 
where each 8B<F. Let A: denote the totality of numbers of the form 


(k, 5 = 1, 


Note that, although the foregoing was proved under the assumption that 
p is a prime, yet the same reasoning holds if G; be any invariant subgroup 
of index p under G, a solvable group, since a resolvent equation of a solvable 
equation is always solvable. 

Since (1) every number linearly dependent with respect to F on the prod- 
ucts 7*j,(k, s=1, - - - , g) is a number of A, and conversely every number of 
A, can be expressed in one and only one way as such a linear combination; 
(2) every number linearly dependent with respect to F on the products 
¢=1, - - - , p) isa number of and conversely, we shall say that I 
over F has been represented as the algebra I’, over the algebra A, where A; 
is defined over F. 

If the J’s can be so chosen that the set is closed under multiplication 
except for multipliers in F;, then I; is an algebra of order p? over F. More- 
over, I’; is a normal algebra, for if x=)oxnu[p]*Ji(xix<F) be any number of 
I, that is commutative with every number of I, then x) =yz is equivalent to 
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where JwW=y,J, and this is equivalent to 
— y) = 0. 
k 


For each value of there are two possibilities: or But 
unless and hence (141), so that «<F(p~) 
Furthermore, «(y)J,=J,«(y) if and only if 


— = 0, — [¥-]*) = 0, 


which is equivalent to saying that x,=0 unless [y]*=[y,]* for every r. 
But ¥#v,(r¥1) and thus x,=0(k#0), so that x<F. 

Since I’; is quadrate and is defined over the same field F as I’, then, by 
by one of Wedderburn’s theorems, I is the direct product of I’; and another 
quadrate division algebra, [2, over F. To determine T2, we must determine 
the totality of numbers of T that are commutative with every number of I. 
Now every number of is of the form x Accordingly, 
is equivalent to 


= 


— ¥] = 0. 


Thus x,,=0 unless ¥(¢,(0,) )=y, and this last is equivalent to ¥.=yW(¢:) 
=y(0,) where 0,(0;) =i. Thus x,,.=0 unless so that x 
But the totality of such numbers x contains all numbers of F(z). Now if 
x<F(i), then aJ,=J,« if and only if «(i)J,=(¢,)J,, and thus such an x 
is commutative with every J, if and only if «<2, the field of symmetric 
functions of the ¢,. Just as we proved that F; is of order p, so we prove that 
F, is of order gq. 

Since [’; is a quadrate division algebra of order g? containing the number 
x defining F, which satisfies an irreducible solvable equation of degree gq, 
then I, is a solvable algebra and contains a set of numbers K,(/=1, - - - , q) 
such that Kix =p.(x)K: where p; is a polynomial in x with coefficients in F, 
and such that every number of I, is of the form }>y,K,(/=1, - - - , g) where 
yi<F.2. Since p:(x) is a conjugate of x with respect to F, then each p is of 
the form x(@), where @ is a conjugate of i with respect to F. But x is a sym- 
metric function of the roots of f(«)=0 in the first column of I, and hence 
(by the argument used above for the conjugates of y) the conjugates of x 


* Note that, even if I’; be not an algebra, the totality of such numbers z is precisely the totality 
of numbers of I! commutative with tae numbers of F;. 
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are the same symmetric functions of the roots in the second column, in the 
third column, and so on. If x= x(z), then the conjugates of x are x(@,) 
(/=1, q). Hence Kix(t) =x(6) Ki=x:Ki. 

But K,=)..x.(i)j., and this last is equivalent to 


%sx(Os) = (02) (s=1,---,9) 


which is equivalent to x,=xz: if x,~0. Since the g conjugates of x are distinct, 
then x,=0 unless s=/, and thus 


Ki = = 1,---,@). 


Since K,;~0 and K,i=6,K,, we may take K;, in place of the old 7:;, and we 
shall assume henceforth that we have so done. With this choice of 
ji, Ja) is the totality of numbers of the form where x,<Fe. 
Note that the new set of j’s is closed under multiplication except for the 
multipliers in 

Thus we have the 


THEOREM. Lei T be a solvable algebra of order n* over a field F. Let i be any 
number of T satisfying a solvable irreducible equation f(x) =0 of degree n with 
roots in F(i) as given by the square array I and let the essentially unique number 
70 of T satisfying the equation ji=0j corresponding to each such root @ be 
as given directly below 0 in I. Let F, be the field of symmetric functions of 
61, -- +, 6, of the first row, and let it be defined by y where satisfies an irredu- 
cible equation in F of degree p. Assume that the set of numbers J;, - - - , Jp cor- 
responding to the roots of the first column is closed under multiplication except 
for multipliers in F,. Then the totality of numbers )\nau[y|'Ji(a<F) form 
a solvable division algebra T; of order p®. Also, the set of roots of the first 
column is closed under iteration and their symmetric functions determine a 
field F,=F (x) defined by an irreducible equation of degree q. If the set of num- 
bers ji, ,Jq ts not closed under multiplication except for multipliers in Fo, 
then each j7, may be multiplied by a suitable number x,(i) #0 such that the set 
tS closed under multiplication except for multipliers in Fo. 
If we take these as a new set of j:, +++ ,jq then the totality of numbers of the 
form >> xsbxs[x]*j2 form a solvable division algebra T. of order q?. The algebra 
l' is the direct product of T; and YT». 


It should be noted that the assumption that the set of numbers 
Ji, +++, J» corresponding to the roots of the first column is closed under 
multiplication except for multipliers in F;, is not as strong as it may at first 
seem. For if the set of numbers Ji, - - - , J, of the first column is not closed 
under multiplication, there may be p non-zero numbers in F(z), yi, - + - 5 ¥p, 
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such that the set y.Ji, - - - , ypJp is closed under multiplication except for 
multipliers in F;. Moreover, even if this be not possible it may be possible 
for another set of J:=1, - - - , J,; for Jz is any non-zero solution 7 of the 
equation ji=0j where @ is any root of f(x) =0 not in the first row; J; is any 
non-zero solution when @ is any root not in the first two rows; etc. 

Moreover, this assumption as to the closure of the set of J’s is not incom- 
patible with the assumption that T' is an associative solvable algebra, as 
will be seen if we turn to Dickson’s article.* In §1, he exhibits a class of 
solvable division algebras of order pg? over F with basal numbers 7%7*k¢ 
(a<pq, b<q, c<p), where 7 satisfies an irreducible equation of degree pg 
with roots (k=0, 1,---, g—1; r=0, 1,---, p—1) 
where 0¢=i, y?=i. Multiplication is determined by the associative law in 
conjunction with j7*=g, k®=r, kj=ajk, ji=0j, ki=Wk where r, a<F(i). 
The conditions for associativity reduce to 


r=ry), aa(paly*) = r. 


Here the powers of j play the réles of j:, - - - , 7, of the present paper and 
the powers of k play the réles of J;,---,J,. To see that our assumption 
as to the set of the J’s is not inconsistent with the above condition for as- 
sociativity, take g and r as numbers in F and then both the sets of 7 and 


those of J are closed under multiplication. From the work above, it follows 
that kj=jk and therefore a=1 and all conditions for associativity are 
satisfied. 

Brauerf has proved that any quadrate division algebra of order pq? 
where p and q are relatively prime is the direct product of a division algebra 
of order p? and a division algebra of order g*. In particular, any solvable 
algebra I of order p*g? is a direct product of a division algebra I; of order 
p* and a division algebra I’, of order g*. If I’, be solvable, then it contains a 
number i, which satisfies an irreducible solvable equation in F of degree p; 
and similarly with T;. Applying Theorem 21 of A. A. Albert’s first paperf or 
by Theorem 2 of our footnotes re his theorem (see our §2), it follows that the z 
specified above may be taken as any number defining F(i:, i2). As the re- 
solvent equation g.(x)=0, we shall take any defining equation of F(i). 
Using the notation of the proof of the theorem, we first have the numbers 
Ji, -- +, J» given us in T,, and thus we have Jji=a,(i:)J;. But i; is a poly- 
nomial ini, say (i); and hence, by the proof of the theorem, a;(i)=y(¢:) 


* These Transactions, vol. 28, p. 207. 
T Loc. cit., p. 104. 
t Loc. cit., p. 329. 
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where ¢; is some root of f(x) =0, the irreducible equation defining 7. We may 
take the present os, - as the ge, ds, ds, - Of I. For the a; com- 
bine under iteration in a manner that might be described as simply isomor- 
phic with the manner in which the corresponding elements of the group H; 
of g:i(x) =0 combine under multiplication, and the corresponding J; combine 
in the same manner, so to speak, except that the order of multiplication is 
reversed.* Since H; is the quotient group, there is an a; corresponding to 
each row of I, this correspondence applying to multiplication; also, there is a 
J, corresponding to each row of I and this J; may be taken as one of the 7’s 
in that row of I. It is only a matter of rearranging the elements of one row 
to put this element first in the row. Hence the present Ji, - - - , J, can be 
taken as the J;, - - - , J, of I and then the present gi, - - - , 6, become the 
¢’s of I. Since the set of J’s is closed under multiplication except for multi- 
pliers in F;=F()=F(), we see that the assumptions of our theorem are 
satisfied whenever I is the direct product of two solvable division algebras. 


* For details, see array I. 
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ON THE STRUCTURE OF CONNECTED AND 
CONNECTED IM KLEINEN POINT SETS* 


BY 
G. T. WHYBURN 


1. INTRODUCTION; NOTATION; SOME KNOWN RESULTS 


In this paper it is shown that all connected and connected im kleinen 
point sets lying in a separable metric space admit of decomposition into ele- 
ments, called nodular elements, which are highly analogous to the cyclic 
elements of a continuous curvejf and that the structure of these sets relative 
to their nodular elements is very similar to the structure of continuous curves 
relative to their cyclic elements. Indeed, it is true that for the special case 
of a continuous curve M, the nodular elements of M are identically the same 
as the cyclic elements of M. 

The usual terminology and notation of point set theory will be employed. 
To facilitate the reading of the paper, however, some of the less familiar 
terms and notations used are here defined and explained. The point P of a 
connected point-set M is a non-cut point or a cut point of M according as 
M —P is or is not connected. The subset X of a connected set M separates 
two subsets A and B of M in M provided that M—X is the sum of two mu- 
tually separated sets M.(X) and M,(X) containing A and B respectively, 
and this fact is indicated by means of the equation M—X =M,(X)+M,(X). 
The subset K of a point set M is said to be closed relative to M, or closed in M, 
provided that no point of M—K is a limit point of K. The symbol > means 
“contains,” and ¢ means “is contained in”; 5(H) denotes the diameter of the 
point set H, and p(X, Y) denotes the lower bound of the aggregate of num- 
bers [p(x, y)], where x and y are points of X and Y respectively and p(x, y) is 
the distance from «x to y. 

Since this paper is concerned very largely with connected and connected 
im kleinen sets, it is to be understood, unless definitely stated to the contrary, 
that when we speak of a “set M” it is presupposed that M is a connected and 
connected im kleinen point set. The following results, some of which will be 
used later, either are already known or follow, as indicated below, quite 
readily from known properties of connected im kleinen point sets. 

* Presented to the Society, December 27, 1928; received by the editors in October, 1929. 


¢ See my paper Concerning the structure of a continuous curve, American Journal of Mathematics, 
vol. 50 (1928), pp. 167-194. 
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(1.1) If A and B are two points of a set M and K is the set of all those 
points of M which separate A and B in M, then K+-A+B is a closed and com- 
pact point set. 


(1.2) Using the same notation as in (1.1), with M any connected point 
set, the points of K are linearly ordered from A to B in M; and if H is any closed 
and compact subset of K, there exists a first point of H in the order from A to B. 


(1.3) The set G of all the cut points of a set M is an F, set, i.e., the sum of a 
countable number of closed sets. 


(1.4) If the two points A and B of a set M are not separated in M by a 
subset X of M which is closed in M and contains neither A nor B, then A and B 
lie together in a connected subset of M—X. 


Result (1.1) has been proved by the author for a less general space else- 
where.* The proof there given for the closure of the set K+A+B holds 
equally well in the space considered in the present paper. That K+A+B is 
compact is proved in general as follows: Suppose, on the contrary, that K+ 
A+B contains an infinite subset D having no limit point. Now for each 
point X of K, M—X=M.(X)+M,(X), where the sets M,(X) and M,(X) 
are mutually separated and contain A and B respectively. As shown in my 
paper just cited, the set D contains a sequence X1, X2, X3,--- of distinct 
points of K such that either for each i, X;¢ M,(X;-1), or for each i, X;¢ 
M,(Xi-1). The two cases are alike, so we shall suppose the former. Now the 
set of points H = -7M,(X;) is closed in M, because the set )-7X; is closed 
and is a subset of H, and M, by hypothesis, is connected im kleinen. But H is 
also open in M, since the sets M,(X;) are open in M. This is impossible, 
because H#M and M is connected. 

The first part of result (1.2) has also been proved by the author else- 
where.f The second part of this result follows readily from the first part of 
(1.2) and the fact that H is closed, compact, and separable. Result (1.3) 
follows from (1.1) and the fact that M is separable by an argument similar to, 
but simpler than, that used by Zarankiewicz{ to prove the same theorem 
for the special case where M is a continuous curve. I note here the fact that 


* See Concerning connected and regular point sets, Bulletin of the American Mathematical Society, 
vol. 33 (1927), p. 685. For a very simple proof of the same theorem, the closure part of which also. 
is valid in the space considered in this paper, see R. L. Wilder, On connected and regular point sets, 
ibid., vol. 34 (1928), pp. 649-655. 

t See Concerning collections of cuttings of connected point sets, Bulletin of the American Mathe- 
matical Society, vol. 35 (1929), pp. 90, 91. 

t See Sur les points de division dans les ensembles connexes, Fundamenta Mathematicae, vol. 9 
(1927). 
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it is also true that the set K of all the im kleinen cut points of a set M (i.e., all 
points P of M such that P is a cut point of some connected open subset of M) 
is an F, set. Result (1.4) is due to R. L. Wilder.* 


2. PRELIMINARY LEMMAS 


(2.1) If K is any closed (in M) subset of a connected and connected im 
kleinen point set M having the property that, for each component N of M—K, 
N-K consists of a single point, then for every connected subset H of M, H-K is 
either vacuous or connected. 


Suppose, on the contrary, that, for some connected subset H of M, 
H-K=H,+H4H:2, where H,; and H:2 are mutually separated point sets. Let G 
be the collection of all those components of M—K each of which contains at 
least one point of H. For each element g of G, it is easily seen that the point 
P,=2-K isa point of H-K. Let G, be the collection of elements g, of G such 
that P,,¢ H, and G, the collection of elements g2 of G such that P,, ¢ He. 
Let 

M,=Hi+H- gi and gyi. 

in G; in Ge 
Then clearly M,; and M; are mutually exclusive and M,+M:=H. They 
must also be mutually separated. For suppose one of them contains a limit 
point of the other, say M, contains a limit point P of Mz. Now since M is 
connected im kleinen and K is closed in M, therefore each component of 
M —K is an open subset of M; and thus it follows that P does not belong to 
H->¥g:;. Therefore P¢H,. Since H; and H; are mutually separated, there 
exists a neighborhood R of P such that R- H,=0. But now since M is connected 
im kleinen and P is a limit point of M2, there exists a point Q of M, belonging 
to a component g2 of M—K, which lies together with P in a connected subset 
I of M-R. It readily follows that R-K contains a point X which is a limit 
point of ge. But P,, does not belong to R, and by hypothesis P,, is the only 
point in Z.-K. Thus the supposition that H-K is not connected leads to a 
contradiction. 


(2.2) Under the conditions of (2.1), K is connected and connected im kleinen. 


By letting M =H in (2.1), we get that M-K=K is connected. If P is 
any point of K and e>0, then since M is connected im kleinen, a 6, >0 exists 
such that each point Q of K with p(Q, P)< 6, lies together with P in a con- 


* See A characterization of continuous curves by a property of their open subsets, Fundamenta 
Mathematicae, vol. 11 (1928), pp. 127-131. 
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nected subset J of M with 6(J)<e. Then since, by (2.1), J-K is connected 
and contains P+(, it follows that K is connected im kleinen at each of its 
points P. 

For convenience of reference we state here also the following easily es- 
tablished lemma which was stated to me in less general form by R. L. Moore. 


(2.3) If H is any subset of a connected point set M, then the set K of all 
those points of M which are not separated in M from any point of H by any 
single point of M is closed in M. 


3. NODULAR SUBSETS 


Definitions. A connected subset C of a connected point set M will be 
called “nodular” provided that no point of C is a cut point of C. A nodular 
subset C of M is called a maximal nodular subset of M provided that C 
is saturated with respect to the property of being a nodular subset of M. 


(3.1) Every maximal nodular subset C of a connected and connected im 
kleinen set M is closed (in M) and connected. 


By definition, C is connected. Suppose P is any limit point of C which 
belongs to M. Then P must belong to C. For since C has no cut point, ob- 
viously C+P has no cut point. Then C+ P is a nodular subset of M con- 
taining C as a proper subset, contrary to the fact that C is a maximal nodular 
subset of M. 


(3.2) A nodular subset C of a connected and connected im kleinen set M is 
maximal if C is closed (in M) and no component of M—C has more than one 
limit point in C. 

Suppose, on the contrary, that C is a proper subset of some nodular 
subset Cy of M. Let N be a component of M—C containing a point P of 
Co—C. Since C is closed and M is connected im kleinen, V must have at least 
one limit point Q in C; and by hypothesis Q is the only limit point of NV in C. 
Then, using the connectivity im kleinen of M it follows that Q belongs to Co 
and that Co—Q is the sum of the two mutually separated sets N-Co and 
Co[M —(N+(Q)]. Thus Q is a cut point of Co, contrary to the fact that Coisa 
nodular subset of M. 


(3.3) If a subset C of a connected and connected im kleinen set M contains a 
non-cut point P of M, then C is a maximal nodular subset of M if and only if C 
is the set of all those points of M which are not separated in M from P by any 
point of M. 


The condition is sufficient. By (2.3), C is closed in M. I shall now show 
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that each component of M—C has not more than one limit point in C. Sup- 
pose, on the contrary, that some component N of M—C has two Jimit points 
A and Bin C. Since M is connected im kleinen, it easily follows that there 
exist two connected and connected im kleinen subsets 7, and J, of M con- 
taining A and B respectively and such that J,-N#¥0+J,-N and J,-I,=0. 
There exist components H, and H, respectively of J,- NV and J,-N having limit 
points X and Y respectively in C. Since M is connected im kleinen, it follows 
that N also is connected im kleinen; and if H denotes the component of 
N—H.-N which contains H,, then H,-N contains a point Q which is a limit 
point of H. Now since Q is not in C, there exists a point Z of M which 
separates Q from P in M; Z does not separate either X or Y from P in M, 
because X¥+Yc¢C. Hence Z must separate Q from both X and Y in M. 
But clearly this is impossible, since H,+X+Q and H+Y-+0 are connected 
subsets of M having only the point Q in common. Thus the supposition that 
some component of M—C has more than one limit point in C leads to a 
contradiction. 

Thus C has the property mentioned in (2.1), and hence, by (2.2), C is 
connected. Now C can have no cut point. For suppose C has a cut point A. 
Then if A#P, A separates some point Q of C from P in C; but since A does 
not separate Q from Pin M (for Q+P ¢C), and M is connected im kleinen, 
by (1.4) there exists a connected subset H of M—A containing both Q and P. 
But by (2.1), C-H is connected; and since it contains both P and Q, this 
contradicts the fact that A separates P and Qin C. If A =P, then P separates 
some two points X and Y of Cin C. But by hypothesis P is not a cut point 
of M, and hence it does not separate X and Y in M. Hence, by (1.4), M—P 
contains a connected subset H containing both X and Y. But by (2.1), 
H-C is connected; and since H:C > X+Y, P does not separate X and Y in C. 
Thus, in any case, the supposition that C has a cut point leads to a contra- 
diction. Therefore C is a nodular subset of M. And since, as shown above, 
no component of M —C has more than one limit point in C, it follows by (3.2) 
that C is a maximal nodular subset of M. 

The condition is also necessary. For let C be any maximal nodular subset 
of M containing a non-cut point P of M. Let Co be the set of all those points 
of M which are not separated in M from P by any point of M. Since C is 
nodular, obviously C ¢ Co. Now it was just shown above that C> is a nodular 
subset of M. Therefore C is not a proper subset of Co, and hence C=C». 

Note. In the first paragraph of the proof of (3.3) no use was made of the 
fact that P is a non-cut point of M. Thus we have the following corollary. 


(3.3a) If P is any point of a connected and connected im kleinen set M and K 
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is the set of all those points of M not separated in M from P by any poini of M, 
then K has the property mentioned in (2.1). Hence K is closed in M, connected, 
and connected im kleinen. 


(3.4) A nodular subset C of a set M is maximal if and only if C is closed 
in M and no component of M—C has more than one limit point in C. 


The condition is sufficient by (3.2). That it is necessary was proved inci- 
dentally in the proof of (3.3). 


(3.5) Every maximal nodular subset C of a set M is closed in M, connected, 
and connected im kleinen; and H -C is either vacuous or connected, for every con- 
nected subset H of M. 


This follows at once from results (2.1), (2.2), (3.1), and (3.4). 


(3.6) If Co contains more than one point and is any nodular subset of a set 
M, then there exists a maximal nodular subset C of M which contains Co. 


Since Co is connected and has no cut point, then* it can contain at most a 
countable number of cut points of M. Therefore it contains a non-cut point 
P of M. And if C denotes the set of all those points of M which are not sepa- 
rated in M by any point of M, then by (3.3), C is a maximal nodular subset 
of M. Clearly Co¢C, because C» is nodular. 

Definition. A point P of a maximal nodular subset C of a connected and 
connected im kleinen point set M which is a non-cut point of M will be called 
an internal point of C. 


(3.7) No two maximal nodular subsets of a connected and connected im 
kleinen set M can have more than one common point, nor can they have an internal 
point of either in common without being identical. 


This follows at once from result (3.3). 


(3.8) If A and B are any two points of a connected and connected im kleinen 
point set M which are not separated in M by any point of M, then there exists 
a maximal nodular subset of M containing both A and B. 


Let C be the set of all those points of M which are not separated in M 
from either A or B by any point of M. By (2.3), Cis closedin M. Clearly 
C>A-+B. And by the same argument as given in the first paragraph of the 
proof of (3.3), with very slight modifications, it is shown that C has the pro- 


* See R. L. Moore, Concerning cut-points of continuous curves and of other closed and connected 
point-sets, Proceedings of the National Academy of Sciences, vol. 9 (1923), pp. 101-106; also see 
C. Zarankiewicz, loc. cit. 
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perty mentioned in (2.1). Hence by (2.2), C is connected. Now C can have 
no cut point. For suppose X is a cut point of C. Then X separates some two 
points U and V of Cin C. Now X cannot separate U and V in M; for if so, 
then M—X =M,(X)+M,(X), and at least one of the sets M,(X) and M,(X) 
must contain a point of A+B; but then either U or V is separated in M from 
one of the points A and B by the point X, contrary to the fact that U+V ¢<C. 
Hence, by (1.4), 14—X contains a connected set H containing U+V. But 
by (2.1), C-H is connected. Clearly this contradicts the supposition that X 
separates U and V inC. Therefore C has no cut point, and hence is a nodular 
subset of M. That C is a maximal nodular subset of M follows now from (3.4) 
and the fact that C has the property of (2.1). 


4. NODULAR ELEMENTS; NODULES 


Definition. The point P of a connected and connected im kleinen point 
set M will be called an end point of M provided there exists an infinite se- 
quence X, X2, X3,--- of distinct points of M converging to P (i.e., having 
P as its sequential limit point) and such that for each point A of M—P, there 
exists an integer k, such that if m>k,, then X» separates A and P in M.* 


(4.1) Every point of a connected and connected im kleinen point set M is 
either a cut point, an end point, or a point of some non-degenerate, nodular 


subset of M. 


Let P be any point of M which is neither a cut point of M nor a point of 
any non-degenerate nodular subset of M. I shall proceed to show that P is an 
end point of M. Let B be any point of M—P, and let K be the set of all those 
points of M which separate P and Bin M. Now K+Bis not closed. For if so, 
then K+B contains at least one limit point Q of the component V of M— 
(K +B) which contains P. Now Q+B; for if Q=B, then K =0 and, by (3.8), 
P and B lie together in a nodular subset of M, contrary to supposition. Hence 
Q belongs to K, and therefore M—Q=M,(Q)+M,(Q). But then Q and P 
are not separated in M by any point X of M; for if so, then since X would 


* For a point P of any continuum M, the property mentioned in this definition is equivalent to 
the property of being a point of Menger order one of M, i.e., an end point of M in the sense of Menger. 
This is not true for connected and connected im kleinen sets in general. However, this property is 
equivalent, in general, to the property of being a point of order 1 of M in the sense that a monotone 
decreasing sequence Uj, U2, U3, + + - of neighborhoods of P in M exists such that the boundary of 
U; in M isa single point X; and such that 


Xj). 


¢ A set of points is degenerat2 or non-degenerate according as it does or does not reduce to a 
single point. This terminology is due to R. L. Moore. 
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necessarily belong to N and hence to M,(Q), and M,(Q)+0 is connected* 
and contains both B and Q but not X, it would follow that X separates B and 
P in M and hence belongs to K. This is absurd, since X cN ¢ M—K. Thus 
no point of M separates Q and Pin M. Hence, by (3.8), P and Q lie together 
in a nodular subset of M, contrary to supposition. Therefore it follows that 
K-+B is not closed. Since, by (1.1), (K+ B)+P is closed, it follows that P isa 
limit point of K. Accordingly there exists an infinite sequence P;, P2, Ps, - - - 
of points of K converging to P. Now let A be any point whatever of M—P. 
Clearly (A+P+Pi+P:+ ---)—A=S is closed. Let R be the component 
of M—S containing A. Then since, by hypothesis, P is not a cut point of M, 
manifestly there exists a point P; of S, distinct from P, which is a limit point 
of R. As P; belongs to K, then M—P;=M,(P;)+M,(P;). Since lim,..P,= 
P and M,(P;) -P=0, there exists an integer &, such that for any integer 
m>k,, Pm belongs to M,(P;). Let m be any integer>k,. Then since R+ 
P;+M,(P;) is connected and contains A+B but not P,,, and P,, separates 
B and P in M, it follows that P,, separates A and P in M. Thus P is an end 
point of M, and our theorem is proved. 

Any non-degenerate maximal nodular subset of a set M will be called a 
nodule of M. Asubset E ofa set M will be called a nodular element of M pro- 
vided that £ is either (a) a nodule of M, (b) a cut point of M, or (c) an end 
point of M. The nodular elements may also be defined as consisting of (1) 
the cut points of M and (2) the maximal nodular subsets of M, the non- 
degenerate elements of (2) being the nodules of M and the degenerate ones 
being the end points of M.7 


(4.2) If Ni, No, Ns, - - - is any sequence of nodules of a set M having a 
sequential limiting set L, then L-M is either vacuous or it consists of a single 
point. 


Suppose, on the contrary, that L contains at least two points A and B of 
M. Then since M is connected im kleinen, it readily follows that there exist 
two integers i and 7 and two mutually exclusive connected subsets C, and C» 
of M such that and N;-C,¥0¥N;-Cy. But then if 
denotes the component of M—WN; which contains V;—N;-N; (N;-N; con- 
tains at most one point), it is clear that NV; contains at least two limit points 
of H, contrary to (3.4). 


* Cf. Knaster and Kuratowski, Sur les ensembles connexes, Fundamenta Mathematicae, vol. 2 
(1921), pp. 206-255. 

t Compare with R. L. Moore, Concerning upper semi-continuous collections, Monatshefte fiir 
Mathematik und Physik, vol. 36 (1929), pp. 81-88, and also C. Kuratowski, Quelques applications 
@’ éléments cycliques de M. Whyburn, Fundamenta Mathematicae, vol. 14 (1929), p. 138. 
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(4.3) The nodules of any set M are countable. 


This follows at once from (4.2). 

It should be noted that, under the conditions of (4.2), lim, .,, 6(V;) may 
be ¥ 0. The situation here differs from that existing in the case of the maxi- 
mal cyclic curves of a continuous curve, due to the fact that the set M may 
fail to be complete or locally compact in itself. It is also to be noted that, in 
(4.2), we may allow N; (i=1, 2, 3, - - - ) to be any connected collection of 
nodular elements of M (see §6 below), so long as N;-N; consists of at most 
one point, for each 7 and 7. This more general result follows by an argument 
very similar to the proof of (4.2), using (6.4) (below) instead of (3.4). 

Proposition (4.1), together with (3.6), gives at once the fact that any 
connected and connected im kleinen point set may be decomposed into its 
nodular elements. Thus we may state the following theorem, which follows 
readily with the aid of (4.3). 


(4.4) If K, H, and N, respectively, denote the sum of all the cut points, end 
points, and nodules of a set M, then (1) K+H+N=M, (2) K-N is countable, 
and (3) K-H=N-H=0. 


5. SIMPLE NODULAR CHAINS 


Let Ao and By be any two nodular elements of a connected and connected 
im kleinen point set M, and let A and B respectively denote Ao and Bo or 


internal points of Ao and By according as Ao and By are single points or 
nodules of M. Then by the simple nodular chain of M from Ao to Bo is 
meant the subset X of M defined in either of the two following equivalent 
ways. 

(5.1) If K is the set of all those points of M separating A and B in M, then 
X=K+Ao+Bo+all nodules of M each of which contains exactly two points 
of K+A+B. 

(5.2) X is a subset of M which is (a) connected, (b) the sum of the elements 
of some collection of nodular elements of M including Ao and Bo, and (c) ir- 
reducible with respect to properties (a) and (b). 


We proceed to show the identity of the sets X defined in (5.1) and (5.2). 
Denote these sets by X, and X, respectively. We first show that X; is a set 
satisfying conditions (a), (b), and (c) in (5.2). The set X; is connected; for if 
not, it is the sum of two mutually separated sets U and V each of which, it is 
easily seen, must contain a point of K+A+B. Since K+A+B is closed, 
U-(K+A+B)=N, and V-(K+A+B)=N-s are closed. One of these sets, 
say N,, contains A. It follows by (1.2) that there exists a first point Z of N2 
in the order from A to B in M and likewise a last point Y in NV; which precedes 
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Z in the order A, B. But then Y and Z are not separated in M by any point 
of M, since there is no point of K between them. Accordingly, by (3.8), M 
contains a nodule NW containing Y+-Z. Clearly N contains no other point of 
K+A+B. But then N c X, and this is impossible, since N is connected and 
U and V are mutually separated. Thus X; is connected and hence satisfies 
(a). It satisfies (b) by definition, since X¥1=K+Ao+Bo+nodules of M. 
Suppose, contrary to (c), that X; contains a proper subset Y having proper- 
ties (a) and (b). Clearly Y > K; but since Y is not = Xi, there exists a point 
Z of X:—Y which must belong to a nodule N of M which contains two points 
U and V of K+A+B. Now Y-N2U+YV and since, by (3.5), Y-N is con- 
nected, it must contain at least one internal point of N. But then, by (3.7), 
NcY, contrary to supposition. Thus X; has property (c). Hence X; is a 
set having properties (a), (b), and (c) in (5.2). That X; is identical with every 
set having these properties follows by almost the same argument as just given 
to show that it has property (c). Thus X;= Xz. 

The following two propositions follow readily from the results just es- 
tablishec. above. 


(5.3) For every two nodular elements N, and Nz of a set M, there exists in M 
one and only one simple nodular chain X from N, to N2. 


(5.4) Every simple nodular chain of a set M is closed in M, connected, and 


connected im kleinen. 


Note. For the case where M is closed, i.e., where M is a continuous curve, 
the nodular elements of M coincide with the cyclic elements of M, and the 
simple nodular chain in M between two nodular elements N, and N; of M is 
identical with the simple cyclic chain in M from N; to Nz (see my paper 
Concerning the structure of a continuous curve, loc. cit.) and with the arc- 
curve AB, where A and B are points of N; and N-» respectively and are non-cut 
points of M in case N,; or Nz is non-degenerate, in the sense of W. L. 
Ayres.* Additional properties of nodular chains similar to those of simple 
cyclic chains, or arc-curves, could be stated and proved in an analogous way; 
but to save space the reader is simply referred to §2 of the above mentioned 
paper of the author’s and to the slightly later paper of Ayres. 


6. CONNECTED COLLECTIONS OF NODULAR ELEMENTS 


A connected subset of a connected and connected im kleinen point set 
M which is the sum of the elements of some collection of nodular elements of 
M will be called a connected collection of nodular elements of M. 


* Cf. Concerning arc-curves and basic sets of a continuous curve, these Transactions, vol. 30 (1928), 
pp. 567-578. 
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(6.1) If N: and Nz are nodular elements of a set M belonging to a connected 
collection H of nodular elements of M, then H contains the simple nodular chain 
X of M between N, and Nz. 


Let A and B be points of N,; and N2 respectively, and let them be internal 
points if V, and JN; or either is a nodule of M. Let K be the set of all points 
of M each of which separates A and B in M. Now suppose that H does not 
contain X¥. Then X—H-X contains a point P. Since H is connected and 
contains A+B, therefore it contains K. Hence, by (5.1), P belongs to a no- 
dule N of M containing two points U and V of K+A+B. But since, by 
(3.5), V-H is connected, then H contains an internal point of V; and hence, 
by (3.7), 12 N>P, contrary to supposition. This contradiction proves our 
theorem. 


(6.2) If H is any connected collection of nodular elements of a set M, then 
every point of H-M—H is a nodular element of M (and hence is either a cut 
poini or an end point of M). 


We proceed to show that each point of H-M—ZH is either a cut point or 
an end point of M. If this is not so, then some point P of H-M—H is an 
internal point of some nodule NV of M. Now H-N +O; for if not, it would 
follow by (3.4) that one and only one point Q of N, different from P, is a 
limit point of H. Hence H contains a point Q of N; and since P is a limit 
point of H/, it follows readily that V-H contains at least two points. And 
since, by (3.5), this set N-H is connected, therefore it contains an internal 
point of V. But then, by (3.7), H>N2P, contrary to the fact that Pe 
H-M—H. Thus P is either a cut point or an end point of M, and our theorem 
is established. 


(6.3) Under the hypothesis of (6.2), H-M is a connected collection of nodular 
elements of M. 


(6.4) If H is any connected collection of nodular elements of a set M, and N 
is any component of M—H, then M-H-N consists of exactly one point. 


That this set contains at least one point follows from the fact that M 
is connected im kleinen. Suppose, contrary to (6.4), that it contains two 
points A and B. Since H+A+B and N+A+B are connected subsets of M, 
and V-H =0, clearly no point of M separates A and Bin M. Consequently, 
by (3.8), A+B lies in a single nodule C of M. By (3.5), C-(H+A+B) is 
connected, and since it contains A+B, it follows by (3.7) that H>C. But 
then (V+A+B)-C=A-+B, a disconnected set, contrary to (3.5). Thus our 
theorem is established. 
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(6.5) If H is any connected collection of nodular elements of a set M and W 
is any connected subset of M, then H-W is either vacuous or connected. 


Let A and B be any two points of H-W, and let Ao and By respectively 
denote nodular elements of M belonging to H and containing A and B. By 
(6.1), the simple nodular chain X in M from A, to Bo is a subset of H. Now 
since X is closed in M and is a connected collection of elements of M, it 
follows by (6.4) and (2.1) that W-X is connected. And since W-X contains 
A+B and is a subset of H-W, and A and B are any two points of H-W, it 
follows that H-W is connected. 


(6.6) Every connected collection H of nodular elements of a set M is connected 
im kleinen. 


Since M is connected im kleinen, then for each point P of M and each 
e>0, a 6,>0 exists such that for each point Q of H with p(Q, P)<6,., a 
connected subset C of M exists with P+QcC and 6(C)<e. And since, for 
every such set C, by (6.5), C-H is connected, it follows that H is connected 
im kleinen. 


7. SOME APPLICATIONS; DENODULAR SETS 


In this section the results of the preceding sections will be applied to yield 
some interesting (new) results concerning the structure of certain special 
types of connected and connected im kleinen sets. 

A set M which satisfies any one of the following equivalent conditions will 
be called a denodwar set. 


(7.1) M contains no nodules, i.e., all its nodular elements are points. 
(7.2) Every two points of M are separated in M by some third point of M. 
(7.3) Every point of M is either a cut point or an end point. 


The equivalence of these three properties is easily established with the aid 
of the results of the preceding sections. 


(7.4) Every connected set H of degenerate nodular elements of a set M (i.e., 
every connected set of cut points and end points of M) is a denodular set. 


By (6.6), H is connected im kleinen and hence is itself a set M. That H 
is denodular follows immediately now from (7.1). 


(7.5) Every denodular set M is arcwise connected; indeed it is uniquely 
arcwise connected. 


Let A and B be any two points of M. By (5.2), M contains a simple 


| 
| 
] 


938 G. T. WHYBURN [October 


nodular chain X from A to B. By (5.1) it follows that X=K+A+B, where 
K is the set of all points of M separating A and Bin M. And since by (1.1), 
K+A+B, or X, is compact and closed, it is then a simple continuous arc 
from A to B. That X is the only arc in M from A to B follows from (5.3). 


(7.6) Every connected set of cut points and end points of any connected and 
connected im kleinen set M is uniquely arcwise connected. 


This is an immediate consequence of (7.4) and (7.5). 


(7.7) Lemma. Let A and B be any two points of a connected and arcwise 
connected im kleinen set M, let C be the collection of all connected subsets of M 
containing both A and B, let T be the collection of all arcs in M from A to B, 
and let L be the greatest lower bound of the number aggregate [5(c)], where c is 
an element of C. Then L is also the greatest lower bound for the aggregate [6(t)], 
where t is an element of T. 


Let € be any positive number. By the hypothesis, a connected subset c 
of M exists with 5(c)<Z+e/4. Since M is connected im kleinen, then for 
each point X of c, a connected open subset H, of M exists containing x and 
with 5(H,)<«/4. Then if H=)-H,, it is clear that H is a connected open 
subset of M, and 6(H)<L+e. But* H is arcwise connected; and since it 


contains A+B, it therefore contains an arc¢in M from A to B. Then? isan 
element of T and 6(¢)<LZ+e; accordingly, L is the greatest lower bound for 
[5(¢)], and our lemma is proved. 


(7.8) If every nodule of a set M is arcwise connected im kleinen, then M 
itself is arcwise connected im kleinen. Hence M is also arcwise connected. 

Let A be any point of M. For each e>0, a 6..>0 exists such that for 
each point x of M with p(A, x) <6,..a connected subset C of M exists with 
A+ac¢C and 6(C)<e/8. Let B be any such point x of M. Let K be the set 
of all points of M separating A and B in M, and let X be the simple nodular 
chain in M from A to B. Let the nodules of M in X be ordered (they are 
countable by (4.3)):.Ni, Ne, N3, - - -. For each i>0, let A; and B; be the two 
points (see (5.1)) of N;-(K+A+B), and let L; be the greatest lower bound 
of [4(c;)] where C, is the collection of all connected subsets of V; containing 
A;+B;, and c; is an element of C;. For each i, by (7.7), N; contains an arc 
t; from A; to B; with 


* See G. T. Whyburn, Concerning the complementary domains of continua, Annals of Mathe- 
matics, vol. 29, pp. 399-411, Theorem 12. This theorem, together with its proof, holds equally well 
in the space here considered. 
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(i) < Li + €/(8i). 
Let 


(ii) W=K+A+B+ DK. 
t=1 


Then W is an arc from A to B, as will now be demonstrated. Clearly W is 
connected and irreducibly connected between A and B. It is also closed; for 
if not, then since K+A+B is closed, there would exist a positive number d 
and an infinite sequence f,,, tn,, - - - of the arcs [#;] with 


(iii) 5(tn,) > d, 


for every i, and furthermore such that there exists a sequential limiting set 
L of this sequence containing a point P of K+A+B. Since M is connected 
im kleinen at P, a 6>0 exists such that for each point x of M with p(P, x) <6, 
a connected subset H of M exists containing P+x and with 6(H)<d/8. 
Since, as is easily established, lim;.., p(A:, B;) =0, and since by (4.2), L-M= 
P, it readily follows that an integer 1; exists such that 


(iv) e/(8n;) < d/8 


and such that p(A,,+B,;,P)<6. There exists, then, a connected subset H 
of M with (A,,+B,,+P)¢H and 6(H)<d/4. Now by (3.5), H-Nn, is 
connected, and since 6(H-N,)<d/4 and A,,+B,,¢cH-N,, it follows that 
L,;<d/4. Hence by (i) and (iv), it follows that 


(v) 5(tn;) < Ln; + €/(8n;) d/4+d/8 < d. 


But (iii) and (v) are contradictory. Therefore W is closed and hence is an 
arc from A to B. It remains to show that 5(W)<e. Now since a connected 
subset C of M exists with A+BcC and 6(C)<e/8, and since by (3.5), 
C-N; is connected and C-N;> .A;+B; for every i, it follows that L;<e/8 for 
every i. Hence by (i), 5(¢;) <€/8+€/(8i) S€/4 for every 7. Now 6(K+A+B) 
<e/8, for K+A+BcC; and since every arc ¢; has two points in K+A+B, 
it follows from (ii) that 


5(W) <2 - «/4/8<e. 


Thus M is arcwise connected im kleinen at every point. That M is also 
arcwise connected follows now by the theorem of the author’s quoted above. 

Definition. A connected and connected im kleinen point set M will be said 
to be locally denodular if for each point P of M a neighborhood R of P exists 
such that the component of M-R containing P is a denodular set. This 
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notion is analogous to Menger’s notion of a Baum im kleinen.* 
(7.9) If every nodule of a set M is locally denodular, then M is arcwise cor- 
nected and arcwise connected im kleinen. 


It follows by (7.5) that every nodule of M is arcwise connected im kleinen. 
Hence by (7.8), M is arcwise connected im kleinen and arcwise connected. 


Definition. A collection G of subsets of a set M will be called an E- 


collection provided that if gi, go, gs, - - - is any sequence of elements of G 
having a non-vacuous sequential limiting set Z with L-M x0, then lim,.. 
5(g,) =0. 


As pointed out above, the collection G of all the nodules of a set M may 
fail to be an E-collection, although it is true that the collection of all maximal 
cyclic curves of a continuous curve is an E-collection. As might be expected, 
it is true that if we stipulate that the collection G of nodules is an E-collection, 
we get a set M which is more completely analogous, from the standpoint of 
its nodular elements, to a continuous curve; and some known theorems about 
continuous curves extend to such sets M which would not extend to sets M 
in general. As an example, we state the following one. 


(7.10) If the collection of all nodules of a set M is an E-collection, then in 
order that M should be arcwise connected it is necessary and sufficient that each 
nodule of M be arcwise connected. 


This theorem is proved by a rather obvious modification of the proof of 
(7.8). A number of other theorems of the same type could also be stated for 
such sets M. The reader is referred to §6 of my paper Concerning the structure 
of a continuous curve. It is to be noted that if M is any connected subset of a 
Menger regular curve, then it is connected im kleinen and the collection of 
all nodules of M has property E£. 


8. LINEAR ARRAYS OF NODULAR ELEMENTS 


Definition. The connected collection H of nodular elements of a set M 
will be called a linear array of elements of M provided every nodular element 
of the set H itself which cuts H cuts it into exactly two components. It is 
readily seen that not more than two nodular elements of a linear array H 
of elements can fail to cut H. If every element of the linear array H cuts H, 
then H is called an open chain of nodular elements of M; if H itself has more 
than one nodular element, and if every element, save one element EZ, of H 
cuts H, then H will be called a radial chain of nodular elements of M and will 


* Cf. Uber reguldre Baumkurven, Mathematische Annalen, vol. 96 (1926), pp. 572-582. 
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be said to emerge from £; if every element, save two elements Ao and Bo, of 
H cuts H, then Z is identically the simple nodular chain in M from Ao to 
Bo. (See §5.) 

If E is any nodular element of an open chain L of nodular elements of a 
set M, then L is the sum of two radial chains 7; and r2 emerging from E and 
having only E in common; furthermore, there exist two sequences Aj, Ao, 
A;,---and By, Be, B;, - - - of cut points of L belonging to 7; and re respec- 
tively and such that neither [A;] nor [B;,] has a limit point in L and if, for 
each 7, X; is the simple nodular chain in M from A; to B;, then L =>>X ; and, 
foreachi, X;¢ Xi4:. If Z is any open chain in a set M, then M -L—L con- 
tains at most two points; and M-Z is either a simple nodular chain, a radial 
chain, or an open chain in M according as M-L—L contains two points, one 
point, or no points. If Z is any open chain of nodular elements of a set M, 
then there exists in M a maximal open chain of nodular elements containing 
L, i.e., an open chain of elements which is saturated with respect to the pro- 
perty of being an open chain of nodular elements of M; ifr is any radial chain 
of nodular elements of M, then there exists in M either a maximal radial 
chain or a maximal open chain (sometimes both) containing 7; if X is any 
simple nodular chain in M, then there exists in M either a maximal simple 
nodular chain, a maximal radial chain or a maximal open chain containing X. 
If U is any maximal simple nodular chain of a set M, or is any maximal radial 
chain or maximal open chain of M which is closed in M, then U is a maximal 
linear array in M, i.e., no linear array in M contains U as a proper subset. 
Clearly any maximal linear array in M must be closed in M, and indeed, 
if H is any linear array of nodular elements in a set M, then there exists in MW 
a maximal linear array which contains H. The facts just enumerated can be 
established quite readily by methods of argument which are well known in 
point set theory. 

If M is a denodular set, it is easily seen that every open chain of nodular 
elements of M is an ordinary open curve, or what is equivalent, an arc seg- 
ment, every radial chain in M is an ordinary ray, and every simple nodular 
chain is an ordinary simple continuous arc. Thus if M is denodular, and L is 
any open curve in M, then M-L—L is either vacuous, one point, or two 
points. And if Z is any maximal open curve in M, then each point, if any, of 
M-L-—L is an end point of M; and L-M is either =L, or is a maximal ray 
in M, or is a maximal arc in M, according as M-L—L is vacuous, one point, 
or two points. Furthermore, if Z is any open curve in M, there exists in M 
a maximal open curve containing L; if r is any ray in M, there exists in M 
either a maximal ray or a maximal open curve containing 7; and if AB is any 
arc in M, there exists in M either a maximal arc, a maximal ray, or a maximal 
open curve containing AB. 


; 
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(8.1) Let M be any connected and connected im kleinen set. Then there exists 
in M a countable sequence of point sets S;, S2, S3, - - - such that (1) S; is a maxi- 
mal linear array of nodular elements of M, (2) for each n>1, S, has exactly 
one point A, in common with rrr Si, San—An is a subset of some component 
N, of M—Dijzt Si which has A, as its limit point in i=} S;, and S, is a 
maximal linear array of nodular elements in the set N,+An {hence either S, 
is a radial chain emerging from A, (and lying otherwise in N,) or else there 
exists a nodular element B,, such that S,, is the simple nodular chain in M from 
A,, to B, (a single nodule may be a simple nodular chain) |, and (3) every point, 


if any, of M—>°1S, is an end point of M. 


Using the fact that M is separable, this proposition may be established 
on the basis of the preceding results by an argument which is by no means 
difficult. 


(8.2) Let G be the sum of all cut points and all the end points of any con- 
nected and connected im kleinen point set M. Then there exists a subset H of the 
universal acyclic continuous curve* W of Wazewski and a biunivalued trans- 
formation T such that (1) T(G) =H, (2) T is continuous, and T- is continuous 
over every arc in H. 


This proposition may be proved on the basis of the properties of the 
nodular elements of M by an argument not essentially different from that 
used in my paper On the set of all cut points of a continuous curve} to prove an 
analogous though stronger theorem concerning the set of all cut points and 
end points of a continuous curve. It should be noted that it is not always pos- 
sible for the transformation T to be bicontinuous, even in case M is a deno- 
dular set. For example, let A denote the X-axis, and for each integer <0, 
let L, denote the line x =1/n; and finally, let M=A+)°L,. Then clearly the 
set G, which is = M, is not homeomorphic with any subset of an acyclic con- 
tinuous curve. It seems to be true, however, that for sets M having the pro- 
perty that if Xi, X2,--- is amy sequence of mutually exclusive simple 
nodular chains in M having a sequential limiting set which contains a point of 
M, then lim,... 6(X,,) =0, it is true that the set G is homeomorphic with some 
subset H of an acyclic continuous curve. 

If M is denodular, then G=M and proposition (8.2) gives the following 
interesting corollary: 

* This is a compact plane acyclic continuous curve W such that every acyclic continuous curve 
is homeomorphic with some subset of W. See T. Wazewski, Sur les courbes de Jordan non renfermant 
aucune courbe simple fermée de Jordan, Annales de la Société Polonaise Mathématique, vol. 2 (1923), 


p. 169. 
+ Fundamenta Mathematicae, vol. 15, pp. 185-194. 
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(8.2a) For every denodular set D there exists a subset H of an acyclic con- 
tinuous curve and a biunivalued transformation T such that (1) T(D)=H, and 
(2) T is continuous, and T— is continuous over every arc in H. 


9. CONCLUSION; SOME UNSOLVED PROBLEMS 


The author is quite well aware that the above group of propositions is by 
no means exhaustive on this subject. An attempt has been made, in general, 
only to include those theorems and proofs which are essential in the construc- 
tion of the foundation for the central idea of the paper. One who has followed 
through the results in the above sections and who is familiar with the cyclic 
elements of a continuous curve cannot fail, I believe, to see the pattern, 
beautiful in and because of its simplicity, of the connected and connected im 
kleinen point set neatly arranged into nodular elements with respect to which 
the structure of the whole set is so like that of an acyclic continuous curve. 
Once this pattern is grasped, it is a simple matter to observe and establish 
many other properties of and relations among the nodular elements. In the 
course of this investigation, however, there have occurred to me two problems 
of an entirely different nature, which I have been unable to solve and whose 
solution would, I believe, be of considerable interest and importance. They 
are as follows. 

(9.1) Problem. Do the nodules of a set M possess any property which 
might be called “cyclic”? It is known, of course, that if M is a continuous curve, 
then every nodule C of M, or what is the same thing, every maximal cyclic 
curve C of M is cyclicly connected, i.e., every two points of C lie together on a 
simple closed curve in C. Do we have any sort of analogue to this property 
in a set M in general? Or, more specifically, if a set WM has no cut point, then 
is it true that for every two points A and B of M, two connected subsets H 
and K of M exist with H-K=A+8B? If so, can H and K be chosen so that 
H—(A+B) and K—(A+B) are mutually separated? The terms nodule and 
nodular element were introduced and used in this paper because of the lack 
of knowledge of the existence of any such property to justify the use of the 
terms cyclic subset and cyclic element, as was done for a continuous curve. 

(9.2) Problem. Jn order that the bounded set M lying in a plane Z should 
cut Z in the weak sense, is it necessary (it is sufficient) that some nodule of M 
cut Z in the weak sense? Or less generally, is it true that no bounded denodular 
set M lying in a plane Z can cut Z in the weak sense? It also seems probable 
to me that if the set M lying in a plane Z does not cut Z in the weak sense, 
then either M is denodular or else, for each nodule N of M, there exists a 


domain R such that Re NcR. 
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J. H. M. WeppvERBURN, Algebras which do not possess a finite basis. 
Page 420, lines 1 and 3: for “a modulus” read “no modulus.”- 


ERRATA, VOLUME 31 


J. F. Ritt, Algebraic combinations of exponentials. 
Page 665, line 15, for read “W(z) =e-™*g(z).” 
Page 676, line 16, for “S” read “a subsector of S.” 
Page 679, line 2, for “zs” read “z/(27).” 
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